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This weirk nay be placed i.n the &re& af camputational

eornplexity" using" ven wijngaarden: or Yf grantrers or a3s6 two

level gramnars.

In c}:.apter i- is defined the notion of a W Epam"rnar"

$ome propert ies of W grammars ere given*

In chapter 2 we introduce the no,t{,on cf W syetem,

c:Io,sely related to the notion of w granrrnar* these eysteas

play a sinilar role for recureivo}y enumerable sets &s the

Gi.r,r*burg-Rice-$chutzenberger systems of ecluations for the

descript ion of context free languagee* Chapter ? is opt i"s*

na l .

. the notion cf & generative Br.un spece ie intredueed

i.n c'hapter 5* Thes,e speces plqy the s&me role for grarffc&rs.

as the Blum srpace,s fCIr algcrithms, $ou.e new cLasses sf coffi.pu*

tat ioneL complexity measures are coneidered*

fn chapter 4 is proved a Linear opeed*up theoren far

the csnplexity measure time W" 
,.

Chapter 5 begin by introtlucing a *pe*ial elass of, funs*

t ions, so ca}}ed Ti{-self-bounded* This claes is cJ.osecl under

sLrrnr product and expsnentat ion, ghis clas*: '  ie also eloeed

under'$'nverse mappings and cornpooition of functions, ihe ctaes

of tW-self*bounded funct ions is r ichc

In chapter 5 one also proves a special property of

separat ion between comptrexity classee. ueing this separat i*n

propert.y some new hierarchies of recursively.enumerabLe se.ts

&re ob't,ai.ned.. $' derise hierare$ of recursivelty enumerable sets

is also fbund. Tlu worlc fi-nishes wjth final rernsrks and

biUl.iographlcal referencs s +

,.
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}{* _Q$$posns

$1,I" r,;qefiq.l-l1gs-

fn this paragreptr we introduce the *otion of W-_gfg*req.F

or yqn_Hi;itrAga,q.g.pq_gp_$SunqI, or aLso two-].-e-vg}.,sr-a.qryqa.r,

r f  A is a set, ,  then /r ,* i  s the eet of ar l  words over A

including the empty word ;\ and A*'A**{,f }"
[he set of nature]. num.bere is c\) c

A gqryreq*gltl,plrt aaigp is &n ordered ey*tem (qrv*un)

such that far aqr $o s€vlfi!, the systeri. (v*, v'I* s, p), i* e
Chonaslqr gt.smmqp.

l\ conle4"b, ; fre.e grausaq_r{"ith-out, e.xio+ (egge) is a
grs'r'lmar without axiou, (rrgr vt, F) witir F c,T* x (vN u vT )*.

. fhe fsllowing definition sf a W gpamraar is* \,lrith Litle
ehangeo the n*ae &s defini t ions from (s) F $a't  ,  (T3) or (T4):

Def'trit+0,r.r--J.* A W gr,q.awgt is &n orclered system
g*(Gl ,&prn) t  l r ihere G*={I i t*vrRg}, Ger*(H,EFRH} ere cfgars u. i th
the property that the elements qf H are of the form {h), where
he{l i {uv}rn (m utr ur} f t ' [<n)]*# and aeHn z={v) yrr" i . th v*vf o

gsqqdggktr sr is the sel-g-3,eqg1-sg G and the eten'rents

of the, sets Mnvrll* are called the ge"t-anq-ljonrsr qqtetegplqsqle

and me!*ryul"g$" Ge is the ],}su-erlg}:eJ*.ur G and the elements of
the sets HrfrRU are called, the f$r.q-gqqot,:L:l&ign teclning,Lri and

lWe,eqpliJ"q-g," llhe, rymbol s is the ,?.t.qrl "svloh$)-Io
Y'le defino now the langua4;e generated by a w grasrrri&re
For each xoxe&t* let, k bu the r.snguege genereted by tl:e

context-free grarunar gg= (t,{r\r$xrRlt) . k is tlre--Lgngr+aJre*q"i th*
gglggglula )i.
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Gr*{&$oV*RtA} enff Sp*{Kufipfti{},. Slhe },**nguage of the metanotien

:  *{ io lU*[vi* " 
' Ihe seb mf nt,r int ru].ssrR*ri*x

x ,
(s ) . -+ (1" " )3  i ) ' :

? t  {  " i ^
(n ' 'u )  *><vd) (v ' ) r  j ) I

( v )  - ) s r "

and the set. of strici trypern*tions ist

H* *[ro*, lEtrJ u l *>]

i{ote that, if a der:ivatior,r begf.n with a rule l.v),--}4vg) $
n

where. i is nct en fCIr' sone nec^ir, then this derirration terainu

te ptthout praclueing a teruinsL wsrd* Sherefereo th* Langu$.gs:

generated by r i  ins

$ 3 *?' ", Fss e-qg.*cgg-srs"}-gs$.
If A an$ B are se'[su then,e

tl

r,(c),* l3u*l  ,uu*l

l.

*

#*,[f lf::A *pBr f fl:nstion]*

If" (Bn,{} f.n a partS.el ordererl s6,ii (pos*{}n, t}ren FA is

a poset with the realt ionr .

f{e i-fY fsr eny x, xeA, *(x}*g{x} "

I f  A i .s a se' l ,  therr p(A} f^s the set of al l  subsets of

A end F{.A} fe & p,rset with *he rei.nttcn of f .ncLunion"
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'Iher sane sym!.ol,,denotee ths: pclynom and its aeso*ist,e'd

polynomiaL function"

Let e;*(VNrVf, f) be & cfga and define for any x$

xe,Y$, ihe set Drr*|"1"-+r:el ' ] .  obviou'otr;r, s*cv*eLVglu f*r a]- l

r r r T F
JLC ts r?  e

! { '

Consider novr the gLq,Lqrg of equatlcnsl

g * [x*]* Ix*rr*]

s

A funetion f :VRr -+P(Vfi) is a eq.b:'.L!-ag of Er iff
t u r

f(x)= L/ u(f) o for aryr xev*
ueDx

Define the mrWg4jlqngLiog eesocj.ated to S*

F r rer$)\t*rF{\S}vs

F(f ) (xls t"J u{f}.,
ueSx

Any fixed-point, of F is & soS.uticn of S a.nd c$'ftvorso*

3y. We, eonsider onl;tr the minimal eeilutionso

One shoulcl  note thst F{1*} ' I{  i*  &rt {^r*complete pcset
t-.

vrith b:ottam elenentu -i- , where I r,V* .-+P(lS) !, l- (x)*# for arqy

xe\" F is en c, * s:orltinuous function, Thus, fron KLeene ss

theoremrF has & leust f i .xed-point,  f .r* V r(n) 611*- 
IL eqJ

For an$ xeVr'p consider the. eontexb-free grarnmar

S**(VlqrIIgrxrP) and Let \ be, the: Languegs gener:ated, by S*.

Aec crdi ng t o S.*&qbqgff S* $,e :-.S qhr:$ s,qpbepee,q. ffle gI'.s$r *

fn(x)=L* , for enff lo,uvg,

Itrot.qi,j-eE* For arry' n. c'cL' end x cVg:

*x 
= n(n)  ( l )  (x)
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Sgggj}*ffi* Ssr'' arllr n.eurr Krr*L* 
rfrsfr 

&

$fe dqnote also X*(r*e>) tLra set, Lrrnno,(r;) , where
cF

&eV**

ffisu_p,Is_s, consider agai,n the \if*gramnar from exennle 5o

the Sremlner frrnctiCIn, essociated t'o Gg fs*

- *  i  r ?  * ' t ds
F  ;  P ( [ e , v1x ] t * \  P ( l s r v ]  t

F( f )  (a ) *1 "3 r (A lu iY i

observe that *(o) f t )  (A)*3(A)=cfr r(r ' )  ( l ]  (Al*t" !u
t n \  ^  t -  f * \

r(2161) (A)=1.rr .rzJ and in,  general  u(n) ( t)  (A)=l t*  \ r<isnio n>L"
6 '

Thue, LrroA*lotf o.*in*] end the eontext*fbee gramnier **nrr n*u

the rules:

( s ) -+ (rri) , l<is n

{,r?i>+<*r$;(oi}, t<i<n

4v) -+ a

. More,ovenu it is eacy to praven thut- the set"g
/ * \  

'  ' t l

K*-riT*(I) i(u)) arer K**K1*S, Krsla] and K,r=[*" Q 0<i*icsrnj

f or an3' n)1*

SgnaqK ?" Note that for ar.ty num and *r&rr.*.* is a fi-

ni te sot and ttrus % is: f ini te' . .Moreoverr i t  is easy to mhcw

'  that ,  t (g)= U q. '
.  nGcu  

. .

Si{ljLAAgg (2S) obts{i.ned thst for arrf recursively enur*e*

rable set so there exiets a 1$ grammar 0, such that L{Gi*E"

fhis remark ie t,he lcoy to define some nsty comi:lexity

me&sures (.see Chapter T),"
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f i H A P U I T R  ?

H.*_qr$Jdug

We intnoduc,e the nation of W eystems. No d.etsi led

knorsS.edge of thfe chepter is required t* understand chaptern

5-5 ̂

$2" 1" PrelitriqgrV

Fs$i$tgi-oit 1" A .q.qs!wH{w-_we!qs (cfs} ls e 3*orde*
red system $r*(X, Vr F), vrh*re X is a set of vgrieb]qq,,  V in

a nonoj"d ot" epfl i,glgrls, X f'tV*6: and , 
'

F I rr {v }H--+ p (v}X

r{f) (x} * \J rn(f} r,
o.Dx

where for emy xcX, O* CVLXJ, D* is fixed"

BSiS.1IS-?" X or D* r x*Xr can be, infinite sets" The set

crf  equations is su=l*D*lxexi" fhe Seast f ixed*poin'L of F is

the' Eglqiipq of $x* ft:e *houl.d note' ilrnt for any efn, sxi the*

re exists *n**Yr(*) (t) andi fu ie the, eotut{on of $gu

Pgfipltion I" l,et $I*{Xo V, 3'} 1'e a cfs" Vfe eey that

$ i r * (Hr l rRl  is  a ,  $ . r ,

i " f f  sa  i s  e  c f s ,  Hcypg l  end  f  f \ {gu rxuV}=dc

fhe pet  a f  equat , ions c f  $2 is  Ere i "e .  &?*{"n*Onln*U}u

where for any hrH, Dhc ILHI' an$ $n ts fixed*



1 3 *

Note that,o i f  feF(VlX snd f(x),*S for sono xeX, then Tqp,f in

l no ted  $ ,  I  s6 t L  d r l  
* ' " ' I  

a t L

i f  fo€P(vix iu t i r* saru.t ion of s1r then t i re fu*otr ict ,
systen associateif tc, sr, is ilre s!.Li.qL-flx-Hjss snd ie denc,ted
s ? n u u

Fef;j=qq!_iw_l"

.qollttl'.q* efl$i is rhe

I f  s*{sX* sa,} is a w *yntemo then the
solu'Lion of, the str*et syetem $lr*"

feF (vlx ] :.s

te thatn i f"

D,-e.fli-rri$1qn,"Q' If s*{$f,, $e} i-s a W *ystem, then
. i "  t -  Y.J =tserrlrup(v)"] tu thu sgs nr,o Gls [" n
e P { I } t

Ifo f ,g'eP{v}x end f(ge then Tg e T*r Hf e.Hg,
for any' vellg"e nru, €nor* n and fcr *rry veH* end ro* *rr] s-iezr*ui
n"(j) (r ') e n*(j) (s}. rt i .s naturaL tc intro<iuee the relatian
$e- r *Sa  _  i f f  f (8 ,-  t r  .  r E "

Observe that"r &s defined abave, {}u,<l is e p*set,
c'r-!-csrnFlete wi-th bottom erement s?*3. uthe, empty s}rstero*

rf  fep(lr lx snd jal($u*, ; ;n sinee I{r  gy? l i re e&n con*
s id 'en j 'eP( : )vo the naturat  extens ion of  j ,  j ; {v }*d for  any
veV-H* and j u (v) =j {v) for anJtr ve}i*-,

rf f 'rg..p(vixr jc.I,(Eillf ancj lep(rlHg o then we eon.qicier
j<3 i f f  jo(10 &s eiereents *,r  F{I)v. } t i th this nelat j-onu (f ic l
ls s pose*'  u* co*rplete wit l i  bcttcm e)-ernentr r .  the bottom
element  o f  p( I lV"

$2 '2'' Yst'ern'P-

qg{in:ili-on g* Let $=(str s*} bn, a tv systen and 3- tnu
eoffesponding $p&ce 0f strict nysterns. The, ${,sr:sfer l,unetion
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n(nom) {a}4K(ni um} ( 'J} . ,  No.te, that R'{* ' -*}Q, i l }  and th$t
1 - , \  f * e  - - \  t

1} \  JJ4, , :  ^.Itd;" j.s, morr*tanic , so K in u 'm) Crl =nAT) Cr"lsn{t-obr$ 
t *n} q;i I *

l m 9 \  f * !  - . * t \
= T i \ . I l i , -  I  /  t  t * r r L l l  q i . I l -  I  p 3  r ,**\n g \.J.1 *r.r 

[Jf e
g

S."e,f:i-*itgpq-,1. * A ghsis is a set r, rc<c?', sueh'ti:*t

r is t.otmlly ordered* An Fqp"qtrn{g{1;c}sa.n is a chain r sueh
that for any (nnmled^F there erxir ts (nrrH,)eI,  with {nrnrl}  q

= { ( n t  , f f i t  }  6

Bg[trh.. rf r is a e hain, then ! rt"r*] ru-] 1,- ; ; - " " ,  edrur r  
t r |  \ -c ,  J (y1ng i )e r

an increasing sequenoe icl  $tp"oposit ion Ll) * Moreoverr p is
G) -sonplete end therefore, V K(nrt) (ri * ?.

(nrmle l

sorae etrategi*s fsr fincing the eolution of a trf systea

are given by the next.s

Tbq.q#,m l*" If S=($1*S2) is a W *ystem qrith the solm*

tion fg * then:

\  /  \  f  1 - \  r * \  "  \  ,  \  ,  - ( n l r , o  1 ( r a ) , . 1 ,t  =*v.(._v K,", (8. ) ) \r i i l  CU*_\/ ( \ /  Cn ".*rn ..o.1)=1 m eq: nc., -t of--*L*

, V J(onm) (t),n for any untrounded ehain r,(nom) er

(aee notat ion 11) a d

Hggg{" Lei[. r be a ftxed unbounded c]rain and denote

d, * Ve V. ro(") cr,*i; (m) {r} *
m ei*: I1 e' tcr d'

F -* 
Y. !- V 13'(n) (R, ) ) (m) I 6t, andeco n:"&'(] 

- 4. '"



there

By induetion

S:i-n*e,

in thie eection w€:

enunerable set,  Er ther"e

component sf the sol-ution

"L'i *

.  f ^ \  f * \

extsrs  rn€Ldo nuch thatn u. f t (V Kt" '  (Rr)  )  t * ' i l )  {v }  "
Ilqgc,r-l

1 *  ^ \

o; t  ms thero  i . s  r i  ( ,p rq le1  $uch tha t  ue l { t [ )$ t l l ( t ]  {v } "

o(R, q) (.) (v) {= V * (n u q)' (-r} (v} * Xtn} ,(Pu c1i'.1

vre decluce that ue\(v) and tl:erefore'
u

ffggiggslg-a This theorem ssll/$ that the sslr*ticn of rr

W nysten. {the funstion $a } is equal to the leest u,pper' 
'bc}und

o..g. a3.1 so}uticns of partiel sSistems $er3"t'} (.L} (tfre function p}

and it f.e eleo equal to the lensl, upper bound of all ur-partiaJ.

solut ions of the n*part ial-  systernno when (gom) bel-ongs t '0 an

arbitrary unbounded chain I".

f ) x "u

Lbg-q1ige*t[* I:f c* (GteG2.7s) is

a Vf s;,'st eur S I $irc'}l that fU { x } *L (G} s
i .

a-$r (\
L'J. \} E

pirsYe that for everlr

ext$ts  a  
" { ;eysten 

St

c f  S&

reeurslvelY

such that S is &

. &  L ^ * ^  n * . . i  ^ *  ^
L'Ir$l 't i  qJ.I i} tJ C>

ttre s:*l"r:f,isn

a 'f 
. 
€pgsftar t

wher* fU in

a

Emgi* 1et S3x (IltsVrRU) and Gp* (Hu,XoRH) by the metaleveT'

respect:i,ve the iryptrlev'e'1" of G' tr{e define' the Sf system

$*{Srn$ig}, whero t i re rnetasys'tern is S3*ft i t rvxrf}  withr

r  r  p(vs lM*)P{v*}M

r'(f ) (.rn)* LJ u (f ), where
*elra

Do *{*l* *+ucli}rt 
} 

ror any rne&'Io
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*;::fpgp';!.j't;j,.f;.* F'ill!" *riry t:'ni"r*runEled clinin I u it' f * u.;:*

#**:i.iio.bl,r* fc:r ul:t i:.r:i:i."[r'nry'ii/ s]r$t*:a g;rnci fot" a. i'i.,r"ed. v€Vi :i.i'j

' i ;.11{: $rlqu,ii i.:rc* tut':"1} {li i, '{J {*ui isJ cCIn*.sri.i:"* r1.i-y" *r fini'L* nur;r"*

hcr" r:f;' clj..sit,i.r:fi'L 't uriiril *

ff:1,."gi- F:i:cia re,mi:r'k "i:$r ilin decrd.nbil.ity cfl thj.r+ irr'**

hiesi :ri:rply il-:l* d+cir-'i*,bii.i"L.y *f thr* pn,;ible.i:t $"f a recur-'s:i.\'t?,1J.*

enume::'i.r.l;1,* s€-{, is f"iii:i'Le elr not* Birt tl:ri.s prob,lt:rr.r is u::ir1er::i-d**
:

b lc  "

&lnrry crtlicr i:r'ablsm$ liJcsr: t,he orJ.ip's,3ri16ss nrob.Lem, n{}fi}*

be::* i r iyr  p: 'chlcnu 5-del"usi^on prcbler*,  equivalerrse probl .eni  8t** ,

ar"*, u:rde*5-ffnbl.e, fcr 'f ' l  systefir:"

a  , 1 . (

t .  a i  t r \ " t ' t '  )

ye*
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Ag lc^ ->4dr

00ffi1 func"*

thut &r*

r r  * / x . \  - :  - "  ^  / a * . : ^ a  n tJi *ta.g.j i*r* i$ fi fft lde3. ciluin{rr*ti"cn *f at} r* Sanguagem sv$r*'f

us:i . trg grircra'Li .vc de,-r icesi of 'Lyp* ,Su 
"*{$tt inA

A,i p,:rtial r*cursiv*, :f*:r*t,i"cn)i.* thre set of t,h*

ti*ne and C*{Cr*}o*.r, i"* n *r$"terion cver f sueh

satinfies the fol.l.owing tr.ro sxionie*

sffi) Ai {n}{ca gff bi**} r"i r#d

Gg3) fhe pr"*dicat*,1

R(5.,*oy)= $ lirt*jf)=v 
end

i -s tota1y recursive,

I{ote that f iBf is ' the,se.mfi  ss t ,he cl"n,$sical.  *xf,om t: f

ftlusr (5) but ffi.1- say thnt ilre cast. fr-rnetion 41 i* defin*d in

:: i"ff t{di} 'usstisig" t}re' criterion c in *ri.e. t{di.}fr *rfs,

$5.2 . $&.

I'iext rlrg s*rrrli"d'er s*ffis exe,mpleco

$liqr:p,*g-L* r.-et I be & fi:reci a]-ph*bet nnd cansider" t]r*

sequenee C*{Crl}n*** where Urr*)} for all ,nec..: * Ohvioun}y, fl

i-s. a criterion overf * caiSedr th,e gql{a.[,- !-o n eri*Le,fisn ai:.cTdd*

noted by t**n'* *

E?:e, eeq**,I:s€i e*{S*)Re".r* w}reng Co*f

is aSec a ertt-e::ian oter f o *all.ed the Xl

tq n Sli];"-LSIJ,qS.and denote<l by ,',pn,'n

Ferr Li :e eri tcr ions " '* i ]"  f i , r ' r .do"7n"' i l ' re value of the *ost.

fu.nction A1 (n) nreasure the resources nece,s$&ry for. the i*.th

deviee: to genera'be, & lrrord of l"ength equal to n, respectirre of
iength greater than or equal to n*

and cn*iK*'il:i n n)l
i *O



p'r *s , c j .  s

ilbsei.ve Lhat the axiom ShiS

TWi(n){ec, ifi jf there, €His-Ls Fe*.*

t lJ 5; ) n $r'#.d iflr r {r,ra. } n frrf# ,
t J c q v

i

t  |  '  - .
r f t  sa t i s f i -edu because l

*rr r,r. h * lra* T."& /-! r-! "A tA .: .r'.su w u r , r  k r l c l ( ,  r t r ,  t * r l * p  I J - I

ALe$, 'bhe axioru OBf j.s sfttisfied" In ordler to coliputs
the val-us of R(irxoy) vre, *onsider ths fol,flonrj.ns filg*rithnl

$tSp Q fnput i, x nnd y

Slgp-J, S}lom i^. deterrnine the lf*gra$unar .wi (or the

V{*systen S1)

$tpn,*Z- rf tlrere existe j, O(:qy such thst xl,rc*pg rhen

R ( i  rxry)  *0  S?0Ir  e lse:  
c '

1

Stqp 3 It 
SftS#* then R{irxcts}*}. Sr0p el-ee

R ( i ,  xr$)  *0 S1OP *

.  I r lo tg 1 
'  ' l  )  

ie  , ' r " . r  i  ' rnncio- ,;hat l t  lJ jn* 
i*  en inereasing sequence of f ini te

eets and for &ny i €lnc?.jr*} niay tie effectiverly computed* M**
reoverr 0 ie & criteric,n and therefore $tep ? ancT step 5 nr*y
be, execntec?&

€i

lffe can

vrhers

ais* esnsider t i rs coet
t  

'  t '_

' *

1"card (4), r.here m*TW;
) ' u r

{ Ti{; (ni4oe and
l - L
I

L oc r cthemrise

(n ) , , tff

,n 
rn *iew of the precedfng r-emarkn., the ordered syetern

J'*ry= (Irl ' irfit 'rC) is a GBS, e alLed the lt-_ti$e fiBS"

fbnctions S\{* \SW* { sl.r* I co_:ceL
(- "r. -t-

SWg (n) 
"t

$he verue s!{i {n}, lvh*r-e $-#E {::}4*e, ie equal tc the number
CIf wcrdsr (cver f ; j"nvsilving in t,he prscsss CIf Kleene j.Lera:,

ti"ons as*oeiated to rvge necee,$aray f6 generet* a firet w*n-d from
crr.

meagur* 
.the 

to'$pncet, 
cf thg ,,,mepggny,,.Intuitj.vel.l4r, S}Ii
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Itefine tlre co{rt f\netions ilfit like in $xemp]e 6 end

cbeerve again that wCI: o,b,tatn e 013$*.

I{ext. v,r* cief"tner the nctiorr of gener,a.ative colapl-exf.ty

clags in & * laesiseL ruannar*

t f

i l*S.+;:ittsif_S* If )*(f,DuA?C) i* a GB$ and f*a;.-->Lrr

is s re;cursivs: flnnction* t,hen 4,lrg: X_qnq{,g}Sye-_co"gtpJg{j*n qlgng

' Leg'lggg-bg*-f i-s:

Cgff{n};*[ t i t* f ,  * i*qt ,  ] , (c i i ]*L arrd Ai(x]  4f(x]

a].nost everrywllere {*e ;} .
rJ

.4
l ip,inq€h,$g For the generative Blum speces JWf rsspee-

\X,
tive "1,*r.. the generati.ve classes bounded by f wj.tl Ue densted{{;,

by tl&ffiW(f (n)') respective Sl.'A0g'flt(f (n)').

Sfre.-rurrtg ,l.Q* cc*sicter the sgs s 
g* e lal uwr rl-? *>n*) erid

consider alnc' t.he Tf graffi$flr G fron exempl.* 3 (5) ch"r.* Fcr

this Ejremm&r r l l /e{0}*t"t f*(: i*po TW${?}*}o TWS(}}*4 ete" end abser*

ve that,  for exempL* f t ,{q(n){*n &"s* fheresore t(G}*{**" i  ner. l}
L J

is, in tftrff iY.|(?n).
,

. ^ft. fr

ffiS$S* For L= 
[-n'"t "**] 

ws' cen ftnd a faster W*graffi$&r*o

For  exenpLe cons ider  RH *b - rUO, A*>v?,  A*>q ]  and RgUl

{s).-> <A)

{AA> + {A}(A}
r & .  4
t Y * ) * ' ) a '
, 2 ,

<"1r*}.*> ac

(r') *)a



n --' fr, if T,*s) i 
i1

rr. l" l c-o-. urs)el*)yu v,re san clecide' if a W*grarrmar is 'Lrivial- sr not
D ,

(of courne this not lmplf.es the decidabil,i.ty of emptfness or

finitess probleur f or. lY*6.pamnars! ).
' 

In what followsp ws essumer t,hat., {fon D*W) the empty

X.anguage and the finite langua{qes &re in the eemplexity e)-as*

c . 9 ( x } & r e s p e c t i v e c . 4 ( 2 } o f c r : a r r y c r i t e r i o n c ,

0f cour'se, thi.s fs e -S-Anr1-$;1!i-qg!

' 
Q,qnqentg" rhe works of B].um {5}n Bo.ok (4} and Gladkij

(11i (eee al-se Salomaa (?7)) inspired us the basie notion of

GB$"

I
I
'

:
i

r !
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then we define w,*(G-! , Gi n xl wl"th 0i= (U't' evo rltjil) r

si*(l lr;uI,!"rl; iu wl:ere,r ir, is*niulTS , vs=vul'Mr?3 such that Y*'t+

anct ? nre not it:, l,{ Lt VU:. * 
';

Def ine ltdi*I{MUi1ft! , whs,re: Rjoi contains al} metmrules

which are oi:taineC frcnr Slur using tho nexf methodl

for ee*h neta::ule Xo** doXftr6o 6rffireR U end f*:: *ach

ra*tupluu. fiT3* * * "fiT*) cf metarules fnorn ftlogr whe:'e,\lXg*> pgs

t* I ,  o o, .pJn vr i th X*6Mre< tev$u t*0,  6 a e rm and 
lst"  

(nr  \JV) l . t*1,  *  *  esB

we lntroduc,e in Rijl the rnetaruJ.er

Also x v/e add

all varf, with 1r,1.<p

rJ?r) (r) (xi

P2*max [1"r I I x*r"<e ftu].

Observe that for any

metelanguager I ,y.

Let F1 and F5 be, the grernmar' functions assosiated ter S1

respee t i ve  to  G t  o

Fiy induction cn g rrte ljr0ve that for any XeIuI,

/ € \
G F\ " ' ( r )  (x )

u.

Xe+e( ofltor" " .F***

t C I Ri | the, metarules Y-)
lvL

whers FsFl*l)2 e F1=t'fl.ex

For f,*0, nf ol (-L) (x)*S-ujo) {,rl {x} $ xe M"

For the i-nductive ste:p, let o*x'{Zgo*} e*> {x) ue an arbi*

trarxr elemento Bur, o{tf+2) (.!-), (x)*Fi(r i(Ffzfl} eri i}cx};and rhere-

fore there is X+d JI" " "X#rS lig, and 'th.e wnrds rr1 r o * * 1rJy,e

uK€lni (F.(29 (-$.) ) (xK} , I{=J.1 r c'1n sue}r that u*ob*ro ' *uffio

Frcll. rrrrelrief{tfl C,r-$fX*l lrs cleduce that there exists th*

metarutes x***kT..*{u,S,Srt*, and the vrsrcls 
"fl*nrlzf) iU f*i}

v and T-) vT feir
q

| l i l\ \(h) eI{ 
: and

( 2 )

( 3 )

X€i{. G* and G-l generate the eane
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where q i " t$  o"c  
) i  u  t=- teao*errs  are,obta inec l  f rorn the hyper-

rule {u*)-*},{ t  by renaming ths Lact&nctlons such t}rst thopU

are di stinc'L frorn those i n afrfi-z{:i4h} Atl" " "<hJ { and al-s;o

Ere ciiertirict, frara 'hhose ir r* ' ' r*v) (u, i)-ol" i  s for any i( tc.

Siote that t,his rrew ffistan*n'fi.*ns daes not destroy the

speed oi l  ractaJ"eveLu

We prsve thaL I*(rr5_)*t{w;} *,  Obvi.ous3}r L( 'rr i i  G f,(w5),

because frncrtr{ and the nretalanguases k: } )kM! are the s&ills*
' $'or the eontrary incS.us$.on* &s$ume, that in w3 is used,

in & term'inaL derivst ion, a str iet ruler l

{ f er:ut} ->

which is ob:treined from lqyperrule of type (T).

%.f t$rt 0, * . .Ye$", fr,4fer'r}$i"Y{ar } * * " .
6. Kf en,rififffin)?) (s)

sthe cleri"vatisn:fhe cleri"vatisn is t,emlinaS end therefore,

(\ errrt *rfCer:,t) musr. deri.re. in h using the Wperrute, < r,$y?)

f tesuLt thst fei .* l* fCi l*)r t* leccarr,  sfe deduce that *his step of

derivation in w5 may be repl.aced tn vi using first the striet

rule (.9' trr*l) *+ 0 o(.f 
- (hI))f r-. "(yu (hn))jln r,vith y,*Tt* uu and

after the str ict  rules {Y*{u$*> Yt i , l t } ,  t*rro+rerr,  where

{u(u*}=f C;*:*ftrr*} and ri:u.s r{w1}*L(w$} "
rt f s not <li-fficult tc prove u by *.nductton *n f. Lj-ke

for thg metalevel, ttrat for' arry fuc,r,

a + .
tra r* v;.tj.'ae- ̂  g+l-

end ths,r,efsrs for, *ny f"*at u

,ri' - ".jI ! . ,n b{r*x r (10)
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ro, (ni"{u,:lx 
[!9r {n fl ,r} '

and thus gli*Ttl{ {fr_. n (n} } f rri'isi-i {qf (n) } -

Frcia {1}i re,su3.t t}:.at. Si},:H}li(f {r:}}'frtflr$W{qf {ni}, and

theref ar"e f I}'iJiiT {f {n i } *iilit'&*i (qf {n}: } "
r f  q) I *  then ws put  q ' *  

*  *  s{n}=qr{n}  end 'b} rerefars

Ilkffl,l{(,qf (ni ),*tll;ffiYl{g(n} ),*'}I}'ff$W(q'e(q}) ).*tTb{EW(f (n} } "

ronstruction se& {24} **gnefJi. ?-"- For' a, concrete *onstruction $
. l

.Qgalla,qy 4* if I is a polynom'

g (n)-asnEur#-*'-t*"-r&gs ci(cr.t3 i=C, " * ' trK o K)Lo thpn

Tf

flI'ffi,ltd {n^i x TIIG'ff ie (n ) ) .

$ 4 . 2 " TixL- 1#:99r, ",flrg"g:jrgt . q,f St }le f,s -gg$.-s.9.{e"q

C,gqqer:!S. The study of Turing tirue coittp}e,xi.ty and i;ire

' l inear speed*up of .this ute asure ean he said to begin wiri;ir

Har t r *an is  *nd $te&rn$ (13) .  (see,a lso (1S)) ,  for  the tur lng

space, eo*p3-exity f.l,2i, {3.6} wae prorre* a simiJ"ar result" wi.t}r

our theor€ffi 1o For the, Turing time complexity are' necersa,?r'y

some rest r ic t ions (ce*  (1"6)  Ch"12 o2;  .

. j.ror" Shcmskry" gr&n:uuar"srBook (4i, filailIcij {1,1i-} {se$ atsa

(27) Ch,I i ;*)  rvas i l r t i :cducecl t l :e t ime measure;

r*{ir} *m"x{to {rll raru (s} nlft 3

u,here s= {vtrgr vt rxn;Ifi o v*vtv u v"t e r,$ (G} * 
l"{\"*v*, :tp v"} **"n



'1 r/

*;f{p} i;s thEl . l"er.*' l  i*t.eger nu rfi}, i. st}.t:h ths.t,,$ #':7;'.

A Lincar $.i)**d*i.rp tl:*ar*iir is plroved. f*r t]:j.$ rnCInrjiirs

i:,nd it i"s {'an:"ui tl:ra'L l,iti} rn*st Lo he €} Iss$ggi-g$*ln$g}.L*j:Jl
' IheI,Ofi:3,,*, i i rr(: :r1 *nu.rto't  b'e used l l l i  ccr:t fui:ct ion r i5t;*

cial;ec1' l .o G wlisn t{t l} :  is (. i  r€: Lnn6i- la{J* w}: j-ch is not. l"eqi:-: ' 's ir- 'c"
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C H A P f  I i R  5

ffitrd,

l,|e l.rnall nov,' introciuce the terin 'otlf*seLf*bouncleiJ furrc*
tion'o v.'i: ieh is to denillnate the abi}ity to ge,norate thn gra*
phi* of a fur:etion f in [T].,f:,"',{{f(n}} relative to the fuirct,ionni

eri ter ian "*r)"* Ax.so, +. lre graphf.c of f ,  ean be generete i-n
tiit lEw{losf {n}} (se* reinark 7.5"1}* The f"ami}y of th.*s functicn:
is cloeed under sufilc proou.ct, exponent and with supplenrentary

condit:i-ons under compCIsit,i-oir and inverse manpi.ngo

Tl:e main result  is in sect ion 5"2.,  the fw*separert ion
property" This pernite to obtair:l some hierarchies of recu::ni-ve

enumereble sets teeetisn 5 *71* A denee hierare w is alse obt,ai*
ned ,

$5 " i . "  .

le,{i*iliqq t" A trf .srarunar G io MnH_q.
{gS} Sg*fue$glgj}..fe f;.s,".1*;coin ca_.r&r{irrr}cf, IX*li}* * fc:" e.,"y

X€-1,{, Rit.I{ x H* *ncl for eny nrru,edtlt

sft4ifuitrtp if and onl-y if f (n)*m" (s) "

EgqSfS _g* 0bviousJ;r,  i f  f i  i*  r ,g to f ,  then l ,(SlGi)] .

!e,#rr.i-ti.cn 5' r,sb fr cu-7cu be e functiong then r is
r,'l'l:lie"r4.ltprrngg"S (gHsb) if j"t ier & cono,t,ant function or tlrere is
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a Tf graffifiar'ff r& ts f an€ the Ecn$thnts Eora].reee.^J such

that fcr sny n, n>;:o:f (n)>1 and if ws edd to the hyper;:r:lers

of G* the hyper:s'uLe {*tk*.f 
(*))-+ n n then og^ f.Jo wher*

fl*srf (n)+c',n

Fpff iAi l ion E" Let f :R*'$R+ be a functiong then f l*

Su*selj" bq,.unde,{ jf -rhe functlon [f1, k] r*.r*>Q,J, Lflfr:]*
t ...l=l f  {n } l  i s ,  TWsbGL - - : J

ILojatioqn fhe set of rvfsb functions is denoted by Am*

Iixenr, lpr5..  The funetion frru-dr f  (n)=n iq TV{sb* con*

sider the !v gagriar G, wherel Ir , [*[N],  v*f in*J, Ruu:If-- ]  i i ' t { i l1

and Rrra-+(Nft$)* obviolrsly * i.s a W gr.ammarrg t* f" I{*reoyer

for n,r=2, Cr=I. and e".=O vre remark that the conclitions sf de-
. r J ' J " 1 .

finit,ion 5 are satisfietl and. therefore feA*.

"**[*id 
(n) 

in e *] *

F]:Solefi 5,* If f le-r.:'>a+ ftA* and f in)7}"ognn, for ErEy

rr6-cr-r, then i"n the ffis, $* 6f*wrr*fr *en*.) 
n t.r€ftr3cBls{f (I}.} } , wh'*re

t r ,  
-

f,gggf" Lo,t S be: the W grammer rg to f which existe

cf clefirritlon 5". I 'fe define tho W gramar $c, whener

Mr=ff t , {r i rNl}  ,  v '=vul*p},Rih=RnyVlr+ +xt Nt*-}xJ * t ,*u, and_ | . , .  * 4  " . x € I d

nfi=Rgu{Til i-=lr " * "rT wherei

Tr) (Nt+ N3) ;21*1s) <pmr;
Te) (oci'tt't ) *>{,oli)Gis>

TE ) (a. iryrvy --+ * <oniy("<N )
--rt ,4) (x ) -+ )
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( pilti'r; **) b (pil)(ptt)

<P)-+ t .

e=clf (n)+c?+maxfregpoo log2f ("{ +e (( c'+1}f (ni +e?,+1

tire inequal" i ty i* ' t rue beceuse f (n) 'X-oggrt".

Therefore, TiTgr (n)((ca,*1")f  (n)*cn+1, for ar: .y nlno e.nc1

thus LfCTIi , j l l iT( {cr+1 ) f '  (ni+q?+l),

Fro:n .the speecl*ir.p theorqin result that t#-fn'{Hl' i(f (n}).

Tr i (prr'r) -)/.{:$ r';} ('iir{^ >
1 l  \r  t 6 !

'Tr)

Observe t}:nt. {,ra ff* , a, termina} del"i^vationo *"t is of

the forril

We deduce thatn for

Frou definit ion of the {lranmer $? and from e,:ndj-tion
H  - . i =

(S), clef ini t ion I ,  s *)vr,  rr"*[  i f  and onl-y i f  there t-s &
0 s

nec/ 'r  such that **unof 
(ni  

and therefore i ,r .=I(Gu),

Bu'b, f is ft'{sb *r-16 1i:erefore for any n}rno if ue}ifi(ar<i}i
-  f l t * \  r \ '

and veKi ( $*t 
t*J> ) u then uvel{l * p (n} , v;h*r"e f**If (n} +eZ'

Y  f  
-  

P ' { -

fhe .derivaticrr of ("{i.*> and {pi*> itt terminaL string*

require }-*gnn+L j"teraiions anil respectivc3"y l"cgnm+l *terntiont:

Thusn for p;'renx{i,-cg*n, 1c6*f (n.$ +rr"tOi(<*.i.*>} nnrl

of (n)2 r; ({pif (*}> } . ar .

h  + / * 1
h \  $  A r i l a r  \ r r ' t t
II 7,tt - u c?, LJ q- - l - -ox  - .  lK f ,  wheree

Fp;lff i 7. Llor.ec\rer, if ' f4* , then als* the Sriipl: ic of



* 5 6 *

q l * ' l

g(nlelr \*r ip in SIl,{SWi:f tn}i, (s*e exeraSr}e }:"1"} of the pro$f

o f  t heo ren  5 .2 .14" ) .

Next theorem has a I"ong, but not difficu].t proofn

ThepJl,qp 9_o Th* fainily A* is closed. under 6r:mr produet* 
lll.

ancl exponCInt, fhat me&n,srif f ,g€Asr t]ren f+gr f "ge *%A*o

where

{r+e} (n}*lrenltr +ls(n}J , (r"s),,",:Il:l 
;[t# 

and *8(n]*
= [ f ( n ] l  L -  J o

L J

'  Froofo A*
JII

is, clused under su.rrie Let frg€A* be two n*n*

conetant funetion* and let ci=( (Mgr Vio uft l  ,  (HirXrRh) rni i

i*1r2 be the. tr{r grammsrs :16 to f ancl re spective ts g whi*h

existe sf. ,  def ini t ion T* l 'Je define the W grenxlar.f i5*((t fur\ ,

ufrl 
" 

(I{5,f."nfr \ uz,,), such rtrat r

M5*M*u ffiert llll,Iilma'rrm] o v'*ytU va,\l t{'*$" ?}

where {,, $ and ? are naw eymholo"

*#ofruF# 
X.-rV*l 

n*x, NL.-> xs II?-+x* NT-*x]
L- rylI v rwz'

ui * H$. ,?fr ul\,1T2,ili5*r+] where r

?$ i* obtaj-ned from Ru} frf rep}a*ing a1t l:ypernotions <h)€ Hl

with df ir)" Gfr is abtaine,d f:'om H.$ by replacing alt hyperno*

tions ( h) eH, with (H h* N$h> and:



i';*; pr-alr.ie tiii:t Gri :i-r: tt [i*,fi;-{,ilir!:n].:r ri1
p

irrrr' *ity ri ,. r r.c+; i. f" { f .rfS i {n } *lru , "c. ij*rl

t n

.L t i -

' f 
"i- 

i '
i l i : r c

0-. is L'.r"ii"l ' i,;.ir-,:: I)

r , i .  I

v"
Con.. .e i 'xer1.1i ,  ) . i '  r - , r : - i ( i  r i  

! i  r - - r i i ; ,  t , l len i -n t t r i  E,  i lcr . j  r , ,n. t . : i .n; ,

lire u.sctj- il * i:.i:.il' tt' r+.
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h1 ( : . , )= ,h{r i )  * r r ( r , } ,=n? . l i : t t j - * . ' t ' rn  ihe ccndi t icn l i -g* . { r . i t  f * r "  f , " i - . l i i { r : } ' r
I .

.rnI*'f u.1?'r-i ls{n;+',:fr I lrnc "t,huno f n o1"1r c&i1s {*}n+5* H1,r incir,}c}{:i*: i. ,  t , 2  '  \  r . 1 '  . L  r i ^ .  i l

gn I{ rqe tiifi.iy p.ro\,rg i;ir.:rt t}:*r's C.:;ints *3 rcx'Ge'*-r Suc:h thst ft{n}*

T - t ' ) - . t
' in^' sir ',: i*-f3- thr cc;:i i i t i .o:t i ig{* ! fo;" n=crn+sp

[l].rercfcre are siit"isfi.*d tl1e *ondj.t ions c:f thcorr*m }-Ln

j- l airc re sr-l.|-i tira'u g'ir in)*'W € &roo

the procif"

f : ( s i + " : " ) r { n } o' - L

^.- ,  A s a' !  / \ t+ *
u{ l \ i  f1,  r  r i . r r  r

1" f

f t  r  4{

:fcA.n, f (n)?l"o,q:r:. fcrr ever:g

*+;ie Aril{-1.?.* : ir, i i  f l :ncLict;,

n) .n"n r , r i th t ro f ' : i -xeC,

such tha t I

.Ai:r. i logcru,l i* ,,g;i(n)*.#ue ,S'* : i?,.F *+Llu+.**$ ig hi j*ct{-r. 'e e m.CI:L{1*

toner incre ijt,tin,Er ,EI{",-1c c-:-J arrrl S:!54i,:* Agai'n, fran

*f theorc;rc. tl re suli; tha't' S1 na'ti sfiy itg *{"i f'or
?

+'c;-t ' t i* (*', clured unflerr *:in*nei-:t, wi'Lh f cann'i:arif

cc::rrtant,) * Ti:"u,t, f:roill tl^,1;.+::eii; l,l" ii u }"ogrotndtA*'

$ 5 " il . !flrtl-**ix:i:lii Lr.""t:i-*tfirlg!L

if lttrJ"r.ui*, is n s*qtlettc* u t.lLe:: :,r* den*te hy

:i if x.-, ihe l. iui.t ali n*-->c*'r:f th'* [:rcilte?*t J-*vier bcrtncl t-f
f i-)t** 

ir

X l t *  X i f + - ]  , 2 i t l + } f  c s $  e

fh* aer^:lt r*siult is inpovianb"

("t, :f*ij ::i-r c ti;s:L.1sgLm.gJ:ei;[-1i

eir:.el i.f
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- / * \
lnf ++S+ * 0r
&-){2*t  

t " t '

then there exists & langgage t with the r,roperty that, for tl:e

flrnctional criterisp **n'n', etand'n L€TIaffill{(f (n) ) and

nf rinmfir(s(n) ) *

!Iggf.. Consider the 1-anguag* f* l*ob* tn=zf 
(n) 

, . ,t...].

1$Ie prove that L€ffIlIEWtf (n)). Because f€A*r there existe a

W 6rarrnar G rg to f and the c.onstan'l.s Ror sL, c?acd such that

isr satisfj.ed definit ron 5 rel-ative to f . Vfe define a new W

gTarff i rar:  Gt euch that L(Gr)=L. Considerl  Mt=Uull fr l {L},

vr =v u $r p} , l'= Z ula,u], Rtr=Rm u$ +n\*etw,url r Be!,*,
n,| =z and Rii=Rn t, { hl r . . . , h6} where I

h1), <rrffNl> -> 4(N> <FNl>

hs) (Flr>*xFlDqN>
hu) (P*b

-'

Note that,  a derivat ion in Gt i t  is of the form:

"x A (in*ir("} ?r{*"X1lt(")) fr **ott(*)

obviousJ.y* L(Gt)=L and wa remark that after

(r)

f1=1og2n+1 iteraticrns, Kt (46iny)=!anl* Iltoreover, after

fa*t(n)+l i teratioiu, *&r;4pt'(n), ) =lbz'" '3
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rr f=*rnu* t fr,4] +1 t, hen o** I aitsif 
(n)r 1 ' f**nen],

R

Nc:t,e that f (j ) )rlcg2n an<l t heref ore {7=f {n) +a . Fcr 6Yery n);r o,
(  n - 2 u n  -  &  r  . r \ a 1 - - \ r ^  r 4

we remnrk that uf l*"0'  3* 
r.vhere fr(c1+1)f (n)+ez"Z.c

lfe deduce that L€,treml,v (r (n)' ) .

Nown we prove that $rrnmw(e(n)) '

As,sume t,he, eontrary, that means L€ffiUSW(e{n} ).

Therefore there: ekists a W grarnman S eueh that L{Gi*I.,

and fWg(nlJg(n) &*€t Define the constarit 's:

.fx= maxl \e."- " f'31 \ <oo> *) $o(ul) 0t-. " (uE)0g uRn]

i4le prove that for every nFr for, every strict hyper-

i2*m.ax lHr l<"> rede nurxnf 
]

J3*n**$ \<*) *+0b. 4*1> 01. *.<"g>Of$x]

notion (h) and for every vefo(&)) standsl

4

l..l /*It-I-i .r- . tlF .i //'r l
lv l . . (J '  *JZ * Jr L JA \4 /** 

ilg" 2

For n=J. and'n*2 the inequalit.y (a) is o'oviousS-y trueo

* 
Por the. induet.ive etep assume (*) anO let v be in Ka+l (<h>) "

fhere exists a strict ruLe <h>+Q&r),.*(hi0n ana the words

v1€ Kr, (( hi) I,, i=Ir 3 . o , e such that v* [vn* * "vn\. We deduce that

l-'jrnj, Ft, ,i, "

*jr * jt, j, * jt 
H tn and tlrerefore {2)r is trueo

rf 5*rircxl j l ,  j2rjylo then using (2:), resultr



'u"l{j'\jH

trte de;:.{.:te s*Zj an.ri: therefors fcr e,very v€Ko, lui{,*tr*
' Ihus, for every vegg(n) staqcle that 1"14sfr(n)*

But TW*(n)(e(n) r{"€" ancl i l rerefr

n ,f (n ) 
'** Ks (n) fl 0## i'.o 0 *

Thus s'"b'  -{  }Q(n} fr*ee and we deduce that l

,r (n 
k I *r,oar 

ti' 
U s8 (n ) *,,* .

* 4 f i *

; r l t r - *
ia* Y {41 o i l f . r*&. i f r ,= / . r . r  \&
d 

- ' .  / *  d  \ * rd  . \ / :  . j  ' -  (cL i  t  s
l " - (

* / * \
1og*?-< Fiiii '"a"eo

O *

$1

which ie in con*From (3)' r'e,sult that

tradictiarr with inf SS "
rl)ep 

r \'r-e 'ir

Tfmsr the; Lsnguags L cannot be, 6;enerated hry a lf gramnrar

- t l

'l?\.1

SiiFTWg LJ fII,,IiITf (KN}

lful,p,retn L4.

J. t.

i i )

i i i  )

K > 2

, A

I f  Y is ihe,  above Gj3$r 'Lhenl

tli'/mt'{ (.Log2n) 
! Tlt,mllr (n}

tliria'ff {nK)p. rrldlffi {#*1) fcr al L r(71
pOtlr'r{ p nxmw

G wit'h fwe (nKe(n) &r&e and ther"efbre f,{ffnmW(g(n} } ,

$ 5 . 5 " erarehies of eeur'stve _enumer.able sets

l fe consider again. t ,he GFs ,9=(xolt trTl,Vrn"r lrr , l  an"d definer

POLTW tll,,i$lf(nK)
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'  prg.Qf* To shcw i) and ii) we may use directry t,l:eor.em
l"?.  To,  prove j j_ i )  note that r  pgLTVjgTILm1' i {an)gf f l ; i f i t f ( . :n lg

'r'
t rxl,rlt., ivloreov"er, oile aaJr provs, that pottu/t r11!fiI!ll(an) (se,e the

. proof of theorern 13) 6 
f

[kegSSS._I5 (A*d"*qJig. hier.arcbE] * If 9 i* the ah.ove ffiS,
then: for every d.rFoRnrif €(<p then ffftmllu{no);,fI}mti/(nF1,

]?fp_s'{. OA,vious\r, tf[flUllf (nd) g g]t{Eyf (rrF) 
"

I ,et * € e be such that 
"(< *{p. The funct ion f  (n) =q  _  a  _  

y  . l

=|,.}iJP io in Arun lve rem.ark that #=== ( -+* .

n)z.rhere exisrs m6cL\ ..,; ;, iffi;ffiry;"""-"*
n)rm.

We remark also that:

,n( -"< *

;Lffi=*llffi<*T"-ffiF=o

Fron theorem. lS result  that:

rrl{Hw(ns} 
f rn:n'nl ffil n)

B"t l&H] t(Lee-ol"<*F and thererore

rrftmw ([q6] pl g rr]ml/f (nh

From (1) and (?) re .sul t  theorem lF.

(:- )

Q''.\

/ a n m n r n * * A  ' r . ^  |  - r

_V-9j* l r$n'g$o l . r }  \ tb)  p"Z9T ib. .proved the next re.sul t , "



" @ ff  Sr,(n) is a ful ly space-construct ible

firnction,

so (n)
inf A*rri' s Q
n 

E*?  l l l /

and $1{n} and sg(n} are each at Least toga{r, then there is

a language in DSPACS (S2(n) ) nCIt in DspAgg($1(n))"*.

.  our theorem l?'{ the TW-se:parat ion property} is Like

the above theoren but we dontt brow yet if this is a coineiden*

ea, or notl
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FTNJIL RST,{,qRI{,"S

Iri this peper f,s pre$ented a veri,ant of chapt.ere l--F

of Q4\ (which eonteins I chapters) *

fn chapter 6 bf (2'4.) is, efecti.vely defined an univerelal

W grammar,

Chapter ? of Q4)', is devoted to study the posi.bil.ity

to'  bound the generat ive conplexitSr,

lVe present here souie results without proofs,,

r4eq+"gq )" rf .9*(ZolTrt!'{rc) is a cnB$ sueh that for everp-

neoi crfg and cn406=d for all nrm€cLrp nfm, then for any recur*

sive funct ion f  
"  

f :<-^.:*>ur, there, exists an inf ini te re lanpgage

l,.f* such that f,#TInIilVf (f (n) ) .

soro.t]ryv- $ i)r in the cBS*S*(;evf sTlg't' i ' |q'|!) for arty re*

cursive' fr:nction f , f't c-r*: *)oc o thene exists an infinite re 1an*

guagei L cZ* such that. l{ffl,mW(f (n}} 
"

ii), Tn t!:.e GBS u9*fisWrffi{,

tion f , f:c-:-->i-t: o. there e,xists &n

such that l$ffr,,mu(f (n),)"

Th,gorS-in 5. Jf 5* €oWufV{'iC}

for every [€cu] C, #fr and for every

eurr:ive functi.on frf:c.r.-tc\-rn there

ge rcxf such ttrat $tU,,mvif (n).) -

rt'nlt tt ) ..for eny recursj.ve, {**-

infinits rs l"anguage f,c-[*

ts a GBS such that card(f ' I7Zu

u€C ; \ui2n, then for any re*

exists an i.nfirrite re Lan.qrr

qAIgLLgIX.*g. Jr:: the GB,q, $= (fu rll,Tl.,vetr '7"11t?') with card {.2.}},



tS}' *

fo-r: a;iy }-ecurfliv'er fun*tion $u f ier:"rt'othe:"e exirits &n in"f inite

rc Lcrnfiuagc L.sj stich that i.r/tflni' i(f (n)) '
I

Clep.Le;:  i - i  of  (24) i .s:  dt l r rotec-1 to study sonie re.str ict j -ons

oir.thc l lr grau*iays: srtcir that t,hopg. grafirriars genepate cnly re*

cur:;.iiv0 J-angunge"

fn clrapter I of (?'4-), we ,*ugges'L so*Ie: directione to

stucly o
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