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QUADRATIC TNTERSECTTON FORM AND 2-VECTOR BUNDLEg

ON NONALGEBRATC SURFACES

b

Vas i le  BRINZANESCU and Fau l  FLONDOR

In t roduct ion

rn  the  f i r s t  sec t i -on  o f  t h i s  paper  the  ouadra t i c  i n te r -

sec t i on  fo rm on  nona lgeb ra i c  su r faces  i s  cons ide red .  we  show

that  the quadrat ic  in tersect ion form on the Neron-sever i  qrouD

o f  a  ( smoo th ,  compac t ,  connec ted )  comp lex  su r face  w i th  a l c re -

b ra i c  d imens ion  ze ra  i s  nega t i ve  de f i n i t e ,  modu lo  to rs ion

(Theorem 1 )  .  Then we q i -ve a descr in t ion of  th is  form in  the

case  o f  a lqeb ra i c  d imens lon  one  (Theorem 2 ) .

fn  the second sect j -on some apnl icat ions to  the holomornhic

2 -vec to r  bund les  on  nona lqeb ra i c  su r faces  a re  g i ven .

ss: g gg9 :e! i q, .-i "=ts:ss giig*" { "Jt", gt* l} u N glqr s. g*
group  o f  nona lqeb ra i c  su r faces.

Le t  X  be  a  smoo th ,  compac t ,  connec ted ,  comp lex  su r face

a n d  l e t '

o+V,*A"* C- o

be  the .  exac t  exponen t ia l  sequence .  Th i s  sequence  q i ves  r . i se  to

the exponent ia l  cohomoloqv sec luence



2 ^

and we def ine the Neron-Sever i  qrouD.  of

H"  6p )  )

, .

the  sur face  X by

(x)  =0 or  1)  one knows that

the Neron-sever i  qroup is  ne-
:

case  o f  a lq .eb ra i c  d imens ion

(Hl  (x, r* l  -?

,

1 - { . )
NS (X)  :  = rm (H '  (X  ,a | )  -+  H-  (X  ,v . )  )  .

we have NS (x )  ts  P ic  x /P ic^x", o

Fo r  nona lgeb ra j - c  su r faces  (a

the quadrat ic  in tersect ion form on

gat i -ve semi-def in i te  (  [9 ]  )  .  Tn the

ze ro  we  have  the  fo l l ow inq  resu l t :

Theorem 1 ,  Le t  X  be  a  comn lex  su r face  w i th  a  ( x )  =9 .  Then

*r Hr 6,a) --, Hl (x, (tx) -r Ht (x,CI*) '-+ H2 G,z),-> |

,  - -L - -  -$ ( ,  o .  - .  .wnere  U-  (X r ( /X )  €  p i c  X  i s  t he  P ica rd  g roun  o f  t he  su r face  X .  \ {e

denote

D

F i c  X  : = K e r

the guad: :at ic  in tersect ion form on the Neron ' -Sever i  qrou N S  ( x )

' i s  
nega t i ve  de f i n i t e ,  modu lo  to rs ion .

+ -

P r o o f .

Then we have

r  ^ l  v ,  r z  1 - ^  t he  b low ino -un.!g L 1t -? -1\ IJE

r l ^  ^ .1 -
L I I C  L

o f  X  a t  a  p o i n t .

P i c  X '  g F i c  X

wlreFe 
"2=- I  

and e,x=$ for  a l l  x€t r ic  X.  I t  fo l lorvs that

o &{.1 ,

N S ( x ' )  !  N S ( x )  @ z { . } ,



.  ' :  :  :  -  3  -  :  r  : ,

and  the  sum i s  o r tosona l ,  The re fo re  i t  i s  su f f i c i en t  t o  p rove

the s tatement  in  the case of  a  min i rna l  model .

Le t  X  F*  a  m in ima l  mode l ,  f f  t he  Koda i ra  d imens ion  Kod  (X )  =

=-o€!  we have b. ,  (X)=1 and then,  by the Signat .ure Theoiem (  l2 l  IV

r l l h o n r a m  ?  1 ? \  i +  f n ] ' l n t . r c  +  - o n n { - i n -  € ^ - *
1 1

r r r E v r c r *  L .  L J J  r  r u  r v r r \ J w r  ; h a t  t h e  i n t e r s e c t i o n  f o r m  o n  H ; t t  ( X )
611

j - s  nega t i ve  de f i n i t e .  Then ,  i t s  res t r i c t i on  to  the  subc r : : oup
)

N S ( X )  c  H ' ( x t W )  i s  n e q a t i v e  d e f i n i t e  m o d u l o  t o r s i o n .

I f  ' t he  Koda i ra  d imens ion  Kod  (X )  =0  then  X  i s  a  K3 -su r f  ace . .

o r  a  2 - to rus  "  T f  X  i s  a  K3 -su r face  w j - th  a  (X )  =0 ,  t hen  i t  i s  we l l

known  tha t  t he  i n te rsec t i on  fo rm i s  nega t i ve  de f i n i t e ;  see  fo r

example t5 l  .  The fo l lowinq shor t  arcrument  is  f rom [3] .  Let

L€P ic  X  w i th  c  ( r . \ 2=n  n r r  R iemann-Roch  fo rmu la  we  c fe tr l  ( L )  =U .  BV  R iemann-Roch  fo rmu la  we  c {e t

't n'
h "  ( L )  +  h *  ( L ^ ) > r 2 .

Since f ro  ( t " i )  <1 f  or  a l l  M€Pic-  X as a (X)  =0 ,  i t ,  fo l lows ,ho (L)  l0

"  ,  o , - * , ,  , ^a n d  h -  ( L ^ )  1 0 ,  h e n c e  L H t f "  a n d  c ,  ( L ) = 0 ,

Fo r  t he  case  o f  a  2 - to : :us  w i th  a  (X )  =0  the  de ta i l ed  n roo f

is  g iven in  [6J .  i . {e  shal l  present  br ie f  lv  the arcrument ,  but

f i r s t  l e t  us  rem ind  some genera ]  f ac t s  abou t  t o r i .

A comp. lex 2- torus x  is  j -somornhic  wi th  A2 / f  ,  where.  F is

a la t t ice of  rank 4 in  Az,  One has a natura l  j -somorphism

u2 (x,v-) ALtLf ;?.)

(X,2, )  wi th  the space of  a l ternat incr  inLeqer-va lued 2: forms

I  ^ +

H  ( c 2 , r )  = {  n  i  n  h e r m i t i a n  f o r m  o n  c 2  w i t h  r m  H ( f  x f )  * Z !

Since the imaginary part  Im H of  a hermit ian form H is an al- ter-

na t inq  2- fonn wh ich  de termines  comnle te l -v  H,  we mav cons ider

_  __2
O I H

o n P



u  l 6 1 '  | . t \  5 d  a  e 1 1 h ^ r n r l n

t i f i ca t i on  one  has  bv

f . . 1 ,
$umroro [rI-J /

- 4 -

t
of  A l t i  ( r ,w)'g)

the theorem o f

t  
t h i s  i den -H'$iU . I \ t i th

Appe l l *Humber t  ( c f .

Modulo an

n
taKe I be t.ne

matrix

N S ( X )  =  H ( C 2 , i l ) .

D

. a n . a ' 1  r z { - ' i r .  ' i  q n m n r n h i q m  o fq r r q J J  u ! v

l a t l - i r . c  o e n e r a t e d  b v  t h e

t he  2 - to rus  X ,

co lumn vectors

r . 1 6  n t n

of  the

+  i r Z \

l =
+  L " z l

l l  o  r r , +
I  

- r
P = l

\ o  l  s r +

i p ^  r ,' z  r

i q ^  s .
. l

( T 2 '  B )  .

The  ma t r i x  P  i s  ca l l ed  the  pe r iod matr ix .  I {e  have

BZ = Im

and  we  can  choose  B  such  tha t  B  =  de t  82  >  0 ,

Consider  the complex vector  space C2 aS the real  vector

A
space lRa wi th  cornplex s t ructure q iven bV the matr ix

and take on R4 a lso the complex s t ructure q iven bV the matr ix

- t l- 2

o l B ( l ; : ; )
:

ln '  
" \= Re 

"= \o , .  r r l '

r  = ( : ,  
: ' )

J .
IJ

-n 
tu; 

in 
r\

"r 
t'r- 

I 
I=(-":;?'



\ -

L )
Let f :R.=*--tq- be the map given the matr ix

map f  extends to  an analv t ic
A A

standard torus tR= /n: ,  wi th

mat r i x  J^ ,  and  the  comn lexu '

bv

f r  ' : i  \

F  = l - '  " 1  
l

l o  B z l

Then FJ-=gp and s ince t  (n4 )  = f '  the
b

i so-morphism between the topolooica l

the complex s t ructure g iven bY th:
a

to rus  x  =  C" /? .

Now, the Appel l -Humbert  theorem can be reformulated and

we have

'**f{"; - l
and  I

h- o J
A"\

^rl* "n(w)

4 1 h a  a n n d i  1 . i  n n

A skew-svmmet r ic

+ + tR "A Tr+a . -R- t r  -a  +a  _-  ^ l  L |  r a 7 u  "  " 2 '  . ' 3
L A

l" a'l r( s e e  s e f c t e r  L l 4 J  J
I

,^

+ + . +
B'AIB +  a ie  B-A2 *  A3 =  o

express the fact  th{ t  A is  the imasinarrz  par t  fm H.  of  a  hermi ' -

t i an  fo rm H  on  C2 .  The  ma t r i x  o f  t he  he rm i t i an  fo rm in  the

'  
na t r i xcanon ica l  bas i s  o f  A "  i s  t he  he rm i t i an  I

HA =  (A tB t  A2 )B ;1  +  i a r .

The a loebra ic  d imension of  the torus X is  q iven bY

|  - .  . .  ?
r a n k  H -  l H -  n o s i t i v e  s e m i - d e f i n i t e f '- - l \ l - l \  

J
fa (xl =maxt

A € N S  ( X )  i sA ' r r o r \ r
!  v  v ! J the f i rs t  Chern c lass  o f  a  l i ne  bund le



. L€p i c  X  (A=c"  (L )  )  .
I

AIt ; ,  ( t r  ,W) then the
/

n rodr r r ' : i -  o f  2* fo rms

on the  Neron-Seve: : i

; 5 *

)
Tf  we ic l "en t i f rz  the  group H ' (X ,n)  w i th

)
. r r n - n r o d r r c l :  o n  H -  ( X r A )  b e c o m e s  t h e  e x t e r i o rv s j . ,  \ - _ t  - .

(see  Mumford  [ r r1  l .  The in te rsec t ion  fo rm

nr.)r1r ' \  ' i  e oi  rren bV the formula
Y r v u J /  Y -  "

c ,  ( L )  .  c l  ( L '

w h e r e  c r ( L ) = A r  c r ( L '  ) = A ' ,

( A ' ,  A " \  f o^l - i _'l,ori
hA; A:l * 

t-o

and  s im i l a r l y  f o r  A ' .  Fo r  t he  quadra t i c

a a { . .
Y U u .

) =os,{'+.(,'(f- f U'-f" 6 -o'a' -  6 ' 6  ,

I ''\
\ (bt:) ,^,=[; [),^,={i l)""

in tersect ion form we

. ) ?

c 1  ( L ) z  =  2 ( 6 ( d - { 5 K - o C ) .
I

I d o  h a r z c  f h t c  f o l l o w i n q  b a s i c  r e s u l t
U Y V

c 1  ( L )  2 '  =  2 D .  d e t  H A .

By th is  formula we get  that  the cruadrat ic  in tersect ion form on

the  Neron -Sever i  g roup  NS (X )  i s  neqa t i ve  de f i n i t e  ( f o r  de ta i l s

s e e  t 6 l ) .  A s  K o d ( X ) ' ) ^ 1  i m p l i e s  a ( X ) ) ' 1  t h e  p : : o o f  i s  o v e r .

L,et  now X be a complex sur f  ace wi th  a (x ;  =1.  one knows that

eve ry  su r face  o f  a lgeL r ra i c  d imens ion  1  i s  an  e l l i n t i c  f i b ra t i on '

By  an  e l l i p t i c  f i b ra t i on  o f  a  su r face  X  one  means  a  Droper '  con -

nec ted  ho lomorph ic  mao  f  :  X *?s ,  such  tha t  t he  genera l  f i b re  i s

a  non -s ingu la r  e l l i p t i c  cu rve .  Le t  c  be  a  qenera l  f i b re  o f  f '



'one has c, {( /ru tc) )

Chern  c lass  c ,  (14 )

fo r  some L€P ic  X f

' 7 -

- = c - = c  o  F o r  a n y

i s  o r toqoua l  on

then

t
/ n r \  a - n  + - l r a
\ I ' l i  

- v  
,  u r l e

c "  ( L )  .  c .  ( Y . )  l 0
I - L

l4$.l?ic X

N S  ( X )  :

wi th

f or:

" 1
i " f

c ,  ( L  6  u @ " ) 2  =  Z n c ,  ( L )  .  c ,  ( l a )  +  c ,  ( t ' )  2

wou ld  be  pos i t i ve  fo r  a  su j . t ab le  i n tege : :  n ,  con t rad i c t i ng  the

fac t  t ha f  X  i s  nona lc {eb ra i c '

lex surf ace vli:F=-h:.'3 (4).:A'* -r:Le-nTheorem 2. Let X bq a -c.oI.P--.*-

we have an ortogonef .-L::

an isotroPic sub,:ro-qP gJ.... f
i  h + 6 r c a ) / - -
I I I  u v !  ! r u v

tion form is negat,lv5) qe.fi.qilg-,Sl*i N .  M o r e o v e r t

(i ) iJ- br (x) 1g_ggg"_9b,"e=l r -- o ;

r . i i \ i f X i s x d h l e r t h e n l i s o e n e r a t e d b r z a r a t - i o n a l m u l -\IrJ rr - :;-*J;J:*'"J;-@

{ - . i  n ' l  o  n f  c  =  c .  ( U . , r c )  )  iu - L l J l v - t . Y
r  I t

( i i i )  i f  x  r ras fnrnlm ! l9I

L!g_=g9!SJjrl9g-pI "=.1 1(/* tc) ) "

F ' o S I . D e n o t e b y K t h e l a t t i c e N S ( X ) / r o r s N S ( X ) " L e t

I=Rad K be the radica l  o f  x  ahd le t  I (=I  s ,  N be a .  rad ica l  sp l i t *

t i nq  (o r l -ogo r ra l  sum)  .  I f  b I  ( x )  i s  even  i t  f o l l ows  '  by  the  s iqna -

tu re  Theorem,  tha t  t he  i n te rsec t i on  fo rm on  u f r ' f  t x t  i s  non*de -

I  - ' l  -  \  c t  o ^ r . t  v  .  U l , 1  ( X )  h a s  t h e  i s o t r o p i c
g e n e r a t e  o f  t y p e  ( 1 , h ' ' ' - 1 ) '  c l e a r l y '  h  

\ : ' } /

i n c l e x L , I i . e . t h e m a x i n r a l i s o t r o p i c s u b s p a c e i s o n e d i m e n s j " o n a l .

B y t l r e a b o v e d i s s c u t i o n i t f o l l o w s t h a t t h e i s o t r o n i c s u b g r o u r l l

has the rank 6 I  and that  the j -n tersect ion form is  neqat i -ve def  i -

n i t e  on  the  second  fac to r  N .  I f  b l  ( x )  i s  odc l  i t '  f o l l ows ' ,  by  the

Signa-Lure Theorem, that  the in tersect ion form on
1

H

IR

, l  ( x )  i s  n o n -

type 10,  h l  '  I  )  .  Then ,  obv ious 1: /  '  r=0 and the in  t -er*



sec t i on  fo rm on  NS (X )  i s  neqa t i ve

,  ' . / l  / ^ \  \r c = c .  r u , .  r u i  I  i s  a  t o r s i o n  e l e m e n t )' l A

t e m e n t  a n d  a l s o  ( i ) .

de:Ein i te  rmodulo tors ion

.  These prove the f i rs t  s ta-

I
v

t f  X  i s  xa ih le r  (b t  (X)  even)  i t  fo l lows tha t  c=c t  tQ tc )  )  l0

f o r  c  a  genera l  f i b re  o f  t he  e l t i p t i c  f i b ra t i on  f  :  X - - *s "  s ince

c  i s  n o t  a  t o r s i o n  e l e m e n t  o f  N S ( X )  r  w e  h a v e  ( i i )  '

A s f o r ( i i i ) w e D c a n a s s u m e f r e l a t i v e l y m i n i m a l ( t h e f i -

b r e s f r e e o f ( - 1 ) - c u r v e s ) . S i n c e N S ( X ) h a s n o t o r s i o n f o r K 3 - s u r -

faces and tor i  we have an or togonal  sum NS (X)  = l  (E Ni  we have to

nrc l r /6r  fhat  r  is  generat6d by c  i tse l f '  Let  d lO be an e lemet l 'L  of
v l v . v v  a ) -

, ,u '=0 ,  .  Assume tha t  X  is  K3-sur face .  Le t€L  P ic  x  such tha t

d=c,  (L . )  .  By  R iemann-Roch fo rmula  we qe t

*
h ' ( L )  +  h "  ( L ^ ) 7 , ' 2 ;

i t  f o l l ows  tha t  d  (o r  -d )  i s  e f fec t i ve '  Assume tha t  d= "1 -  (dX(D)  )  '

whe re  D  i s  an  e f fec t i ve  d i v i so r .  s i nce  a l l  cu rves  on  x  a re .  con -

ta ined  i n  the  f i b res  o f  f  we  have  D=D l  . * " ' +nn  w i th  each  D i  an

e f f e c t i v e  d . i v i s o r  i n  a  c l i f f e r e n t  f i b r e  ( i = I "  "  ' n ) '  o b v i o u s l v

D. .D.=0 for  L- f i ,  hence o2=n2r+.  . .nof ;=0.  From o i<o (at I  i )  i t  fo l -
T I

l ows  tha t  D?=O (a l l  i ) ,  hence  we  can  suppose  tha t  D  i s  con ta ined
I

i n  a  f i b re .  By  Za r i sk i ' s  Lemma i t  f o l l ows  tha t  pD=9Xs ,  w i th
- D

p ,e&&,  p lO  and  X=  a  f i b re  o f  f  ( sOS)  '  One  knows  tha t  f  has  no

m u t t i p l e  f i b r e s  ( s e e  [ 2 J ,  p ' 1 9 5 ) ,  h e n c e  p = l  a n d  D = g X s "  S i n c e

c r ( d * ( x s )  ) = . I ( C * t c )  ) = c  w e  g e t  t h a t  c  q e n e r a t e s  t h e  i s o t r o o i c

subgrouP I .

L e t n o w X b e a 2 * t o r u s . o n e k n o w s t h a L f h a s n o s i n o u l a r

f i b r e s a n d t h a t , i n f a c t , t o n o l o o i c a l t y x i s t h e p r o d u c t C X S .

By l(t inneth formula we have



, 1 2  ( *  , w ) = t r 2  ( $ ; w & ( H l  ( c , z ) E H r  i s , z l e H 2  ( s , ' i l ' 1  ,

Wl is generated 
f t  

the
.)

that  the group l l "  (X,7. )

has  no  to rs ion .  Then  I

Remark.  In  the s i -ng le remain ing

w i th  b f  ( x )  even  and  non :kHh le r i an  ( sbe

s i f i ca t i on  f27 ,  V I )  r  we  do  no t  know a

the  i so t roP ic  subqrouP I .

where the subqrouP r72 (C,

. = c t  ( d X ( C )  )  .  r t  f o l l o w s

hence the subqrouP I /cW.

c  I  hence  we  have  ( i i i )  .

Chern  c lass

/q 'Zr ]nas no to : :s iont

is  qenerated bY

case ,  "X  p rone r l v  e l l iP t i c

the  Enr ioues -Koda i ra  c las -

p r e c i s e  d e s c r i o t i o n  o f
i

2 .  F i t t r ab le  2 -vec to !  bund l -e i on  nona lgeb ra i c  su r faceg ,

Le t  E  be  a  ho lomorph ic  vec to r  bund le  o f  rank ' r  on  a  comn lex

; l t ed  f i l t r ab le  ( c f "  E lencwa jg -Fo rs te rsu r face .  The  bund le  E  i s  ce

L B I )  i f  t h e r e  e x i s t s  a  f i l t r a t i o n

0  =  F _ C F ,  C  . . .  C F -  =  E r- o -  r  r

w i t h F , c o h e r e n t s u b s h e a f o f r a n k i ' i = 0 , 1 r . . . , f . W h i I e o n

gebra ic  sur face everv holomorphic  bundle is  f i l 'b rable '  on nonal -

geb ra i c  su r faces  non f i l t r ab le  bunc l l es  ex i s t  ( see  l 3 l ,  IBJ ,  l f q ]  '

[ro] I .

A s a f i r s t a p p l i c a t i o n o f t h e p r e v i o u s r e s u l t s w e s h a l l

p rove  the  fo l l ow inq  fac t :

P ro r :os i t i on  3 .  Le t  X  be a 2-torus with alg,ebral*c**d*Sgg}9I

bundle E on x is irr{tlggtl hY.*S,-5"?,"t"9s93!3Fr'9I

tr :  Ti.,  (x) *-+ cL (2',c)

z e r o .  A  2 - v e c t o r



1
t.

l 0 *

i f  a n d  o n f y  i f  c ,  ( E ) = 0  a n d  c "  ( E ) = 0 "
# I  I

proo f  .  we  fo l l ow  t8 l  P ropos j . t i on  4 .7 ,  where  the  case

NS(X)=0  i s  cons ide red .  A  bund i -e  i nc luced  bv  a  rep resen taL ion  o : f

{ [ | - r tX l  possesses  an  i n teg rab le  connec t i on ,  hence  a l l  i t s  Chre rn

c l a s s e s  a r e  z e r o  ( c f . " A t i y a h  f f l ) .

.  Conve rse l y  suppose  c r (E )=0  and .  c r (n )=0 .  Then  bv  [B ]  Coro l -

l a r y  4 . 6 ,  B  i s  f i l t r a b l e "  W e  h a v e  t w o  i a s e s : '

i )  I f  I  i s  decomposab le ,  i t  i s  a  sum o f  two  l i ne  bund les '

n = L  @  M .  B u t  c r ( L )  +  c r ( M )  =  c r ( E )  =  0  a n d  c t ( L ) . c r ( M ) =

+ c r ( E ) . = 0 .  f t  f o l l o w s  t h a t  c t ( t , )  
2 = o  h e n c e ,  b Y  T h e o r e m  1 '  c r ( L ) = 0

and  c ,  (M)  =0 .  Then  E  i s  a  sum o f  t \ ^ /o  topo loq i ca l l y  t r i v i a l  l i ne

bundles,  hence induced by a representat ion (Appe11-Humbert )  '

i i )  I f  E  i s  i ndecomposab le ,  v /e  have  an  exac t  seouence

0 -p L *+ E *-' I'1 I Ty---+ 0

where L,  M are i ro lomorphic  l ine bundles and Y is  a local ty  com*

plete in tersect ion of  codimens- ion 2 tn  x  or  emnty.  k le  get

c , ( L )  +  c , ( M )  =  c . , ( E )  =  0  a n d c r ( L ) u c ' ' ( M )  + d e c ' { Y  = c r ( E )  =  0 '
r '  |  1 '  I  I

I t  f o l l o w s  t h a t - c . , ( 1 , ) 2  + d e q Y = 0 ,  h e n c e d e q Y = Q  ( y =  V )
I

a n d  c ,  ( L ) 2 = O ;  a g a i n  b v  T h e o r e m  1 ' w e  h a v e  c r ( L ) = 0  a n d  c l ( I 4 ) = 0 '
I

f f  I  t '  f r f ,  t h e n  H o ( X , L  &  M * ) = H o ( X ' L X  @  t n ' ;  = g  b e c a u s e  X  h a s  n o  d i -

v i so rs .  B \ t '  R iemann-Roch  we  ge t  r t l  ( x ,L  I  t ' t * )=0 t  con t rad i c t i on

(E j -s  indecomposable) .  I t  fo l lows that  I  *  l ' i  and we have an exact

sequence

0 *-v  L-*+ E*-+ L- ' i '  0 .

&
\1_/

The  ex tens ions  o f  L  bv  L  a re  c lass i f i ed  bv



2:
r

l 1

1  r \ \  3 r r l t u r f l , l
H ' ( X ,  I A I  

( L r - t  t  t  *  r l  \ r \ r v x r

wh ich  has  d imens ion  two .  The  t rans la t i ons  ope ra te  t r i v i a l l v  on

1 -

Hr  (X  ,0 - )  ,  wh ich  shows  tha t  E  i s  homogeneous ,  hence  i nduced  by  a

representa t ion  o f .  V . , ,  [ roJ .

Remark.  On an algebraic 2-torus Oda Lt : l  has constructed

a n  i n d e c o m p o s a b l e  2 - v e c t o r  b u n d l e  E  w i t h  c r ( E ) = 0  a n d  c r { E ) = 0 ,

wh ich  i s  no t  i nduced  by  a  rep resen ta t i on  o f  T1 '

.As  fo r  t he  case  o f  a  (X )  = t  one  a l - so  ob ta ines  2 -vec to r  bund-

les  w i th  t r i v i a l  Chern  c lasses  no t  i nduce t l  by  a  rep resen ta - t i on

of ,  ' l l " ,  .
!

For the case of  decomposable 2-vector  bundles take the

b u n d . t e  E =  f f x  ( c )  A  A x ( - c )  "  T h e n  c ,  ( E ) = 0  a n d  c ,  ( n )  = - c  
t ( L x ( c )  )  

2 = o  
"

' n  \  \ l o  f l  t r ' )  and  . * - , t - c )  a re  no t  i n r l uced  by  a  rep re -S i n c e  c . ,  ( C / . . ( C ) ) F U ,  s / x ( u l  a  -  ^. I . A A ' z t

sentat iou of  g i 'a  (X)  ,  hence E is  not  induced bv a representat ion

o r  , r i ,  ( x )  ( c  deno tes  a  c {ene ra l  f  i b re  o f  t he  e l l i n t i c  f  i b ra t i on

.  d \

I  :  x  " - t b / .

Fo: :  the case of  indecomposable 2-vector  bundles we fo l low

the  i dea  o f  Oda  [ f g j .  Le t  E '  5e  an  i ndecomposab le  .2 -vec to r  
bund le

wh ich  i s  i nduced  by  a  rep resen ta t i on  o f  f f ,  (X )  '  Then  by  Ma tsush i -

ma [ fOJ and Mor imoto Lf  f l  i t  fo l lows tha. t  Et=Eo @ L,  where L is

a  l i ne  bund l -e  f rom n i co  (X )  and  Eo  i s  a ,  ve i t o r  bund le  ob ta ined

from a unipotent  inc lecomposable representat ion of  f r " t  (X)  '  BV l4or i -

- t
m o t o [ r r ] r t h e b u n d l e E o = E ' s L t i s a n e x t e n s i o n o f t h e f o l l o -

Y i n g  f o r m :

o - r  0x+ E '  @ L L*+ A"- -?  o r

hence the bundle E '  is  an extension of  the form

a.



wi th  LdP ico

tor  bundles

Take

X  ( I l '  i s

r^r ' i  f l r  c- 1

now the

L 2 !

0 * 5 L * i ' E '  4 0 7 :

' t  r l

no t  s imn le  because  the re  a re  no  s imp le  vec*

=Q ,  c^=0  o r r  2 - to r t ; .  see  [ f  : ]  )  .' z

ex tens ions

'4
,,

(xlr)-- 9 * s *
1 -

By  R iemann-Roch .  Theorem we  have  f , r  (X  ,  t L * tZC)  )  =ho  (X ,OX(2C)  )  l 0  and

we cho.ose a bundle E which corresponds to  a non-zero e lement  of

I  "  r r h  /  ^ \  r { l  t ^ \
rhe  group i { r  (x ,  @"(  zc i  )  .  Remark  tha t  nom (  CI * t -c )  ,Ox(C)  )  l0  and

H o m ( d * ( C )  r d X ( - C ) ) = 0 .  T h e n r  b y  t h e  l , € m m a  o f  s e c t i o n  2  L n  [ . f  : 1  ,  i t

f o l l o w s  t h a t  E n d  E  = C  @  H o m (  & ^ f - r )  , * x ( c i ) ,  a n d  i n  p a r t i c u l a r  E
'  

a  ^ a  i L ^

i s  i ndecompos ib le  ( t he  f i r s t  f ac to : :  cons i s t s  o f  t L re  sca l ' a r  mu l -

t ip l icat ions,  wtr i le  the second factor  consis ts  of  endomor l>f r i ;m

w h o s e  . s q u a r e  i s  z e r o )  .  i n l e  h a v e  c ,  ( E )  = 0 ,  c ,  ( E ) = 0 .  S i n c e  H o m  ( f / "  ( - C )

Q < o  ) 1 0  a n d  H o m ( L  , L ) f O  i i :  f o l l o w s  t h a t  t h e  e x t e n s i o n s  ( x x ) ,  ( x )

a re  max ima l  " c lev i ssages"  o f  t he  uon -s imo le ,  i ndecomposab le  2 -bunc l

l e s  E ,  r e s p e c t i v e l y  E ' .  B y  E l e n c w a j q  a n d  F o r s t e r  I B J '  P r o D o s i t i o n

I .110  these  max ima l  dev i ssaqes  a re  un ioue ly  de te rm ined ,  hence  the

bundle E .can not  apDear in  an extension of  the type (x)  '  T t  fo l *

lows t l ra t  E is  not  induced bv a representat ion of  t i " ,  (X)  '

Le t  X  be  a  nona lgeb ra i c  2 - to rus  and  ' I e t  G=NS (X )  be  t -he

N e r o n - S e v e r i  q r o u p  o f  X .  I f  a e G  t h e n . w e  d e n o t e  b y  G r = a * 2 G '  t h e

c lass of  a  module the subqrouo 2G, l ,e t  $  denotes the cruacl rat ic

in tersect j -on form on G and 1et  mu be the in teger

tt.

I e l a  1 r  r r r a  # h o

m ^  :  =  m a x & t " l
a

xbua

fo l l ow ina  resu l t :  an  i n tec re r  A  i s  t he  d i sc r i i n i ' nan t
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:
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:

b f  a  f i l t r a b l e  2 - v e c t o r  b u n d l e  E  w i L h  c r  ( E )  = a  i f f  i t  s a t i s f i e s

t h e  c o n d i t i o n s  A 4 * u ,  A F  * a  ( m o d  4 ) ;  s e e  l o l  "  B v  u s i n q  t h e  T h e o r e t

I  ( t l re  case of  Z- tor l )  one can compute the bound * .  expl ic i te ly

,  F r l  \( s e e  ! 6 t ) .' -  b  , {

As another  appl icat ion of  the Theorem I  one can obta in the

r a n g e o f C h e r n c ] . a s s e s ( c L , C 2 ) f o r s i m o l e f i l t r a b l e 2 - v e c t o r

bund . Ies  on  nona lgeb ra i c  su r faces  w i thou t  d i v i so rs  (a f te r  [ : J '

one  knows  the  ranse  o f  che rn  c lasses  o f  ho lomorph ic  f i t t r ab le

vec to r  bund les  on  anv  nona lqeb ra i c  su r face ) .  one  can  show tha t

we obta in the same range as for  q 'enera l  f i l t rab le bundles '  w i th

some p rec i se  excePt ions ;  see  t7 l  '
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