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STABLE RANGE FOR TENSOR PRODUCTS OF EXTENSIONS

O F  K  B Y  C ( X )

bv Nistor Victor

rNTB9!ucrroN

_  r , - t
] n L + l G . N a g y s t u d i e d t h e s t a b l e r a n k o f t h e a l g e b r a s

f  o f  n-d imensional  Toepl i tz  operators.  For  n even h is  resul ts
- n

i  I  e  for  odd n Ink is  on ly  determinedare exact ,  whi le  for  odd n the s table

up to  1.  In  th is  paper  we obta in genera l  resul ts  fo : :  the s table

rank of  tensor  products  of  Brorvn-Douglas-Fi l1more-extensions f9 ]

of  K ( the a lgebra of  compact  operators)  by commutat ive C*-a l -

gebras.  our  resul ts  are sharp under  some addi t ional  hypothesis

which are fu t f i l led i f  the spectra 'o f  the commutat ive C*-a lqebras

involved are manl fo ld .s .  In  par t icu lar  we complete Nagyrs resul ts

by  ob ta in ing  the  exac t  va lue  o f  t he  s tab le  rank  o f  C (X) .6 fn

i f  x  is  a  compact  mani fo ld .  we obta in a lso some est imates for

M.A .  R ie f fe l , s  connec ted  s tab le  rank  cs r (A )  and  i n t roduce  ' an

abso l .u te  connec ted  s tab l -e  rank ,  acs r (A ) ,  wh ich  tu rns  ou t ' t o  be

qui te  usefu l  and show that  i t  equals  the s table rank of

A 8 c ( [ 0 , l J ) .

The  f i r s t  sec t i on  dea ls  w i th  p re l im ina ry  ma te r ia l  due  to



M.A.  R ie f fe t  and  G .  Nagy .  The  second  sec t i on  con ta ins  some

genera l  resul ts  concern ing the s tat - r le  rank o the connected

stable rank and the absolute 'connected s table rank '  In  the

th i r c l  sec t i on  we  genera l i ze  G .Nagy ' s  esL ima tes .  The  l as t  sec t i on

conta ins some technica l  lemmas and Lhe proof  o f  |he rnain

theo rem.

I  would l ike to  express

Voicu lescu for .  suggest ing me

my g ra t i t ude  to 'P ro fesso r  Dan

th is  problem

I

t

we beqin by recal l i i tg  some def in i t ions and resul ts  f rom

r- -t

L )J .
For  a  un i ta l  c * -a lgeb ra  A  and .a  na tu ra l  number  n  we  con -

s ide r  Lq  (A )  ,  t he  se t  o f  n - tup les  o f  e lemen ts  o f  A  wh ich  gene-
- n

rate A as a le f t  ideal :  the lcpg. lgg icct l  g taL le rank of  A is '

t he  l eas t .  i n tege r  n  ( i f  i t  does  no t  ex i s t  i t  w i l l  be  taken  by

def in i t ion to  be c lc  )  such that  Lgrr (a)  is  dense in  An ' .  Accord-

ing to  L6]  th is  nr . rmber  co inc j -des wi th  the usual  Bass s tab\ : -

rank  o f  A ,  deno ted  s r (a )  wh ich  i s  t he  l eas t  i n tege r  n> r1  such

that  for  any {a1 n .  
]  

,a-nrdn+.1 ;  e  r ,gr r* . ,  (A)  there '  ex is ts

b 1 , . . .  r b n e  A  s u c h  t h a t .  ( a 1 * b 1 a n + l . r "  "  r t r r n b r r t r r * ' ,  ) e  L 9 n ( A )  ( i f  n o

such n ex is ts  we take sr  (A)  to  be oo )  .  l . l ]e  denote by GL (n,A)

the group of  inver t ib le  e lements of  Mrr(A)  and by GLo (n,A)  t ] :e

connected component  of  1  in  th is  group.  we shal l  denote by

csr  (A)  the connected s table rank of  A which is  the least '

i n tege r  n71  such  tha t  t he  ac t i on  o f  GLo  (mrA)  by  te f t  mu l t i p l i -

ca t i on  on  r ,g * (A )  i s  t rans j - t i ve  fo r  any  m>n  { i f  no  such  i n tege r

e x i s t s  w e  t a k e  c s r ( A ) = r l :  ) .  A c c o r d i n g  L o  c o r o l l a r y  8 ' 5  o f  [ S  ]

cs r (A )  i s  a l so  the  l eas t  i n tege r  n  such  tha t  Lg* (A )  i s  connec -



3 -

t ed  fo r  any  m?n .  I f  A  i s  no t  qn i ta l  we  take  s r (A )  ( cs r (A )  )  t o  be

sr  (X)  (csr  ( f i )  )  where f  is  the a lgebra obLained f  rorn A by

ad jo in ing  a  un i t "

We shal l -  use the fo l lowing resul ts  proved.  in  [S] ,  here J

is  a twosided ideal  in  the C*-a lgebra Ai

( 1 . 1 )  s r ( J ) <  s r ( A )

1 1  . z l  s r  ( A / J )  (  s r  ( A )

( t h m .  4 . 4 J

( t h m .  4 . 3 )

!

o f  C*-a lgebras over

s are proved analo*

( , t  i f  s , r ( A ) = 1
( 1 ' 4 )  s r ( A & K ) =  

i  2  L r  s r ( A ) 7 2
\

Let  A=l im A^ be an induct ive t imi t'  
e e r  v

the  d i rec ted  se t  f ,  t he  fo l l ow ing  resu l t

g o u s l y  a s  t h e o r e m  5 . 1  o r  I  s  ]  ?

( 1 . 3 )  s r ( A ) ( m a x I s r ( J ) r  s r ( A / J ) .  c s r ( A / J ) J  ( t h m -  4 . 1 1 ' )

( t h m .  6  . 4 )

( 1 . 5 )  s r ( A ) ( l i m  i n f  s r ( A u )
c  e I

(  1  .6  )  cs r  (A)  . .<  l im in f  cs r  (AU)
eer

The fo l lowing resul ts  are s imple consequences of  def in i -

t i ons  (A ,  B  a re  C* -a lgeb ras )  :

( 1 . 7 )  s r ( A  @  B ) = m a x I s r ( a ) r . s r ( B ) }

( 1  .  B  )  c s r  ( A  C I  B )  = m a x  {  c s r  ( A )  ,  c s r  ( e ) }

L€ilrrra 2 of [n ] reads i

( 1 . 9 )  c s r  ( A )  (  m a x  I  c s r  ( J )  ,  c s r  ( a / J ) l



We sha l l  use  a lso  the  fo l low ing  consequence o f  a  c lass i -

ca l  theorem in  d imens ion  theor - ' r  (see  [S ]  t t rm.  1 '1  and propos i -

t i o n  1 . 7 1

( 1 . 1 0 ) s r  ( c  ( x )  ) t4.,

here X is  a  comPact  sPace

I t  i s  a  s i m p f e  o b s e r v a t i o n  t h a t  x =  ( x  
1 , .  

.  .  r x " ) € L a "  ( A )  i f

a n d  o n l y  i f  t h e r e  e x i s t s  t  > 0  s u c h  t ' h a !  * f * t + . " + x $ x " ) t 1  i f  a n d

o n l y  i f  
{  

( x } x n ) )  O  f o r  a n y  g €  
{ t ' . . . , s 1  

a n d " a n y  p u r e  s t a t e  < f

o f  t h e  c * - a l g e b r a  A ,  t h i s  a l s o  s h o w s  t h a t  f  € c ( X r A s )  b e l o n g s  t o

L 9 " ( C ( X , A )  )  i f  a n d  o n l y  i f  f  ( x )  €  L g r ( A )  f o r  a n y  p o i n t  x  i n  t h e

compac t  space  X .

'  
I f  A  i s  a  C* -a lgeb ra  and  x , y61  As  we  sha l l  deno te  by  [ l  x -V t l

= m a x  l l * o - y o i i  f " t  x =  ( x  
1 , . . . , x " )  ,  y =  ( y  

1 t  
- .  -  r Y = )  -

q

I I

In  th is  sect ion we prove some genera l  resul ts  concern ing

the s table rank and the connected s table rank for  C*-a lgebras '

We a lso in t roduce the not ion of  absolute connected s table rank

o f  A  a n d  p r o v e  t h a t  i t  i s  e q u a l  t o  s r ( C ( F , d )  I  A ) '

.  ( 2 .1 )  LE}4MA.  Le t  J  be  a  twos ided  i dea l  i n  t he  c * -a lgeb ra

A  and  1 r :A  -+  A /J  the  quo t i en t  mdP,  suppose  tha t  s>  s r (A )  '  I ' e t

g > 0  a n d  x = ( x 1 r . . . , x s ) e a s  b e  s u c h  t h a t  r ( x ) - ( r r ( x 1 ) , " " r r ( x " )

€L9s  (A /J )  ,  t hen  the re  ex i s t s  x ' e l , g "  (A )  such  tha t  [ l x ' - x  t t  <  6

a n d  t f ( x . ' ) = T l ( x ) .  M o r e o v e r ,  i f  y = ( y 1 , ' ' ' r Y " ) e a s  i s  s u c h  t h a t

1? - (y1 )n* (x1 )  * .  .  .  +6 (y r r )T i - ( * r r )  =1  then  the re  ex i s t s  y ' gAs  such  tha t

O i " i + .  . . ' + y r x r = 1  a n d  t i ( V j )  = ' n l V n )  f o r  1 < g ( s '

=fai* txt



pRooF. Denote also by n- i te map urr(A) *  Mr,(A/J) .  The sel :

V r = f e x p ( ; r ( a ) ) r r ( x )  I  l i a f i <  5 '  ,  a e m " ( A l J  ! s  a  n e i g r h b o u r h o o d  o f
d L

n ( x )  i n  l . g = ( A / J )  "  c h o o s e  * " *  ' 6 1  1 v  ) f t L g s ( A )  s u c h  t h a t '

f l  x " * x  l l  {  € -  / 2 .  T h e n ' f t r ( x " ) = e x p ( l r ( a )  ) n ( x )  f o r  a  s u i t a b l e  a e M u ( A )

wi th  l l  a  t {  <  5 '  Le t  x '  =exp ( -a )  x "G Lgs  (A)  then ( tx ' -x t {  (  ( l x ' -x "  l l  +
r

n  l l * " - * ' l i  (  [ l  " * p ( - a ) - r l i  l l  * " l l  * € / 2 ( ( e o - 1 ) ( l l  x 1 1  +  t / 2 ) + t / 2 < € '

i f  5  i t  smal l  enough :

S i n c e  T f  ( y t * . t + " . . + y  x " ) = 1  w e  g e q  y 1 x 1 * " ' * Y " * = = 1 - a  w i t h

a  €  J .  Le t  I  u ,  (  be  an  app rox ima te  un i t  f o r  J  and  y j  , .  . .  ,Y !  e  As

s u c h  t h a t  y i " i + . . . + y i l x ' = 1 .  L e t  y ; =  ( 1 - u c ) Y n + u g Y g  f o r  1 { g { s  t h e n

. n t v j ) = T T ( v n )  f o r  1 d  j { s  a n d , y . i " i * . . . n y J x ; = 1 : ( 1 - u " ) a .  C h o o s i n s  c  b i g

enough  we  ob ta in  the  des i red  conc lus ion '

The  l as t

fo l lowing

Let  Br= [x= 
(x . ,  ,  .

I emma y ie lds  ( f o r

co ro l l a ry

" ? * . . . * * f s t 3 ,  
t t  1 = ? B r

B and  A=C (B r )  g  B )  t he

1 - l

.  .  ,X r )e  n -1

J = C  ( B r )  6

( 2 . 2 ' )  C O R O L L A R Y .  L e t  B  b e  a  c * - a l g e b r a ,  s  P S r ( c ( B r )  e  n )

q .  -  -  
v - 1

a n d  f e c ( B _ , B s )  s u c h  t h a t  f ( x ) € L g r ( B )  f o r  a n y  x e S -  ' t h e n  f o r

a n y  € > 0  t h e r e  e x i s t s  g e c ( e r r , l , 9 = ( B )  )  s u c h  t h a t  t l = r - 1 = g l r r - 1

and i [g-r l i  (  e

(2 .3 )  DEFIN IT ION.  Le t  A  be  un i ta l  a  c t -a lgeb ra ,  n71  an

integer ,  then we say that  n  is  in  the absolute connected

stabl.e ranqe of A if  for any nonempty connected open set Vc.An

.Vnl lgn (A)  is  nonempty and connected.  We shal l  denote by acsr  (A)

the least  in teger  n such for  any m>n m is  in  the absolute

connec ted  sLab le  range  o f  a ,  i f  no  such  i n tege r  ex i s t s  we  leb

acsr  (a )  =  oo



(2 .4 ' , )  l ,E l4MA.

absolute connected

i f  n l s r ( C ( I )  A  A )

on ly

1r=ft,fr )

PROOF.  A  i s  a  quo t i en t  o f  c ( I )  € r  A  a r l d .  t hus  (1  " z |  shows

tha t  a=s r (C( I )  e r  A )Zs r (A )  "  Le t  f l 2 .d r  VcAn  be  an  open  connec ted

nonemptv set .  I {e  shal l  show that  vr l lgr r (A)  is  connected and

conclude that  n  is  in  the absolute connected s t in le  range of  A '

Le t  xo rx levn ]Jgn (A) ,  t he re  ex i s t s  a  con t i nuous '  f unc t i on  f  :  I  *+  v

s u c h t h a t f ( o ) = x o , f ( 1 ) = x i . L e t € > 0 b e l e s s t h a n t h e d ' i s t a n c e

between the compact  set  f , t [0 ,1]  )  and the c losed set  AnrV,  b) '

t he  l as t  co ro l l a ry  the re  ex i s t s  a  con t i nuous  func t i on  g : I  - *?  f ' g r r (A )

s u c h  t h a t  g ( o ) = f  ( o ) = x o  ,  9 ( 1 ) = f  ( 1 ) = x 1  a n d  l l g - t i l  < t  n  t h e n  g

r a k e s  i t s  v a l u e s  i n  I v l d ( v , r t i o , 1 l  )  )  ( €  i  C  v '

C o n v e r s e l y , l e t n b e i n L h e . a b s o l u t e c o n n e c t e d s t a b t e

r a n g i e  o f  A ,  l t  i s  t h e n  o b v i o u s  t h a t  n > s r ( A )  .  L e t  9 e  C ( I r A t ) ,

t > 0 ,  c h o o s e  m  b i s  e n o u s h  s u c h  t h a t  l T , t r ) - 1 a ( t z ) \ <  t / 3  f o r

a n y .  t  1 t t z e r ,  l L  f L z \ < z / * .  
s i n c e  n > s r ( A )  w e  c a n  c h o o s e  Y n e l v r , ( A )

such tha t  \ l  Vn- f  ($ im) l [  <  t  /3  fo r  0*$ ' (m"  By  ,assumpt ion  each
'  t  a ' 2 / 3 1  i s  o P e n  a n dof  the  se ts  v , r= [y  €  r ,g ,  (a )  |  t t v -  9 (y / ra ]  

<

connected conta-tnin9 Yg*1 and Yn for 1(g(m thus we may f ind

*  e  c ( r , L g n ( A )  ) ,  * 1 ,  t n l * ) = Y n  ^ . , d  ' | , l t t l 6 u j  f o r  t e - f ( j - 1 ) / m  '  j / * J '

r h e n  l l  . l r t t ) - f  ( t ) \ l  {  l i . f  t t ) - ? ( j / * )  l l  . l l Y  ( i / m ) - q t t ) l l  <  2 e / 3 + t / 3 = t

p r o v i n g  t h a t  n > s r ( c ( 1 )  6  A ) .  -

( 2 . 5 ) C o R O L L A R Y . l o c s r ( A 6 K ) s 2 f o r A a C * - a l g e b r a a n d

i (  the a lgebra of  compact  operators on a separable Hj - lber t  space '

2 o  c s r ( C ( X ) ) { [ t * * t l / Z ) + 1  i f  X  i s  a  c o m p a c t  s p a c e  o f

d imens ion  m.

Let  n  be an in teger ,  then n is  in  the

stab.Le range of  the C*-a lgebra A i f  and

and  ,  consequen t l - y  r  &cs r  (A )  =s r  (C  ( I  )  e  A )



L e t  A ,  A 1 , . " . r A n be uni ta l  C*-a lgebras,  f fg tOg *p A mor-

f  i sms  o f  un i ta l  C* -a lgeb ras ,  cons ide : :  t he  fo l l ow ing  C* -suba lgeb ra

o f  t h e  c * - , a l g e b r a  A . ,  1 3  . ; -  s  A r ,  .  
" = [ * = ( * 1  

, ' . " r X n ) e e ' ,  @ ' " " @ A n

1T . ,  ( x  l f r z ( *2 \= . . -= f i -  t xn )J  anc l  deno te  i t  by  i l oog  ( i t  i s  t he

usual f  iberprod.uct) ,  denote fr .oo by A' '
i = 1  Y

(2 .6 ' )  PROPOSIT ION.  Suppose  tha t  s . ) s r (Ao )  f , o r  1 (g ( . ,  and
'n

s)sr (  n.Tf- 1a,. ,)  )  then slsr tTloan) '
9 = 1  

I  Y

P R o o F .  D e n o t e  T G o :  l o  
u .  L e t  x = ( x 1  t "  '  , x " ) € B s ,  6 > 0 '

* . = ( x ;  A t . . . r x * ^ ^ ) e A .  s  6  A r r r l { . j ( s r _ s u c h  t h a t  T t  ( " g a ) - " '
J ) r l j T |  r . n

. . . ' 4 - , i " n , , , - , , - r s .  L e r  r =  ( r  1 , . . . , r s ) e , r f . , * g ( A . g )  ) s = A ' s -  L e t

t  ,e lgs  {A '  )  such tha t  l l  t ' - t  t l  <  g  ,  then there  ex is ts  l l  
" i f  

- *gO t l  <e

such that  Tg(" : io)  = t j  and (x i : .  , . . .  ,x=u)GL9= (Au)  '  An obv ious

a p p t i c a t i o n  o f  l e m m a  ( 2 . 1 ' )  s h o w s  t h a t  x ' =  ( x . i  ' .  " .  ' x i ) € L g ,  ( B )

i f  * j = ( * j r  , . . .  , * i " )  .

(2  "7 |  COROLLARY. Let

i dea ls  i n  t he  C* -a lgeb ra  A ,

J = J . n  . . . n  J *
I  r r

J  1 , . .  
.  , J r * A  b e  c l o s e d  t w o - s i d e d

then sr  (A/J)  {  m3x I  s r  (a / . ro)  !  i f
1 { k(n-

P R o o F . U s i n g i n d ' u c t i o n o n n w e m a y S u p - p o s e t h a t f i = - 2 .

L e t l T  
, z A / J r . z  

A /  ( J l * J Z ) = B ,  t h e n  a /  ( J l n  J Z )  i s  i s o m o r p h i c  w i t h

TT"a/.r,

L e t  A  a n d  B  b e  t w o  u n i t a l  C * - a l ' e b r a s '  < 1 l  ' V € t r n d ( A r B )

we say that  
1  

and t l '  are homotopic  i f  there ex is ts

,b :  I  - -+ End (A,B)  such that  ' t1(0)  =Y,  1 ' l (1)  = t1- /  and the map
{ _ t ' | \

t  r . r  I  
- -+  B  n l *  ( t )= t l ( t , x )  i s  con t i nuous -  f o r  any  xGA '  We say  tha t

L ^  L - t  L  -



there  ex j -s ts  ?e  End(A;B)  r

id -  are homotoPic.
n

(2 .8 )  LEMI4A .  Le t  A  and  B  be  un i ta l  c * -a lgeb ras  such  tha t

B  homotop ica l l y  domina tes  A ,  t hen  cs r (A )  €  cs r (B )  '

B homotopica l lY dominates A i f

{ ,  enna (B,A) such that f  o t1 and

PROOF. Let y and '{r as above r x= (x1 ,

that  s  )  csr  (B)  ,  then X can ve jo ined to  V

r ,9"  (A)  and 
f  

( " )  can be jo ined by an are in

t h i s  s h o w s  t h a t  x  c a n  b e  j o i n d e  t o  ( 1 r 0 ' " '

Lg " (a )  p rov ing  tha t  s l cs r (A )  and  hence  tha t

( 2 . g 1  C O R O L L A R Y .  c s r ( C ( B r )  I  A ) = c s r ( A )

.> is)e l ,gs (A)  '  suPPose

( tO(x )  )  by  an  a rc  i n
. l

L g " ( g )  t o  ( 1 , 0 r . . . r 0 )

,0 )  by  an  a rc  i n

c s r  ( A ) {  c s r  ( B )  .

( 2 . 1 0 )  p R o p o s r T I o N .  c s r  ( M m ( A )  )  ( l ( c s r  ( A )  - 1 )  / r n } + 1  ( h e r e

Ix!  denotes the least  integer greater than x and **rrr{o) denotes

the set  o f  matr i .ces wi th  bnt r ies in  A wi th  m l ines and n rows,

* * , * to )  i s  a l so  deno ted  bY  Mm(A)  )  '

PROOF. Let  xe l4*(Als ,  we mav v iew x as an e lement  of
m '

r y * "  
r * (A )  

:  *=  (a ig )  1< iEns ,  1<g (m .  x€Lgs  (Mm(A)  )  means  tha t  t he

ms
9 r^,
.u^"k ir = l

in L9*=

where

B n X =
I

for  (

r . .= f , .  has  a  so lu t i on .  Th i s  shows  tha t  t he
r- l  K l

(A )  .  I f  ms  >  cs r  (A )  t he re  ex i s t s  B1e  GLo  (ms  'A )

equat ion (1 )

f i rs t  row i -s

such that

" . ,  \
x s f

I
I

I
t

I

B x )  1  3 ,

( ;

\ 6

( B x )*1 s tands 1 2 ' (
. . . r ( B x )  1 m )
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I:;IrI :: ' !: 
' , . '

a st ra ight forward comPutat ion

m a t r i x  x ,  i s  i n  L 9 * " - 1 ( A ) .  B Y

B  G L o  ( m s , A )  s u c h  t h a t

Bx

.  t 2 .11 ' t  COROLLARY.  Le t  A  be  an

g e b r a ,  t h e n  s r ( A  e  B ) { s r ( B )  ,  c s r ( A  E

i f  A is  commutat ive.

"hot" 
that the f irst row in the

induct ion ye get  that  there ex is ts

AF-C*-a lgebra and B a C*-a l -

B ) - < c s r ( B )  .  B q u a l i t Y  h o l d s

4
I

0 ,|

0

n

w h e n e v e r m s - m + 1 ) c s r ( A ) a n d , t h i s m a t r i x c a n b e j o i n e d ' w i t h t h e
i.

m a t r i x  ( & *  s )  1 s 4 . t i a  1 1 . { ( m  i T r  L g n (  M * . ( n l )  .
r - J  r ( i { , m s '  1 ( j t m

pROOF.  By  theo rem 6 .1  o f  [ 5 ]  we  know tha t  s r (M* (a ]  ]=

= { 1 s r ( A ) - 1 ) / m l + 1 { s r ( A ) ,  t h e  l a s t  p r o p o s i t i o n  s h o w s  t h a t
f . '  )

c s r ( M * ( A )  ) { c s r ( A ) .  U s i n g  ( 1 " 5 ) ,  ( 1 . 6 )  ,  ( 1 . 7 )  a n d  ( 1 ' 8 )  w e  g e t

the desi red inequal i t ies.  The rest  is  obv ious

(2 .12 )  COROLLARY.  Le t  A  be  a  c * -a lgeb ra ,  t hen  cs r (A )  = '1

i m p l i e s  c s r  ( A  6  K ) = 1  .

.  I T I

In  th is  sect ion we obta in same ore l iminary resul ts  us ing

m a i n l y  i - n e q u a l i t Y  ( 1 -  3 )  .

Let  us f ix  some notat ions to .be used f r : 'om n,ow on '  we shal l

deno te  by  X (Xor . . .  rXn )  a  compac t  space  o f  d ' imens ion
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f n ( m o r . " . r f t n l r  X = X o  x  r e  .  *  X r r "

te t  A1  , .  .  .  ,An  be  BDF-ex tens ions  o f  K  by  c  ( xg )  ,  t he11  sa t i s -

fy  an exact  sequence:

( 3 . 1 ) 0  - - +  K - - - a A r ' - *  C t x j ) * +  0

B r = C ( X o )  6 , . . .  O  C ( x j )

B ;=A,  
" r r .="  

(X)  )  ,  C1=

Let  A=C (X

6  A r , n  A  A
J -  t

A ,  A  & A *  f
I  J I

f o r  0 ( j ( n  ( t h u s

@
o )  s

A n '

s ,  = s r  ( 8 ,  )

cs r  ( c  j  - 1  ) 3

= c ( x o )  s  e  c ( * j - t )  s  A j + l  6  : " '  I  A n  ,  t h e n  f r o m  ( 3 ' 1 )

we get the fo l lowing exacL seguence3

( 3 . 2 \  0  * +  x  e  c j  - 1  " - 4  
" j - t . *  " j  

- * +  0 1  < j (n

,  O( j (n ,  f r omLet  us  denote  bY '$ r=csr tB i )  r

( 1 . 3 )  a n d  ( 1 . 9 )  w e  g e t

( 3 . 3 ) .  j - t { m a x [ c r ,  c s r  ( K  I  c j - 1 ) ]  (  m a x l c i  '

" j ( t j - . , S m a x { c r ,  
= j ,  s r ( K  S  t j - 1 ) '

so we obra in  *o* , i j : " t "^ ,  bsr (K & c3, r )1 '  6 f .so(

(_m?x  t " r r , c , . , s r  (K  e  
" j - . , ,  

,  cs r  (K  @ c j -1 )  1 ,  bu t  s r .=b /z ] . t  r
1 l n

l* .  . - - r  can prove by induct j -on on n (us ing
c , r { f _ ( m + 1 \  / z ) + t  -  I f  m = 0  w e

( 3 . 3 )  ,  Q . 5 \  a n d  t 2 . 1 2 1 \ .  t h a t  c s r  ( K  6  t j - , 1 = 1  ,  s r ( K  *  
" j - 1 ) = 1

and  thus  S . . ,=Co=1 .  (Th i s  a l so . fo l l ows  by  a  theo rem o f  L 'G '  B rown

which impl ies that  A is  an AF-C*-a lgebra)  '

( 3 " 4 )  P R O P O S I T I o N -  L e t  m l 1  t h e n
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F o r  m = i  s r ( A ) ,  c s r ( A )  €  l 1 , r \

D

pROOF.  t r I e  have  p roved  eve ry th ing  excep t  cs r (A )dcs r (C(K)  )

bu t  t h i s  f o l l ow  f rom (3 .3 )  by  i nduc t l on  on  n  s ince  a j - t  has  a t

most  n-1 extension terms in  the tensor  product t

(3 .  5 )  coRoLLARY.  [m /z l+1 {s r (A )  (  f (m+1  |  / z )+ t

(3 .6 )  REMARK.  Th is  co ro l l a ry  iS  the  ana logue  o f  t heo rem

6  o f  [ n J .  r t ' s  p r o o f  i s  i n s p i r e d  b v  t h a t  i n  [ n ] '

To inprove the last  coro l lary  we shal l  make f rom now on

the fo l lowing assumpt ions:  
" j  

is  the inverse l imi t  o f  m*-d j -men-
J

s j -ona l  f i n i t e  C t ' I - comp l€x€s , r  a im(X j )=mj  fo r  0 { j (n  and

d i m ( X )  = d i m ( X ^ )  + d i m ( X n  ) + . .  . + d i m ( X l . )  = m

( 3 . 7 )  L E M M A .  S u p p o s e  t h a t  m o ) 0 ,  t h e n  s r ( A ) = [ m / Z ] + 1 '

PROOF. Usinq (  1 .5)  we may suppose that Xo is a f in i te

CW-complex of  d imension mo)0. Let Xo=XJuUiu" '  vUO where Xi  is

a cw complex of  d imension less than mo and u,  are dis jo int  open

set such that there exists runct ions aPjtu*^ *  Uj  such that
) "'o

g ;  ( )a -  )cx '  and f  . l i  i s  a  homeomor f ism o f  i * -  on to
l l  ^ o  u  l J l  " ' o

u j  (1 t j {k )  and x ;nur=o.  rhen s r (c (xJ)  s  Ar  A  6  Ar . )  ( '

[ * / r 1 + 1 = s  b y  c o r o l l a r y  ( 3 . 5 )  -  L e t  f € c ( x d ,  ( A 1  C I  A Z  A  "  '  a p  R r , ) s )  '

t > 0 .  T h e r e  e x j - s t s  v e c ( x f ; ,  ( a . ,  &  t i B  A n ) " ) ,  g ( x )  €

Lgu(A, ai  6 Arr)  ,  l ls-r /x; l t  <t lh '  Extenr i  9 to Xo such that

t - i  4  + 1 ( s r ( A ) ( m a x l [ * Z r ] . r ,  c s r ( c ( x )  ] \

c s r  ( A ) {  c s r  ( C  ( X )  )
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,r.i ,
the  las t  inequa l i t y  he  fu l f i l l ed .  Us ing  the  func t ions 9 i w e

( 2 .5 ) .  B y

I Ar,)

x  a x {

h "  @ ,
t ' 1
I J

IV

Th is  sec t i on  con ta ins  Some resu l t s  conce rn ing  the  i r re -

d.uc ib le  representat ions of  A and the proof  o f  the main theorem.

We know that  Lhere ex is ts  a unique c lass of  i r reducj -b le

representat ions of  K and hence a unique c lass of  i r reducib le

representat ions of  Oj  not  vanish ing on K (see [ r ]  I  '  c lenote by

p  .  a n  e l e m e n t  o f  t h i s  c l a s s .  L e t  f i u : A ,  - y  C ( X 1 )  t h e  q u o t i e n t
J ]  J  J  J

m a p  a n d . C I * = T I * *  8 1  h e r e  1  s t a n d s  f o r  t h e  i c l e n t i t y  m a D  o n
t l

. .  € )  A * _ , 1  I  A + * ,  I  . . .  S  A i- .  
J - l  J - t  J

(4 .1 )  LE . l ' lMA.  Le t  ' i T  be  an  i r reduc ib le

A1 a

A=A1 & s Ar ,  ,  then one of  the fo l lowing

1 o TI  is  un i tar i ly  equiva lent  to  
f f  

e

2 o  T t  f a c t o r s  t h r o u g h  o j  ( i " e .  t h e r e

and 'ffo such that 'i.i- ='tr 
o " O j ) .

representat ion

statements is

& p . ^ = P
)  I L  r

( a

e x r - s r s  l e  l l r

p u l l b a c k  g  t o  a  f u n c t i o n  g ; = g o  P i t  C ( B -  . ,  ( A ,  I  &  A - )  
s )  -  B u t

J  '  l  l  * d "  |  -  n '

c s r ( c ( B m  )  a p  A t  &  . . .  A 9  A r r ) e  c s r ( A . ,  c }  " . .  I  A r , )  b y  c o r o l l a r y
U

( 2 . g ) ,  ' L h u s  c s r ( c ( B m  )  @  A t  I  &  A r , ) S  [ m / 4 * r = s  b Y  c o r o l l a r y

't , llr':-s.t ll<*/a, nr ls 
o

f u n c t i o n  h : X o  -  " t  L 9 s  ( A t  s  &  A n )  g i v e n  b y  h ( x )  = g ( x )

a n d  h ( x ) = h r t g r r t x l t

are  con i : i nuous ,  t h i s

o

co ro l l a ry  (2 ;2 )  t he re  ex j - s t . s

m - 1

,  x  G u j  sa t is f  ies  l \n - r  i l  .  e

shows  tha t  h  i s  con t i nuous .

*, 
itl l-o'"n=(At 

6.

I o o  
T h e n t h e

for

and h

n f

L !  U E .

'.f I^c) |

^ 7
,  r a 3
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P R o o F . L e t J . j = k e r . , ' , t h e r e a r e e x a c t J . y t v l o p o s s i b i l i t i e s

(see t l1 )  1 o Ti , l  .J1J2 .  .  .  J '  is  i r reclucible,  and. hence uni tar  j - I1z

e q u i - v a l e n t  t o  
J i  

a p  . ; .  a e  5 )  n / J 1  . . ' J n  s i n c e  J 1 "  ' J n # K '  t h i - s

shows t  [ f  ] f  tha t ' f  anc l  
5 r  

a re  un i ta r i l y  equ iva len t ;  2o  there

ex j_s ts  j ,  1 { j1n .  such tha t  r r l . f  .=O but  th is  means tha t  fac to rs

through 0f  - . .
J

Le t  us  obse rve  tha t  
f  

( J )  =K  (J=J i  
"Z  

"  ' j  '  Jn )  '

The  fo l l ow ing  l emma shows  why  the  case 'm=1  i s  an  excep t i o -

na l  one ,  l e t  
9  

=  
l t  

*  I  
f  , , ,  

H= IJ ,  ( see  [ t ]  f o r  no ta t i on )  "

i

LBMMA. Let e>

€A such  tha t

k e r  p ( x r ) = l o { .

0 ,  x r y € A = A 1  6  I  A n  ,  t h e n  t ' h e r e

\ 1 " - "111  <a  ,  l l v - v r l l  < t  and
( 4  . 2 )

e x i s t s  x t  r Y  n
l l

k e r  p  ( x . , ) f \
J

pRooF.  we shal l  denote by [ * t 'J  the or togonal  pro ject ion

onto the c losed subspace 'Nt '  o f  a  Hi lber t  space f , t  "

suppose f j - rs t  that  a t  least  one of  the operators g (x)

a n d  e  ( y ) ,  s a y  p  ( x ) ,  h a s  t h e  p r o p e r t y  t h a t  d i m  H / 3 ( x ) H = O t ' i
J  r  

r ,  f l  r \ t <  t ' / 2 '  s u c hThen there exists a compact operator T

.  rha t  d im H/ ( f  GF[ }E=&I  ,  t see  [ f ] t  there  ex is ts  a lso  a  compact

operaLor  r . ,  ,  l l  r r  l l  <  g  /2  w i t l  r igh t  suppor t  r  (T1)  =ker  (g  (x )  + r t

f l  k e r y  t v )  a n d  l e f r  s u p p o r t  f ( r . ) {  1 - F " " t 9 t x ) ' r ) ] .  I f  w e  l e t
. r - l

y"  =y  and x , ,  such tha t  1 l  * r  * *  l l  <  S  and y  (x t  - * )  =T+T1 we obta in
I

the desi red concl r : .s ion

S u p p o s e n o w t h a t u / p ( x ) H a r r d H / 9 ( y ) I { a r e f i n i t e d i m e n s j - o n a l

rhen rhere  ex is rs  an  S> O such tha t  (0 ,$ ' )n  c r (9  (x )9  (x )  * ) ;0 ,  Ie t

f ( o ) = 1  a n d  f ( t 1 = 0  f o r  t  Z 5 '  ,  t h e n  r t y ( x ) y t x ) * ) = t . - [ t  t x ) n l  a n d

f  ( p ( x ) * p ( x ,  1 = 1 T . * r  p  ( x ) 1  .  B y  a s s u m p t i o n  t h e r e  e x i s t s  a e J  s u c h
' J i L J . J
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t ha t  p  (a )  =p ( f  ( xx *  )  )  ,  s i nce  A /  6  ,+  
*Jn  )  i s  commuta t i ve  we

J J

ge t  t ha t  f  ( xx * )  - f  ( x *x )  e  J1n '  "  ' * Jn  thus  ob ta in ing  tha t  t he re

e x i s t s  b e J . , o . . . * J n  s u c h  t h a t  
J  

( b ) = f t e t  
f  

t " ' ]  '  t r { e  w a n t  t o  s h o w

tha t  l { an  p  ( : ' ) f  i i e r  p  ( x )=Ran  f  
(VU}  has  i n f i n i t e  cod imens ion  to

t r tr v J -

conclr" icle the proof as above. suppose the contrary then t ire same

wi l l  be t rue for  any T c lose enough to P (x t r )  and '*we ma1' f ind
i n m j

such  a  T  o f  t he  fo l l ow ing  pa r t i cu la r  t ype  T=  f , ' t , $ . ' u r t  SF j tS  B ip )

wi th  F- , . ' -  a  f  in i te  rank operator  on Hn,  and A-  and B '  bounded
l K

o p e r a t o r s .  L e t  E r l n t , ' ' j t  ( 1 { j € n '  1 € k ( m ' )  t h e n  E = 8 ,  e &  *  t  n

j -s  or tcgcnal  to  Ran T and theSe vectors span an in f in i te  c l imen-

s iona l  vec to r  space ,  t h i s  i s  a  con t rad i c t i on '

(4 .3 )  OBSERVATToN.  Suppose  tha t  mr r=d3 -m (X r r )  =1  then

s r ( A n )  e { f  , Z !  b y  p r o p o s i t i o n  ( 3 ' a 1 '  L e t  x e A n  '  t 2  0 '  t h e r e  e x i s t s

* 1 G  A , . ,  s u c h  t h a t  l [ * . , - *  l l <  t .  t z  a n d  ' f f n ( x  
l \ e L 5 1  

( c ( x r r ) ) = G r ' ( 1 ' c ( x n )

t h i s s h o w s t l r a t p ( x l ) i s a F r e d h o l m o p e r a t o r w h i c h w i l l b e

t e f t - i n v e r r i b l e  i f  a n d  o n l y  i f  k e r _ F * , " 1 ) = 0 '  r f  i n d $ r ( x 1 ) ) =

I

=dim ke ' r  (9*(* . , ,  )  ) -d im ker  (P. , ( *1)  * )*0 we can f  ind a f  in i te  rank

opera to r  F  such  tha t  l l  F l l <  e  /Z  and  ke r  (9 , , ' ( * . 1  )+ 'n ) - {0 ! thus  f i nd ing i

*2=* . ,+a  
f  

(a )  =F )  such  tha tJD , \ ( x2 )  i s  l e f t  i nve r t i b le '  Lemma (4  ' 1 ) .

s h o w s t h a t x , € L u . , ( A } . W e o b t a i n e d . t h a t s r ( A , ' ) = l i f a n d o n l y i f

S u P P o s e  t h a t  X r X o r '

l e m m a  ( 3 . 7  )  ,  A = C  ( X o )  S  A t

v

any Fredholm operator  j 'n  An has ind-ex 0t i f  and only  i f  the

c o m p o s e d  m a p  u 1  ( X n )  * )  K 1  ( C ( X n )  )  *  K o ( r ) = z  i s  t r i v i a l  ( s e e  t Z ]  ) '

sat is fy  the assumpt i -ons precedi -ng

G)  An  ,  * j =u im(x i )  ,  o (  j { n
I I

\AJ
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( 4 . 4 ' t  T H E O R E S { .  L e r  m l 1  t h e n  s r  ( A )  = L ^ / z ]  + t  "  I f  m = 1  l e t

*1 (  .  .  . ( * r ,  r  then s r  (A)  =sr  (Ar r )  '

PROOF.  Le t  o= t * /Z l * f .  For  m=0 the  theorem has  a l rbady

'o -een proved.  For  m=1 there  are  two poss ib i l l t i es :  1o  d im(Xo)  =1r

d i m ( x 1 )  = . . . = d i m ( X r r )  = 0 ,  t h e n  s r ( A ) = 1 = s r ( A n )  b y ' 1 e m m a  ( 3 ' 7 )  ;

2 o  d 1 *  ( X o ) = . . . . = d i m  ( X r ,  
, ) = 0 r  

d i m ( X n , : ' ,  t h e n  c ( X o )  @  A t  S  " "  S A r r * i

i s  an  AF-C* -a lgeb ra  ( see  
[ r ] f  

and  thus ,  by  co ro l l a ry  iQ '11 \ '

sr  (A)(  sr  (Arr )  ,  the reverse inequal i ty  fo l lows f  rom the f  act  that

A '  is  a  quot ient  o f  A.  
, ,

S u p p o s e n o i n r t h a t m > 2 ' W e s h a l l u s e i n d u c t i o n o n n ' f o r

n = 0  t h e r e  i s  n o t h i n g  t o  p r o v e .  L e t  x * ( x 1 , " ' ' X s ) € A s '  € > 0 '  r f

mo)0  the  theo rem fo l l ows  f rom lemma (3 "71  ,  i f  mo=O C(Xo)  i s  an

AF-C*-a lgebra and thus sr  (A)  =sr  (A,  eS .  :  
'  e  Arr )  by coro l lary

(2.111 |  we may suppose then thrat  A=A1 S S An'  By the indr" rc-

t ion hypothes is  there ex is ts  x '=(x" ' i  , "  " *J)eas 
such that

[ l  * * * , l l <  e  / z  a n d .  - j ( * ' ) e r , g " ( A . ,  a  - , .  *  u j - 1  s  c ( x j )  c &  " '  e A . , )

we may a lso f ind x"  such that  the last  condi t ion be fu l f i l led '

[ l  * " - *  ' l l  <  e  /z  and ker  
I  

( " i  ) / l  ker  
5  

( * ) )=101 then bv lemma (4 '  1)

x " e L g s  ( A )  .

( 4 . 5 ) R E M A R K . I t i s o b v i o u s t h a t i f A a n d B a r e C * - a l g e *

b r a s  a s  i n  t h e  t h e o r e m  ( 4 ' 4 1  t h e n  s r ( A  I  B ) ' (  s r ( e ) + s r ( B )

( th i s  answers  a  ques t i on  f rom [ s ]  i n  a  pa r t i cu la r  case ) .

\L,

.c
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