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C. VARSAN .
Department of Mathematics, INCREST, Bd.Pacii Zéb,
79622 Bucharest, ROMANIA
Introduction
The problem we are Concémed is a nonstandard continuous c.jependence for
stochastic differential equations with féspect to the drift. cqefﬁcien‘ts. Roughly
speaking it can be stated as follows. We are given a finite set of smooth functions
gi(t,X) :[0,T]x RM'—> Rn, Pz, o o0y and denote “C(gl, T ,gn) the Lie algebra
generated by them, where [g,0.Kts) = (Da/ 05, - (30/3xg)tsd. Toke

hyyeoo & .}C(ql, & s ,‘g ) and denote y(+) the solution of the Ito equation

é’
(*) dy = f(t,y)dt+[€_ u(Dhs(t,y)] dt + g 6"(:.,y>dw (1), y(D)..xo,tG[D Tk
i= k=1
where f, 07{ :[0,T1x R"—R" and u; :[0,T] >R .are ﬁxed. Along with (*) we

il

. consider
. g ‘ .
(*%) dx = f(t,x)dt + [F v, (t)g ()]l dts 2 O’k(f,x)dw‘<(t), x(0) = xD,t@[O,T]
=] k=1 : :
where f,gi, ka are the given functions ,

The problem we answer is to approximate the solution in (*) by solutions :
i (l**) using the gsasd metrics QL,‘ (:)cc >, 300 = <E ""“g&: - loc (é)-—j({‘)[~’-> o,
emd. @1 (x (), y()) = ( max £ [x(t) - y(t) l 2)2 It can be done by defining an
appropriate sequence of ff;clz:t?u;rn]s {v ()f such that the corresponqu solutions
X (=) in (*¥*) fulfils the goal; the sequence { v (-)} hS 0 is unbounded with respect
to h and since the pointwise convergence of the drift term in (¥*) to the drift term
in (¥) is meaningless we need a nonstandard approach.
This result is connected with the ‘controllability proéerties of

deterministic control systems as it appears in [1] and [2] and the techniques used

here originate in [3]). In.the stochastic case it completes the result in [4] by
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considering Lie brackets in the drift paft.

The use of the two metrics d1 and d2 is motivated by_the fiaic o gt
d2 allows a more accurate estimate between the solutions, while d1
insures the existence of a convergent seguence with probability

one (see Theorem and Remark IS

I'n particular, Roughly speaking, it follows that if
g 61, o= 1 v iy omii= ods then  tihe support - ofii e measure ﬁg;:
enb b Lo 1] :R") generated by thg solution y%ﬂ.) in (%) is an
invariant under the transformations of the drd&ft f performed in
(x); it equals the support of the measure T?b generated by the
solution in (%) which corresponds to Ui —AR MG R e e
be seen using Remark 4 and fRirsanov’s transformation o the

probability measure in (xx). :

In deterministic case ( ka =0 ko= o d) the use (8F
the metric dz’is more relevant and it gives the possibility to

study controllability of the system (xx) along a fixed trajectory

via the enlarged system (%). It can be stated more mrecisely as
follows. Denote ?Xt); (e - j , the solution in (xx) and (x)
whicﬁ corresponds to bt = Ui Badannls SHdeyaE=0 S = e
respectively. Suppose that dim spen ,‘{5E(k)f(h) (O,xO):

A}w@ é?(g1,...,gm), e t0e 1,250 f = n where

St s em T e Pobeax)c s B e e il il

{f,hj ; Xj(g],...,gm) a e detinsdint - aboye . Then. For eash
£ (O,Tl there exists a sphere Sxie), ft) centered at
X(t), such that the initial point x, is steered to any point
oS it), ft) in time t by usina bounded controls TR U
and trajectorfes in (x); the same property holds for the reduced
system (%xx) but the control we have to uge cannot be restricted
to belong to the.same set U. In our setting the controllability
of the system (%) along %(.) at time t = T is preserved even

_iEf e nesitalictt @uirsie lvies: it the .cilass. of perlodiicacontrols
(ui(O) =aﬂ7(T), bs St Vi(o) = vj(T)‘j;1,...m).

The result in Theorem remains the same in the case that  the
Wiener pro&ess w(.) in (%) i (k%) is replaced by a continuous
square intégrab{e mastingale for which the quadratic'variation

. (5
maiger b el = Mile), M(t) > has the form V(t) = i}H(s,w)ds

with H a bounded measurable matrix valued process. The invariance

of the support of the measure 1] can be proved under the

assumption that H is nonsingular and H-1(s,w) is bounded and

SO T Tt



I

1. Formulation of the problem gmd main result
_et T> 0 be fixed. Denote Cé’p({'(},"l‘] x R™ the space consisting of real
functions which are corﬂtinously differentiable up to order | with respect to
t&€[0,T], up to order p with respect to x € R"™ and are bounded along with all their

derivatives; if the boundedness condition is supressed we denote it by

Cl’p([D,T] x R™. We are given £, GL : [0,T] x R™—# R" which are continuous and -

2 “:“"‘(}r i . <
g @Cl’ 0, 11xRY, £ 6 k &E‘CD’Z([U,-T] x R™M.,  Define gI(t,x) = [gi 9 Wtx),
ShE (0 et

b diitie il i & dl . ;m '}, where
[gi’ gj}(t,x) - ?gj/?gﬁ;’f_t,x.)gi(t,x)v—ggi/Bx%(t,x)gj(t,x); : geﬁerally .gl(t,x) = [giD,
o Xeds Ml st mip Ialin. i, where 1y = AT
i. & ?tl, e E For each. ui( « e C(0,TER), i=1y...,m, uI( e Cl([U’T]?R):

J
Z:4 Ul <L+ 1, we consider the following stochastic differential equation

| , m L+1 d
1 dy = [f(ty)+ 2 udglty)+ 2. ultglty)ldt+ 37 G (t,y)dw, (1)
i bt =2 =l

‘where w(t), tgl0,T], is a standard Wiener process over the filtered probability

{2 B o 0 g
space (ks < ’}:;Jt h I

Let N be a natural number and denote h = T/N. We associate with (1) the

following stochastic differential equation

m ' m

) dx=[T0+ 5 u®a s T vloaltldt + G (6xdwo),
: 1=1 i=1

x (0) = xq, te[0,T], where G'= (67 ....0), f, g,0,, u, are as in (1) and
v (e Mo, TER, V! @ = ] (M =0 |
We need the following conditions to be fulfilled

L1 1 e g e ;
/ XJ, rdk/?ixjﬁt, {) ({U,’{]XR&;’ qiécé’L"'l([O,T]an)‘



il fj?“ﬁ

1.2 (bgl/”&- e, (“})gI/E x)z:t;jfé C,[0,T] x R”),('&Zgl/%‘xi} x; mléw 0,71 x R™)
fovangl e TS Lt o Sd g 350 .o

e
Gox

where & =0 'v*' is the transposed of v, and a vector or a matrix belongs to

CJP if all their components fulfil it.

: In the deterministic case (6{; sy k= l,~s . . ,d) the smoothness of f, 9;
with Bgi/?}x & Ct]J"L([O,T]x R™ and a linear growth condition
ih (£, <c@+ txl) xeR", tel0,T] (h = f,0; resppctlvply) are enough to
get (l 1) and (1.2) satisfied bec,ﬂuse in this case we multiply g1 by a function p()
PC (l\ S bbde 1 B 5(0, e), where the sphere S is sufficiently’ large to contain

the solution in (1).

Remark 1

If we replace (1.2) hy

bzt
\~

g i (q £, (q * ) g (?@ ZC[U,T] x R™ then (1.1), (1.3) imply (1.1) and

EL.2):

Theorem
Assume that (1.1) and (1.2)are fulfilled for (1) and let; y(+) be the solution
in (1) corresponding to u,(?); ul(+), 2 < 1} € L+l, ond o€ Sf&lf 2
Then there e%ist v?(') E'CJ'([D,T];R), V?(O) & vih(T_) =0, i=1lye..,m,
depending on u, ('), (-), such that the solution xh(-) in (2) fulfils
fi ‘!‘?f/ (max E] x (t) - y(t) f )7 & C ‘{h, for some constant C{;> 0 umformly
with respect to[g ( g, u ( ) in woundcd sets in C(0,TLR) for Ui() and in C ([O,T],R) .

for Ul\ ) ja ean fe {Z,ﬁf/ .z:ea “U-d '2/, /"’ﬁ' L=12".

" Remark 2.

If we consider ui(-) and uI(-) in (1) as functions of (t,y) and fulfilling



u()(,?gl

(o, "l] x R™M, u ( )C,C 1% ([0,T] x R™) then the theorem remains unchanged
except that in this case vih(v) are functions of (t,x) fulfilling
e el lo,T1x RM, vVi(o,00 = vih(T,x).-.: o weRk
O ‘
In addition <thede exiods 4 sequence hes © nued [{w

lim £ max |x (t) - y( t)\ 0 holds uniformly with respect to u. ( }s
h-»0 te[0,T]

u(s), 2¢ II} <b+l, in bounded sets in Cg’l([D,T] x R™  for ui(°) and
‘1 2(LO TIx R™ for uy( (+). It can be seen by repeating the proofs_ in Lemmas 1 and 2
in the next section.

Some auxiliary results and proof of the Theorem

We associate with (1) the maximal number L of the Lie brackets contained
in (1) and call it the order of the’ system. To prove Theorem we need to
approximate the solution in (1) bS/ one deter‘minea by a system which has an order

. less than L. It is done in the next Lemma. In the following we shall define the

approximate equation.

m e
Denote 1t o= fity)+ ? ui(Dg(t,y) + = uI(t)gI(t,y) and (1) is
i=1 1t =2

rewritten as

el R e
%) s ST (Olgp, bXEN} dt + C(Ey)awn),
L i=1 j:l . :
y(0) = Xg t&[0,T] where
9
‘M. T / _S_:
gl el 1] =L+1

Let N -be a natural number. We consider a partition TTD of [0,T]
determined by the intervals [k,h, (k+1)h), k = 0,1, . . . ,N-1, with {Trbi =h=T/N.
For each k€ $0,1,. .. ,N-1 % let A’], i=1,...,mj=1,...,Mm,be apartition of’

[kh, (ke1)h) with {/\!;J 1 = hl = h/mm. Denbte Pl the space consisting of scalar

_ 1
polynomial functions defined on [0,1] and fulfilling ,% tkp(t)dt =0,k=0,1,...,L



-

Let p,(), AR p be Juch that p,(0) = p; (1) = 0, dp, /dt(ﬂ) = dp; /dt(1) and
( p,,(t)p (t)dt = 1, where p@(t) = 50 p%())ds These functions will be fixed in the

sec;uul and they could be chosen as polynomials of third and fourth degree
respectively.

Let pr(t,h) : [khy(ke DRI-5R, § = 1,2, be defined by
SKe b = pu(tekbi b M C A% = [khykh+ b
Pl = P n e Oy Sl s e T

Pk(t b= P (t-(kh+(mMm- 1)n )/h l}’ te A = [kh ke R k= 0.1 v Nl
Obviously p()&C Ytk (m)h] R) and pk(kh) = p; Kl ) = 0. With (3)

and the partition 310 we associate the foilowmg differential equation of order L-1.

o L B g S S 7
4) dx = -{f(t SO 2 S i h}é[p](t,h)ui-(t)gi(t,x) & pz(t,h)b.(t,x)]dt +
| S e Snn. )

+O’(t,x)dw(_t), x(0) = X0 t€:[0,Tj-

Denote xh(t), t&£[0,T] the solution in (4).

Remark 3.

By definition, the equation (4) is of order L-1 and the coeficients
P; (E.h) = (mi /\4 Ry ,pk(t b b elkh, el ind & = 0.1 ,75 s SN ére in Cl([jU,T];R) with
pi(D,h) = pi(T’h) =0, i = 1,2, but they are unbounded with respect to h.

t :
* Denote B’i(t,h) = SUDi(S,h)ds, iz, ;

h t
D MR S Lo el i) - O
e
fo e [pl(s h)(d /2 sy 9 )67 )(s,x(s)
i=] }:].

+ By (o0 ) Yo px (s»]}dw(s), tel0,T]

By "f)(r) we denote a random or a deterministic vector fulfilling



; 1 g
(E {’:’Z(r) f 2)2 < Cr for some fixed constant C > 0.

Lemma 1
Assume that (1.1) and (1.2) are fulfilled. Let x ( *) be the solution in (4)
and y(+) fulfils (3). Then there exists a martingale M hey ), t&[0,T] (see (5)) such that
e =) = y(e) - yte) + MY - M)+ - (TR
£t" & $0,h,2h, oo (N-Dh=T § i ‘tc;< £ where
€ IMhen - M) 122 < e e o)
uniformly with respect to ui(-), uI(=), 2.5 [T} <L+1 in bounded sets in C(o,TER)
for u, and C ([D ThR)for: ur | T
Proot, -
By definition

h 1
X (h ): p e C ij e Mo R G hl
e 0 ° f(t,x (L))dt 4 (!WT h ) 5 P? ¢ h)“n( )q](t % (t)) =

+ pg(t,h)bl(t,xh(t)}dt b ’{;’1

ff(t,xh(t))dwm =Xq+ Ty + Ty+ T

eillau s

e ; )
By hypothesis f and 0" are Lipschitz continuous with respect to xe}'Rn and

computation shows

2 .~ e B 0 T Loy ¢ m
t&[0,h]
where C > 0 is the Lipschitz constant for f and 0. Using (6) we get

i hl Nr ; ] o ot
7 Ty= f Ryt ‘g.g'[f(t,x“(t»«f(t,y(tmat:

- hl as s g
f ft,y(E)UL + hy ;\(s} R)

hl '
8) T3= &0 y(hou + gl{(i’(t,xh(tﬁ—G’(t,y(t))]dv»/(t):

2

hy
50 07 (£, y(£)dw(t) + M, (hl>’ where E \M'l(hl)i < hl?t? (h)



“denele s e"a/af,) M‘[}c? i Q =607,

(L)l =)= [( /oL ¢ f [Am;/a/,?xﬁ 7»&:/3? a,, /«f x) (9 /Jﬁ;?i 2]&’ (2, %)

With these notations and using p.(-) ep [D,l], i=1,2 we get

9) T7 = i yh t} s
2 1 g) (s mll(ml/q](ohl,x())) + pr)(s) l(Sh 9x(s Vds =
3FIR
= m?thl/ [ *l

( )d & s |
G P8 SOC{(U.’ngl)(Slhl’ X(Sl))OSl +

1
?’ r~> e S '
“DDZ(_‘J“J“ ‘iO(&{;)j_><sl_h1’@%<sl))d51]+

-~

mmnl[ S’p (e S P
i <P1 sy X )/(9 x)u1797 XUy 191)(s4h ]’X(Sl))+

-~

+

Dz(sl)(’9 /(o x)(ullgi)bl(slh]_ ,’)"('(sl))dsl &

4
\U pZ(S)db ( (pl(S].) 1)/< )(Ullql)(ul l’X(SJ.)) +
+ Pyl X@by)/D by (s hy sy Mdls 1+

o~ S l‘ & 2 o 5 b .
sy ) 50 [S{f\t 02 )3 0wy 90T (0 + NP b IR 0 (Ex"(E)]dw(b) =

il

T'Z +T'2'

By hypothesis (see (1.2)) we have

+ Mf{ (hl)

10) {;:(ullgl)\t ‘<h<t z l b (t xh(t)) < C = *té[OJ’], where Cy > 0 is
a constant wich doesn’t depend  on h, and using (10) in (9) we obtain
> 3
1) . T = h R, E M) 2 hy 1 ()
Since 5

1
Dpz(ﬁpl(s)ds = %pl(s)ﬁ‘é(s)ds =<1 apd

1 i
P &)pi(s)ds = 0, 1, = 1,2, we get

h
e A : I
Jg U1ty by Xty (D)dt « hy %) (1 1)

| Using (11) and (12) in (9) it fcﬂlows
) ‘SD ulj(t)/fﬂlab He,y(0)dt + hy 1 ( (r )+ MY (hy)

and from (7), (8) and (13) we get
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o

- | 1L~
W K =xgr S e

0 B U(t)(gl,b Je,y (e)dt +

1 = .
p: j; B (t,y)(t))dw(t) + hy ”’l( R + Ml(hl) | _where .

Ml(hl) = M'l (hl)+ M'i (h]) fulfils
- } 2 ,
E ML~ <hy " (h)
On the next interval [hl" 2hy] we repeat the computations for,[0,h,]
By definition
15) x'(2hy) = xthy) + s

o h
hy Al <t>>dt+<mm>/<!/" h) §21 o0 (6 (D +

A
+ PO, ot + (201 2 b N
2(E)b,(t, Bh G (ex"(ENdw(t) = xthy) + Ty + T + T,
1
and we get easily o ~ V
16) "’f i 52h1,¢ .
hy fLyXD)dt + - 7)) - Teye)ldt =
iy
= JZhl ft,y {t))dt + h _"r‘"( V'h)
hy
17) hy
g hy JEMOLWOR S "L 16 () - Gy (ENdw(t) =
i
S L6 (e y(dw(e) + My (hy)
. where

i 2 1
E My (hp) | 030, My (hy) = 5 L 6T, N) - Gt y(e)ldwlt)

Similarly, repeating the computations in (9) - (ll) we get

e
18) Ty T5 04 M

zzz(h

P

where

19) Ty =hym,

)6”<tx (0) +

MY (hy) = (MY ) (2N w0,
2 1 Shl [B(6h)(2)/(2 x)(uy 9

+ PCED (2 30 6Tt (Wfaw(d
and E | My (hy)] % < 70

Also, we have

-~/

™ ot
20) Iy = mmhy ulz(hl)[ql,b-z](hl,x;thl)) +hy 5'(({71) &



e mmh Uy (D)[g‘b 10,x )+ h 1(\ﬁ\f:

h
g upo(thayby Yt,y(D)dt + hl"i(v h)

Denote M (h )= My (hy )+ M“(h Y and using (16)- (20) in (15) we get

z
e T e e :
P¥ot § 7 Hopdes 2 f ;
g Reydtr 2 f u(elgy byty()dt s

$o. 0w + 20y 0T + My » Myhy)

where Ml(hl) is defined in (14), and

Z.
22) E [Myhy)) Myl T = E \Ml(hl)\ +E My (hl) £ r’z(h)
Finally, for t = h, we get Mi(hl)’ fr=ilyiaine ,mm, such that
s
' h Mg & h anilone
23) (h) = x (mmhy) = xg + o S
P=xg " S fty(e)de %
g e $ (O D +

h ;
* 3 Gl i1 V) + My(h) = y(h) + hn(h) M, ()

where
) M(h)—rp’“‘M(h)— 2 h ;
¢ e ﬁj s SO(_G“(t,x (©) - Glt,yE)lawlt) +

i

m i
! -Ziwm/ e ["5% WY Xy, jgi)ﬁﬂ(t,xh)(t))+

BNy Bt () Idw(t)
and £ My 1 % < h )
L emma was proved for t"=h, t'=0

For the next interval [h,2h] we have to repeat the computations done on

[0,h]. Using (23) we get

ool ek e b e () - vl 29k 4 »;(ﬁw)](l-c:h)'l <
t& [hy2h) e

< (R ma-cn™
where C > 0 is the Lipschitz constant for Tand G .
For t = 2h we get a a similar represntation as in t h. Namoly

m

Mok oy <R R S yiehde %' s‘ ;' L)[g b]ft,y(t»du

.:w»--



.

+ SEEEyE)awD) + m‘g(sj"{a) + M,(h) = y(2h) + 2h 7 [[7)+ M0 + M)

where Ml(h) is defined in (24) and

2 My = §2TETEXD) - O (e y(eNIdw(t) +

L i Zh
+ ﬁig ~ (mim)/(Y B (t h)(9)/(2 x)(u, 95 67t +
=l 9

+ B0 6/ 0 E "N
fulfil '
28) E Myt *= hr) (h), £} My(h) + My(h)] 2o E M) 2

+E }szh) = 207 (h)

By using an induction argument we get ( bee, C?-m;@“é})

29) (E  max 1‘>< Ny - y(o)] )'5' “Zﬂhg,;wm J‘"’h)(l e 'Q(‘}”)

t&tkn(l /+1)hj
% and M (h), s ,Mk(h) such that
k
30) «D(kh) = y{kh) + kh "/1(\4 h) + 2 Myh) = y(kh) + kh ‘?(V i)
; ' =]

+ Mh(kh), k0,1, o o =1

%

where Mh(t) is defined by

. ; ; m o
3 M= (LX) - Gls,yeNldwls) + = EF(mm)/(h))
i= lc’}
A @M @R ON 90 (s x ") + (s, b, Z/ (2 )6 (s,x () Idw(s))
and fulfil
. k"
1y E MGk~ MGk h)] -E | g_f M(h) |2 5 eymm ] *=
: = 1_.k :

= (A=K 7 (h), K <k, KR! € {0,1, Sl

From (30-(31") we get the conclusion. The proof is complete.

The approximation equation (4) has some coefficients 'Eil(t,h) depending on

h being unbounded with respect to h. These functions uI(t,h) are of class Cl in

t& [0,T], and with respect to h they fulﬁl the following condition

s

ht(e,h) = % (8 hrag(t,h), h (/\‘up/(z £)(t,h) g\ﬁ)z (t,h)

i

where*’f-*:;f"?;(- ,h), v'I](',h) are uniformly bounded with respect to h.
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These properties are essential in order to malle the next step of reducing
the order of a system which has unbounded coefficients with respect to the
paraméter h.

In order to get an equation of zero order we need to known how to reduce
the order of an equation of the type (4) but with unbounded coefficients with
respect to h, such that the statement in Lemma 1 is still true. Now we consider the

following stochastic equation

m : fals :
S) dy = [f(t,y) + 5. u(t,h)g.lt,y) + == f’iﬁ,[(t,h)g (t,y)ldt +
vl e ik =2 Lsies

+ G‘(t,y)dw(t}y e X3 t&[0,7] y
where xg, f, g, 6" are as in (1) and u;(* ;N)E Cca,ThR); @%(',h)é Cl([D,T];R).
With respect to the parameter h we assume that there exist 0 < r(h)

(r(h) :‘?‘l (h)) and a partition ’]’Tr of [0,T] with intervals of the lenght\“r such that

= a) ry(t,h) = wL(ﬁ)vI(t,h), 1< |1} < L+1, t&lo,T]
By r7-<}>fml)/<’3 EXE,h) =" (ii’?ovll(t,h), te [0,T], 2440 <Ll

where vI(-), \/]I'(-) are uniformly bounded with respect to h
Definition
A system S of order L for which there exists“ _r(h)> 0 such that uI(°),
¢\ ' < L+1, fulfil (a) and (b) is called of index (L,r).
Lemma 2 ‘
Assume (1.1) and (1.2) fulfilled for f,gi,ﬁv. LLet (5) be a system of index

(L,r) where r:?‘((h). Then ' there exists a sistem (Sl) of index (L-1, rl) with

ry = T/ MKa, M = card { I: (1) = L+1}, = TE; such that’ the corresponding

solution y(+) in (5) and y,(*) in (&) with y(0) = y4(0) = x4 fulfil
1 ik 1 0 !

cy) y(E" =y (8 = y(") - y(t) + ‘(t".«r.")':-z WA+ M - M) |
e ; 3 3 4
S vﬁ{e,ﬁ}g%,, KT ,2 %jn. i B fj{f = T},
o 4
i T/K™ = Mry

E”Z) ML) is a martifigale and Eth (t")"Mh(t')l fo t')y[(h)

(&ee &2)5)



Cj) the coefficients uI(~) in (Sl) fulfil (a) and (b) withr  replaced by r;

Proof.
- We shall use the same general scheme as inLemma 1. -

The syA tem (S) is rewritten as
- mom

32) dy = [f e fi* (i. Mfg b ](L,y)]dt + 07(t,y)dw(t),

i= ]} =
y([]):: Xy té& [0,T]
e :

_ : s ‘
where o 1}”@,}”)[@19 ij(ty}/) = S tﬁ(tah)ql(ts}o and
) bl e Ay
h g -

Py = i)+ Z gty + 22 uylehg ).
=i J1 =2
4

et K be the natural number such that Ké=T and defﬁine ry = T/mmK,

,‘Lf\

"’l:T/K“. Let py() pyl) o’[0,17 and A‘i‘j el e e e e e

partition of [k?;; (1<+1)?"l] with ]A‘;}{ :flf, such that. .

53 py0) = py1) = 0, (dp)/(dEXD) = (dp /XD, i = 1,2,
5(13 p,(tX SB py(s)ds)dt = 1.

= l ! i
Define pf(t,h):[k’f{, (k+l)?1]«»«>R as in the system (4), considering hy =T,
X .
and h = rye

Let yl(‘) be the-solution of the following differential equation

g Kf:l m m
Sl s Gy = i)+ B T = T )[pl(t h) 2 (t Mgy (Lyy) +
! k=0  i= 16; 1

p;(t,h)bj(t,y)] } dt + GY(t,y)dw(t), y(0) = Xd’ té[D,T],‘
where fh, glﬁ b],'%i” are as in (32).
We have

).yl =g ngfh(t,yl(t))dt + (mif / ) 50 [pl(t he, , (¢ h)gl(tsyz(t)) +
. pg(t,h)bl(t,yl(t)]dt ) 581 6Ly, (Ddwt) = xg + T + T2 e

Denote 'S/i(s) = y(§ rl), ?/Jl(s) = yl(érl), w(s) = (1 /ﬂ\/jglz)w(srl), sella].- 1t

follows
m m
i an b B
dy = r]‘[fh(srl,y)ﬂr bzt ool (b[‘l, ,[q b ](Jl,y)]ds«L
339 i= 1;1 il
i 'yr? G’(sr] ,y)dw(s)

)({%1‘ ﬁll.ff (‘;I‘ ’yl>" "‘“j‘- mﬁ%tpl(s)ﬁll(ml)h)Q}(Srlslll)+

n p2(3> JI\SFl_,y1>]§ ds + VﬁiéV(Sll:f1>dW(S);‘Z(D) = _yw [D)::': mol é é‘[.é?l 77



)

(e

By hypothesis (see (a)) we have

36) ey = J VR Ty, 1y - h(t,yv>}< C |y" - y'l (#relo,T] for
some C > Oyr?“\“z;,ij(t,h) o ‘?(\fﬁ) J(L,h), & (+,h) uniformly bounded with reopect to
h. Using (36) in (35) we get

2 ot ey ol a
37) E @ -y (017 < yF ), (#) telory],

and similarly we obtain

38) - E [y -y, w1 eyn e (Prelo))
Using (37) it follows '

39) 5 LNy (o) + 5?1[ (t,y(0) = f1(L,yp (ENIdt =
Solfh(t y (t)dt + rl")(h)
40) Ty = Bglﬁ’(t,Y(t))dw(t) = Sgl{ Gty (1) - Glt,y(EN]dw(t) =

HI" /7 5
)Ol(’f\t,y(t))dt + My (i) where

) E MGl e mm

Denote

Ly,

®:) A

h,
i i

'wg() u:-JLr bl :uu x) = (0:/Qt) + ,Z”f ,x)@ il
i=1
+ 1/2;‘?‘3 (t O / UN 3‘3«2‘ Nult,x), where GL=0"0"%
)= J

P

Computation shows
& ik h ‘ : o
42) T, =mm yF;. ‘gO[pl(Smll(SFl)gl(srl’%(S» + pz(S)bl(S!‘l,yl(S))]dS =
AR S frush & ng
= mmry [ ijl(s)ds SOJ:(“lzl gl)(slrl,yl(sl))dsl +
3 o '
+ Dpz(s)ds §O(a( bl(sl_rl,yl(sl))dsl] 4

o~ - / '
S mmrl[ Sépl(s)ds jg(pl(sl)( /72 xX Zﬁ';f gl)(@ti{‘lg})(si '1‘1,%(51)) +



R

-F - -

T ;
+ P52 )/02 X)) 9)by(s) v),¥y (s )ds) +
k
v §lpy(9ds 55 1(s XD )@ XU 0 sy 0y Yo ) ¢

+ (s, X BbD ><>bl<sl,rl,"y’]_(sl»dsl] v

<m?ﬁ>/<gf" ”r”l> gf}u‘s‘?ju D /2 el 0O (L, yy () + BHENR b2 W (tyyy (Nawlt) =

7; =T '4" / /24, w r{é,.z@,ﬁ
ol bl :
p (ehyi= JD, (Bsh)dey =212,

Using (b) (see the hypotheses) it follows

2 h Py e 5
43) o? | Lh g0 ] <7 (), v | Loy < ; te[o,7], xe R,
Since T} = () = (1), using (43) in (42) we get
44) Ty = r,i“q‘(h)

By hypothesis (see (1.2) and (a)) we have

e (W 006 | Pce, (b0 00| Peeri o

i te [0,T], y& Rn, for some constant C > 0.

Using (45) in (42) we get

4
= i 2T > b
46) ELVIG, )} 2_\_ Xy L[(pl(s)? e E(«? (u}_”lgl))/{s x)U (srl.%(s))l 21‘
~ 2 Y = / 2
¢ (F,0) 21@ 5 /@00 (), 57(s 0] “ls <oy ()
{

and  since | jépi(s)(ﬁi(s))lds Sl e 5np?(o)p (s)ds = 50 l(%fv (s)ds y for

LediZy oy welget
- h :
47) R mﬁ’wrlull((})[gl,bl]([},xo) ¥ rﬂ W=

Since T‘z 2 Thia T4 are estimated in (39) and (49)

2 2

i "
4 Ml(rl), and T+ T
the equation (34) beomes ‘

e

©F

48) yl(rl)=xol+ jg}‘f.i’,(t,y(t))dt4r jglull(t,h)[gl,bl](t,y(t))dt+

+ S Oty dw(t) « 1y 7 (7T + My(ry)



U

. 3

g — -

where :
: y r]_ s v )
49 My =My )M (“1) = 5[0y (t]) - O (t,y(e)Taw(e) +
o e eI "

+ (mm)/(¥ ry) iﬁa' t,h)(d )/(2 x)kullnl)ﬁ (tyyl(’t:g). +

* ﬁr;U (4 ’b DUCEE (f,yl(t))]vv(t), E M (rl) =) :
* On the interva al [ry,2r,] we repeat the co omputation done on [0y, rl} and we get
50) - (E | y(0) - ylmi e s {yal) D e, i(ﬁ) <

< 2r" ] = Yee [ry Zrll &

2r] h
51) yl(Zrl) = yl(rl) 51‘1 e ,yl(t))dt e v
. + (m’?ﬁ)/(@m B [pl(t h/ulz(t h\gl(t,y}(t)) + pz(t h)b (t,yl\t))]dt +
N e o
o S u \t,yl\t;;d,vu) = yl\r ek 1t TZ % T}
~ Using (36) and (50) we obtain : e

o - LT = : _ : 5

52) T, - Jillf’ (y(t)dt « *gfhu,y (B) - t,y(E)]dt =
T e :
- = 5” £t y(t)dt + rl‘?g(h)

and 3

X rl i
53) T} T Gj(tq}(t))(j\“f( ) T ),

where

o Dl s 2 - ,
MG = ,jmllfﬁ(t%(t)) - O, y(E)]dw(t), fulfils € {M'Z (rl){ (i r, 4 (h).

Also, with the same computations as in (42) we get

54) @If ﬁf' +'¥" v (r ).whereéfr‘ - =1, % (h)
, R 5 =]

55). - My (r)) = (mm)/A/T) 5 RO ECIC 2g1>6“<r,yl<t>>+

+ pz(t h(e b )/( )G“(t,yl(t))]dw(t) 1M" (11) T ’?(h

o

56) Ty = mmrl 1z(x‘l,h,[gl,) ](r,yl(r])) + Iy {(‘g h)

and using (b) in the hypothesis we obtain
',‘"" 7
Tl : ;

57) rn = mmr‘fuN{ J 14)1 9ysbs “](0 X )+ r "xl n) = S ul?(t)h)l_gl,bz]kt,y(t))dt +
¢ )

+rl? th)



e

i

- W%

Denote Mz(rl) = M'Z’Cs" ~;&;’ Il zomg (52) - (57) in (51) we get

. et i
58) yl(?.vl) = Xg+ Jg fh(t,y(t))dt + j%l SU'u.lj(t,h)[gl,bj](t,y(t))dt +

¢ 7o (ty(E)dw(t) ﬂu»znz ‘ffg( V) + Ml(l-l} + My(ry) -

o™

+

where :
: iz e a2 '
E ‘“\jf/}]_(rl) P M) 7= E {My(rp) |2+ E [Myr)] "= Zrls&l(h) ‘

Finally for t = i‘ﬂ%?l -:.ﬁr/l we get

o~ m m :
59) y1(1 ) = xg * 3’01 h(t,y(t))dt+ £ >1 50 uy e ;hlg;b. l(t,y(t»dt+
J f’ff .

- SOlC’(t,y(t))dw(t) +Ty l ﬁ)+ ZM (rl) = y(t)) + T 7(ﬁ)+ M (rl)

where
el o M st by (00 5 Gty (DTwC (®) +
i
L 3 (mF ) 30 ArRCIERICEN b)v(t,yl(t>)4~
i=1 j=1

o :{? 3 A :
+’f5[2}(t,h)( ¢ 5:3?)/(3' x)’GJ(t,yl(t))]dw(t), E l‘Ml(?’l)( = Fﬁ ()
Geheraily, we get

61) yl(kr1)~ y(kr1)+ kl;, 3 (VR + M (Lr )

S 7K ek

where
sy M= f'g_c.f(s,y () - G (s,y(eN]dw(s) + =
34 Bl o
+ 2 &&mm)/w r) dp by n@ /(2 n)(uijg-l) s,y () +
= l) 1

+ Pils,n( b/ SCRHONSTONS
E] M) - M (wrl)§ = (K" - KT ®) it Kt < K,
ke g;{ e RO S K4} and
p.(t,h) = P (L), te [KF) (e 10T}, W T

Bt = Sepilsds, i = 1.2

Using (61) and (62) we get the conclusion (Cl) and (Lz) in the statement.
It remains to prove (@) apd (b) for-S, using r](h) in the place of r(h). Since fh(t,y) in

S is defined by using the previous functions 44 (t,n),1 < 1T} <L, andr = 1‘LL we
: I - - i

O 13310
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- -1b -

have to prove (a) and (b) only for (1)/(%1 E. pl(t h) 44. (t h) and (L)/({T; )pz(t h). In this
respect, multiplying these functions by 1 and taking info account - that
r_*’%iij(u,h) & f,z myij{t’h)’ and pl( 2, pz( .) are unifors nly bounded with respect to h, we
obtain (a) for S’t g :

By deﬁﬁition (o )/( ? t) (t;h) = (1)/(1‘ ) ((L,h),) =1,2, where “E'L;(') are

uniformly bounded with respect to h. It shows that multiplying by rﬁz_. the derivatives

. with respect to t of the indicated functions we get (b) for Sl“ o

: Tht_e proof is complete.
Now we are in position to prove Théorem.
Proof of Theorem . .
By hyp«othwis, the conditions in Lemma 1 are fulfilled. T’horefdre we can -

associate- to (1) a syatem of index (L—.l hl) dufmed in (4), with hy = h/M,

s cqrdé Is m = +1 j, such that the solutions in (1) and (4) fulfil the statement

in Lemma 1. Denote x \°)i M (») in.Lemma 1 by yl(-')' and Ml(‘) respectively. We

have

63y Tyl \,/,w\—w(w)_ y(t) + (£t 9 w- R) « MI(EY) - MIE),

}l\
Ml S t't"C Dh? .-,Nh:Tj,wher‘e

£ M) - M'l(w[ 2= (tr-e) () .

The equation (4) fulfils the hypotheses in Lemma 2 and using Lemma 2

- (L-1) times we get the equations S, of the index (’“f;f?;k,'z‘k), k=-2,...,L, such that

the solution yk(') in S, fulfils (€;) - (C5) inLemma 2:

Namely
64) e - y'km R I (T (vuw P + MP(E - M(E)
fop o any L N {D,?ﬁ(,ﬁl, i k = "IZ N, = (Nk_l)4 = (T/I‘k_l)a,
¥, = TN, 1 = T /M M, = card i1; M 5 g-+1~kf.

Since ?:x divides 1 _, (rk—l = (r\]kul)3?;) and ry _, divides ‘ka—l’ it follows

P ey , : L £k
that Py, divides "}/k_l, k=2,...,L. Let t&f0,T], be fixed. Then there exist natural

\
\

numbers my, .. . 5 3 such that

) o~ Lo et g Af e G s o~ e
t&lm, r ,m 1 +r) and mi<rl<“31[_mk-lrk—l’mk-lrk—l F P 1)
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Ko

R
Using (C3) in Lemma 2 we get

(E max -y m ¥ )[
4€wﬁ | i k < lasala

‘.,1-"’1}{ rk, mk rk + rk]

|y, ()

~
i

2)1/2

J—

4 ?7( V h), where

By definition yL(n) is the solution in system of the index

h

(05 rL) and denote it Wyesen )

65) xh(t) = yit) = y"(m ?L) -~ y(m i
< Z h il

Ve P -

M=oy W) s i e g

et Jrmt
YL—Z(mL—llT«l) + ) by

A fumemungsa l 04
+ ﬁz( ) yl(m ) - y(mlrl)
Using (64) in (65) we deduce

8o X (t} = A 0E) (L+1) ?7( th)<+

) -
e M, (mir. )
=l .
and
6T max B }xh(t)*y(t)i ‘4
= Fn w
LN Luj ij

.+v2(m 1 )

o [_‘(1-:'-1;(%1_)) ’7 () tED ?’Z (h)'] € c,h

e follbws

o Pol ' (£) - vy (mp IT)~ vyt

\Wﬁ) .%.l f = )

T“l\ L“l L 1 :
e (mzr2 +
+ 2 W ( v h)

L ; .
e o

g 2
e VB #
i=1

1

congtart C1 > 0 and the.proof isrcémplete using the

metric d2, Now suppose L = 1. By definition we have
2Ny (8) = $E rees,x(s))-£(s,v(s))] ds +
£ T oteadllell=r O s vl ] e
1 :
> e LT L e e
i=1 p > L k= 0 I

m m m. T
B h ek 5 h
= .SO Vl(s)gi(s,x (g)1ds = fi fo Y% (s)qi(s,x (s))ds =+

m
e f:ff-z v b olaex ts)ide=

1= e

m, 7 m. ¥
s - e
A% g

= xh(mlrl)mxo— 501 . f(s?,xh(s))d gol . Gw(s,xh(s))dw(s)+



e Pt e S ml}.'l <
+ 7i( V h)=y(m e )-x,+m r, ?Z Y ch) = S‘O £(s,x ' (s))ds-
m {"{ ()Y
T lh1 Fincd 1 7\/.,...._‘ 151
e v (s,xl(S))aw(s)+ ‘7( { h) = jO Ef(S,V(%))~

‘T; :f\t
otee g e g (e, ytsldesd M L )
{Ii =3 0 T iz 4 (
Since =
m T, N g
A E l-fo LG""(S,y(S))— Gls,x (o))} dw (s) l & E max
: St 0 4t
: _ ; ; ,
£ : . 2l
[$8 [6ien= Cexlisn] ans) €
fg : 3
f e r -2,
JE P (eiyls))- C?(Sﬂxh(s))z ds.
o ' ;
- and b .
: M T ; : '
e > h : 2 . :
s 18 [E(s.y(s))=£(s,x"(8))] ds7[ “£ E max .
e
" 5 e 'z
/50 [£(s,y(s))-E(s,x(s)) ] ds e af}ﬂgf(srwsﬂ s
“ff(s{xh(s)) { 2as et g
o it follows
E max lxh(t)"y(t)f 2 £ C jé%max 5 Xh(s)—y(s)I 2)dt+4 ﬁ(;ﬂﬂ}
: ”ﬁﬁﬁ AT @ st t
- and dl(x Cokis 0 é(:l Y h for some constant N 2 0.

The preof is:conplete.

REMARK 4.

Using the conclusion dl(xh(.), y(.ﬁ Q.Ci y Bifor L=1; and
since the reduced system of‘xh(.)vfor each gifixed fulfil{the

same conditions as the original system of y(.) it follows that

o 7
there exist a sequence X S belegea, of selutions ‘in (1)
such that lim E max !ng(t)”y( f‘)f 2:0 uniformly with



e s
respect to x,,U,(.) and U (.) in bounded séts.

From the last statement Jot folldws that there exists a

sequence iXIg o) f i of ‘solutions in (1) such that
with probability one lim- max fx{g&t)«y(t)g' =0, uniformly
with respéct to'xo, ui(.), UI(N) in bounded sets. ey o

b

If we relax the hypotheses in theorem bymﬁglectinq‘(l.Z)

,
ok
&
}..J

‘and ‘replacing g. & C ( EO,TT xR%) “in (1.1) with

'ng/ ?‘xy € Cé’L ( [o,7r] xrR") then using a -standard argument

of truncation it follows that there exists a sequence

ix (.)§ of solutions in (1) such that with probability
g 8 »o :

= e

one.lim max- |x

o : 2 op
At (3 b
{7 g L *‘-30;: f..l

X g ui(&) and UI(.) in bou?dedisetsu

¢ (t)-y(t) | =0 uniformly withvrespect to
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