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IIf'IT{*]]LTiIHION

Tl:c, pre;ent rrror:ir i.s correelrsred' wj-th tlre nurneri.caL annJyr:is

s,f rrnilattlral contact pru,blern knovnr an Si.gmorini trxobleru wtth

Ilesults on ths sxisten*e s,f the solutions of the quaslve.*

riational inequality i.nvcl"ved by this probler* have been obtai.ned

for the first time by Duvaut t5l for & roo*locsl- friction J.av.r

wlrsrs suf:fictent eoncli"tions for uniquoness.. have been also pltven

and by FJe[asr ,Iaru$ek ancJ Ha*l^i.nger [9] for a loca]" frietj-on Law

in  a  pa r t i cu l s r 'G&ee*

Regil-e.r i ty propert ies have been 6l iven in [ : ] ,

Finitc, el€mel:i, anal-ysis of '[he, Signortni probtrenr vrith fric*

tion have lreen studi*d'in. [?J , lgl in the c&se of pres*ri"b*ct nsr*

mal forces on ths contac't boundarly and in LfOJ where an abstraet

error est irnate is d.erived o

In this, paper' we use an a}gorithrq of fSenso$,$stl11*Lions typa^

for' obtaining the nurnerical- s*Lution of the quasivarietionaL $-ne*

quality f*:,muJ.ated in. $ection L ans whlch descr"ibes the Si-gg:ox'i-ni

probler:r . l lhe co])vergcnce of this algori t ,hm is prov'ed in Se*1; io.n 2

where lr,,s also der"ive an em$.r estimate of tha finite elcment

approximation vrith respect to, mesh paramet,er ho

An anei lybis of numericeal resuJ.t .s is rusde in $ect, ion 3u

lu A VARIATfOiiIiL F{.)F*I;f,ILATIC$ OF $IGlICIRIl{-l FROBTSIII

VJe shal.l consider the problern o,f
irr .

disgrl.ar:e:nents ."r l ineer::Ly eLastic bor:ly

tsct viit ir a rigid supiro::t fol"lowir:g

(see I f ]  '  f rc l  )  c

fintling the fi.e1d af

vilr ich is in unilate,ral- c$n*

a non*lo'caL frict{on l"*w



l * g l *

fp orde$ p5l,-slyg-s,yertationeL formulation of thi.e problem,
. .bourrded l ipHchi tz ian ;  .

lebfa-6*  therdonsin l .n  RPr F*Zr l r  occupied by ths bcdy in  the
'initial unstre*n*d state* Le"L us denute by f the bcundery sf
'J-L and le'b. flui-1ul-2 be, op*n anrl dlr:joi-nt parts of [" such t]rat

I '  { - a  , -  r -l = l ^ U l ; U l ^  a r - . 1  1 - ' - . t , r ,  - . - n n o s e  f l . r n t  f r c r , ?o - .  . r .  - . -  ;d  +*ru |2r8rc  Duppo.se that  l * iecz.

We introd*ce the

]

- ar  or l .owt"ng spscs:

whieh is a Hilbert ,space with the sealar produet

We shal l  denota, by 11 " l l  i ts associated norm,

lfe shall trse the follo"rrin:S n{rtations for the norx.raL and

t.angential  ccmponents of the displacements and of the strs.en

veetorr  respect ive ly

unauini r uti=Bi * Bntr*. t

6** 
tSnitjo *ei* L jn;*%ni l

where n=(nr) ie the outward normal unit. vecto.r on f *

rf'r,,re denote by I{' ilre: fol.}oivfng non*empty e}.ssed eCInvex

subset  o f  V :

(
K =tlgvi vrr< C

v *{guflllenti P; v*0 &*e" -" {il

n l
& r € e  S i l  l ^  I

4 ' J
(r  -?)

then it is tcnown -(see [f l  ,  Lro] i. p r o b t s m ,
of the Si-gnorini rvith non-J-oea}

find' ue K zu:ch t.het,

a (g, y-3) *{q,I) *io(y.ry)>{,(,y-u ) n \ ver

that a variationaJ" feirmulatJ"on

fr" tct ion law ie as fo l lowsr

\ r . J /



f r . }  t -

where.s
il 11

{ 1 - 4 }

' !

t ^
a L

t(v)= 
J 

iu"id* * 
{ur"ruu,

where e15(y)= *rtr . 
ft, 

is the straln tenso:r,, sr3(v) is the

stress teneor related to t i5(q) by means of the general- ised

Hooke rs lawi

i . (go:")=JplRre,*rul i !  lJ. t l  ap, (1.5)

( L ,6  )

s 
i; 

(gl z ui;ri.ai*n (IJ r in fL '.

p, uft f2l  is the coeff j -cient of fr j .ct ion sueh rn"*_*_r, o 8r€r on
F r t . ] \,a,, *, r.s a linear' and continuiorns mapping from fr-1/7 (Q) to

t2 t f r ) , '  f 6 [ l 2 in t1  
P  iu  the  body  ro rce  and  L* [ r2 ( t {F  i s  the

prescribed surface tract ion".

Wo have, ueed the sumnation conventLonu,

Suppo,se that the eLaeticit"y ecefficients of the body

*ilff, s,atisfy. the: rymmetrXr eondit.ionr

uijkh = *ji*r, * 
%r,i; ,

andr that uigtir€Cl(fu whers Ct(n) deno:tes the once eontinqausly

d'ifferentiabl.e funetions CIn R i.

Suppose in addition that the bilinear snd continuous form

a ( . " r n )  i s  V - e : l l i p t i e  i . € .  3 o > o  e u c h  t h a t

u(g r y).> orll v \l'

Renark l - " .L  i  $ote t l ia t  i f  mee( [ )>O then (1.?]  hotas hy

_--,  . : . - i l



'  &  4 *

Kornrs inequal i ty"  in  the cess mes( f | ) *C t ,hen (1"?)  fs  s&t imf ied$

i f  o for exampl.er Kfr n -[ ,q.,1 where, D is the eet of r igid displ.a*
cemente  ( see  s "so  [e l  I  "

r* order to justify t]:e upprieation af an algorithm of
Be-n*ousseur*r,tonr typs t,o the qnnsivariational inequaS-ity (:i-g;
we shall, prov$ the follo"ltin6 existencs nnd unieller1o$s theorem*

TIi l IOREi{ l .L: Let.  VoK*sr.f ,r l  be defined by (I"L} ,  ( I  *Z} e
(1"4)*(1-6)* Then there exists, Fr)o such'thet.  for eve:r.ry. rr-

I  r r  - : -  ' ' * - 1 1  
i *

vrith lt p, tir*rr. .,6 F:.,the inequality t1,3); 'has an unique soluti-on.ryI  r ,  L I Z J  r , _ "

Proof: It ie e,asy to veriflr that if there exis,ts a sCIlution

of (1"5-) then S.Ko where:

f ( $ ) = f rsida.

IT

t  - "  - n 1Ko=';veV; a (v,g) l{ tp,i, \ SSLfi (n} J,, J,
I
I
I
I

j'r

Also,  le t  us sbserve.

we may talce, {;}l*xK 
*--+ Ro

Let F be the function

element SweKo sueh thatl

that c*(g)e ll*Iy'e(n;,) !\ geKo eo thet

which associates to every S€Ka, the

n ffii5n Y*sg) * j,( -o{,, y i * j"(g n 5w } > L (v-sg) * \ ::eK, { 1 " 8 }

faking into' aceount t,hat fo,r,v{'eff* given, the: funct$"onsL

. io (g r . )  lK -+  R is ,. eonvex and, liower eemiconttnuous on K,

it folf,ours that the variationaL ineqr:al-ity (t.gl has an unique

eolution SweK. In adciition 311eK,, so that the rnappine SrKo*r Ko,

ie, we13"*defined6,

lVe remark that the set.

the $:€t of' soJuti.ons of the

of f ixed points eif $ coineides: with

ineqr " ra l i t y  ( l .T ) .  . .



r- ' r . r - - l + i 4 F n

s *
Thereforen the questi-cn of,  t i re: exis ' tence snd uniqueness of so*

ano un] .queness
lu,t,ions of (1.5i rectruces t,o ths, exilf{en?'evof-fixed po'int,m of E*

I{ow v,'ta. i}l:n\u tirat'f,or 
fr 

eufficiontly om.a.[.I, H is a eontras*

t ion" incleocl,  far wrrg?eK,: srrhitrar i . Iyx from (I"B) w& obtsina

at llsgr*txa lla *lj.{y.3-ufi1i1r}*"J*iJk n$.gr}*.:JXr"uFXr}*s.(}a rss*l\ (t,g}

It i.si sf.ear thet, *r, 1* a can"f,inuoue, operetc.r from Ko $.n

H**/ " ( [1*) from n'hieh we ciitai.n t"hatl

i"(J*r*ye,)"r.i.(k -Xr)*ff*r*Xr)*io(Xa,r..Xb) le eliftlr-"(fo)li gx-S2 li "
. t u

" ll 5*f:\l\l1."1rgrnlio, \ 5,.yeeK* (r"10)

If we take Ff a * then for every p vdth il ptli,*C 
nrl< l*r 

p

obtain f rors.  { . r"g} and (r . }o}  r  

rJ Lt i

ll s;g1*"'lyz U ..< k ll ,ytTt? \\ , \ H*,_y.e€K,,
*ilfrlr* ( fr)

vrhere n= *1;J* ( t

l lherefore, the mapping E nae an unique fixed point hence

there exists an uniqr:b solut. iom of i i l -"T),.

Fornulat ion (1"9) is not mti table for epproximation; ths

reason for this is th.et jo("rg) is def ined on K* vrhich j .s di f f i -

cult to' approximeten To avcri.d this, vfle proceed ae fo1l-ows6

We shall consirJern for simplieltyr the mapping A_ gi.ven

by;

R (*) (.gi *12r..,r4;,S rri l*l/n {rr.} r\ [e I 'gu

vrlre::e ( or*) denotes dual i ty pair i"ng *n f i*x/z( l-a) xHUZ'(faJ'

,".lE (f) =u(i 
51{l ) rV g u n vrith .^re ,S (-t! N) (&e n, I > o} euch that



r s *
sil:l''r-:
1,'

t . , . :>0 and

I
(
\  * .
J u d t e t *

. - f ,

For every xe["* we shal]. eonsid'e" *r&;NAnllF defined by

*s*% wSrere lre [Hg{ri}l 
p 

euerr that, {(S},,h &]e&e n* D wher'e

{ r [tu3e.n]] 
p*[vY?{$'}lF i* th* traee o,peratoro

With the above noiatio&s; lpe define the application
- "  4 ,  4

ee[H*{o}l o* rd f fa) by ,

atg) tg)*a(jrw{)*r(wfi, o V .tr*[H3tr*)] p,\,T uD *

4

In the following we denoteby u the solution" {that there
:

egists and is unique) of (t-3)* Usin6i Gx'e,ente formrla, :it re*

sultsr thatt

I eqoCp) )= Q{g} on I-u*

It is easy to shaw that the probLem {1-3i is equivalen*,

with

a(S',g**)+i qq,v)*i {y,11)zl,(wp) r \ yrK (1.1"1}

' -  4  - l n  r  4  1 r
where 5: j_ni(nl] px 

Lu*trrl] t--+ n j.s. defined by

i (* ,$ -Jf lctgi l  lXa\ ds { t ' t?}
q

Further o&r insteacl of (t.S) r we shall approximate the

problem (1-11)  n  
'

Lnefl , , ta 1.1: The niapping j , lH1(ni l  px.[*tO)] p_* n defined

by (7" ] .2)  sat is f ies l



tr$(Sr,"galoi*r,Xt)*i(gusgi)*i(gs,gsJ [*S*lif tt,,*e ra jn g3*geilt[kq1st\ $,

{:l' "tT )

wj.tlt C* * pcri*i"lre cr:*stant, Sep*,nd*.ng on fp and c* s

proof : Ler, u 1 ,,.yr#ar#a* [n3 (f.)]l 
p 

o From the clefintt ion

(t,t2 ) of gl we have

I i (.111*y?)+i ka,,,1. )*i {'nuJ{r} *i {-i1.s r^1u) } -<

4 jf tQ(u1)*e(u2) liyat*,yrrl ag -jf {*(y*:$a,Ss}l l"ye.t:^yrol og a

with co,*C " raes( [) *a1ff ol$tt ancl wher"e $c]rwarzrs inequality, the
X u r z

contim-rity of the bfl inear forrn. a and the tracs theorem lryh$re

u e e d  
v

tet us denotehy Sj 't,he mapping: $lK->K whiclr assoeiat,es to

e'ver3r weK th.e soi.utiin {unf"que} of ths fo}rowing problern;

a (flgr,I*$wi+j (-rvr"g) *j (.y9*sg)pt (g:siq) n ! 11e K*

lve, d'efirro th$ sequencei *'sr u%K chossn arbitrarily we put
n-1" . nI,eu. u-- sat isf ies the inequal i tyl

,::"")rt{-y$) }\

I3y siniil"ar arguaents as in the proof of Theorenr t*t and

using Lemna t"t  i t  resu1"ts that,  f 'or enffF>,o with Upttf  
(A)< f t

ie: e contraet iono Therefore sro ob'Lain:

{ n d

\ *r,Sa,rX,t qYe,E [nI6rfl u -

q . t ,
e cillrll *,, -. Jlor:-Felt 11v1-ysii Jrf VIf ds*<co11,ull,*,.. p g*-u2t\ \\gr*ge\\ st u  r t 2 /  

t  
J r  t i ? t

.f=g*

{1.14.}v€K oa (uerv-**) * j {"q**t ,X} *j (H**t

t *



*B-

11*"-i,ill c unllg'-g\l *cun ( 1 " 1 5 )

where C and k  ere pos i t ive constar ts  independent  o f  n  wi th
Collfillr*6f., )

k *  - - - - , - - . - : : - (1 .

2, FINITIJ EL[]i{E}JT APPR0XI}.'IATI0}I 0F THE PR0BLE}-{

v ie shal l  g ive a f in i te element approxirnat ion of  the var ia-
'  t i o n a l  i n e q u a l i t y  ( 1 , 1 1 ) .

Fol lowing the stand.ard proced.ure'  in the f in i te element
r  nethod we eonslder a famiJ-y (Vh)h of  f in i te djraens, ional  sub-

spaces  o f  V  (  see  t r l  I  o

Le t  (Kh)h  be  a  fami ly  o f  non-empty  c losed convex  subsets

of Vn which approximate K ln the sence that:

( i )  V S.e K,  J one Kt  such that  Xr. t  v  in Yn

( l i )V"Yn* Kr,  vr i th, Ih* v ln v tLren LGK.

Now, vre forrnulate the fo l lowing discrete problemi

fin{ 
"-B'e 

Kn such that
(  2 . 1 )

a(Srr,In?4,u)'*i (31rr'Jrr) -j (;r1, uh ) 2 l,(g1;*i i),\ vne Kn

Apply ing s imi tar  arguments &s in  t l ,  i t . resu l ts  that

the rnapping Sn:Kn-9 F,n which associates .to 'every 
Jne Ki, the

element Snlhe Kn defined by:

a( shwh,,Irr-sngnI+j (yn,Jrr) -i (yrr,sny_n ) ) L,(Jrr-sng.n ),\ Xr,€ Kr,



,{
* $ s

' $.E: a c'antracti$n fcr an;' p,r- vritl: li p.[lr**rr-- ]( S" ""  
I  I  r J  \ l e r  * S

fherefcre we harre the fc,Slowirrg; resoit"

tl i ltrJii;]l:.i 2"1; $uppase that llf^ll,*r,., $ sL * Then t,he prob.lem
" L r  q , 2 ' t  * C l

('2.1) h*s ar: uniqr-rc soi"ut{err*

FurLFrer c'n \i/€ a$sume that the: conrlition of fheorers ?*1" hol"ds

tet {uf;Jf, b* an unifCIrmly bcr:nded se,qr}ene& sueh tha,t pf;eKn-

I'nom Tl"iegreiu 2*3: it fnl.lorse *.hat. r,aJs, nl&3r definer the $equenc$.f

^  c - -fctr ufrelln ttt't pu'a

{a'" a }

(2'"31

"Ff; 
* srr*f;*I e

henee r, w€ have l

llSf, * ,^girll4 !*n llgf; *.,$ull* clin

where C iri e ponilive constant independent. of h and n and vrhere

k=col tp l t "* . r  
, .  , / *a'  t u  t l x J

\{e urrorr ncw e'ste.h'lish the cCIn\rer€rence or t.g* h ts ,u' withora'h

any regrLarity assurnption cn th.e solutiCIn S of t,he prob.l.ern {1.5} *

In order t,o obtain this Fo'srlt we Cefine an auxillary s&* .

quenCIe of problems: fon w*!e Kn given such that t y,f;lr, ie unj-forn3-y

boundedr. s€ denote, Uy,yftK1rr the solution, that there exi*its and

is  uniel l*r  of  the problem, 
,

*(:ii],rL**f,t*i ey"**orXr,)*i igott,,t,lil)7r{v'*,yill "v ynerr*, (2"4}

n-' l
where ir"-L K i.s definecl by (1.14) *.

The relationchip betrryeen t.:{l ln and -llfr is nnade clear hy the

follorrying result i



FTr0$f,$LfxfiN 2 **"r:

xiate*s t"hs r;*}'**icn mn

d l " 0 *

fhe s*(ilrence },.w*1" .rlefined by {ff,4} r*pp:'oxi.""
{.r ,!r J trl

of, (1.t4) i r :  , rhe ,rcnrrf t :

*:s h--+, fi*

Fror:t'; ile fi::Elt slic"o-r+ t:trsi the secluence {yf;h i.s uni-forrnly

bor:.rr*ed fr':. h, Fmr thim*n msin6i the: e,cntinuity pf arthat l9ltJ* i*

b,cunde* an$ '[h.*: propsrty (i] af Klrwe derive frsm (1.?] ancl (2.4] I

or liv'fitt2a * !d, lfil* u ( ofi ,nf; ) +j (un 1,*ff)* a ("{l,vrri +i (f-1*ir) *
f g ,  R 1
\ c e l A*r,(vn*ld}..cgllr{ll 'ese,* V vne $1 *

Cg, Cr, be,ing pr:sitivs, constan't:s inelc,penclent cf n and h*. iienee

t]:e $equenc- ltfijn i-s uniforr.nJ"y bounded !n h.andn po.,*eing ta a

sequenc$ rvhieh vre altiLl cTenote by {:ffijr, , iL foll.*we the*t
la

*fu*,fi ** h*+ fl* Hy conctition (j.i) r,rre, aLso have ot%K o
r ' ,  r l

,d--*,sl

(r-ih.sss existence $"s insure,s i:y conditi*n {i}} we eb*

a (v# ,yf: +J (pn*:,Ifl) <l"im in* [,'er:fi-yil'+i (un*I-Jfi)]

c a (gn,l-) +i (y:r u uI) :* Cg-yl ) 5 V qeK*

Therefcreo -f,rom ttre, urri.queness o:f *oluticln cf (1.14) we heve
n n

W = t - }  c
, 4 r  f q '

Let us nliow . 1 I nthat Hil--*-t]'" in V* Vie obs'e,r've til&t vse havel

oc I l,l:'*-"*"t I ? * j (X"* t,..uyil I * a lyf!,.p* u.lyf;*q* ) + j (.un* 1, *S ) a

Let ve.I{* f,uking in (2"5} & $e qr-lence lyi,}f, wi*h ,_".fr€Kl, such

tlrat" ,Yir*,5
taire:

* * (3tlo,y1}+3 (pl*}r,g)*r, (.yh:tlil) ** (.-n-,*r.pt)*ra twlnun) , V.g6e rn
(?"  6)
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T;.li*i::ig ir:. {i*fi}l r* ${pq$frncs i:f,fri n **itv*r-gi.i:.r.;E nl,rc>nfi}y i;rr

,rt' ', 1,,,,ir.1f1,r r;lli.litc';:icc j.s: i.:rt::r':.r"i':tl b,;y c*i:irii-r'iclri {.i}, \tii:i *ht'::i'tl? pr:}i*'*
:

*i-r.r;; i,c' 'Lii*, l-i.::l:i"'1; s* h **" $:

ft"s;:t t::l::l*lt rr;e cci::r:lu-ci"*'

&1-idi

r i i :  i l  t ' l  *  * t i i 1  - '  *  .
i r i c t " ' "  

' l t

l l lel aue't). . :rr i  pl" 'cp:1r'{ j{ i ' i ;ci  pr$vle t 'h* nrrj .n regl-rLt '  af 'Li i is 
l}t i : i i rJ:r"r

Tll.ll:iL:jl.llllri ?.,7't l",tt rr fiI;id 
,i]"h.be 

th,e sCIl-u't,iorl$ af {1-.,5} *:iir?

{A , , : , i  .  } ' : ) { :  l ' r i } i ; t i .vu i .y  *  I } i : l : r l i ,

uh*n,li. a# h --* {-}

. ir . , 'cro.[ ' l  \ i , : . ;  * i .rs+rvc t lrht vc hlvF:i

l iur , -u ! i r , l i+ ' . - ' ' t i l  l l  t  } i , , l * r r* i l  " ts  l l r r r t* i : l i  ( t . 'F]

.in oi:der: to e t;'i,irurtt: '[.he. seccxlc] te::rn ia t]re ::ig]rt*hanri *icis:

o{' 13.' i} n,e r' ir:*t rietlnce fi 'cln 'the d*:fi:r i ' [ , i .r:ni; cif .q]] &nd,rt; t irat

* il.'1i * ''i]rt2,*,.('rf -- ',1i, ,'li - "fi t *
* i  i " ."* ' t , , - l r : . :  j  ( , ,1i- , t rrr l l i^ . j  i , - : i - t  , , r l i )* j t i i f ;* i .  , . . . : l l )  r



gBlp

fram which, uri"n6 &*mns

* 1 ? , *

S"*3.$ we' rrbtainl

(a'.9)

pro:we h;r rerecurencg., tha'b *

N oas { ? . 9 )

ff we Eirt)po$e that,

{A'"9} holds fcr e\rer]r

th@re existe S.) O

ll yf; * ,yil llEll**t * *f;*n ll

" f i s
l3y eha*ming .*fi 

*,-oil s, w€ shal"].

r r  . - r t  - - f l  r l  ,  ' * , , , ^ , i  . - i  i tl i  r i t *  *  r r  i l 6  4 . l l vJh  -  r ]  i lrr ,- rt , 
i*g',*,f l 

/.\r

lndeed, for n*O the, resul"t is evid,ent.,

ty.il., hotds fgn' n*t t.hen we havs;i '

Il.sf;*x"ri*tiuff * .l.qlt + ltyf; * $o ll L

e ll,yfr*l *,rl*tl l * i l,*f; *.t,"l i. 
*"*h 

- xiri

where we have used. (2.8) " It f ol,Iowe thet

r:.r npo*

B3r (a $l snd (1"15), fcr e > 0 givono

such tirat.l

ll,S* * 
,% ll + llyo *

Cho.o*ing &=Ne, in (?-?) we
. :

$ € {
ll Tn - .Yll */e . ffi,'yfi

Sut from

exists I{}  O

proposit ion ?ot i t  resul"te t ,hat,  for

such that:'

f 4  f f n l
14 .  { } t \ J t

and (?,1.CI) r

{?"1"*".}

every i.* there

' r  L
. $ i l 5 us V  n l N a

h,ave by uning iZ,g)

& t l+ l . I .  \ l

1-
w h d

r i  I I

i , ; ,  L
H*ll-triqtrff, \ ir<ulil {? . t f  }



S*ncludirtg* fr*m (*-1t:: nnei, (.*.telr* f*r ey 0 g$venu ti:er'*

existn l{u*min Inl- i**uLs * u. utul} ,suc}r .t,hn'[;

^ " I T *

ll yit * 
"$ ll*ax \ tttmss

hence uir:* u &s h*,t f i*

It n*rv rsmains to clerive ftn erroa" *sti.nate fcr

elemsnt eippr.oximation {? *t) *,

" Let ue beg$.n by naking additional a*sumptierns eb*trt.

V5 ancl Krr. Aseune tirat, t e C,"T

$uppr:se ' that there exiets an operat*rf iU*lV-rV6 sueh

r t . *  ) * nl l .n try-,{ l i**. Ch'---- l l  vl l2. , r*0o1,

4,

ilnig_*y,ll *vuuca* chcw\\g r,

fer e,rrery ,r.[u2{n)"]:n V rvhere: il .ll *'/p*i.^ and \l . 1\_ _ r t  L  I 1 2 l

the norm# on [u*l/t'rr*rl 
F r:n<i frf cerll p, r*spectiv&3.rn

!'v'e also suppose thaL

the fin,$.try

flt e  $

that ; r

{:r .?5}

{e ,14 } .

denc,te

{ 2  - 15 }
a

vlhere' u is

f r h * *K f ,

the seilu*ian af (t*5) o

Remark 2, \ t  I t  is  knoim that i f  Vh i "s l  def iner l  by:

vh =lvevn[ilofilt1tt I p,lr6tpff
.  h le a r :egulor t r langulat l "on ef  f r

N n.t],
where

and

such that n= LJ f
r  c %

,Pl*  is ,  the $paee of  a l l .  palyno,miul^s ef  , Iegree1k in the

vst l ' r-ahles 1I1r * n n rxp rdth k)tr  then (:2 
"tT) , '  

(2 
"14) are sat isf ied

if rtrv denotes, a* usualu th* Td * inte'rpolent of the function

,.y.€v (ee,: '  l t l l r  n 'extr def inins Kh {rs in tsl  (4.3.$i ho}.ds*



.
' '  r  l  

* *  ,.  * h d *  , ,

i:lffiSIffi:M 2*?': flupp*se that, the *onditisn {fln$5)*(f;'*fr5}r }1o3S

and that Kne K, rf ,g*tna (Ollpn r thenr"

(? .16 }\l.Tn * u\i*Ch\lu\ig.

where' C .r.'s, e ponitivsr c:oxrstsnt tndependent of h*

Proofs faking yT,:* iru ft"t3.) and: nn*finr* in {A"3"i we sbt,eint

a I I Srr*"11 li t a { p,*gi1 r }i}u } a a ($ff tri#ls} +a (gnrr*:H } *t fnnrl;i+,} *

+i {grg6}+i (Xrr*Th$ *i (g1,g1} *i {grns}i + j (u,m,ou} *j'tF up,i ", 
(t "*"

' :  )  1 n
faking int.o account that ue[H'fCr)1" i t  fol lcrws that.r

'  
,  (a  " tB )e (u,v) -r, (v) = J *i j  (u )nSvids .t cl l lgttrl lg\t n \ ,g*t

t 

4 /"{ G ':' -r'/21r2'

where we have used Greenrs fornula,  and thatt

i !g rnffJ *i (g,s,) * j r* I q{,g)tihnT 
$ds <

f] )
* 02llu itn,tlnpg;r3l- il *1.r2. * r^^'  . ' 4

$ubet , i tu t io i r  o . f  (z . l -B)  ,  (z" tg)  and ( t - . ty )  i r : to  (a"1"?)

y ie1r1s3

Dot\l .g-,ghll's c'llunqlitllfihq.-F,11 + c"'llP"llellnng:o,\[ *172,, 12 
'(2.20]

. by ihe c ontiruri.ty of a ( , , *,) *,

Using Yortngrs inequal i 'Lyt

(2 . tg ) ,

t )

a b - . r s 7 Z  + 6 / 2 t  \ t r o , \  a , b e R  4



. . rc,iir&S$i{

*  1 6 , " *

for .  E*VSrr  ws oLrba$.n f rsm (e"2CI)

d .  o r  
' ^ "  ' ?  

r -  , , ?  - - - . t r  r
f, liu,"*uit? a l&l,I* li :if-irli? * c',,ltu\\r\\Tirrp:F,1\ -.J./2..r^1 ", I1 .-:" * d, " ft '.-" * ' '::"'2" 

J1;- ;:; " -3-/2'rt 
f

Thr:refore, by (2.13i;  and (?-14)r the €$timete (2'"36) fo,f*

LCIw;* o

- 11 7. NuI/rsIu$At sxAIdlLJt$

Let us' c,onsider a plane lir:.ear elaei[.is b*dy w]rieh in ttre

ini t iel  unstressed s-r.ate occupies t ,he domain f ' I  *(0r l-6)x(0*8)" Foy

compsrison purpo$e we havo conniclered prabl.ems, for the ssras

with different valu'e,s of traetione and coefficien-ts' q,f fl ictionn

fhe ciecornposit ion of the boundarXr [-  into forf l  and fA is

gir.en by

I

t

F* * l t*ru*2)enei $(xz<Bn x1=0],

lt * fiu SrI rshere;

fl i, * {{*r*n }eRZ ; s<x1( -ts , .xs,*B},

tt1 = {.e"rrx*}en*; 0{x*<8, xr*}s} o

fz *{krrr*r)ene; *<x1<l6u x2*o}*.

We supposo thst the body is,homogeneous isotropic and fs

character ized by a Youngrs modulue of  E=LO6 and a PoissonFs rat i . r

o f  {  *Or}* . \ te  have cons idered p lane s t ress problems*

L,et  f i i r )nhr* regulsr ' {an$ly.  of  t r i1gngtr lat lone of  ' fL su.ch

t h a t O = U _ t .  a
T €3h

Let YnrKn be the f ln i te*elenent approxima,txcns ef  the

spsee v  and o f  the  c@nn6x ee t  K ,  respe0r lve ly ,  de f , t rned by :



:.r$Y

g

,

vh= t;n=ryi,yfr). [cotn I 
t r grr(3i)*o,\ Sia ronT-ln,

,yn l r  €1-PrJ2  , \  neToJ,

*16,*

*n- tyn*(-y*,.,fr,)'a vn, Xfr(ili )>. a,V gre fr*{n ) .

rn  o rder  to  so lve  the  d . i sc t 'e te  p rob len  (2 . r )  wh ich

approx imates  the  g iven prob lem ( ] .  j )  i *  su f f i ces ,  as  we have

.  seen ln  3  an  to  soLve the  fo l low ing  sequence o f  r t l sc re te

var ia t iona l  inequa l i t  ies  :

sile xL

*(,l3n,Xrr*.*nl*; (*f;-l,,I-r,)*i (#f;-l #r,)> L(*yi,:*rr),\ Jn* Kh (1. t)

for ur!c- Kn dlven.

We remark that (3.1) is a Signor in i  problern wi th ' rg iven

fr ic 'b iont t  whj .ch is equivalent wi th an opt imisat ion problem

for  a  non-c l i f fe ren t iab te  func t iona l "  For  th is  rea .son i t  i s

advantageous to use the fol lovr ing sad.dle point  formulat ion"
t -( s e e  e . g " L B J ) :

( *1, pn) e ltx lf
o ( * o ,  i l + * t ( * . 1 , p t ) z d o n * , p t ) , \  X G  K , y q * f  ( 3 , ? )

a

where

r
c

^ o f c
J t ' =  { o .  t ' z ( r i ;  \ q l  <  I  & . o .  o n  s u p p  *  e = o  o n  l ' ,  s u p p  e " J ,

1r"(y-, u) = * "(y",X)*r,(g)n J tq"yrag s

*t= l^l Qt *r.(,ro-1) )l

For  s inp l i c i t y  we have orn i t ted .  the  subscr ip t  h .
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We have eppl ied Usawars algor i thm to 'solve the problem

( 3  " 2 )  ,

Three nurnericel- exanples have been solved by the f ini te

e lenent  npprox imet ion d iscussed in  abover .&ssuming the absence

o f  boc ly  fo rces  l . e ,  " { * .  
I n  the  f i r s t  examp le  v te  take the

t rac" i ; ion t  d .e f ined by t=(0,0)  o*  l t i  a t rd .  I *=(500,0)  o"  i f .  In

the sec 'ond example.  we eonsider  h*(Or-300)  on [ ,  and 3=(5OO,O)

on  f l  and  in  the  l as t  examp le  j .= (500 , -300)  o t  l t  and  t= (0 ,0 )
r I l lo n  , 1 .

We d.ecomposed n tn 64 tr i .angular f lni te elenents &s is

shown in f igure l .

rn all these ll3;l;.]T.':::';":l:::l:"il.1*terested in
showlng the in f luence of  the f r ic t ionrs  coef f ic ient  on the

tangentia} ci isplacements on fA as is i l lustrated in f igures

2 - 4 ,

Fig .2 .  The tangent ia l  d iep lacements  1n  example  1 .

Fig"3.  The tangent ia l  d isplacements in example 2

Flg"4.  fhe tangent ia l  d isplacements in exarnple 3

For  th is  purpose the  coef f i c ien ts  'o f  ' f r i c t ion  
were

t a k e n  e q u a l  t o  0 " 2 ,  0 . 4  a n d  0 . 6  r e s p e c t i v e l y .

' T o  
i n i t i a l i z e  t h e  p r o c e s s  d e f i n e d  b y  ( 3 . 1 )  v r e  h a v e

otake ,gi l  **  being the unique solut ion of  the c lasl&i .cal

Sl6nor in i  problem:

* (Sn ' " { 11 * r r )  }  t ( r r 5 ;95 ) '  \  J i i 6  K r r '

Pua 7\w(



vrhj"oh. {.}oI'.r 'cj*p,*nds ta th.h caLlo 
lr- 

*0"

11.**crrl j.n.:; 'co e.xpilc.i;n"i ion u th.c t*.r:5;ent,ln.L dS"spki,cc;a*;it,s

ob"iair.;rt i l  ir:. *:xr:i:r1.ri"c ? &rc srr:rl l l"*r ' t l :er,n those obtained in

{:1,!ii-r.:;11-i-r* 1." jl..i,r:e ,, i l: 1'j-,;r:,:e; 4 O}:}S &.&n SCa.r 'C}f C it:l l-LUCnr:e nf

co;,i l : j-:: l :rri,.r,;, ' :,: i ::Lc$r; o;: lTl, .rn the t*,rigei:r"[, i*1. ctis;;:]"ricerneuts on itr"
a

41J'urlirw,I.eLio-,i{:rr+}rii; * ';!r* ruol.rO -l.i}re ta *xprc$n c'u}: xre}ry ,Je ep

;;::r.ri;rLL.,,dcr 1,o ?-r: 'ofessoi'$ E*gen [ino,s ailci ] lol: icr l lne forbhej.r:

( :cr i i j : is  u i : : r t ;  r i i : j ) j r )oJ: f  f  or  the 1:r ' r t t r rnt  u;o.r ' ] : ,  J i . l ,go lve are i .n.c iebtccl

to  D:- ,  .Di in  l )o l ise v$ i i l  f  or  h is  h.e l .p f  u . l  comrnr : r i ts .



* 3 Q w
. e /

RHirilltHtfcHs

],* ff*o-{L*".S**:;i!.*j * 'I,he fini"tc elernent, methfi{:l iScr sl}$"pt,i.* prs*
h - 1 . . * . - .  r r - * - J , i . -  y r - . , r  1  - . - ,  - rri.;.i i,_1ri . i.ril1--t:ii*l:iCIl-J.enil, AiTil,r.l,r:rdatft (lg?S) s

f n l{t$"g*aa * ij:cj-si;enc* *f molutions cf $ii6,porini prob}.em*

f: ' i .*t**no i: it**F*]fr:g::lguscio fA (3g*4.) ? T6T*57j*
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nolu"Lj.c;ns cJ" e cJ"*ss c,f '  rtariation&} in*q*ali t tesu, t$
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