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INTRONUCTION

This work may be placed in the area of computational
complexity using ven Wijngaerden or W grammars or also two
level grammars. |

In chapter 1 is defined the notion of a W grammar.
Some properties @ffw grammars are given. '

‘ In chapter 2 we introduce the notion of W system,
closely related to the notion of W grammar. These systens
play a similar role for recursively enumerable sets as the
Ginsburg-Rice~Schutzenberger systems of equations for the
description of context - free languages, Chapter 2 is optio~
nale |

The notion of a generative Blum space is introduced
in chapter 3%, These spaces play the same role for grammers. -
as the Blum spaces for algorithms. Some new classes of compu-
tationel complexity measures are considered.

In chapter 4 is proved a linear speed-up theorem for
the complexity measure time W,

Chapter 5 begin by intfoéuéing a special class of func-
tions; so called TW-self-bounded. This class is claéed under
sum, procuct and exponentation., This class is also closed
underﬁnverse mappings and composition of functions. The class
of TWmself~boun6ed functions is rich. ‘ |

In chapter 5 one also proves a special property of
separation between complexity classes. Using this separation
property some new hierarchies of recufaively'enumerablg sets
are obtained. A dense hie:archy'of recursively enumerable sets

is also found. The work finishes with final remarks and

bibliographical references.
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CHAPTER 1

W __GRAMYARS

§l.1l. Preliminary

In this paragraph we introduce the notion of W prammar

or van Wiingaarden grammar or alse two~level ST aNmar,

If A is a set, then A% s the set of all words over A

: = _ + %
including the empty word A and A =Aﬁ~§1}.

The set of natural numbers is <o .

A grammar without sxiom is an ordered system CVNgmﬁgP}

such that for any S, ScV s the system (Vg Ups S, P), is &

Chomsky gremmar.

A context - free grammar without sxiom (cfga) is a
grammar without exiom, (Vy, Vg, P) with PaVy X.(VN&)VT)X.
The following definition of a W grammar ig, with litle

change, the same as definitions from (8), (32}, (33) or (34);

Definition 1. A W grammar is an ordered system

Gz(Glgapgz}k where 613€M$Vfﬁy)_ Go= (H, 2sRy) are cfga's with
the property that the elements of H are of the form.<h>$ where
h»-(muv} s MMuvouzynic,>i=n ind zeH, z=<v> with VE—V

" Terminology Gl is the metalevel of G and the elements ;

of the sets M,V »By are called the metanatloms, metaterﬁﬂrala

and metarules. G2 is the hyperlevel of G and the elements of

the sets H,EQRH,are called@ the hypernotions, terminals and

hyperrules. The symbol z is the start symbol.

We define now the language generated by a W grammar,

For each X, XeM, let Lﬁ be the Iéﬂguaga generated by the

~ context-free grammar qu(M VX, Ryd o Ly is the language of the

mefanotlnn &y
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A is L,={vl . The set of strict rules,R_sis:
%

2 v

"

ﬂ)-ma§v*3§ i}i
(v )Mw»<v evdy, 521
(V) —&

and the set of strict hypernotions is:

M :§<vi> i:z.z:r;} u {<s;}

Note that, if a derivation;be gin with a rule 4v)

no

where i is not 2 for some neco, then this derivatio

te without producing a terminsl word. Therefore, the

generated by ¢ is:

LGy %c. lzz&é&}

£

81.2. Posets and svstenme

If 4 and B are sets, then:

b oo
F *"'"%1“' A,“*‘"B, h iy funrt;oug

If (B,&) is a partial ordered set (poset), then B

poset with the realtion:

o

feg i for any x, xeh, fixl<pix).

If A is a set, then P(A) is the set of all subsets

A and P{A) is & poselt with the relation of inclusion.

={H,2,R;) o The language of the metenction

i
=y LS
on terming

langusge

i

ST
)

of



The same symbo; @am@tesvth& ﬁolynmm.an@‘its sssociated
polynomial functioﬁ;’ | .

Let G=(Vy,Vp, P) be a cfga and define for eny x,
xeVy, the S%ﬁ,ﬁxﬂé§§Xﬂ~§ﬁ§§}a Obviously, Bxﬁiﬁgi;Vﬁlg for all
Xevﬁ& -

Consider now the system of equations:
B ={x=D_|xev,}
i Ll

A function.f:"-~%?(¥%) is a golution of E, iff
i T B e ¢ :

£(x)= \J u(®), for any xeVie
ukDK

Define the grammaer function asscciated to G:

. il :
F & P(Vp) e P (V) M

F(f) (x)}= U ulf).

ueD.,
oo

Any fixed-point of F is & solution of E and converse-

1ly. We consider only the minimal solutions.
V.

\‘I % 3 )
; is an tu-complete poset

with bottom element, i , where &.:Vn-w%?(vg),,,L(x)ﬁﬁ'fav any

One should note that F(V%)

xeVge F is an oo~ continuous function. Thus, from Kleene's

theorem,F has a least fixed-point, f = \/‘F<n)(L}m
; Iew

For any xeVy, consider the context-free grammar

Gy= (Vs Vipyx,P) and let L, be the 1anguage‘gener8ted by Gye

According to Ginsburg-Rice-Schutzenberger theorem,

folx)=L, , for any xeVy.

Notation. For any ne«w and xeVy:

o »{n)
Lo e =0 ) )
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Notatione For any newd, kn Ln nz

We denote also K (K a>) the get L o where

N0, U
'{lézvﬁﬁ 6

mm#mwm»u

The grammar function associated to Gl is;

Bt P({sgv}x){%§§ P({s,vgx)gAS
P (£) ()= v e (a) v iv)

observe that FCO) (1) (A)=1(a)=8, chl)r(mci 1,
F(z)(l)(ﬁ} {v v } and in general F(H}(l)€A) {V Ya<d: n!

//\

o~
ot
@

jl’
o

. i
Thua,-nn Awiv éﬁs1<n} and the conﬁeﬁtwfre% grammar G? —
b3 ..sl.&

the rules:

<s>w%<vi>g l¢ign
’(VBJ‘}%Q«’J 3<rYs, Teicn
vy —a

Moreover, it is easy to prove, that the sets

(n)

g £ Pas ) o . ‘ ) o 2l Ty 5
;anggn(i)«<a>) are; K =K;=0, Kzr{aﬁ and angg { Ocislogyn |
for any n%%e ’

Remark 7. Note that for any n,m anﬁ x, L is g fi-

NeMgX

nite set and thus K

n is finite. Moreover, it is easy to show

that L= \U ..
: ne&ww

sintzoff (28) obtained that for any recursively enume-

rable set E, there exists a W grammar G, such that L(G)=E.

This remark is the key to define some new complexity

measures (see Chapter %).
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CHAPTER 2

W__SYSTEMS

We introduce the notion of W systems. No detailed
knowledge of this chapter is required to understand cheapters

3-5e

§2.1s Preliminary

Definition l. A context-free system (cfs) is & 3-orde-
red system 8,=(X, V, F), where X is a set of variables, V is

a monoid of coefficients, X NV=F ands

5

. PV (X

F(E)(x) = \U wif),

1e
u‘Dx

where for any xeX, D, cVX], D_ is fixed.

Remark 2, X or D, , x<X, cen be infinite sets, The set

i

of equations is E, {xmd [ch} THC least fixed-point of F is
the solution of Sqe One whould note thaﬁ fer-any efs, S15 the-
re exists f‘ \//F(n>(i) and £ is the solution of 310

new

Definition 3, Let S;=(X, V, F) be a cfs. We say that

€5

S,=(H,7,R) is a parametric context-free system (pefs) over o

Iff 8, is & efs, HaVIX]) and ZOHUIUV)=0,
The set of equations of S> is E,, i.e. Eo= i 1€H}
- where for any heH, Dy ¢ }YH], and Dy, is fixed.
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Note that, if fc?(v)x and £ (x)=p for some xeX, them T=0,

E, fwﬁ and 8, £ is the empty system, denoted &2’la

o
If £EP(V)™ is the solution of Sqs then the Lyoatniet

~ system associated to S is the strict system and is denoted

Sg?aa

definition 7, TF S=(S4; Sp) is a W system, then the

solution of & is the solution of the strict syvstem 82 q°
b

Definition 8, If S (S35 S5) is a W system, then

T= {sq f!fCE(V) } is the gspace of strict systenms and & {g c
He X .
eB(3) ~, fePLV) } is the space of striet solutions,

Note that, if £,z¢P(N)¥ and reg, then Dol Hoch,
for any vele, Dvgfgzgv,g~’ and for any velpe and for any jeP(3)
Rf(j)(v}€ZRgﬂj)(vk, It is natural to introduce the relation

2 f‘}-Sg .2 18P £,
Observe that, as dafin@& above, (3, €) is a poset,

“Wecomplete with bottom element So, > & sthe empty system,
H

If T@P€V} and JeP(3) f, ‘then, since He &V, we can con-

gider j teP(5)V s the natural extension of j, j &v)*ﬁ for any
veV-He and j'(v)=j(v) for any veHee :

If‘fggePCV}X; jeP(Y“Hf(apd'lep(E} g s then we consider
J€L Iff §*'¢1* as elements of P(z)v6 With this relatmn9 (J
is a poset, w= oomplete with bottom element ' , the bottom
element of P(Z}'.

§2.2. Strategies for solvinge W svetems

Definition 9. Let S=(Sy, S,) be a W system and T the

- torresponding space of strlcﬁ systems. The transfer funection

i




- 17 -

, )
k) ()ex® ) (1), Note that  REBlgi (1) and that
¥ ﬁm(’
éf} is monotonic, y ko’ ﬂp}(‘}fﬁéf)€;)<§iﬁdi(<% J)Cl}ﬁm
::zzég;e b=t amtdegy

b

v 5 ® o 3 v 2 4 o
Definition 13. A chain is a set I, Lcw*®, such that

Iis totaliy ordered. An unbounded chain is a chain T such

that for any (n.nﬂeaa there exists (n',m’)el, with (n,m) ¢

<la*,mt).

Remark, If T is a chaln, then %h{r m)C.)}Cn mler I8
an increas sing sequence in S(prapOSLtlgn 12) . Moreover, j> is

& ~complete and therefore M K(n’m)Cijﬁ.&.
, (n,mlel

Some trate ries for finding the solution of g W systen

are given by the next:

Theorem 14. If’Sm(Slgszi is a W system with the solu~

tiom £, , then:

£.=V (V™ @) ® = \/ (V/ <h(ﬂ)m )8 (1))=

o Mew New Ilf“:w mews

= \/ g (n,m) (1), for any unbounded chain I,
Cn,m)ei

(see notation 11}¢ &

Eroof. Let I be a fixed unbounded chain and denote

o= VN D @y () gy

% VOV &™) @) (1) ana

news ’ﬂi}@
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There exists mew, such that, ue(\/ K }CRS)}(m}EKF{V)e

New )
By induction on m, there is a (p,qlel such that ueKiﬁ’qf(i}fv?@

“«

since kPP (< VPP uym=|7,
(p,qlel

: &~ o ; ~
we deduce that meb(v) snd therefore 3'}0&.

Commentse This theorem says that the solution of a
W’&ystemf(%h@ function % )} is equal to the least upper bound
of all solutions of partial aystemg SagF(n)(i) (the funﬁtian;g}
and it is also equal to the least upper bound of all m-partial
solutions of the n«pértial systems, when (n,m) belongs to an

arbitrary unbounded chain L.

§2.%, W systems and recursive enumerable sets

u

Tn this section we prove that for every recursively

enumerable set, E, there exists a W-system S, such that £ 18 a

component of the solution of S.

Theorem 15, If C (uiﬁugﬁz} is a W grammar, there exists

a W system 8, such that fg4(z)=L(G}, where fg is the solution

Gi‘? "t

Proof. let Gy=(M,V, &M) and Go=(H,Z,Ry) by the metalevel
respect ive the hyperlevel of G. We define the W sysiem

S= (81,89 ), where the metasystem is blf(m,vk;F} withs

(14

il
F o P(v%mw@ﬂeivﬁ}

F(£) (my= \J u(f) where
uehy,

D x{ulm,»éueﬁﬁ } for any mécM.
&, %
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Proposition 19, For any unbounded chain I, it is un-
S 3 .

decidable for an arbit rary W system and for a fixed weV, if

the sequence {I’ T, I (1} (v )j (n

ber of dluilﬂut L&rmu&

}&I containg aniy a finite num-
g}s.

Pr0@1¢ From remark 18, the decidability of this pro-

o

n

blem imply tha decidebility of the problem if a recursivel
enumerable set is finite or not, But this problem is undecida-
ble. '

Many olther proﬁlems like: the emptyness problem, mem-

bership problem, inclusion problem, equivalence problem etc.,

are undecidable for W systems,
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D =(3;):.. . 1is a G8del enuseration of all re languages over ¥

i o &
f wpe ,{f s A= i‘;%.i% iz‘::mg Ai . (A}*%UJ?.

o
it
3
¢}
o
{0
3
D
=
o
o
foie
<
@
2
@
et
e |
fde
]
o]
L
O

A. partial recursive fuwctiom£§13 the set of the cost fune-
tions and ¢ (bﬁ)ﬁ s 18 a criterion over 3 such that are

satisfied the €0ﬂ30»ﬁ ng twe axioms:

1 if A;(x)=y  and

Hﬁl,x,y)mwp gtherwise

is totaly recursive.

Note that GB2 is the same as the classical sxiom of

Blum (3) but GBL say that the cost function A; is defined in

: v

I.‘"

48

(ﬁi} *satisfy" the criterion C in n,i.e. L(&iif\cmfﬁa

§%.2. Criterions, measures snd complexity classes

Next we consider some exemples.

Exemple 3, Let 3 be a fixed alphabet snd consider the

» "”“';—n of ¢ Y . ' ;
sequence maC})nicg where Cu2. ?0? all nee> , Obviously, C

is a criterion over, called the egqual to n criterion and de~

noted by "“=n",
vx:i.

The sequence C=(C. ). cuss Where Comﬁ?'a d “Z. &ia., Ny

is alsc a criterion over g_, called the greater than or esqual
ton g}ﬁ&ericn.anﬁ denated by " Sn%, ‘

For the criterians mnn“jan& "sn" the value of the cost
function Ai(n) measure the resources necessary for the i-th
device to generate a word of length equal to hﬁ respective of

iength greater than or equal %0 n.-
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Also, the axiom GB2 is satisfied. In order to compute

the value of R(i,x,y} we consider the following algorithm:

step 1 From i determine the Wegrammar Wy (or the

Wesyatem Ss)
wdla.

< v ; .

Step 2 If there exists Jy O&i¢y such that Kéﬂ@xﬁﬁ then

e Mzgx; )=0 STOP els
Step 3 If K fC.#0 then R(i,x,y)=1 STOP else
/ ﬁ(l 4 ¥1=0 STOP,

Note ﬁha“‘iK&}gcigiﬁ an incréasing sequence of finite
sets and for any i and st% nmay be affectiv&liy computed. Mo=-
reover, C is & eriterion and therefore Step 2 and Step 35 may
be executed.

In view of the preéedimg remarks, thevordered systen

Eg%ﬁ:(zsﬁgfw?ﬁ) is a GBS, called the W-tine GBS.

We can alag consider the ?Ost functions SV«%?W‘ SY SW; 3 (oqua

whele:

R A “ ;
caraaﬁm}, where m=TW; (n}, iff
x = SW; ()= {  TW; (n)<oe and ‘

e otherwise

The value SW; (n}, where Sw, ; (n){ee, is equal to the number

)
b
td 57

of words, (Qve? 2. ) involving in the process of Kleene itera-.

tions assoeciated to W;, necessary to gﬁnerute a first word from

Che

Intuitivelly, SWi measure the "space™ or the "memory"
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Define the cost functions MT like in exemple 6 and

gbserve again that we obtain a GBS,

Next we define the notion of generative complexity

¢lass in 8 classical manner.

. o :
Definition 8. If J=(2,D,4,C) is & GBS and £

is a recursive function, then the pwernnvo complexity class

bounded by f is:

(’,"-@{,:E‘(n}}m{zx'}}.}s‘;fﬁ Jdicwy L(3;)=L and A4 (x) £1(x)
alnost everywhere (ae)'l;@

Remark 9, For the generative Blum spaces ﬁﬁ respec-
g the generative classes bounded by f will be denoted

by TIMEW(f(n)} respective SPACEW(f(n)).

Exemnle 10. Consider the GBS ﬁ”\i&‘j} w,TvW, “"“nm} and

consider also the W ;’ramma“ G from exemple 3 (6) Ch.,l. For
thz.gg gremmar TWe (0)=TW, (,{)wa y TWa(2)=3, TW@@)M» ete. amﬁ obser-
ve that, for exempl& TWq(n)i2n a.e. Therefore L(?G)ﬁi r'zcag}
iﬁ in TIN 1’(&.)"}.) &

¢ o2

REMA dw For L= 1&‘"‘ {n&w% we can find a faster W-grammar.

¥y ¢ e ;? -‘ o
For exam le consider Ry «-{A ~>Ah, A=V, ﬁ—>v} and Ry

{ay —> <A
ALY —><ASAS
{v 3y at

4‘? >—>a
> ~—Sa

2



z->z if L=f).

iy

[

vial or not

ot

Clearly, we can decide if a Wegrammar is tr
wa course this not implies the decidability of emptiness or
finitess problem for W—grammars!).
In what follows, we assume that, (for $3W) the empty
language and the finite languages are in the complexity class

Cyg(L), respective Qg{2}$ for any criterion C.

Of course this is & conventiont

Comments. The works of Blum (3), Book (4) and Gladkij
(11) (see alse Salomaa (27)) inspired us the basic notion of

GBS@ :
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<

then we define = (G 4;‘3@ z) with Gy=u*,V' R;l}

Ga=(H',7 ,81), where: ""s'-wuw"fzig V=V uid? g such that ¥, %

“L,?J

and ? are not im MUVUZ ,
Define R{=R,U Ry , where Ry aontains all metarules
W MY M M
which are obtained from Ry using the next method:
for each metarule X ~> o X464 50004 X = &R, and for each
m~tuplu, m}swwﬁvﬁ} of metarules from Ry, where ”ﬂtgx't“:’ i&w
t= l,ogo,m '\\ﬂ.th XCITQL.&LV = Opwee,ﬂl and }BEG‘JOV) L,as@,m

we introduce in RM the metarule:
XG-'%@( OFlﬁ(le @ eFﬁF(m : (2)

Also, we add to R:; the nmetarules Y—> v and ¥ vY for
all ve'i/"'é"ﬁb with \vi¢p where P=PyeDPoy Pp=mAX %\h\ \(IB&HE and
Do max %‘\o& | { X->el& HU}" . = v

Observe that for any XeM, Gy end Gl't generate the 3éme
metalanguage, I“X‘ '

Let F; and F be the grammar functions associated to G

respective to Gi.
By induction on ¥, we prove that for any XeM,

228 ey eriP o

(
J

ror t=0, P{O) (1) (x)=p=F §O>m (X), Xel.

For the "anc&uctive step, let ueF ;(Zf 2) (L) (X) be an arbi-

trary element. But, I‘<2 £+2) (L) (O =F; (1* (F(Z?) (1) \(X) and there-

fore there is X—eX Koo X X ERy and the words uq,e..yt

o T M

B2
SO (1‘?52"@ CLl) (X by E=l, ooa,n such thist VSO U 00 ol o
k A K b ¥ 17 T
From UT,&,{‘ (‘w(‘"£> («L}‘){XT{) we deduce that there exists the

r‘(;e*f' Q‘Tuﬂl(aq "{ >€:)(‘j“’“lfK R" f i L\ﬁ__ (2.&,, FE\‘:\
meltarules Xy Qé\}c,mu J:n, K IKII and the words R (L) {‘ij

EAS

Tik, L
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where {11, and Y. , t=1,...,n, are obtained from the hyper-

rule {u+>w*?§?‘lﬁf renaming the metanotions such that they
L i 8

© * ”~ .'.‘L \ / - g 2
are distinct from those in Aihgﬁpvuaﬁhi}%1¢oa<h£?@ﬁ_anﬂ also

e 3 ey «“‘N, £ A T > & ‘”Q B o a':"x.,h : " ’,’
are distinct from those in {u; ?AIL ,‘for eny i<t.

lote that this new metsnontions dees not destroy the

speed of metalevel,

We prove that L<w§):L(w3) Obviously, L{w;)CL (w }

hecause RpC Ry and the metalanguages Ly s ZeM, are the same,

For the contrary inclusion, assume that in %j i

in a terminal derivation, a strict rule:

e “{(5135‘1“J{(Bn,.m&fmlmﬁﬁul)?‘)m
RS HCIEL (I TN

which is obtained from a hyperrule of type (7).

The derivation is terminal and therefore,

8 used,

(8)

<Kf (ht)ii‘f(ﬁ*t)@ must derive in A using the hyperrule YHY?

Result that f(hﬁ}ﬁ%%ﬁﬁ) t=ly.eyn. We deduce that this step of

derivation in WH may be replaced in s wsing first the strict

rule (§* (b)) — & ( {*{h )}QEQQQQf (h “n WLthif““Thxuv,anm
after the strict rules 44%'£utf\~¢‘ft L) t=1,40040, where

%t(ut)” (dt’“%(Ht) and thus L(w«} L(w )e

It is not difficult to prove, by induction on £ 1like

for the metalevel, that for any ﬁea),

and therefore for any feco

(10}



v

&t

CTIuBY (af(n)l.

F(f(n)) & TIMEW (gf (n) ) and

and t

fes)

If g>l, then we put q'= = , gin)=qf(n) and therefor
TIMEW (qf (n) )= Tli:.ﬂ}f?(gfm))"’f"\}Z{:U(q () Y =TIMEW (£ (n) ).

Remark 2, For a concrete construction see (24).

@

"3

Corollary 4. If gz is a polynom,

),;. E “. F m g
8 CI‘F Wa B 4"“‘»1 -h\ i-ﬁ'-s o *‘(:’ikig D&i‘.ﬁ(u;' 1"”Q’ @6 & 3-&» &% K;l & thfi‘r‘

'S?‘ = > 2
TIMEW(n™)} = TIMEW(e(n)).

§4.2. The linear sneed~up of others measures

Comments. The study of Turing time coapie'}iy and the

5

- 1inear speed-up of.this measure can be said to begin with

Hartmanis end Stearns (13) (see also (16)). For the Turing
space complexity (12}, (16) was proved a similar result with

our theorem 1, For the Turing time complexity are necessary

o

gsome restrictions (see (16) Ch.l2.2).
For Chomsky grammars,Book (4), Gladkij (11) (ses also
¥

(?7) Ch.IX) was introduced the t

SR = . =
where (“:m{ Nt 'FES Ti 'mv UKm? LS {G‘} ”‘”}f‘*\#{‘.v . 44"3;}‘:?]:‘5 ang
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s, (P) 18
i(z(}' Ak

A

@ - m\
the least integer m, m%l such that § =—=P.

-

linear speed-up theorem is proved for this measure

and it is found that L(G) mast to be & recursive languagel

Therefore, Te(n) cannot be used as cost function zso-

ciated to G when L(G) is a re language which is not recursive

&
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GCHAPTER &

VY A TR AT e T RTYMIDCT U TR TERA n
EHBH&.QQUfJ&h OF RECU ROl VE ENUM ABLE SET S

o

We shall now intr iuce the term "TWeself-bounded funce
tion" which is to degignate the abllity to generate the gra-

Yy o2 xS

phic of & function £ in TIMEW(f(n)) relative to the functional

criterion “giw

o Also; the graphic of £, can be generate in
= Mﬁ%(lof {(n)} (sees r@mark'?‘ga )“ The iaﬂllj of this function:
is cloged under sum, product, exponent and with supplementary
conditions un&efvoombosition and inverse méwping,

. The main res ult is in section 5.2, the TW-separation
-property; This permits to obtain some hiersarchies Of-P@CHfSiV@

enumerable sets (sectien 5.%). A dense hierarchy is alse obtai~

ned,

§5ele TW~self-bounded functions. Proverties.

‘inni%ion 1. A W grammar G is related to the gravhic

3

(zg) of function £y fred—s3win cage: %;91%@ Ly = {’}T'9 for any

XEM, RyCH x o and for any ﬂﬂnt&ﬁ

(33

: : z:§#<inuim) if and cllj if f(u)~m.Cu).

(%}

<

w;te £, then L(G) -3 }

2]
o
g.x,

Remark 2, Obviously, if

e

Definition 3, Let f:¢o—e be g function; then £ is

@

IW-gelf bounded (IWsb) if it is a constant function or there

oie
0
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"

& W grammar G rg te £ and the constants NG3C7sCn & such

S f o

that for any n, myn :f(n)>1l and if we add te the hyperrules
= il s
of G, the hyperrule {i wi £ )> —-— 8y “then :&2 S'!v?r,, where

i«ﬁlf (n)+ Coe

?Z)ef‘:_?__;tfﬁ“.’ai@n 4. Let R, —R, be a function; then f is

TW-self bounded if the function [fl, Yf] tw-c, &

Ij: (n)j is TWsh.

Notation. The set of TWsb functions is denoted by Am.
Exemple 5. The function fiew->w, f(n)=n is TWsb. Con~
5 AR : = e vt
gider the W grammar G, where: ﬁsi'—:}}s?}ﬁ V= S}.,%}, Ry sN—5 141l A
and Ry:z —>(W4N> . Obviously G is a W grammar rg to f. Moreover
for n =2, ¢4=1 and ¢,=0 we remark that the conditions of de~

finition % are satisfied snd therefore i"eAm., ;

" Theorem 6. If £ ‘e’.u-m)a.? fel A, and £(n) »logon, for any

¥ L - n . ) % o
new, then in the GBS qf U e ), LETIMEW (L (n) ), where

nat (n
Lfe:{a ot (n) }n,.euy}.}.

froof., Let G be the W grammar rg to £ which exists
cf defimition 3. We define the W gramar G°, where:

M'=MU4N,N1Y , Vs ww,,@ RipRyu LN — X, mmyx}g z'=z, and

t ¥XEM

RY=Ry; ‘J{Wik i9], v ,7} where:

W’li <Ix H NI 2NN B2 41\ NI
o) e Y —> 4l X

e - _“ %

Y 5) QUANIT) —> a Al Yl
T o —
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2

i r)} <"?z\}1‘?\/\’"}<(‘2;*’>(7)£5 >

2 (e RS s mrw - -

-‘S &6}) ,< %,lih{) =g 4{;);.‘3 }.{}fi?>
“T ) < ‘?)\; ........_> /\

Observe that in G', & terminal derivation, it is of

: 5 - (n) .

z‘§:5<iaHiL(n%>~%< ‘><Fgf%nijgi~>d /Pl .

H = %
S”T? (

From d@finition of the grammar G' and from condition

: x
(S), definition 1, z = w, w%, if end cnly if there is a
Gt =

new, such that W:Q“H“( Y and therefore L mL(C‘)a

But £ is TWsb and therefore for any nyn, if ueK! (i’ >,

B
ffn

AT a ) " : s ) PR e
and veK (QPX then uve£p+ﬁ(5;$ where ﬁiclf(n;%bgk

f’»j y

The derivation 0f’@A1 ) end {p 217> in terminal strings

require logontl iterations and respectively logymtl iterations

Thus, for-p&max%lmg By 1Gg2f{ni}+1)aqéK;ﬁ<uiﬁ)} and

2

.'f (1 )-'{;-n {<F@LL<J§)

" = n, f :
We deduce that, for nyn,, @ (n), }

3
whereg
q

q=cqf{n)+e,+may 3T0#«n5 }Ogﬁi(ﬁ%-+l<(61+1)Ifn}+c2*1

The inoqaqﬁlty is true beceause f(n)¢33p9ng

Therefore, ‘ng‘n) ((ey+1)f(n)+eytl, for any nyn, and

thus LFQTIMEH((&3+l)f(n}+cﬁ+l)o

From the speed~-up theorem result that LLTIMEW(f(n)).

ROM1P% T« Moreover, zf feh, , then also the graphic of



&

constant functions end let G

il

Y

is in TIMEW(F{(n (see O”ﬁmni@ 3.11 or the proof

S
ey
L)

g(n)=2

of theorem 5.2.14).

Next theorem has & long but not difficult proof.

Theorem 8. The family A, is closed under sum, product

é,).«

and exponent. That meangs,if f s 8€A s then f+g, f.gz, £ €Ay

Ed

where:

(£+g) () =12 (n)] +|g ()] »(£08) (n)=1£()] JJgn)) and t8(n)=
=le () 180011,

Proafe A is clogsed under sum. Let f,géA be two non-
= ( ( } Vl % ALLF) 1 ,?SRW} .,.1 )

i=1,2 be the W grammars rg to £ and respective to g thQh

exists c¢f. definition %. We define the W‘grammar.Gﬁx((mwgvg,
Ry, (s 57 ) o z5) such thats
M=y U My U B, N1, N2, 103 1 1=V U nggc; $, 7}

: _ R
where ¢,:P and 7T are new symbols,

; A\ Smex, mox, N2> X, N3 —>X}

i
= XE I"L:L U ifiz

> - FL
R: = ,.UI‘ U%. 310y T, T, L wheres:

L s
Ry is obtained from Rf; by replacing all hypernotions (h?&‘Hl

S;M

! Gl (o ISEEs . 5 = :
with £, R <05 obtained from R by replacing all hypernc—

‘tions (MyeH, with (N NI$h> and:
2 :
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= /,.-'» mp a-

- 37

ﬂw} Zg (¢ V7S,  LET z=dgd

Ny s AN d o fh Ty
iZ}» Lfr}},ﬂ N1 Jae= (:}3 HET S \.?',-\\) ¢ 1T m? *<Va~‘>

ﬂé) (IHNLPN2 43 ><mmln><w@w>
*TT[;_} CHRNY —> A

B

We prove that G» is a W—grammar rg to f+g.

b

or any mfmﬂwb if (feg){n)=m, then in Gy is true that:
. Pl £4 )
=4 BT (n n
T, e b = }553 \ 43 5;_4 <‘ S
Ty 4 > TR > >< & v % b T a_>

=i fHes Il
= }(1 Sl
H
= el Tln)pln)
= 2lh “wd 2 > (1)
= :
: s 1 m :
Conversely, i 2y *é2<i*¥¥’ >s then in this derivation
z

are used “gianﬁ itQQ

. el T :
Therefore, 25 §é><liﬁfp$3nulqyln?in>z::

4 /s where ptq=m,
e - :
Finally, because £ and $ are new .symbols,

4

. : *
o A L3 —N Lo Ak o if- 3 {:'r':'\ .,:' ™y P =
43 -.v/<ﬁ \eri). I\“.‘(‘::jl %‘f & e AL _T ! @Va/ "’ >

>< PiPly Ty 1\\“:><3“ 1.**:’”""-?*;

vt =
1 i 2
: oo
X2 3 St rimon s s & o
We deduce that, Zq *é'?(_x, 71;, }‘3> and

Moreover, the conditions of definition 3 are fulfilled.
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e :) ' pews

i i e Sl : e :
Let s Cys Cp D@ the Lovrespmndjng constants for the

Heao el ody

e AT e (3.2 & b o T o CoBBl 1 0 i P | :
gf amuaa Udqs L 1 g & ulle LC/ : m’d"'zu(};’ll{) 7{ pe '
Consider nn” and aad the hyperrule {which is also a

s YT :

_— ; .0 Fn)+gini
striet rule) (i Wi ‘ﬁj £

It

. s : e

is not difficult to eobserve that, Kﬁw§ag, where
1o do 2 :

:‘:ﬁli,( ) 'é"(, n"%(’j g\ (ﬂ_) 4"

2 i
Thus, we define ¢I wagic 3C 1}§ 03$Gm+c +4 and result

tees,

let Gl be like shove and define G3 M3~Mlhﬁ{k Nl%
Vs=V; UL £,

SR :
5 - sos i ibnmoxl , 1= Tauliihe

where: : ..

vl)/ g ~—>LBvyy, LT 2=V

o SIS
1) CANsNLY — a0snai ™

Observe that the value tiia added by”ﬂé3aﬁ thé.éaﬁ ot
éo&nd jan o ink. |

Analogous, result that f+geéA  and therefore A, is clo-
sed under sum,. v

A_ is closed under product.

-

Let : ';w =A, be two nonconstant functions. We repeat the

above construction (for nonconstant Lunoti ns) except that Vq

he hypﬂPFQTGX{g is re~-

Q"'!"

so two new symbols %, = and

“r

e

contains a

placed with the rnext three hyperrules:



&

- %9 -

\i)’NM&%N?@WiM4<%ﬁM£”><Wﬂw>

S

Rule V. serve to initiate the camputatimﬁ of P(ﬂ.@ rin)
and also: test if f and g are computed in the same neds,

RuleWTﬁ serve for the multiplication of tﬁe value f(n)
(ML) g(n) t imes (N2) and ru19777 serve .at the end of mltiptie
catione. |

Like above, 03 iS- ¥z to L8

. g 3 1
Moreover, define 0 Fmax{n s

n,;T(nlg (n)

o - %

7 A = 4 = 5 ,—"f
noj and for any m}nc ,qm@u
the hyperrule (i —a

A shandara‘derivation in G3 iss

x e N fnleta)
Z-;S “:5_) < iyl‘;\ il (Il)ib jﬁﬁic)< I }\ t::::,:} AL Qﬁl 1.2:.1.. E‘.‘.}

)5y os g EEML s,

= {1l %=1
Ry ; =
62 47

Note that Y. is used only g(n) times and therefore Kﬁ?
q 5 .
G

+ (2+l)gln)+ed + 5.

5 cgmc% + cg + 5 and thus

A2 b

% S for ;ﬁﬁ% f(n) +

H

o~

k&

LS

")
We deflne g“MdX %a ' e ;‘+
5
5 (

B

CI‘

Q(”(W)PF(P))+£r\Z If (ndg{n)+e ecause f{n)y1l ana F m} 1)

’i“herefoze9 for ci :2d, we obtain thaﬁ faF(A
If g is a constant Ffunction, gln)=t, then f.g=

nz+fg¢g+f and bec&use'Am is’ closed under sum result that

Thus, in any case i@@ “m
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A is closed under. exponent. Let f?gcu be two non-

A

- econstant -functions. Consider again u“e congtruction of the

gramm G which is defined for sum, WLth next changesg: M.
3 ,
-
SO Ni—=&, for any }iczi‘z L4 1{}
93 cont = and “3 is replaced with

T‘“g) LNBNITIN2 ‘”5, -3 {IEN2SNS ﬁ‘é‘l%}
hho? SNBN2E N3 NBENAY ~3<UHN2 N 150 52N1N4)
T w ) <u ﬂuTﬁ $“\; > — ‘Q‘Tﬁzfl?NZ‘va%} . (

ET )(.,e».a«z:li\;m 3} QTHND
- aiel o . z{n)
Rule ﬁé serve to initiate -the computation of f(n)e‘*’.,
Rule'ﬁ%mTal serve to compute the value of f(u)ﬁ(n} by repeated
miltiplications. Rule qu serve to finish the cemputatgana
T
Assume that f(n )ﬁ( )«mg then in Ge:

%

s F—
‘...n. . e.-’t"-‘ .1‘, & 5 [ — - .L). e 2

2 T P 1T g s 80Dy >< 1T Mgy é’(n)-‘s’ D
p) 53 {4gT¥Q

"ﬁ'l"i\?< T (n) ,ﬁg(n) $ + £in)

‘? : s e

‘l

1 e
30 : . “‘*i
"‘. b .n & 4. o 4 i
”':';;E:} /:;na«':{(:i)\(é‘%l{m)h{ "}“s. '“:N’\{"; "‘H":{(n)g(ﬂ) «--/ n"’m
.“—- " L ’%‘X}.- ; y‘.,{ A & LT N 1 >
9="1 \ 112
> - }ﬂ ATk

elyy 1f zy wf‘xi # ) then it is easy to prove
5 . :



o f,y } . 2 . o
that f(n)s il and thug Gz 18 rg 4o £y
2 e bl Gt : : Rre «0 (0}
Ve put neﬁbwwﬁuegnpg nd add the hyperrule «3 i
W"; &g . 3
= o T 20 . F(n 1 «Fn)d
femark that the derivation {iwd ( }\ 5< .ﬁl (n) P
® o ; : L 1 h £(m)+2 gndg
== /31, ¥ (n},%\ g(n)=j~1 5‘3 (n) > 18 of length nj+2 and j
Ll T . |
mis

't be done fop jr}gds*°°ﬁi(ﬂ)

Babui that <,n..1{d)$ n.:&n)

};éia 1s of length
) (f(n)+2)+4,

We deduce that RZ {ﬂ} for P=cl (q)+c£+c§ﬁ(n>+a +ﬂ(n)(j
+24,

Note that

. o o B
eXlsts cl and c2

. w
£(n)32 ang g(nly2 for nn’

such that f{ol”(n)“éy) Z,A&nd tbn“ fﬂca

and therefesre the

If g is constant, g(n)=t, then hep.

03 P ‘
that 5y (4. is closeq under product),

Assume that fln)=t

¢ «f and Tesult

s

» for any neay with tew
ant function,

Let 62 be the W Era

t22 ang &
ig s nonconsta

ar rg to g and define G? such thet:

Hs=Mat § v, N2, 52 } Va=Vs 0 d ;Qj, .&;*}‘\Mu U

2 T
"%

Po

em

# "Hm* F

,_«,

\%?i;wan; 4}$ whcre QH is obtaineqd from B“

@1‘{
by Treplacing g11 hypernotiong <h>eH2 Wiﬁh‘{éh} ﬁnd'ﬁi;,ea,T%
are; '

ire 22m<#2>
o) CAIRITY ~5 Ctine 144>
W) (i $n2y — ::-{'N’é‘;z\m,f?st.g&.aw\
3 |
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oy

s (@_2 L

T s B o s o P e T S - s2 1Y s %, ST
Moreover, if we add the hyperrule {1 # >->a Tfor &
] ] . s 2 P4 5
ﬂ 2 %, LR / o £5 e B ™ L N 2 o iy o
Tixed nyny, then Kp =3a} for L=chg(n)+e tg(n)+s. Define ci=
P < i = ( ) % ke
o) : L4 oz 7
o SRE . » T PR S 2
g cgwa?+4 and therefore ﬁézjgu 5 +32&
PR - . "

b
e

‘hus, result that £%eA .

From ‘theorem 8 and exemple 5 result:

Corollary 9. For any K31, K fixed, the functions:

£(n)=n" and g(n)=K" are TW self bounded.

Also we can deduce:

Corollary 10. Any polynom p(n)=a ngfa nf1 Lt oo stan,
X K#

“where a:coy J05.00,K, Kew is a TW self bounded function,
A%

Theorem 11

(1) If fed , £:A—B, (A,BCR.), f bijective monotone
i Lad . -
increasing with £}« and if in condition of definition 3,

\* S D] ‘ or 'gxh ‘r‘l-i-n -t}rle-rl ~F"“}"&f\
bg‘ Lu‘s' i & L-l‘. L (eI L e

-

(ii) If f,geA , f:B>C, giA—>DB (4,B,CeR,) and if‘f{n}}n?
g(p) n for any nsw, then the composite functicn,fwg&émg where

(fog) (n)=f(Lgn)]), for any NEW o

rg to £ and define the W grammar Gl ((hl, 1,nl)§ (Hlf

where:

“1::1}{1 ~ Blaesny, N2, 03, N4Y , BEM S VST AT, T4

Ui



o

e

e

‘-9hﬁ§h§} where Ryy ia obtained from

all hypernotions (h)GH with

I:‘-/r'\

hq) Zl”;ﬁéﬁlﬁﬁzfQN?VNEJyﬂyax'“L ﬁ} - Zm<v>
hy) QUIXIRANSANAY »< 4T3 CNL2NS)
LEIRE TIVNIN2S ~> D
’QQ ‘% HEY—>
“hg) <N§f£2m_ S

Mirstl; ; hl introduce three hypernotions and begin the

“

AN
process to compute the values of £ (using RH} for two wvalues

;2
e T TRV T S TR -Tﬁ.%l « Ik e
ZI»;(ZL %3 1 3{1 ’?!E'.LL ,V\>‘<LJ., )% féYj">§?“ z
hi H
* k n L S = Pl
e T e ROt g e BT TN e T T et
3f>éxfkﬁ.§41r%¢ 21 %%1*Qp3}><1 o1el (ny AT
Ry
3 X z e m .. \ % . o % ml W=
The values n and m are checked if they satigfy: §f (n&
351«
Because f is bijective, ﬁﬁFQ+OH@ inereasing end f{Wjcww

we have the equivalences
ml = sy "_;” i zm}- % ‘} ) L B8 85 2 ,.i. )
U (n)l=n iff nd™ " (n)utl irf Flmlgnef (mtl

In Gy -is checked if £ (m)<n<f (m+l) .

Derivation (1) continue with:



ATt Y

4] [ ot oA

SRS e L Shor a1 A B L ath p ol 24 el N b MmN AR B Bt i L AT SR Ll B KANRS SRR BRI A
i L2 0 BRI ¢ A

{2

v B
n n

- SR sl b S g P 2

I m=ny end mhi=n, then G771 ) and o
e Sk S e +Flmtl ). n . SR
in A, Moreover, <;L(14@1 and {i~" ‘A1 gerive in A

okl whe :

3 7 Py T :i‘\ e I i bis o ‘mti ¢ 1
f(m){n and ndf(m+l), Therefore 2z, 5?<3‘%1‘} iee V2 (ni

e o : -
ongider n_ =f(n ), let n)n_be a

natural number al

o ’1 Foads, 2 11N <, %“’ml
add the hyperrule {i %1 >—>a where mmiﬁ (niXo

iy
o
wF

It is eagy to observe that K
1

II. This part of the

a} for ﬁﬂcl(m+i}+

i; “(n)] +e 4cp +% and therefore f 1€A

theorem is not important for

5 Jat
T s

paper. We consider -only the construction of G, If G., i=1,2,

are the W grammar rg to f, respecti

fege

M=l U Eaf{,«\ugviif,'i*fﬁ,}\i'?, 5}, v=vyuV,084,$,20

bon)

Ry -awur’“ via— BlaeiN,N1,N2,N3

"“, .m;} s
arhs T
zLI¢q‘diwsz%h1?h ghb?néa where {E

replacing (h)y w

cing ¢<h) with <#Nidn) ana:
} z =5 {évyy  1f

5 i P ,:&‘ 2 . .

ho JENHNLY —> QUL v iF =z

B ) (THIVL SRS

e
J
S
=
£
Wl
g
B
e
=3
froed
et
=
B
S

hy) @?N)jé P
It 1s easy to observe that ”6¢CA

Provosition

X . .
f(n}=\n an& glnl=logyn are in 4_ .
e 431

@

18

{5h> and R% is obtained f

REW . M.
$ L&iu}“(f 1112}

, the function

ve g then define G rg to

. i

obtalned from Ry 1

from R R by repla
SR o
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£

R e Y e i R R e iy A Ly s e v £ ey
. Obviously, £, is bijective, monotone increasing and f, )cw,

From Gorollary 9, £, is in A_. Moreover, from éxemple 5, th
i5 £

funecticn h(n)=n satisfy definition % for f%n, From the proof

of theorem 8 (A is closed under product) result that

et
it
A 2 . S o % o - < ) P o
hl(m)mh(n)eh(n}xm. satisfy the condition ﬁ¢?§a§- for {=C.T{m+
& = e

1 0 2 S e ; . o
+c§+(&3+L}g{ﬂ}+Cf*5 and thus, in our case £=7n+5, By induction

on K we may prove that there exists ¢,,C,60W such that ngﬁ

o
X : ' : 2

R I e e

=n" satisfy the condition agggaz for ﬁ»c¢n+czg

‘ied the conditions of theorem 1l,

)_,
o
e
o
=

Therefore are g8

. F : I :
Analogous, glin)zﬁxy kuz%~aij +og 18 bl}@btiVi mong-
3 g e

K

io e increasing, &1 wd € ¢ and gWCA e Again, from the nroaJ

of theorem 8 result that g, satisfy K¢ =4a % for ﬁl€e% 1gln)+

-

'+c§%4, (A, closed under exponent with £ constant and g non=

$5)
i

constant). Thus, from theorem 11 i}, loggn€A .

5 %Kq§néédyis a gequence, then we denote by
st n the limit as n-»oe of the preatagt lower bﬁund of
n-3es
ar *nr1r Fpiow eer .

Theorem 13 (The TW-separation propertyl

If fen , £(n)ylogon for every nyn,, with n, fixed,

and if g:A—B, A,BSR, is a function such that:



Zin
Ak if."‘g"}",;“i' = Oe
naec M

hen there exists a language L with the property that, for the
functional criterion "a m  stands I€T L.uﬂ(f(n}) and

./ nrrinar £ 3
Lst TIMEW(g(n) )«

Proof. Conglder the language L= anbm\mﬁ2f(n), né;Cu}
We prove that IETINEW(f(n)). Because TeA g there exists a
W grammar G rg to f and the constants N,y Cqy Co&v such that
is satisfied definition 3 relative to f. We define a new W
grammar G' such that L(G')=L. Consider: B?'-’UvELN Nl}
V=V U Sf.z,\g'g , 3'=2 Ula,bl, RI=Ry; USA->B\AEN,NTY, Béiﬁ“}»,
z'=z and RI'{=IiHUSth,..¢,I16} where: ;

hy) CIHNLY —> 4l {;gm
h,) @Iy —> GANDGNY
h3><@tN‘N 17 2al N MAN Y
h 4) del> —> 2

hg) (RIS -SLPID <RI
ng) {H=b

Note that, a derivation in G' it is of the form:

2f’(n)

7y R> <lnmf(n) }?<wa><§lf(n)> h—':l;( a™b - (1)

'Obviously, L(G*)=1L and we remark that after

‘:"&

1=logontl iterations, K“ﬁ}((&l )= Sza 30 Moreover, after
s

¢ 2 " fin).
ﬁzxf(“)'*']: iterations, u&g((} f(n))}x%bg S .
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: = ¥,
I3 “‘Iﬂd“‘ {i«; .ﬁ} hen ’ﬁ% (anwif‘(n)})ﬁgﬁnb? 3,,,‘
.M”

Note that f (n)}ic gon and therefore f =f (n)+2. For every n)n,
: fr
we remerk that K @-«{ o , where ﬁ-»(cf*i}_)l(n)% Cotle

We deduce that LéTIIﬂib’?(f ().

Now, we prove that .iﬁ;’f‘;.r BW (glnl)) .

Assume the con”trary that means LEIIVEW (g(n)).

Th refore there exists a W grammar G such that L{G)=L

and TWC(Q)!I&?(H) a.e, Define the constarts:

". = max%\&‘ P \4u N =y & <u1>{? .,¢,<uﬁ>5‘f eRH’}
J 5=max SZ\@(\ \(u) DAURE RH,&QZ }
i,ﬁzmang \41 & — &‘G Qaq> b\le . .(’u€>6 f@f{}{}

We prove that for every n3j)l, for evéry strict hyper-
" notion {hy and for every -ﬁef{nKh)) standa:

un»},. g = T
\V.“< Jo # Ja 58 J% (2)

For n=1 and n=2 the inequality (2) is obviously true.
For the inductive step assume (2) ‘and let v be in K -t {ch ke
There existas a strict rule <h)~—>6‘0/hl§ .,.a,<nc?(1\ arld the WO“dS

€K, Khyy)yi=l,...,q such that v= Govlonvq(,‘qo We deduce that

N - ne2 s
Tt \ o e S e ol TR
‘V‘\éQ(JS 1 ? Z )'?' \{l ansg\ <J ( n 1 Jl ,L J%) oo
:L:.':
"i“. Lo ‘vn":' b "’ i ol - B T 3 N
dy F dadp 2__ ,.5 and therefore (2) is true,

It j’zrhaxijlg;ig,jg}% then using (2}, result:
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n=2 « W 3
00 S S L L
R e Pl e e

11

&

193]

We denote s=2j and therefere for every veK,, |v¢
Mraa o o - £ 1 A % \ ] < {f (ll)
Thus for every véKg(n) stands that Vikg:

But TW,(n){g(n) a.e, and therefore K

}6”\ C 0 a.e.
o (n) |

gn
Thus sl e Kg(n) a.e. and we deduce that:

4 o oaila)

f(n/ g
2 x\&b \\.\i\‘)

fdo
8]

From (%) result that log,2 <ﬁ§%ﬂ%“b.e, which is con=-

tradiction with inf <r) = 0Op
noyee L (L)

Thus, the language L cannot be generated by a W grammax

G with TWo(m)g(n) a.e. and therefore ISTIMEW(g(n)).

§5.3. Hierarchies of recursive enumerable sets
We consider again the GBS ﬁ? (Z W, TW,"e n”) and define:

POLIW = U TTMEW (n)
Exprw= \UJ mrimwa®
Ky 2

mhoorhn 14, If:g is the above GDS then:

i} TIMEW (Logyn) G TTMEW (n)

e = S S K >
1) TIMEW (oK) TTMEW (KM ror a11 k1
iii)

POITW & BXPTW
Z 7



13« To prove iii) note that: POLIW CTTI:ul(?n)C_TILmU(;n)f

¢ EXPIW, Moreover, one may provea that POLTW cm*”nw (2 (see the

proof of theorem 13).

Theorem 15 (A_dense hierarchy). I LC is the above GBS,

then: Tor every d\SFQRHzf <P then TIME! J(nu) < TIMEW (nf),

Proof. Obviously, TIMEW(n™)< TIMEW (n P )

Let E € Q be such that (¢ <F° The function f(n)

o o

= Ya]P is e We remark that .“ $—F—— rfor al1
\4 n]p n-1)p

n)2, There exists méw such that X‘\/Tﬂp'ﬂ“mg 5i]  for every

n)m,

We remark also ’chat_:

H a - | eA
HE e lim —Be— = g
n->oo L%]p n >r>”~Y‘q 11]1 n-soe (q\/"‘l..l)p

From theorem. 1% result thats

TTMEW () 7CL Tmm (Xfiﬁ“z] f’;) | . .{1)
But i_*qfﬂ 1".‘5\‘{/@4:{1?’ énc‘i therefore

TIMF«J(K\/“ P emmwe™ | (é‘-)

From (1) and (2) result theorem 15,

Comments. In (16) p.2 97 is.proved the next result

tv-
n e
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" Theorem 12,8, If Sg(n)>ia a fully space=constructible

functioh,
: Sy ()
inf a=r—0 a0
it &giﬁy

14

and S4(m) and S,(n) are each at least logsn, then there is
a lenguage in DSPACE (S,(n)) not in DSPACE (S (n))",
Our theorem 1% (the TW«sepafation property) is like
the above theorem but we don't know yét if this is a coinciden-

ce or notl
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FINAL REMARKS

In this paper is presented a variant of chapters 1-5
of (24) (which contains 9 chapters).

In chapter 6 of (24) is efectively defined an universal
W grammar.

Chapter 7 of (24) is devoted tO‘ﬁtﬁdy the posibility
to" bound the4generati€e complexity.

We present here some results without proofs.

Theor@m.g If G=(5,4,TW,C) is a GBS such that for every
neay Cp#@0 and CNC =g for all n,mecs, n#m, then for any recur-
sive function f, f:u:~>u3, there exists an infinite re language

* ' |

L™ such that LETIMEW(f(n)).

Corollary 4 i) In the'GBsgtﬁm(Z&Wgngmﬂn") for any re=-

cursive function fy 1o, there exists an infinite re lan-
'guage;L<:fﬁ such that L%TYMEW(f(n))»

ii) In the GBS, 5; QW TW "g"") for any recursive fune-
’tion £, fee?->w>, there exists an infinite re language LCQZ#

such that I¢TIMEW(f{(n)).

‘Theoren 5 1rS= (Z,W,IW,C} is a GBS such that card(s};2,
for every newy C #0 and for every ueaﬁg\upn, then for any re-
cursive function f,fico~>, there exists an infinite re langue

ge LCTT such that La%'*‘:fzys:f«ﬁfd(f(‘n))@

Gorollary 6. In the GBug~9«\z¢ sTW, "yn™) with card(F):



for any recursive function £, fies»edthere exists an infinite

re language L<S* such that IFTIMEW(f(n)).

Chapter 8 of (24)is devoted to study some restrictions
on the W grammars swch that these grammars generate only re-

cursive languagee

In chapter‘Q of (24) we suggest some directions to

study.
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