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Introduction '

The problem v/e are concernecf is a nonstandard eontinuous dependence for

stochastic dlffererrt ial equations with respepb to the drif t .  coeff icients. Roughly

speaking it  can be slated as fol lows. We are given a f inite set of smooth functions

g i ( t , x ) :  [ 0 , T 1  x  R l * t  R n ,  i  =  1 , . . . , m ,  a n d  d e n o t e  { G t , . . . , 9 , . . , )  t h e  L i e  a l g e b r a

generated by them, lvhere IO, ,O,J( t r * )  =  f t?  g/  3x)01 -  Ggi l?  x)O,Xt ,x) .  Tat<e
?

h ' , . . . , h le  / * k1 r , . . . , g , r . . , )  and  c feno te  y ( ' )  t f r e  so lu t i on  o f  t he  l t o  equa t i on

g d ^
(*) dy = f( i ,y)dr + [)-  u,(r)n,(t ,y) l  at. .  f  -  6i{r ,r)owp(t),  y(0) = x' ,re[0,T],

i . - - l t r k = l  
r t

where f. f i  :  [o,r] x Rn**Rn ancl u, :  [o,TJ "**R are f ixed. Along with (x) we. K

ponsi  der

ln
( ** )  dx = f ( t ,x)dt ,  +  [E v , ( r )g , ( r ,x) ]  dr  +

where f ,q, ,  6*O are the qiven funct ions ,

The problenr we answer is to approxig-nale the solut ion in (x1 by solut ions

in (**) usins the esrypf metric$ d" C*r.r, J(')) = (g T:;,rJ 
l* (t)-Jt#fSr/"

.  I  . r
o.^d dr(x( ' ) ,  v ( ' ) )  =  (  ' lg l_ f lx( t )  -  y( t )  l ' )u .  [ t  can be done by def in ins an

' t6  
[o ,T]  r  F,  ,

appropr ia te sequence of  funct ions {v i ' t . )  I  such that  the correspondinq so lut ions

*h( . )  in  1x+)  fu l f  i ls  the qoal ;  the sequence {  uhf  . l  l  n  ,  o  is  unbounded wi th  respect

to  l r  and s ince Lhe pointwise convergence of  the dr i f t  term in  1*x)  to  the dr i fL  ter rn

in  (* )  is  meaningless we need a nonsLandard approach.

This  resul t  is  connected wiL l r  the contro l lab i l i ty  proper t ies of

deterrn in is t ic  contro l  systems as i t  appears in  [ ] ]  and [2 ]  and the techniques used

here or iq inate in  [ ) ] .  In .  the s lochast ic  case i t  conrp letes the resul t  in  [ l r ]  by

d

x.
k=1

Si(t ,x)dw,,(t) ,  x(o) = xoot€[o,TJ



. i *

c o n . s i d e r i n g  L i e  b r a c k e t s  i n  t h e  d r i f t  p a r t '

T h e  u s e  o f  t h e  t w o  m e t r i c s  d t  a n d  d Z  i s  m o t i v a t e d  b y  t h e  f a c t  t h a t

d Z  a l  l o w s  a  m o r e  a c c u r a t e  e s t i m a t e  b e t w e e n  t h e  s o l u t i o n s ,  w h i  l u  d 1

i n s u r e s  t h e  e x i s t e n c e  o f  a  c o n v e r q e n t  s e g u e n c e  w i t h  p r o b a b i l i t y

o . n e  ( s e e  T h e o r e m  a n d  R e m a r k  4 ) .

l n p a r t i c u l a r , A o u g h l y s p e a k i n g , i t f o l l o w s t h a t i f

o -  F  ( 5 u " .  i  =  1 , . . . . , f f i ,  m  =  d ,  t h e n  t h e  s u D p o r t  o f  t h e  m e a s u l - e  F ;
v i  i t

o n  C (  [ 0 , T J ; R n )  g e n e r a t e d  b y  t h e  s o l u t i o n  y U g , (  . )  i n  ( * )  i s  a n

i n v a r i a n t . u n d e r  t h e  t r a n s f o r m a t i o n s  o f  t h e  d r , & f t  f  p e r f o r m e d  i n

( x ) ;  i  t  e q u a l  s  t h e  s u p p o r t  o f  t h e  m e a s u r e  %  
g e n e r a t e d  b y  t h e

s o l u t i o n  i n  ( x )  w h i c l r  c o r r e s p o n d s  t o  U i  =  0 r  i  =  1 , " ' , 1 ' '  l t '  c a n

b e  s e e n  u s i n g  R e m a r k  4  a n d  G i r s a n o v ' s  t r a n s f o r m a t i o n  o f  t h e

p r o b a b i l i t y  m e a s u r e  i n  ( x x )  .

l n  d e t e r m i n i s t i c  c a s e  (  € o  =  0 '  l 4  = ' " 1  '  "  " d )  
t h e  u s e  o f

t h e  m e t r i c  d r -  i s  m o r e  r e l e v a n t  a n d  i t  g i v e s  t h e  p o s s i b i  I  i t y  t o

s t u d y  c o n t r o l l a b i l i t y  o f  t , h e  s y s t e m  ( x x )  a l o n g  a  f  i x e d  t r a j e c t o r y

v i a  t h e  e n l a r g e d  s y . s t e m  ( X ) .  l t  c a n  b e  s t a t e d  m o r e  p r e c i s e l y  a s

f o l l o w s .  D e n o t "  ? ( t ) ,  t  €  f O , t  J  ,  t h e  s o l u t i o n  i n  ( x x )  a n d  ( x )

w h i c h  c o ' r r e s p o n d s  t o  r i  =  0 ,  i  -  I , . . . , 1 , , 3 1 d  u i  =  0 ,  i  -  1 "  ' ' f f i '

r e s p e c t i v e l y .  S u p p o s e  t h a t  d i q , s p 4 . n  { . f t ( k ) r t n j  
( 0 , x 0 ) :

f

:  h €  { '  ( g t , . . . , 9 * ) ,  k -  0 , 1 , 2 , . . .  }  = n w h e r e
a4/

f i  g ( 6 ) ( t , x )  =  [ f  , h  J  ( t , x )  +  
' a h /  

2  t  ( t , x )  ,  a n d

I t ,  r ' , J  ,  d ( 9 1  , .  .  , 9 - )  u r e  d e f  i n e d  a s  a b o v e  '  T h e n  f  o r  e a c h

t  €  [ o , t ]  t h e r e  e x i s t s  a  s p h e r e  S ( i ' ( t ) ,  f r )  c e n t e r e d ' a t

f ( t ) ,  s u c h  t h a t  t h e  i n i t i a l  p o i n t  * 0  i s  s t e e r e d  t o  a n y  p o i n t
.  a " .

i n  S ( i ( t ) ,  f  . )  
i n  t i m e  t  b y  u s i n a  b o u n d e d  c o n t r o j s  u ,  ( t ) €  t i

a n d  t r a j e c t o r i e s  i n  ( x ) ;  t h e  s a m e  p ! - o p e r l t y  h o l d s  f o r  t h e  r e d u c e d

s y s t e m  ( x x )  b u t  t h e  c o n t r o l  w e  h a v e  t o  u s e  i a n n o t  b e  r e s t r i c t e d

t o  b e l o n g  t o  t h e  s a m e  s e t  U .  I n  o u r  s e t t i n g  t h e  c o n t r o i l a b i l i t y

o f  t h e  s y s t e m  ( x )  a l o n O  ? ' l  . l  a t  t i m e  t  =  T  i s  p r e s e r v e d  e v e n

i f  w e  r e s t r i c t  o u r s e l v e s  t o  t h e  c l a s s  o f  p e r i o d i c  c o n t r o l  s

( u .  ( o )  =  < , t .  ( T ) ,  i  -  1 , . . . . , 1 ,  v .  ( o )  =  v .  ( T )  j = 1 , . . . m ) .

T h e  r e s u l t  i n  T h e o r e m  r e m a i n s  t h e  s a m e  i n  t h e  c a s e  t h a t  t b e

V i i e n e r  p r o c e s s  w ( . )  i n  ( x )  a n d  ( x x )  i s  r e p l a c e d  b y  a

s q u a r e  i n t e g r a t r l e  n l a r t i n g a l e  f o r  v r h i c h  t h e  q u a d r a t i

c o n t i n u o u s

m a t r i x  v ( t )  =  ( n ( t ) ,  n ( t ) ) h a s  t h e  f o r m  V ( t )  =

v , , i t h  f i  a  b o u n d e d  m e a s u r a b l e  m a t r i x  v a l  u e d  p r o c e s s .  T

o f  t h e  s u p p o r t  o f  t l r e  m e a s u r e  T 1 l .  c a n  b e  p r o v e d

a s s u m p t i o n  t h a t  t 1  i s  n o n s i n q u l a r  a n d  g - 1 ( s , e ! )  i t i  b o u n d e d  a n d

c  v a r i a t i o n
+

. l  H ( s , w ) c i s-o

h e  i  n  v a  r  i  a n  c e

u n d e  r  t h e

_ -  t .  I  ^



l ,  t "

L" Fclrrnulstisn of the protrl*m and maln reslllt

Let  T )  0  be f ixsd.  Denote Clp(0,T1 x Rn)  the space corrs is t ing of  rea l

fur rc t ions which are conLinously  d i f f  erent iab le up to  order  I  wi th  respecL to

tq[0,T] ,  up to  orc jer  p  wi th  respect  to  x  6 Rn and are bounded a long wi th  a l l  the i r

der ivat ives;  i f  t l re  boundedness condi t ion is  supressed we denote i t  by

c l 'P(o,T l  x  Rn) .  we are g iven f ,u ; ,  Q:  [o ,T]  x  Rn'**  Rn which are cont inuous and

o 1 € c 1 ' * { [ 0 , t 1  * R n ) ,  f ,  q e c 0 ' 2 { [ o ; t ] x R n ) .  D e f i n e .  g l ( t , x ) = [ 9 i ^ , 9 i , " ] ( t , x ) ,

I r ! - r  i + r -  I i  )  -  |  
'  t  ' B  ' l

L r i  =  z t  r r  r  =  l , g , i 1 1  , i 0 , i l  e  f t , . . . . . , m  ! ,  w h e r e

[g i ,  e , l ( t ,x )  = 3q. l?s l t ,x)g, ( t ,x)  -2gr t ]x t t ,x)g, ( t ,x) ;  genera l ly  9r ( t ,x)  = [9 i0 ,

g t . , l ( t , x ) ,  f r l  = L * 1 ,  i f  I = [ i 0 , . . . , i r ! ,  w h e r e  I ] = t t r , . . . , t , - J ,

t , L F , . . . , *  J .  F o r  e a c h  u , ( '  ) G C ( [ o , T ] ; R ) ,  i  = . 1 ,  . . . , m ,  u , ( ' ) * c ] 1 [ o , t ] ; n ) ,

i  S l f  l  S L + -1,  we consic ler  t l re  fo l lowir rq s tochasLic  d i f ferent ia l  equaLion

t ) dy = h(r,y) u,( t )9 , ( t ,y)  +
L + 1
Y
l l  l  =, 

ur(r)ol(t,y)ldr + 
fi 4,r,r)dwu(t)

/^ \  -  r r  f l
Y(o) = *0,  *o t  R'  ' ,  L t  [0,- l - :1,

where w( t ) ,  tS[0,T] ,  is  a standard Wiener  orocessover  the f i l tered prcrbabi l i ty

m
, .i"

t -  |

f
r *  |

dx = [ f  ( t ,x )  +? )

X

h
I

We

1 . 1

(0)  =  xs,  t t [o ,T] ,  where f f=  (q  .  .  .  .  {1 ,
(. )€ c1(to,rl;F1), uf rol = u!' {r) = o

neecl  Lhe fo l lowing.  condi t ions to 'he fu l f i l led

1t/?xj, 1q,,) 
", 

e,cs.;d [o,r] x nI;,

space t$*,3', F' 3t, f .
Let.  N be a natural  number and denoLe h = ' f  /N. We associate with (1) the

fo l low ing  s tochas t ic  d i f fe ren t ia l  equat ion

m r

u,(r)s,(r,x) {. e.vJt)s,(t,x)lot + f (r,x)dw(r),
i = f

f  ,  g i rTu,  u i  are as in  (1)  and

Q;€c [ ' L+1 (0 , - r ]  x  Rn)



.s.
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,  r.2 ( )s,/? *)t", (?qr/) x)Sflg co[o,ri  x Rn),( 72s/ ] x,] x')d,4€cb(0,T1 x Rn)
r r d , d u

f o r  a n y  1 (  t l l  S  L '  l <  =  1 ,  " . .  , d , i , j 6  f  t , . . . , r t  I

where ff i-S'dL*, t 'uxtt is the transposecl of v, and a vector or a matrix belongs to

Cfn i t  a l l  their  components fu l f i l  i r .

I n  t i r e  c j e t e r m i n i s t i c  c a s e  ( q = 0 e  k = 1 , . . . r d )  t h e  s m o o t h n e s s  o f  f ,  g ,

w- i th )  e, /?x € cf  'L[o,r ]  x Rn) and a l ineai  growth condi t ion

r  f  r r  { t , * ) l  5 c ( ]  +  t x t  )  x € R n , t e [ 0 , T ] ,  ( h = f r g . r e s p e c t i v e l y ) a r e e n o u g h t o

.  get (1.1) anO (1.2) sat isf ied because in th is case we mult ip ly gi  by a funct ion p(.)
r P o hn 

€coinn) ,  p(x)  = 1,  x6S(0, ( ) ,  where the sp l rere 5 is  suf f ic ient ly ' large to  conta in

the scrlut ion in (1).

Remark I

I f  we replace (1,2)  by

(s,f*), (u, ff f l  l ;  af aec['z{to,r]x Rn) t lren (1.1), (t. l) impty (t.t) and

Theorem

Assume that  (1 .1)  and (1.2)are fu l f i l led for  (1)  and le t  y( . )  be the so lut ion

in (1 )  co r respond ing  to  u , ( . ) ,  u r ( . ) , 2  (  l I t  (  L+7 ,  aad { , "n "gS fu tg , )  ,

Then rhere exisr ul t f . l  eclCf0,Tl;R), ul t tol  = ult{ t)  = 0, i  = f ,  .  .  . ,m,

degiending on u,(.),  ur(.),  such that the solution *h(.) in (2) fulf i ls

rl|$,,yu,$*{.nu* f;l xh(t) - y(t) l2l} s c 1/r-', ror sor.. ' .{r-- 'r ,t ie[Orf] 
) 

i 
I "r ' |ur ourre consLant 

? 
t O uniformly

with respect to-ui( . i ,  ur( ' )  in bounded sats in C([0,T] ;R) for  u,( . )  and in c] [o,r ] ;R)

tor u,(.)j da e* {+ b-,.!^r"r{ {V d, i/ L= I I

Remark 2.

If  we consir1er u,( ')  and ur(.) in (1) as functions of (t,y) ancl fulf i l l ing

r .3 .
(1.2).



* s -

ui(.)e cl '1[o,r]  x [ tn)n u,(.)€cf 'z{to,r]  x Rn) then ttre theorem remains unchanged

except  that  in  t l r is  ce$e uf t t . l  are func i ions of  ( t ,x)  fu l f i l l ing

h  1 ' l  . -  -  n .  l r  h
ul t r . l+ cf  '1{ [o,rJ x Rn),  uf t io," )  = y l t1T,y;  -  0,  xERn.

In adtjitiort 4lzi";le e,y,i#, {4. xffi-Are. h-p o aar't, tt*t

l i rn  #.  r l , :1 , . ,1xh(r )  -  y( t )  \  
2  = 0 holCs uni formly wi th  respect  to  u, ( . ) ,

h  +0 tG [0,T]

ur( . ) ,  2  < l l  |  <  L+ l ,  in  bouncJed seLs in  c f ; ' I ( | -o , r l  *  Rn)  for  u i ( . )  and
'1 

2
p; ' ' ( [0 ,T]  x  R")  for  ur ( " ) .  I t  can be seen by repeat ing the proofs  in  Lemmas l  ancJ 2

in the nexL sect ior r .

Sonre auxillary renltrts and proof sf tlre Theorern

We assoeiate wi lh  ( t )  tne maximal  number L of  the L ie brackeis  conta ined

in (1) und call  i i :  the orcler of the i  system. To prove Theorem we need to

approx ima.Le the so lut . ion in  (1)  by one deLermined by a system which has an order

less than L. I t  is done in the next l*ernma. In the fol lowinq we shall  define the

approx imate equaLion.
6 ' m

Denote 
' i i t ,y)  

= f ( t ,y)  + f
i= l

rewr i t ten  as

L

u,( t )q , ( t ,y)  + E u, ( t )q , ( t ,v)  and ( ] )  is
l l t = 2

dr + ff(r,y)cjw(r),

- )

dy u,,( t ) [0, ,u,l(t,v)]a \

y(O) = x . ,  t€ [0,T]  where
U 1

X , i , ( t ) |g, ,  b, ,1( t ,y)  =
i . - ' l  

' )  t  l
J - r

'm

:-
i=1.

r-
t I  I  =L+1

ur(t)gr(t,v)

Let  N 'be a natura l  number.  We consider  a par t i t io , r  J l -O of  [0 ,T]

c le te rm ined  by  the ' i n te rva l s  [ k ,h ,  ( t<+1 )h ) ,  k '=  0 , I , . .  .  ,N -1 ,  w i th  lT fo l  =  h  =  T /N .

F o r  e a c h  k A l _ 0 , 1 ,  . .  . , N - l  ! ,  t * t  o [ ,  t  =  1 . r . .  . , m ,  j  =  ] ,  .  . , , H ,  b e  a  p a r t i t i o n  o f

[kh,  ( l (+ l )h)  wi i r r  l^ [  l -  h ]  =  h/m#.  DenoLe Pl  tn"  space consis t ing of  scalar
l-

p o l y n o m i a l  f u n c t i c n s  d e f i n e d  o n  [ 0 , 1 ]  a n r l  f u l f i l l i n g  
d  t o p ( t ) O t  =  0 1  k  =  0 r l r . . . , 1 .



' ' - i  - .; 6,. '

.  
Let pt( ' ) ,  nr( ' )e p0 bu such thal Rt(o) = R,(t)  = 0, dpt idt(0) = cp,/dt(I)  and

i rrrltlf l(t)dt = 1, where Fn(t) = Jfi na(s)ds. J'hese functions will be fixed in the
-0

sequel and they could be chosen a$ polyhomials of third and f ourth degree

respec t ive ly .

let pf (t ,rr) :  [kho(k+t)h]+R, i  = rt! ,be defined by

nltt,n) = p.(t-kh /r.r)rt6 A[ r [kh,kh + h1), . . . ,,, 
'

L l

p l f , r . r l=p i ( t - (kh+1rn i f i - r ) r r t ) / r " , ) , ren f i f i= [ t r , , ( t<+1)h) rk=0,1 , . " . ,N- .1 . .

obviously pf (.)€ cl([tn,(tnr)h];R) and of f '.nl = pf(k*r)r,) = 0. with (l)

and the par t i t ion TTO *u associate the fo l lowing d i f ferent ia l  equat ion of  order  L-1.

( n

dx = 
l f( t ,x) 

+

*d(t,x)dw{t),

Denote *h( t ) ,

* pl(t,r',)nj(t,x)lot +4)
N - ]  m f f i
X { 5..t*m,/rG}inftt,t')u,,(t)0,(t,x)
k=0 i=l-  j=l  

I
x(o)  = xo,  te [o ,T j .

tg [0,T]  the so lut ion in  (4) .

Remark ],

By def  in i t ion,  the equat ion (4)  is  o . f  order  L-1 and

. r-/ , r-- a lt -
p i ( t , h ) =  ( m f f i  / r j  h r J n f t , r , ) ,  t ( [ k h ,  ( k + 1 ) h ] ,  k =  0 , f , .  " .  N - 1 ,  a r e  i n

p, (0,h)  = p. (T,h)  = 0,  i  =  1,2,  but  they are unbounded wi th  respeet  to' t  I

t  , , \ ,
DenoteEt{ , , r , )= 5 in i ( t ' r ' los ' i=r '27 )

i - +

5 )  v h ( t )  -  - t  '  
t t ^ . . / ^ \ \)o ts, (s,xn(s)) - o"(s,y(s))+

m f f i
+ { e t6'rtr,r')Q l) xXu,1o1)d)(s,xh(.)) *

i= l  j= l

* Fz(s,hX(? n,)/(? "1c;1s,xh(s))l] 
o*(r), tE[0,r]

By 'v l ( r )  we denote a random or  a determin is t ic
i

the coef  ic ients

C' ( [0 ,T] ;R)  wi th

k
I  l .

vec tor  fu l f  i l l i nq



I

f i x e d c o h s t a n t C ) 0 .
. t  I

(r [ {tt) | 
')2 < Cr for some

. !-emma I

Assume tha t  (1 .1 )
t*

and (1.2)  are fLr l f i l led.  Let  x" ( . )  be the so lut ion in  (4)

and y(.) fulf i ls ( l).  Then Llrere exists a martingate fVh(t), t€ [0,T] (see (5)) such [ lrat

*h(r") -  *h1i ' ;  -  y(t")  -  y(r).+ Mh11"; -  vh1so1 + (r"-r ' )1(f fr)

t ' , t"  € lo,rr ,zr ' ,  .  .  . , (N-l)h = T f  ,  t i  < t" ,  where

(r lvh(t") - vh(r') I 2l* s vE'- r' l( rrm)
uniformly wi th respecL to u,( . ) ,  ur( . ) ,  2 S 1i  |  < L+l

for u, and C'([0,T];R) for'u, ,

Proof. '

By def i r r i t ion

oh{r,r) = Xo *
In!{t,n)ur,(t)ur(t,xh(t)) *

+  T ,  +  I r +  T 7 .

res is iand f f  are L ipschi tz  cont inuous wi th  respeet  to  x€Rn and

computat ion shows

is the Liosclr i tzconstant for f and f. Uuing (5) we get

h] a;= j' ' ?(t.,y(t))ur.* hr t(fl)

Tl

in bounded se[s in C([o,T];R)

{t{r,**,r))<Jt + {,',,fr./ fiir) rlt

ht'lfo' . .f;t tr(t,*h(r)).rv,r(r) = xo., p!(t,n)br(t,x

5) (r

wlrere C > 0

T' r  -

max
t e [0,h]

1*h{c)  -  y( i )  !21* s(r -cn)-11t f i1

7)

= 
4t cr (t,y(r))dw(t) *R )

{" 
u (r,xh(r)) -  f( t ,y(t)) low(t) =

= l ib(t ,y(t))ow(r)+ Mr'(rrr) , .wnere r  !v i(rrr l l  
2s hr l f t )



,  : * s *
Iennlb, #fu, *4t+1,), oib,r, ,  

" I 
": i*,,u ^ ,. .  / .r? tf i*Ex\iurt.ol

( { nt t ({, x ) =[( n lM + rt f, 4 *{a /}il r'f 
f.,fr 

'l {o,xJ ( 7" / a4 6P JJ e r t-' x 1

With these nolations and using n,t. l ey'tO,l. l, i  = 1,2 we get.

s) r, = mffi ffi, jlrrf.lrrr(sh1)01(shr,frr)) * R2(s)b1(shrff(s))las =
'  w  $ ' *

*c/ . , . t / t r  , l= IT)r'trt' t 5o n1t')ot $l/t'rrc1xsrlr.r,Xs1))ds, *

* 
dnrt')a' {t{t,xsrh1xs1))dsrl +

i v - l+ mmhtl $in1(oa. 
fin1(.rx? y71? x)(u11o1x(u11s1xs1h1,?(s.1)) *

* pz(srX? )/O xXu1191)b1(s1hrY(s1))os, *

+ p zG t)(?b I )/ft x)b.(s1h1,Y(s, )))osrJ +

-t. 
I P2(s)65 

fin1(rrxSor)i( ? x.xullolXsrhrXsr)) +

* (mfi)i(t"rr I 
{tr$!rt,r..,li} )/G xXurrorff{t,*h{rll . {cr,'r.'x? rrrllt? x)f(t,xh(t))ldw(t) =

= Ti + T) + t l i  (nr)

By hypothesis  (see (1"2))  we have

10) l"{(urrorl(r,xh(;))l * l-f ur{t,"htrl l i  s cI, ,: ,rc.[o,r], where c, ) 0 is

a cons tan t  w ich  doesnt , t  depend .  on  h ,  and us ing  ( fO)  in  (9 )  we ob ta in

--- .  i l )  r i  = h, 4 (  f I ) ,  t r  lMi (ht) i  2 
5 nr1(n)

L  I L

i ri sinru {1^ ,-rrr r^.,^ -l' ' |gP2(s)P1l'sJds = - 
f,nr(r)6rtr)ds = I and

9 1 .
-[n,(sXfr(s))Jds = o1 i,j = 1,2, we get

12) T,i = mffir,., ur1(0)[e1, brl(o,x') * ht 1 (fl6) =

= i: urr(t)|c1, brl(t,y (t))ot . htt( f i ;

Using (11) and (12) in (9) i t  fo l lows

1l)  T^ = ,n,  
" 'urr( t ) ) [o1,bt ] ( r ,y(r))dr 

+ hr l  ( f f i )  *  Mi (ht)

and from (7),  (B) and (1))  we qet



ro+ I

'  * # ^
I

h h r

x"(h,)  = xn + t 'J  
-

r u _n f(t,yxt))dt +
U

+ l r* . ,  , .F- .' 
h-t'(r,yXt))aw(t) n hr "l( ffi) + M1(h1)

.  
t :  j

Mt(hr)  = Mi (hr)+ Mi (ht)  fu l f i ls

E  l M t ( h ) l 2 S r , r y t n l
On the next  in terva l  [h1,2hrJ we repeat  the cornputat ions 1s1, [01h1J

By def in i t ion

15) *h{2h') = *tn') - 
flt fr,,*''(r))ot + (rnfr)/(ffir) Jl:rfn!{t,r,)ur2(r)s1(r,xhXt)) *.

I :

. ];lt fi (t,xh(t))dw(t) = 'knr) o

2hr ^r i  h a)
)n  ' I f ( t ,x" ( t ) )  -  f ( t ,y ( t ) ) ]d t  =
" t

= 12h1 r / r  . ,  / r \ \ - r r  r -  r *  r  . f r r'h, ,(t,y (t))dt + nr1( il"rr)
I

rJ

17)  TJ = l ln t  6<t , r ( t ) )dw( t ) . "  c2hr  -  - .  h .  . --  'nr ) ; ; ' t6(t ,xn(r)) -  6(r,y(t)) ldw(t)

= r?ht ^- 
q; F(t,v(t))o*(t) + M', (hr)

where

{q *'r l i  2l n, 
J(n), 

v; (hr) = j ln, r 6(t,xh(r)) - 61t,y{t))rdw(t)n 1

Similarly, repeating inu 
"ornputations 

in (9) - t i f l  we get

rB) Tr=ii ft2 + Ml (hr)

whene
A/

.19) T,z = n,1 (n),
' t

Ml (hr) = (mfi)/( tnr) Jllt tFfrr,r-.,x? v7o xxurror)6{t,*h{t)) *
* t t -

* S!tt,r'x? b z) | G x) fl(t,xh(r[o*trl

and E I Ml (hl) 1 
2 < rrrl (rr)

- I

A lso,  we have

{l,r rtrXn'ur1(t,y (t))or +

where

* p!(r,n)ur{t,*h{r)Jat

and we get easily

16) T'  = (2hI u'  ,n,  f ( t ,yXt))dt

tf.. {\,,|

T , + T ^ + T -
t L )

, (

?

t

20)
lv

h r  1 ( l  n )  =* ti1 = rfrn, ur2(h1)[o1,u2i(rr'xtnr)) n



*'|$ * I
i

!
l
'

. = mffih, urr(ofof ,1(o'xo) + h'1( vti') =

h  - .  , \ \ , .  r -  n f r ! - i \'  '  I i  ,,2tt)tel,bzl(t 'v(t))dt + hl1(ffr)

Denote Mr(lrr) = M'z (hI) + M|(h1) and using 116)-(20) in (15) we get

zD *ttnrl = Xo * 
tlt {r,rtt)lar. $.

" |.=1
{ u,,trltn'n,)(t,v(t))ot +

where

z4)

r r J ( f i ) +

{r o,r,*n,,,,- d(t,v(t))ldw(t) +

t

[o,h]. Using (21) we get

rs) (E max -l*htt)-yttl 12llSr 1*ht') - v(r') l 
zl i * 1(rl-fr)l(r-cn)-I 

S
Ll t  

t& [rr ,zn]

S lt {ixi+n+ rSXr-ch)-l

where C > 0 is t 'he Lipschitz cons[ant for iand d '

Fo r  t=  2h  we  ge t  a  s i rn i l a r  rep resn ta l i on  as  
l ' ; h 'Name ly

oz\ ,h(zr,) = *h(h) * {lh ?,(r,y(t))or .,- .4;4 f fihui;(t)toi'bjl(t'v(t))dt 
+

jint 
d,tr,r(t))dw(t) + 2n1l(fi) * Mr(h]) + M2(h1)

where Ml(hl). is defined in"(]4) '  ano

zD r [Mr(rrr) + M2(h1) t 
t :  t

Final lY,  for  t  =  h ' .we get  M' (h ' ) '  i  =

z, *h(r') = *httn#hr) = Xo *

h* Jod(t,v(t))dw(t) + Mr(h) = v(h) * t.r1tf,E) * vrin)

^,,
mm

^ , / r \ * ( " r . / / h l -
N , / l  ( n l  =  , '  l v r : \ r r 1 l

f r r r -*  l -  |

. .i,i mfi./ ,trfrr.) dndrtr,nl())l(? 
xxuiioi)f(t,xhxt) *

i = l  j = l  u  r  
\

.*t9(t,r')O )i i) xxu,) F(t'*h(t))lctw(t)

' 2  , , , ^ r r , t

andE  tM t (h ) l / < r r1 ( r r )
Lemma was Proved for t t t  = h'  t r  = 0'

For the next interval  [ f r '2hl  we have to repeat the

lMt(hr) l  
2 * E ivrt ir l  I  

2s znrl tnl

1 r - . . , m f f i , s u c h t h a t

p . '  m  f f i h
l^ f(t,i(t)) ar + Z .Z J^ u,,(t)[oi,u,l(t,v(t))ot +
u  i = l  1 = l  u  r J  )

comPutat ions done on



*d{  * . )

f u l f i l

28)

By us ing an inducLion

WYffiL?dLH #ri#iisfrHdiidi$ and M,(h),

lo) *lt(tr,) = y(kh) + r<rr 
l(ffr) 

+

* rvh(kn), k=o:1r .  ,  .  ,N-l  ,

where wh(r )  is  def ined by

f  u l f  i l

.  .  .  ,Mk(h)  such that

K

iS 
Mi0-,1 = y(kh) + kh 

?(r.,r[) 
o

. 5frhnft,y(t))dw(t) + h+;(ffr) * vr(n) = y(Zh) + 2h {ffi+ Mr(h) + Mr(h)

where Ml(h)  is  def ined in  (24)  and

L7) Mz(h) = ffr\6tt,*r'{t)) - ff(t,v(t))lo*(t) o .
€J

+ ,4i, ii,r,,fi)/(ffi1 Jfrhriiltt,hx ? )/( a x)(u,,0,)ff(t,*h(t)) o
i=1 f= I

. flit,n,i? u,lir? x) fi(t,xhxt))ldw(t)

r 1vr{r,) I 2

+ e lrvr(tr)[
2 = zrrryl (n)

t

argument  we get  (  aee (e#)  ,Q6 ) )

?9 \ (t 
rui?iil*r)ht t*^(t) - y(t)l tli s '(rnS.r.n. rli"nxr-ch)-l* 1(W

=  h l ( h ) , r J  v r r t n )+  M2(h ) l  2=E  
lM r (n ) f  

2+

r) = {l ifrtr,*h(s)) - fr(s,y(s))low(s) . .{,6,**,r,,fHrli=t $=1

$$itu,r,,tr?.171?xXu,1s,)d{.,*h{r))* f,{r,r,X} jllta'"lf(r,*h('))ldw(s))

k "  | o  k "
j  r.,r,rr^'1 lt = X. E f M1(h) l2'=
i=k '  i=k '

r  ivh{ t  "h,)^wh(t ' r r ) l  2 = E I

=  ( h ' r - k , ) h1 (h ) ,  k , (  k , , ,  k , , { , 6  t o , r , . . . , x r  i i

From (10- (11 ' )  we ge t  the  conc lus ion .  The proo f  i s  conrp le te .

The approx i rna t ion  equat ion  (4 )  has  some coef f i c ien ts  L \ ( t 'h )  depend ing  on

I

h being unbounded wi th  respect  to  h.  These funct i r rns ur( t ,h)  are of  c lass C'  in

te[O, t ] ,  and wiLh r 'especl  to  h they fu l f i l  the fo l lorv ing cr :nd i t ion

hur(r,h) = *l(fi,''q(r,h), h26 ur)iG rxr,h) ='+lttGldtr,r')

trrth(l 1 )

and

l1 ' )

wnereA{(. ,n), vN.,r,) are uniformly bouncied wittr respect to h.



* M, f*-

These proper t ies are essent ia l  in  order  to  makb the next  s tep of  reducing

the order of a system vrhich has unbounded coeff icients with respect to the

parameter  h.

In order to EeL an equation of zero orcler we need to known how to recluce

the order of an ecluaLion of the type (4) but with unbounded coeff ieients with

respect  to  h,  such that  the s tat ,emenL in  Lemma I  is  s t i l l  t rue.  Now we consider  the

fo l lowinq s tochast ic  equai ion
rn L+l

s )  oy= [ f ( t , y )  +  f f u i ( t , h )q i ( t , y )+  F*  ^4d t ( t , h )q t ( t , v ) ]o t+
i = l  

I  I  
l l l  = 2

n fr( t ,y)owtt lv( o) = xo,LS[o'T] )

where xg,  f ,  91,  f f  are as in  (1)  and u, ( .  ,h)€,  c( [0 ,T] ;R) , tJ1( ih)€ct (0, r1;R) .

With respect to the parametdr h we assume thaL Lhere exist 0 ( r(h)

( r (h)  = 
1 

(h) )  and a par t i t ion 4 of  [0 ,T]  wi th  inLervals  of  the lenght ' r  such lhat

a) r$(t ,h) = oj ( l ,G)u,(t , t ' , ) ,  1S t l l  < L*t,  IQIO,TJ

D )

where

,2t?'u*r l l t? rxr,h) -1f  f f r lJ,( t , rr) ,  te[0,T],2 S l t l  5r**r
1 , .

vr t ' ) ,  r { ( ' )  are uni formly bounded wi lh  respect  to  h

Def inition

A sysLem 5 of orcJer L for which there exist,s r(h) > 0 such that ur( ') '

and (b )  i s  ca l led  o f  index  (L , r ) .
\

(1 .2)  tu t t i t led for  f ,gr , f f .  Let  (5)  be a system of  index

i  Lhere ex is ts  a s is tem (5, )  o f  index (L- t ,  r i )  wi th

t

:  l t !  =L+ l  f ,  K=  T / r ,  such  tha t  t he  co r respond ing
J

l  S  l t  I  S L+r ,  fu l f  i l  (a)

Lemma 2

.  Assume (t1.1) and

(L , r )  where  r=J(h) .  Then

r ,  = r /  M K 4 ,  v  =  c a r o  l lL {

solut ion y( . )  in  (s)  and vr ( " )  in  (S. , )  wi th  y(0)  = y t (O)  = xo fu l f i l

I
yt(r") - v1(t') = y(t") - y(t') o (t"-t')t(\fi) * N/h(t") - lvh(u')

! ' r = r / x a - M . t

er\ wh(t) is a marLiglqale

(  aee ctzf i

r '  ( r", r ' ,  r"eflofirz$r" . . ,o'[,  . . ,2f3r.a]. . . '  oo| = TJ,

ano r[ t ' . rh 1r";-Mh(t ' ) l  2 = (t"  -  t ' )E(h)



FJ

t he  coe f f i c i en ts  u " ( ' )  i n  (5 , )  f u l f i l  ( a )  and  (b )
l ' -  1 '

with r  rep laced by r . '' ) ,

" " \

" 1 , |
I

h

where  f "

V/e have

34)

Praof .

We shal l  use

The sy$ tern

oy = [ fh( r ,y)

the  same genera l  scherne as  in  Lemma 1 .  '

(5 )  i s  re lv r i t ten  as
' m m

. .4 FrMil(r,r',);n., bjl(r,y)ld.r + ff(r,y)ow(t),
i= I  

f= I
y(o)* )to, te [o,T]

- m r n
where 

,# ,1 
U,,(t , l r) [01, b, l( t ,y) -

r - r  
d - - f  m

*E* u,(t,h)0,(r,y) and
[ i  I  = L + 1  L

t *

fn( r ,y)  = f ( t ,y)  *  f  &t ,h)g, ( t ,y)  +
i= l

5. UT(r,h)gr(t,y).
l l l  = 2

Let K be the natural number such that Kl1= T

T r = t l x 4 .  t - e t  p t ( . ) ,  p 2 ( . )  p 0 [ o , r ]  a n d  A [  i =  1 r . .

part i t ion ot  t r<{ ( t+rf , l  wi tn lnf  I  =.r i  such that

" " \ pi(0) = pi(1) = 0,  (c lp,) / (otX0) = (op,) / (atXt ) ,  i  = t ]7

5j nrttX 5! nr(s)<rs)at = 1'

Define nf t,r,) , [t{, (r.*r)i'rJ*n
^J

and  h  =  r I .

so lu t ion  o f  lhe  fo l low ing  c t i f fe ren t ia l  equat ion

K q - l  m f f i  ,  , .
X .g -r; t*# /. frrr[nftt,'n) u,,{t,n)c,(t,v;
k = 0  i = I $ : l

or  + f f ( r ,y)dw11;,  y(o) = xn,  b €[0,T] , ,

vr(rr) = X0 + {1thtt,yr1t))clt + (-#/ ,J-i) rilfol(t,r.'1% r(t,r,)q,(t,vr(t)) +

0 r .  , . ,  t ,  / , \ 1+ n ! ( t ,h )br ( l , y r ( t ) l c l t  + Jfl c,'{t,vr{t))cjw(t) = Xo + T, + T, + T,

Denote V(u) = y(s rr), Trtt) = vr(srr), w(s) = (r /,/rLr)w(srr), s6,[0,1]. It

and define r.,  = T/mffiK4,
I

^/
' r f f i r  j = 1 r " . , m t  b e  a

as in  the system (4) ,  consider ing h. ,  =  r '
_t

Let  yr ( ' )  be the

.  dy ={ tr ' t r ,y) *

n!(t,r.,)ui1t,v11 1
,  g1 r  b ; , { J . '  a re  as  i n  (12 ) .

f  o l lows

\.rf= ,r[rh{rr, ,i) * .i{*,,(sr'h)[s,,b,l(s"r,Y)las *
i 5 ) \  

I  r  
i = l F = I  

' , )

{ 
. fl fi("r'y)a#(')

. l  t a l '  (  . h ,  . . / ,  u r'{ lf,: ! r.1f"{sr'fr) - tq mffitnr(s)e{r(sr'h)c1(u..,,Y,) *
1 L\ -  

+ pr(s)br(s. , ,Vr l t lcro f ! f (srr#r lo#rulrVrt0) 'J '  {o)* we, ae f t , f i



41)

Denote

Cnmnuta i ion  showsq

-  f f#*f$1*

By hypothes is  (see (a ) )  we have , , , .  j

36) .fh(t,y) = 1(!-i l) ?'(t,y), lF(r,r") -thtu,v'{1 c lv" - v' l( {-)tala,rl for
2 a .

some a t  o , .2w, , { t , r ' )  =  r  
1( f f r ) {1( t ,n) ,4 ; ( . , r ' )  

ur r i formly bounded wi th  respect  to

h.  Using (15)  in  (15)  we qet

in  r  \v( t )  -  y t ( t ) l  2S 
f i  1f r . r l ,  

( f  )  16{0,111,

and s imi la r ly  we ob ta in

rB) E [v(tl - vr(t) l 'S 
fi l 

(h) ( f)t6;ogr1.

Using (37) i t  fol lov.rs

3s) rj = Jllth{r,yt,)}i+ + {ltrh(t,y(t)) - fh(t,yr(t))lot =

Il lthtr,y (t))ot + rrJ(h) ' j

40) F.J = )l]trrr,r1r))dw(t) . {tt d(t,yr1r;, 
. 

frr,r(r))low(t) =

5llcit,vtt))dt + rvi (rr) wlrere

E lnz l i  ( r r )  [ '=  r t ' J (h )

n

+ rlz j:A,&,x)(vzl ?x, ?x.);u(t,x), where 61=FS"*
i r j = i  

t )  '  )

\

6,,

42) r z= -# q. Jfitnrt.n{r(srr)ur(srr,%tt)l + Rr(s)br(strfr{t))lot =

= *#r3rl 2l Jln r(r)os $ [ {tuf, u1Xs, r'fr(s, ))ds, +

* jor(r)o' Ifrr{br(s, rr,{(sr))c1srJ +

.+ mfrrr[ Sjn1(s)os f [(or(srx? l] x)( ei41 orx*frolXsr ryfr(sr)) *



-t$ * $g-

* pz(rrX? )/ra *Xufrol)br(s, rrfi(sr))))ds, +

* Jlpz(.l,ls 5fur(srx? bl)/(? xxrullorXsr,rrY,(s1)) +

+ pr(s1X? bl)/(? x)br(s, r'f1(s1))dsrl +

F  
I = 1 r 2 t . . . , w e g e t

41) T[ = mfirrufr{o)to1,br1(0,xs) * ,r 1 (fi) =
b{/

and since - Jlo,fr)(0',{r))tur=0, } = S}n2ftlf i ts)rls= - Jfrnrt.f i"r(s)ds, for

= 5llrrr(t,rr)[s'b11(r,y(r))or . rr]$nl

Since T 'Z=Ti  + T!  + Vi ( r1) ,  and T1,  T,  are est i rnated in  (19)  and (AS)

the equation (l l l )  beomes 
6,'  r r ' 1 .  l l

48) vr(rr)  = X0 + Jotr l(r ,y(t))ut "  Jo'utr(t ,h)[gr. ,bt l( t ,v(t))ot

+ $110'rr,vrrr)dw(t) n .r1(fs) * Mr(r1)

t*ffi1/(tl-Trl lilr{tt,h)f? /(? xXu!ro1)6(t ,yr(t))*X}t,rr)O b1)/(} x)f (t,v1(t))ldw(t) = ,

"  . l l t t  .  I
r ,  ,  j  U ' *7 i 'u  e1a ' { lu r } ,  w l t * ,Le

tu- l ( , ' r  x)  -  q t^ l t ro t - ) ro i .  -  1  2'  :  P i  \ u ' t  t ' r  -  J 0 i ' i  \ o t r  r / u r t  I  -  L , L c

a - f J

: '  Using (b) (see the hypotheses) i t  fol lows

i  4i) '? f  /rr !ru,Xt,x) f  ,1 (r,) ,  .2f { urtt ,*) l  S 1(h) ' .  )  telo,rJ, *€ Rnl

Sin."  i ,E = +i(r)  = T (h),  using (4i)  in (42) we get
r  I  \  

i  

I  r l t  u a r r  r Y  \ 1 / ' /  r r  I  \ a - l

4t+) 112 = r, ! (h)
L . t i

By hypothesis (see (1.2) and (a)) we trave

It ] 
l: l:r:], 

] x) c(t,v) l ' s t, la arr] *rfl( ',rr | ' scr-27 tnr
.  I  t€ [0,T], Y€ Rn, for sotne constant C > 0.

Using (4: )  in  (42)  we ger

^  4  -  l ^ . J *  . 4 ,  , s , , , t 2
46) EiMi( , r ) f  2S'1 ,+6r( , )? 2 

fc?t , ' i?rr r ) ) / (?x)Cr(sr1,y1(s/) t  +

*  H  ( " ) )  2 ! r a u -  t f t x \ f 5 - ( s r . . f l c . , ) ) l  2 l o * ( r . t ( h )
-  

\ P 2 r o z r  l \ v u f r \ u ^ / v  \ v r f t . ,  
I . - 1 , , .  "  -  1 l



I
a '

where

4e)' Mr(rr) = M', (rr) +'Mi (rr) = $ilfOft,vt(tl) - d(t,v(t))ltlw(t) t

o (mffi)/( rfrl Jili$ftt,r'.,x?)/G xXulro1)ff(t,vr(t|) *

, *3?tr,hp(a ur)/G x)fit,yr(t))ltiw(t), r {vr(rr) [ 
2 = 16t (h) I

O n t h e i n t e . r v a ! | r 1 , 2 r 1 1 r v e r e p e a t t l r e c o r n p u t a L i o n d o n e o n [ o , , r , 1 a n d w e g e t

. c ' l l l  .  
, t t l o

5 0 ) . ( E | y ( t ) - v , ( t ) [ r y | 2 < ( E [ v ( r ' ) - v 1 ( r , ) | 4 t t , * ' ' i ( f f r ) s
:

s 2"1(tl-h) = 
{tn}r* 

[rr,2r1l
L

51) vrtz. . , l  = v1(rr) .  J l i t tnf t ,Yr(t))dt  +

-  Z r t  n  n , . . .
t  N t  I+(rnrh) i( fT, ls i i1rn!r t ,h)u.,( t ,h)o'( t ,y ' ( t ))*p!( t , rr)r : , ( t ,y,( t ))Jat*

? r t ' it\t (^"/ Y
+  -  f - - ' , f ( t , v . , ( t ) )dw( t )  =  y ' , ( r - , )+  T ' ,  +  T ,  +  T , '

e f l  - l  . \ ' 1 '  ' I  I  t
: .

Using (16) and (50) we obtain ,  '

52)

4F
5

Tr j dit'n,',u(t))dt. "rfit[tn(t,vr(t)) 
- th(t'v(t))lat =

= l2trrh,t ,y(t))cJt + rr l (h),  .rr1

and

- 5r) ? _ frta 
I

,  j=  J r i  . " . t , y ( t ) )dw1t )+  Mi ( r t ) '

where
-  

M, ,  =  J : : t iC( t ,yn( tD -o( t ,v ( t ) ) low( t ) ,  fu l f i tsE f  M'2 ( . r ) lz= r rJ(h) '
E  '  L  L f  '

Also,  wi th ' the same computat ions as in  (42)  we get

' t { ^ r n /
54) Tz=T'z .  i2 n Ml ( r r ) ,  wherel ' ,  =rrJ(n)

55) v) (rr) = (mH)/$Fr) J:i\F?(t,hX? )/(a xXu!ra1)6*(r,vr(l))

*g!tt,nX? b)l(?x) fr(t,yr(t))itw(t! €ivi (rr) 1 t = rrJ (rr)
. l

.  1 1  , \ /  /  , \ r  .  1 t  /  \ \  - r . f ?
56) 

'ii 
= m'iYrrutr(r'h)[91,b2J(r,vr1.t;, + ra 

1( V n)

and uslng (b) in the hypothesis we obtain

r ,  -  : n l

5D i; = rffir,frrz$*f,[o'r'r](0;xo). .r{{h) 1 5riu,r(t)n)[oybrJ(t,v(t))dt 
+

*  r r1( 'm)



Spf;l:1;r

.d

DenoLe Mr(rr) = N4fr{}+}i;ff{i[lsinq $D - $z) in (51) we settt

* rd-fs-

2  n 4 ; .

58) "$ltlth(r,v(t))ctt 
,. .f, !'o.u,,tt,nl[o1,b,l(t,v(0)atV 1 ( 2 r r ) = X 0 *  J O  

- t , 1 r y t t / / t r L *  

$  
J 0  " i j t " " ' ' u v l ' " , j

.n 53tto" (t,y(t))ow(t) + 2rt 
ft U-nl + M1(r1) + M2(r1) "'

vrhere
' t  2  -  l r . , r  r .  t  |  7  * t r  l r v ^ ( " " l t Z =r l t ' , t / * \  t \ r l l - \ l - - FL  l l v l l \ r r ) +  i v l Z \ r l / i  = r  l r v r l \ r l / l  

' ' -  t ' ' ' 2 " I { l
T  - L ' J

v
we geitf o r t = m m r l = f f

N m
. ,v .  nr11h1t ,y( t ) )d t  + EY 1 ( r l r - x 0 *  J g  

i : l

+ ffo'tt,yrt))dw(t) 
..- i, 

1( 
rll) *

2r,  1 (h)
r l

Final ly

5e)

where

60)

i - l  ; - l

..;9,Jnxt $*lltl *fir,v,(t))ldw(t), E l'Mr(rt)l 
t =Tll col

f  
.  Pz\Lr '  ' . / {  -  

t  
. .  r

Gencra i ly ,  we 9et

a
J

6 r )
. ' ? a h

.  l k  =  o r r r 2 r . , .  r K t r . . ,  r z K - ,  . . .  r K * .

r . r h o n o

/ o \
o L l

yl(#r) = y(kt) . uq 1( fl) 
n vhtlt l

El vh(t "rr) - vh{t*'r1) l 
2 = 0t" - rt'{1tn)

k , , k , '  € {  a r r r z ,  .  .  .  r K 3 ,  . .  . , 2 K 3 r .  .  . , o o ]  a n d

pi(t,h) = nf {t,n), te [t#r,(r<n1)i],

?,t t ,nl= 5p,{s,r ' )ds, i= 1,2'

Using (51) and (gZ) we get the conclusion (C,) and (C2) in the statement'

Ir remains to prove (fa) apd (b) forS, using rr(h) in.the place of r(h) '  Since fh(t 'y) in

S,  is 'def ined by us ing the prev ious funct ionst$r( t ,h) , i  S I  I  lS f - '  and 11 'H '4  *u

k t (  k t t ,

K4 ''
t ' -  - - L t

Wue 
-t'lft tt



have fo prove (a) and (b) only for(.1)/(f-irlnftt,r",;.q1\;(t,r"',) ancl (i)/(fl1)ol(t,r'). In this

ru.p*ct, nrultiplyinq these functions by ,l ancJ taking irff i  accounI thal

r ' ! I , , ( t ,h)  = rJ( f in)v, . , ( t ,5) ,  
"no 

pf( ' ) ,  n[( ' )  " re 
uni formly bounded with respect to h,  we

l J  I

ob ta in  (a )  f o r  S . , .

By defirr iLion G l l ip r)r j ; ( l , rr)  = (t) /(r . l ikr.rr) . i  -  r .2.' " - j l o - r ' - '  \ - / ' \ r 1 l l / j \ u t " / r )  -  L r 6 , where njf' l are

t' trr" derivatives

Fn$ *'16 -

uni fo lmly bounded wi t l r  respect  to  h.  IL  shows that  mul t ip ly ing by

wi th respect  to  t  o f  the ind icated funct ions we geb (b)" for  5r .

Th? proof  is  complete.

Now we are in  pos i t ion to  prove Theorem.

. .Proof of T-heorem

By hypothesis ,  the concl iL ions in  Lemma -

associate L.o (1) a system of . index (L - I 'hI)
t

M =  ce rd i  t ,  l t i  =  L  +  1 ' I .  sucn  tha t  t he  so lu t i ons
L  r  ) '

L . L

i n  L e m m a  l .  D e n o t e  x " ( ' ) , M ' l ( ' )  i n  L e r n m a  I  b y
I

have

I  are fulf i l led" Tlrerefore we can

de f ined  i n  (4 ) ,  w iLh  h ,  =  h /M,

in (1) and (4) ftr i f j l  the statement

/ \ .  , . r h r \  _

Y1( ' )  and  Mr ( ' )  r esPecL ive lY .  We

r \ t  . J * r  I  r !  r ,  -  { 4= (Nk_l ) - i l )  and ru_- '  d iv ides 1L- f  i t  fo l lows

Let  t * [0 ,T] ,  be f ixed.  T i ren there ex isL natura l
\\

, l
' I

N r lV a.'t (\'t 
\mkrk&Lmt  - r r k - r 'mk - l r k - l  n  t k - l / '

6 i \

t , (  t , , ,  t , , t ' ,  6 {orrrrzr , ,  ,  ,  . 1Nh =  TJ ,  where

= ( t " - t ' )  
1(h)

The equat ion (4)  fu i f i is  the hypotheses in  Lemrna 2 a. l9  us ing Lemma 2

(L-1)  t imes we get  the equai ions€U of  . the index { ioO'  rO) ,  k  * '2 ,  '  '  .  ,L ,  such t l ra t

the so lu l ion y t ( ' )  in  Su fu l f  i ls  (Cr)  -  (Cl )  in  Lemma 2.

Namely

any

y1(t";1 - y](t') = y(t") - y(t') * (t"-t') 
?(,,Ifr) * tu!(t") - vftt'),

rf r'a!tt") - vltrlf 2

T/Nk, ,u = d/vo, Mk = car, l  { l  ,  i l  I  = L+l-k J.

64)

for

K

Since rk  d iv ides  t t_ . '  ( . t  _ l

t h a t {  c J i v i d e s i u - r ,  k  =  2 , .  .  . , L .

numbers  * I ,  .  .  .  , f lL ,  such Lhat

t € lrnl f,_,*fi-f I and
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l g  =  2 t  . . . .  t L .

Using (Ca )  in  Lemma

( E m a x  l V o ( s )  y k
4 a f t  n

f e N'k = 
L*k tr., flk tk

2t

t

. L

+ e
i = 1

mx
i = 1

r  
i  r r  r  . - -

L(  l - i r ,  ( r  j ' l )  )  
'v l  (h)  +LT

I

' j  (h) J r h" r "

and the-p:oof  is  cc,mr: ie te us lng the

v "{:

m
+ 2 .

i -=1

and using Lemma 1 we get

J 3 ' l ( s ) s i ( " , * h ( s ) ) d s *  :  J h  u r ( s ) s . r ( s , y ( s ) ) d s
I t l  =z  v  -L  J

T

5 ;  " l ( s ) v r ( s , x h ( s )  ) d s  =

i .  J l "+.  , , ! r " )s i ( " ,*
i = I  " ' l  -  

I

* ,l'n'
. l_=r

n  ( " )  )  d " =

= *h ( * r ; r ) - *o -  l i t ? t  f  ( s r , *h ( " )  )ds* ( * r t t,0

2 we get

,  t u ,  |  2 . 1 / )qmo rO)  {  " ) - '  "  € "  , (  (  y '  r t ) ,  wherb

* ? o l
R r r  d a f  i  n i  * ' i  n nD I u g ! J I I i L I ( J J . I Y r , ( . ) i s t h e s o 1 u t i o n i n s y s t e m o f t h e - i n d e x

( 0 ,  r r , )  a n d  d e n o t e  i t  b y  * h ( . )  .  r f  f o l l o w s

5 5 1  * n , . ,
. , " . Y \  p  .  ^ /  , *
!tnsh7).= Y"(m"rr,) - y(mr,i") + 2 \ 

( v-h) = l
,  N  

\  - .  t -  Y \  J -  , h  r , - : i l \  r  - .  t - -  Y=YLtm"r" )  -  Yr ,_f  ( * " t " ,  ,  
I  \  v  L ' t  , -  yL_t  ( * f ,_ f  r l_ t )

yr,-z(*"-rf"-r) + \  (r rFir) +" .  .  +v^@rlr) - yr lr-rf  )  ;
+ 1(  r r f i )  + Yrrmrt ' r l  -  y{*r f r )  + 2 \  t  v- [ )I  

-  
{ .  

'  v  " '

U s i n g  ( 6 4 1  i n  ( 6 5 )  w e  d e d u c e

66)  - *h ( t ' )  -  v ( r )  =  ( r ,+ r )  l (  r l=n l  * ,  *  * , f ,  n t  o (  r f i l  *
' {  

i = }  
4  r  { -

h ( w
l,If (mrr, )

= n . 4

. 4 \  r  h  t  i5 7 )  m a x  E  l x "  ( t )  - y  ( t )  [  
' 4  c

,J-e- ln. +11 - v y l t J

fey '  son ie  c ( ' r , s ta_r . t  C ,
. l t

ma{ -  r i  n  , -1  t 'Tnr*2. . tvl,r suppose L = I. .  3ir t iefJ-nj_f,tcn we have

* h ( t ) _ y ( t )  =  J :  f  r ( r  
h

J o  L t t s r x " ( s ) ) - f  ( s , : / ( s ) ) J  d s  +
)

+ -  t t  l a - ( s , X h ( s ) ) -  f r ( u , v ( s ) ) J  d w ( s ) ' +'  J 0

n h

v . . ' ( s ) 9 .  ( s , X " ( s ) ) d s  +
J _  - l _ '

f f ( " , * h ( s ) ) c t w ( s ) +



frt f r t^
F  L  L  a  t  L L  t

1 9 -  
-  f  ( s , x ^ ' ( s ) ) d s -

m - r -
{ ^ "  f t ( s , t z ( s ) ) -J 0  L . .  \ " r\ r  { b  =

tV flr

+ 1 ( t- h) =y (*rL ) -xo+mr? L \ t fTl -
{

m -  r -
r l l f : t , nJ ^ *  

*  u  ( s , x " ( s )
U

h r- f ( s , x " ( s ) ) j  d s + -

i.)

) d w i s )

m r
{ r r
J 0 o*

. 5 1 r t
+  

"  ? *  5 0 . * r ( s )  S r ( s , y ( s ) ) d s + 4  t (
I r l  - 2  {

f  a - t c ' r r l q ' l ' r  -  6 a ( o  r . h r " t t  I  2  d
L "  \ D r J  \ p , /  /  v  \ r r - A  \ r / , /  I

' ' . .
1 ,  F . .  h  a  I-  

L ' f ( s , y ( s ) ) - f ( s , x " ( s ) ) J  d u  /

/ S t  [ ,  ! * o v  ( s )  )  - r  ( s , x h  ( = )  )  J  d s  I  
'  6

)-1 
E max
- t s s

I
I*

4

Since

r nr1

(\?

t  f l . r t r  r r  h  5  t
E  I  i o  4 u " ' ( s , y . ( s ) ) -  f r s , * n t n ) ) J  a w ( s )  l '

f  J ;  I a - t s , Y ( s ) ) -  4 G , * h ( " ) ) J  d w ( s i ' r
' ' '

A
(t

l r
t F .

J _

o
' t V- m r

E r  I I  r
t  I  J n

a'4  
E m-ax

' t  sz
. { .
f *

?  J  n  f r ( s , y ( s ) )
o '

ks'

; f  
( s , * h ( = ) )  f  

' 0 "

i t  f o l l o w s
' 6

(,
( L e )
l f . ,  |  , _ t L r  r  ,  o ,  - ,  t _ A  t 1  |  t . ' V - r

J t r ( m a x  I  x  ( s ) - y ( s ) l  i  o E 1 - / * ' /  \ p  L L t
; ,  A * t '  

-  I

s o m e  c o n s t a n t  C ,
I

The  p roo f  i s  comp le te .

REMAR.K 4.
h

u s i n g  t h e  c o n c l u s i o n  d ,  ( x " ( . ) ,  y ( . ) )  d  a ,  V  h ' f o r  L = 1 1 a n d

since the reduced system of  *h ( .  )  for  each f i  f i * *a fu l f i lC the

same con,Ci t ions as the or ig ina l  system of  y  (  .  )  l t  fo l lows that

t h e r e  e x i s t  a  s e q u e n c e  
"  

{ "  g  ( . )  ( r " o  o f  s o l u t i o n s  i n  ( 1 )

s u c h  t h a b  l i m  E , m . d x  l *  [  
( t ) - y t  *  I  I  

2 = o  
u n i f o r m l y  w i t h

1€[Y' rJ

E  r y a x  l " h t r ) - y ( r ) l  
2  g ,

+ & E
a n d  d r ( * h ( . ) ,  y ( . ) J  € " ,  f h  f o r



brF.r

e4

r e s p e c t  t o  x O , U i ( . )  a n d  U r ( . )  i n  b o u n d e d  s e t s

'  Fron the l "ast  statement.  i t  fo l lo i ,^rs that  there exists a
, t ,

.  s e q u e n c e  l -  |  \  I  -  -  o f  s o l u t i o n s  j - n  ( I )  s u c h  t h a t- r - - - - - - -  i , " 5  \ . /  |  b  > e

r ^ r ' i 1 - 1 r  n r ^ h r \ i l i t y  o n e  l i m  n l a x  f " f ( t ) - y ( t )  I  = 0 ,  u n i f o r m l y' v y r  L . r r  y r v v q v r . L - L  G J  v r 4 e  r 4 r l r  . f 1 1  
_ - " [ ^  ]  . t  - ,  _ y .  \  u /  r  _ w

[ *e o te [i1,rJ' 
Q

'  w t t h  r e s p e c t  t o  x ^ ,  u . ( . ) ,  U - ( . )  i n  b o u n d e d , s e t s .  :  - : .
U '  I  - L

,

f  f  we  re lax  the  hypo t l " reses  i n  t heo rem by t r s$ Iec t i ng  (1 .2 )

e  . i ' L+ r  (  f o , r l  xnn )  i n  ( r .  r )  w i t h  '
. J I J

' l  
g r /  ?  xo  €  a l , ' "  f  [o , r  J  xRn)  then us ing  a  -s tandard  arsument

J ^ p

of t ru"ncat ion i t  fo l lows that there exi 's ts a sequence

l * .  ( . ) i . . .  o f  s o l u t i o n s  i n  ( 1 )  s u c h  t h a t  w i t h  p r o b a b i l i t y
r  I  l b 7 0

X ^ r  \ r .  ( . )  a n d  U - ( . )  i n  b o u n < l e d  s e t s .u '  a '  - I '

:

1 .  H .  Kun i ta , '  Suppor t s  o f  D i f f us lon "  P rocesse is  and  Con t ro I l . a t i l i t l '

P r e b l e m s o  I n t e r n . S y m p ; S . D  j E . K y o t o  ,  I 9 7 6 ,  p p  1 , 6 3 - 1 8 5  "

2 -  -H .L { . I (nob locho  K . I {agner ,  Or i  l oca l  con t ro l l ab i l j , t v  o f  Non-L inea r
!

-  
Sys tems ,  D ) rna rn i ca l  Sys tems  and  l { i c roph is i cs  Con t ro l  Theory

a n d  M e c h a n i c s  ,  I g B 4  |  p p  2 4 3 - 2 8 5 . '

3 .  C .Vdrsan ,  Or i  Loca l  Con t ro t l r n i f  i t y  f o r .  i i i on -L inea r  ConLro l  -

S y s t e m s ,  R e v . R q i : m . M a t h - P u r e s  A p p l  . - , 2 9  ( 1 9 8 4 )  ,  N r . 1 0 ,

p p  9 0 7 - 9 L 9 .

4 .  C .Vdrsa .n ,  Con t inuous  Dependence  and  T ime  Change  fo r  l t o

E g u a t i o n s ,  J . D i f f . E q . v o 1 . 5 B ,  n r " 3 ,  t 9 B 5 ' ,  p p . 2 9 5 - 3 0 6 .
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