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by Lucian Stsdescu
. t

In t roduct i  on

This paper j .s notivated" by our preriouo stud"y of normal projective dbgene*

rat ions of ' ra t ional  and.  ru led.  s i . r r face,u f4 ] .

fhe f i rs t  sect ion is  a  var ia t ion on a fund.amenta l  resul t  o f  Z,ar isk i  (see

r- ^-] \
L19J ) concernj.ng the f inite generateclness of t 'he graded. k-algebre n(XrD) asso-

c ia i ;ed.  to  a i  smooth pro ject ive sur face X toget t rer  wi th  a d. iv isor  D such that  the

l i taka d i rnension K(X'D)  is  Z,  and is  great ly  in fuenced.  by Sakai ts  theory of  l lor*

mal  var j ,e t ies (see [ ra l  ana Fdl  as wel t  as by f3 l "

Jn sect ion 2 we re late the c lass of  norrual  ra t ional  sur faces wi th  at  most

rational singularit ies and vanishing plurigenera (vhich natural ly occlr.r as d.e-

generat ions of  ra t ional  su l faces)  wi th  the c lass of  smooth open sur faces wi th

vanishing' 1 ogarithrnic pluri.ge nera.

rnhpn r r , r hn r r t  t he  pape r  we  sha l l  f i x  an  eL fgeb ra i ca l l y  e losed  f i e l d -  k  o f  a rb i -t 1 4  v s E t r v 4 v

t ra ry  charac ter is t i c "  Somet ines  k  w i l l  be  ase t r rned.  to  be  the  f ie ld .  C  o f  complex

nurnbers. The terminology auncl notations (when not explained") are the etand"ard.

oneB.

! r" $ome remarlcs on a resuLt of Zariski

Let  (Xr l )  be a pai r  consis t ing of  a  sr tooth pro jeot ive sur face over  k ,

and D a d. iv isor  on X.  l ,e t  us d.enote Uy f (Xrn)  the l i taka d lmension (or  the

D-d. imension)  of  x  (see f? ] ) ,  and by n(xr l )  tuu graded.  k-a lgebra

. P ^ t o ( u , o * ( n l ) ) .  r f  w e  a $ s u n e  t h a t  x ( x , l ) > o  ( i . * .  l *  I  /  /  f o r  s o m e  n 7 o ) r
n7/O n

then by t r  g l  there is  a  u: ' i iq lue t lecomposi t ion ( the Zar isk i  decomposi t ion of  D)

D * P + N such that: F is a nl:rnerical ly effec:f ive @-o:-tr iuot ("-g <l, ivisor) ( i .*



n ?  *

a d. iv1sor  wi th  rat iona, l  coef f ic ionts  rJr ic i r  that  P,C77o for  every curve C on X) ,

N7  o ,  ; r r r r l  i f  N  y '  o  t hen  the  i n te rsec t i . r : n  ma t r i x  o f  Supp( i r )  i s  nega . t i ve  de f i n i t c

and p.C = o for  ever-y  i r rec luc ib le  co: rpc. rncnt  G of  $upp(N).  T i ie  d" iv isor  P ( res;p.  N)

wi l l  be referred-  to  as th .e semi*-posi i . i .ve ( resp.  negat ive)  p*" t  o f  ! .

Reca]l the fol lo,r ing fundanren'bal. result proved. tr"t pgf.

The ore.s-LF*.:$"1:i). i) r-{ -,5-g.1q}<L-Lt"".n(4'D i" " 
rinilerygene.rat

k*ake b:'a.

: :  \  T 3  t ; / v  r \  *  2  
, C h g n  . ia r /  A l - - } \Ar : t i l -  .

l s  a  pos i t i ve  in ! , : .qc r  m such tha t  mP j .s  an  i : r tegra l  d . i v iss r  and"  the  l inear , . ; ys tem
#

Irpi has- 1q-.l j . nother result of ZgiskiJigJ

if therljs_a p_gsltivi i"ntg,ff:: n-*gb-L[at nL is ?n i-ylte-s.Lal divigg: 3ld.*t.hg.]i-

ne ar 3yg!frg-k-fl--\"- r" b.tj..-pgilt*s ) o

.  Inspi red by the work of  Sakai  (especia l*  A i l  o"a l - {3 ] )  as wel l  as ly  fJJ,  we

are going to make some eLernentary remarks concernj.ng part i i )  of the above: the.o-

r . r+m.  t r v . i  n r "  J ;6  i  r , f  o r r rp r r *  i ' r  ' i  n  t e rms  O f  t he  conCep t  o f  t he  raode l  o f  (X r l ) .  Le tI w l l l t  V r J r r r L 5  v \ J  l t l v v r  r / r v  I  I v

u s  f i r s t  e x p l a i n . r h a t  t h e  n r o d e l  o f  a  p i e i r  ( x r n )  w i t h  K ( X r i l )  -  2  i s  ( s e e  f l l ] ) .

F i rs t  o f  a1 ] ,  K(X,D)  =  2  i f f  Pc> o  ( t t r i s  i s  an  dasy  consequence o f  R ienrann-

R o c h  t h e o r e n ,  s e e  * . g "  f / 5 1 ) .  L e t  *  b e  t h e  ' $ e t '  o f  a l l  i r r e d - u c i b l e  c u r v e s . C  o n  X

such tha t  p .C =  o .  S ince  Pa> o  the  Hod.ge  i r rdex  theorem i rnp l ies  tha t  th is  se t  j . s

f in i te  and the  in te rsec t ion  ma. t r i x  o f  A  is  negat ive  C 'e f in j . te "  T i ru .s  one can app ly

a  we l l  known c r i te r ion  o f  con t rac t ib i l i t y  d .u .e  to  Grauer t  and,  S . r t in  to  ded,uoe tha t

there  is  a  un ique b i ra t iona l  morph ism u lX- - :+Yr  w i th  f  a  compLete  normal  2*d , i * '

mer is iona l  a lgebra ic  space over  k ,  such tha t  u  b lows d .own the  connected  components

o f  A  to  po in ts  eLnC y ie l -d .s  an  isomorph ism between X- "S"  anr i .  f -u (A) .  Set  D '  =  , r * ( i l ) .

T h e n  D '  i s  a  1 { e i l  d . l v i s o r  o n  Y ,  a n r }  t h e  p a i : r  ( Y , D ' )  i s  l y  d e f i n l t i o n  t h e  r n o d e l  o f

( x , l )

B.e- fo4e q la t ing  the  f i rs t  two resu l ts  wh ich  show thq  use  o f  th is  conce;o t ,  a r re
r l ' l ' [ml OICL' S ,
\ --#-  \ \ / . -  .  , . .

neecr . -y  oer r .n r t ion  o f  the  in 'oersec t ion  number  o f  two Wei l  d iv isors  on  a  conrp le te

normaf  Z*c imens iona l  a lgebra ic 'space f ,  (see  f r l  ,  o r  a i -so  [ ' t3 ]  ) .  Le t  f  tZ t * * * - * ,

be  a  reso lu t ion  o f  the  s ingu la r i t ies  o f  Z  e rnd .  D a  A,  
-  - r ; ,e i l  c t i v isor  on  Z"  Le !

8 , , ,  "  "  1E.^  be  the  i r recLuc ib le  conponents  o f  e l l l  except iona l  f ib : :es  o f  
f i "  

Thon
, n 

^.) tz ^ '  - 'x ' -  '  s-^
I v j u r r f o r d .  d " e f i n o *  1 i 1 s t  t h e  i n v e r s e  i r n a g e  f " ( l )  o f  D  b y  f ' ( D )  =  D r  * f u  * i t j 1

where  I f  i s  the  s t r i c t  t rans form o f  D by  f ,  a t td  the  ra t iona l  .numbers  a .  a re  un i " -

q u e l y  d e t e r n i n e d .  b y  t h e  f o l l o w i n g  l i n e a r  o q u a t l o r r s  D " E n  .  
n " j n j . u n  

*  o t  h  "

-  1 e , . . , n  ( r : e c a l l  t h a t  t h e  i n t e r s e c t i o n  r n a t r i x  l l  n . . n n i l  i s  n e g a t i r ' " e  d ' e f i n i t e ) .
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I {o te that  in  genera l  f r ( l )  is  on ly  a Q-Aiu, i .uor  even i f  n  is  in tegra l .  Hor , r*

ever ,  i f  I  is  an in tegra l  Car t ior  d . iv isor  then f* ( f r )  is  a lso in tegra l  and co inc i*

d.es with the usual. i .nve:nse iniage of D, Now, l ' , lumford" d",:f i .nes the in'tersection num*

ber  D."D. .  o f  two @ *Wei f  d iv j -so: :s  D,  and-  D.  by the fbrmula
I ' l - l - I

D - " D ^  -  ' . x / ^  \  + * / t  \
. L  I  

r  \ r r f / . r  \ u 1 l '

I t  tur:ns out that DI.DA is a rat ional nunb*r t+hich is ind.epend.ent of the re-

so lu t ion  f .  F ina l l y ,  le t  3 '  =  Z  u .T .  be  a  @* 'n t * i f  d iu isor  on  a  conp le te  normal
L  1 1  

-

2-d- inensional algebraic space' i ,  r 'here F. is i r red"i-rc ible and- r 'ed,uced- and f ,  y '  F,
-  - 5 -  

r  1 -
fo r  i  /  j .  l ,e t  l f ' J  denote  the  d iv isor  LFJ  -  

+  Lur l f , ,  where  i f  r  i s  a  rea l  nun-

ber ,  t r ' : ]  d .enotes  the  grea tes t  in teger  {  r .  Then one de f jnes  the  assoc ia ted .  sheaf

^  / * \  ^F  !1 -  "  f } -& /e i l  d iv isor  n  h r r  o  /n )  :  n  / r - - r \
Or ( f )  o f  the  ( la -  r  w . ,  vZ \L  /  *  -Z ILFJ) ,  wh ich  is  a  re f lex ive  rank  one

1)

sheaf  on  Z .  Th is  c ie f in i t ion  aL lowe one to  d . i+ f ine  the  grad-ec l  k -a lgebra  n(Z , f )  o f

the  pa i r  (Zr l ' )  and the  F-c l imens ion  o f  Z ,  rc (ZrF) ,  in  the  same way as  a t  the  beg in*

ning. The one has the fol lo iv ing result ,  essent ial l .y due to $akai ( f tL]  arr l  Lf i l ) t

Froposllion L i) r,*-gA)-Uq..-ii,-9*mq4e.1 93 ttr- p

pro ject i .ve sur face 
"@-q-a-  -2 .  lhe l  Dt  is  numel i - -

cal l ; .  ei.rnpl.e ( i .*.-f- ' t> o:.r, , l-L'-,C-D o for errqry cu{vq-tr-on--Tl- an{ ux(}l)--**P
#

(  the  se , r i i -pos i t i ve  par t  o f  i ) )e

1t - )  u* (0" ( r r r ' ) )  r  o r ( r iD ' ) f  o r  e  v e r y  n l o ,  a n i  i n  p a . : : b i c u l a . r ' ,  R ( I \ r l )  e ' l ( f  , : 1 . t _ ) "

iii) Conwrsely-r-Lc:[-J-b-e.-a,comp]"gte r?.ogl?L ?.=d-i,r:i9q1t*gtel--*gq$ti.]S"--g1.1*9.-**.1:

a n'"rnrcrical-1y irnrlo (& -'i.it, iL cli ,,rs cl on Y, ar rl u: ){ : 1-lJ- !qlll-}rl!xZ!-l'?:9l]li:-!q:

Supp(N)  cogta lne .L j { } * !he  .e .xcept ioqa lJ ' ib - res  €  u ,  one 4aL- i i - (X , l ) -  ?  ?nc l . ( i ' : l ' I

i s  t h e  L 9 d e 1  o f  ( X . f ) "

p r o o f .  i )  S i n c e  n ,  =  u * ( D )  o n e  h a s  D  =  l i ( O ' )  +  I I ' ,  w h e r e  N r  i s  a  Q - a l * r i " o t

whose suppor t  i , s  con ta ined.  j -n  the  except iona l  
;1F1[ , i  

o f  t ,  Le t  Er re  . .  rE  be  a l l

i y , r .e r t r : r : . ib le  eornponents  o f  .4 .  S ince  bo th  P and- -Yfe  perpend icu la r  on  e ;ach  8 . ,  we

g e t  l { , t r -  =  t ' . 8 .  f o r  e v e r y  i ;  l f  c o o l n 1  a n d  s i n c e  t h e  i n t e r s e c t i o n  m a t r i - x  o f  A  i s

n e g a t i v e  d . e f i n i t e ,  i t  f o l l o w s  t h a t  I d  *  N t  a n ' l  u * ( D ' )  *  P '  T h e r e f o : ' e  D ' 2  *  p 2 >  o

s ince  t t (Xrp)  =  2 ,  C1 the  o ther  hand,  i f  C t is  an  a , rb i t ra ry  i ruec luc ib le  cur - , /o ,on  Y

anct  C is  i t s  s t r io t  t r :ans form by  u ,  r , re  have . r *15 t )  =  C +  N" r  w i . th  Supp( t t " )  G *

a ' d  I l  , , , E .  +  C " E i  -  o  f o r  e v e r y  i  -  1 ! o r r 1 I t 1  Q o n s e c l u e n t l y ,  D l . C r  =  o n l } ' ; . u x ( C t )

o  P . C  a  P . N l t  =  p . $  ) o  b e c a u s e  C  i . s  n o t  a  c o r n p o n e n t  o f  S ,

i i )  nwry th i r ig  fo l l .ows f rom i )  anc) "  f rom f4 i l ,  espec ia l l y  theore tn  (6 .2 ) .

o f  Y" .  Then f  o r  e t re r - -c i i v isor  D o f  the  fonn I  =  , r ' x ( l t )  +  N,  :+ i th  N)  o  a r rc l
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. * ,
i i j " )  The proo f  i s  obv ious  because p  =  u- ( I r l )  +  N is  no th ing  bub the  Zar i rs lc i

d - e c o m p o s i t i o n  o f  ! ,  Q , . E , I ) ,

f he  gex . t  resu l t  i n te rp re ts  pa ] ' t  i i )  o f  t h r :o rem.A  ln  the  se t t i ng  o f  mode ; l s .

Propos i.  bi orr ,2_" I,et _SrD ) tre a iro. ir qcx;sis t in$-of a- smool,h pro*i?S;*Lj ve sl lggg"

L*'",1 e*e{-:q1y}t:t Q qgs.h-!"1g3--K-$A:*'a TI}e.n t(L'..}I.is 4,,{i111!€r}v*ggw.k!,gg

t -here is  a  pos i t lve_integer_e such tha*  .n I '  Lq en ( ln tegra.L)  _Qtr t ier_<l i .v isq: : "  Ig

particula.r', if n(:lril is ejirgltely_ge,ngl:ltell-k*a1ff-bra tbAn Y is g pgoigc-ti,ye

gur face .

P r o o : | .  I f  n } t  i s  a  C a r t i e r  d i v i s o r  f o r  s o m e  n > , o .  t h e n  b y  p r o p o s i t i o n  1 ,  i )

and- Nakai- idoishezon cr i ter i 'on of anpleness (f  or the var iant of  l r i -akai* l ' , {oishez,on

cr i te r ion  in  the  case o f  a fgebra ic  spaces  over  C n  
"o*  

f5 ] )  we in fe r  tha t  nDr  i s

ac tua l l y  an  ample  Ca. rb ic r  d iv isor .  fn  pa :e t i cu la r ,  Y  is  a  p ro jec t i ve  s i r r face"  Us i r i4

[ 6 J ,  p r o p o s i t i o n  ( 3 . j )  w e  g e t  t h a t  R ( Y , D ' )  i "  r .  f i n i t e l y  g e n e r a t e d  k - a l g e b r a ,  a n d

b y  p r o p o s i t i o n  1 ,  i i ) ,  n ( X , l )  ( w h i c h  i s  i s o n o r p h i c  t o  n ( Y ; l ' ) )  i s  a l s o  f i n i t e l y

genera ted" .  A l te rna t ive l .y ,  i t  D  were  an  in tegre l l  d . i v isor ,  the  l inear  sys tem f rnn l t f

has  no  basc  po in ts  fo r  so , :ne  m ) )o r  and t l ie re fc r re  u r (mn l ' )  =  nnP (propos i t ion  1)

is  in tegra l  and has  no  base po in ts .  3y  theorem A,  n (X, l )  ie  f in i te ly  genera ted . .

Conr rerse ly r  as$ur le  n (Xu l )  f in i te ly  genera ted ;  by  theorem .A ,  the  l inea : :  sys tem

I rp [  has  no  base po in ts  fo r  sone m)  o  such t ] ra t  nP is  in tegra l .  Le t  ( / ;X  * - - - * - *  &)  '

d  , . . .  
' l

= pa be the associa.ber l  rnorphism such that  y" (o*{ ' t ) )  a  or (mP),  $1nce P.Ei  *  o  for

eve l y  i  =  1 , . c . , n  (we  a re  keep i .ng  the  no ta , t i ons  o f  t he  p roo f  o f  p ropos i t i on  4 ) ,

we in fer  that  
Y( t r )  

is  a  point  for  every i ,  and .by the def in i t ion of  Y,  the rnor*

p h i s r n f  f a c t o r s a s  x  
*  

7 T . Y  r L P .  I f  L = Y r { o * t t ) ) , w " h a v e u x ( t )  e '

-  Oo(*p) ,  and hence by pro ject ion formula,  I  a  un(0"(*p)1"  0n the other  hand" ,  s in t
] t '

, . * ( * l r  )  =  mp,  us ing  theorem (6 ,2)  o f  E l l  we ge t  u* (o r (mr ) )  €  c l r (mD' ) ,  fhus  T ,€

*  Or(*nt ) ,  and.  s ince 1,  is  inver t ib le ,  f rDt  is  a  Car t ier  d iv is .or '  Q.E.D.

Remark".. I lronosit i ,on 2 is inspirect frc,m f3J, where' the part icular ease D = {*
' l  =  2 1  

1 L

and t< - ' (X)  r *  K(Xr -X* ) f ( r? [ i th  KX a  canon ica l  d " iv isor  o f  X)  was t rea tec l .  f t  was

a lso  shown in  f3 ]  tU" t  t i r * r r f i .n t i -canon ica l ' r  mod"e l  Y  is  a lways  a  p ro jec t i ve  sur face

0n the other hay1tr,  there ere e.xa.mples of rulecl  non*::at ional surfaces X o' . rer C
4  _ , 4 .

wtu i  # t t )  *  p  such tha t  n - ' (x )  : *  I i ( x , -Kx)  i s  no t  f in i te ly  genera ted .  (see  f r l i ) ,

Thus we rsee tha t  in  genera l  Y  pro  jec t i ve  c loes  no t  i i ; rp ly  R(XrD )  f  in :  te ty  gener :a te r l ,

(eep ing  t t re  no ta t ions  anc l  assgrn .o t j .ons  o f  p ropos i t ion  4 . ,  the  morph isn  u :X ' - ' - - : } '

k-al,qebr:a iff I,' is -qfrf -Car:ti-qf-'iryt-tgr o" .bt," m9q".1 ,(YJ:I-";i Gg}'-i*g,*iJ
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is  noth ing but  a  resolut ion of  the s ingular i t ies of  Y.  Let  u , ;X - - - -?Y bu tho
O O

rn in ima l "  reso lu t ion  o f  Y  ( in  t i re  sensetha t  there  are  no  except iona l  ou l . l ,es  o f  the

f i rs t  k in r l -  j .n  t l ' re  exce l : t ion ; i l  f l i b res  o t 'u ) .  I t  i s  a  genera l  fac t  tha t  u  (un ique ly

clo:nin;r 'bes u ,  j - .e 
"  there i r :  a uniclu.e birat iorra. l  morphisrn y; f ,  "*_-*-; .X such bha,t( ) -  o

1r  o  1"  *  11n S ince  K(Xr l )  *  2 ,  D  ma.y  be  a$suned"  e f fec t i ve ,  an t l  s ince  the  e f fec t i ve*
o

ness  is  p reserved"  by  r l " i lec t  images,  D^ : , .  v * , (D)  l s  a .1so  e f fec t i ve .  ?hus  D has  a
:  

'  o  r ' '  o

Zar is l , ; i  d .ecompos i t lon  (say)  Do *  P"  u  No,  w i th  Po ( : :esp"  *o )  the  semj - -pos i 'b ive

( r e s p .  n e g a t i v e )  p a r t  o f  D o .

l t re  c la i rn  tha t  P-  =  v , (P) ,  P  *  v l i (P^)  and N^  -  v - (N) .  fo  p rove  th is  c la im,  we
O  d . '  "  O -  O  . X '

nay asswne .that v is the blowing d.own morphisrn of an exceptional curve of the

f i rs t  k ind E such th .at  P,E.*  o  ( in  $akai f  s  terminology,  such a curve is  ca l led

D-red.und"and,  u""  fA2f ,  for  the case D = -K-) .  fnc leed" ,  v  is  a  co inposi t ion of  a  f in i t r
J t '

nurnber of such blowing doams. i iet  P, = v*(P) 
"na q = v*(w).  Since P is nef and

s j -nce  th is  p roper ty  i s  p reserved.  by  d - i - : :ec t  inagesr  Pa is  a lso  ne f "  S ince  PnE *  o

. X / -  \  ^ .
we get  p  =  r r ' ^ (P ,  ) .  .$ ince  l i  i s  e f fec t i ve ,  } t r .  i s  a l -so  e f fec t i ve .  Le t  S ,  be  a5  i1 -

1 ' L 1 ,

red .uc ib le  component  o f  l i ,  anc l  C  the  s t : : i c t  t ra r rs fo rm o f  C l  by  v . . fhen C is  a  com-

ponent  o f  N  and we have PL"Ct  -  . r r * (P4) r " \CO)  -  P .  (c  +  (c "n)n)  *  P"0  *  o .  $ i -nce
, ) ?

P;  =  P" )  o  and P^ .C =  o ,  by  l {odge index  theorem we in fe r  th .a t  the  in te rsec t j ,on'l- 'l

matr ix  o f  Supp( t ! "  )  i s  n :ga t ive  de f ln i te  (un less  N,  =  o ) .  T l ie re fo rc  I  =  P ,  *  N*
1 ' 1 ' { J 1 ' I

i s  a  Zar isk i  decompos i t ion  o f  D and the  c fa i rn  fo l lo ' , rs  f ron  the  un ic l r rene, rs  o f
o

Za: : i sk i  dec  ornpos i t i  on ,

the  c la im shor r ,s  in  par t i -cu l -a r  tha t  K(Xo,oo)  =  2  anc  tha t  (Yrn ' )  i s  a lso  th .e

m o d e l  o f  ( X - r n  ) .  N o w ,  f r o n  p r o p o s i t i o n  1  w e  d e d u c e  t h a t  f  -  u l ( l ' )  a n d  P  =' \ '  oU U

= u{ (D ' ) "  S ince  l r t  and-  N are .  e f fec t i ve  we can appLy theorem (A.e)  o f  f t3 ]  'bo  dec lucr
o -  o

t h a t  u . , ( o * ( n l ) ) f  0 t ( n D ' )  g  
" o [ o x  

( d o ) ) ' r o r  e v e r y  n 7 / c s .  I n  p a r t i c u l a r ,  n ( x , n )  ' : *

o

E R(X ,D ) "  These cc ,ns idera 'L ions  p love  the  fo l low i i rg  resu l t  (essent ia l l . y  d .ue  to' o -  o -

Saka i ,  a1  leas t  in  case !  =  -Ko,  a l though h is  p roo f  ' , ro rks  a lonE d i f fe ren t  l ines ,

i  l 4  t \
See L ' t< / )  )2

Propoqi t isn ] . Le,t -(X,!)_ be as i.n proposll ion i[. i). &"9:lSgg*jul uULXut

birat,ional mgrslligq v:X -->X stlcn-!hal- X-. ig*3*9s99!"L"9.9"4q.!.1:9..gy1fgg" tt!}.h
O _ - { c * * ' :

no D * redund.and._except io la l  curves  o f  the  f :L rs t  k in -dr .  n (Xr l )  + 'n (x^ ,1^ )  ag l  the
o - _ o . o '

p4irs, (X,l) g*{ (xo,lo) (I! lA Do = 
"*( l)) 

i}rLve *L}r3*i; jrne. rnod"e-l-. .

I t rhen we are  <1 .ea l ing  w i th  a  p rob le rn  invo lv j -ng  th .c  g i 'ad"ed  r ing  n(Xr l )  ( * .g "  the

f i n i t e  g e n e r a t e d . n * : s s  o f  o f  n ( X r l ) ) ,  p r o p o s i t : l o n  ]  s h o w s  t h a t  t h e r e  i s  n o  l c ' s s  o f
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generali ty in assuil t irrg that X, conta.in$ tro }-retlunCrand" exceptional curves of the

f i rs t  k ind. .  For  exarnple,  th is  reCuct ion is  essent ia l  in  order  to  c le f j .ne the ef fec*

,l-l A ,-

t ive fr|  --r l ivisor A on X which q,6rr ' ; ies a lot of inform;'rt ion about the si.n6iu1a.ri- '

t i4 ;s  qf  6 : : .e  mor ie f  ( f  , l ' )  o f  (Xrn) ,  Recai l  t t ra t  A is  by d.ef ln i " t ion 'Lhe u. r t ique

, f n  r : -  ^  r ^ r  1 ^ , * : . ^ - -  + , . ^  , . ^ ^ . 1  . :  t - . 1  ̂ - ^ .
Q{-d"ivisor on X satisfyi i .rg t ire fol ir:wing tr"ro corui i t ions:

a)  $upp(A )e l in  where A is  the except ior ia l  set  o f  u ,  and

b)  [ ,n  *  -KX"E for  every i r red-uc; j rb1e component  E of  A,  wi th  
\  

a  canonica. ] .

d iv isor  o f .  X ,

$ince K contains no D-redundarnd except ional curves of the f i rst

and henee d  "E=(o  fo r  every  component  E  o f  A"  As  one can eas i l y  see ,

o f  A  is  p rec ise ly  the  un ion  o f  the  except iona l  f ib res  o f  u  over  a l l

po in ts  o f  Y  wh ich  are  no t  ra t iona l  d .oub le  po in ts .  A l te rna t ive ly ,  one

k ind " ,  K_ - "EVo ,' h

the  suppor t

singular

could. c lef ine

A as the unique Q.-a:-vj.sor

nonieaLl  ( t le i f .  )  d  iv isor  on Y.

Let  r  be the smal l .es pos i t ive in teger :  such tha ' t  a  = rA is  an in tegr :a l  c l i -

v isor .  For  exanrp le l  Y is  Gorenste in i f f .  e i t i rer  [  -  o . ( in  w] : ich case T has only

rat io4al  r louble points  a$.s j .ngular i t ies) ,  or  1 '  a  1 ard.  the dual . iz i r rg  eheaf

of  A is  isornorphi -c  to  0^ (see [eJ ,  theoren (4,  a)  ) .  T] re f  o l lor , r ing s i rnp le (br . r t  use-. A

ful  genera;11zat,1on of this f 'a.ct  was r,ot icer l  by Sakai tn D3-1, thr:orein (+.a) z t I  Z

is  an  i t ' r tegra l ' r ie i l  c r i l r i sor  o r t  Y ,  th t ;n  Z  i : J  a  C€r . r ' t ie r  d iv i r , ;o r  i - f ' f  ux (Z)  i i :  in te ;g r i

a r r t l  0  f u a ( Z ) ) &  O * . ' :  O c .  "  T h c  p r o o f  o f  t h i s  g e r r e r a l i z a t i - o r r  i s  p r a c t i c a . l l y  t h e
X '  A  A

sei l Ie as in ca.se 7; -  Kr.  Now applying this f ,act to the t l iv isol :  t t t l t ,  and- usin$ Prcr-

posit ion;:  1 and- 2 i te get:

pro_pgi; i t j .on 4. t ,e t_(X.D) !-e a-p?. ir :  as !g.piou:,  Ll ion l , j i . \ ,_ $ugrrose t ]r .at  X

g:n q]'"r.a:It-:*X*:-gid.r at:r}-:.tl Q--ULrrlsi: {efi-recl a?orrc.,Ti'{:n the

fo l lox i i : ,q  ; ; ta 'benents  a re  r ' :< lu : i . va len t  :
r - + . - #

. .  \  ^  |  '  \ r ^ n  t u  n  . ! -i.r. / u., \!rir t 8 0x n OX *-og-gggg -poi;it i-r'c ir:!e{{9:ll-qu.9h Lh-t*-IL;!g:1IS.giLl"' l \ A A

&gry : : * .  I r l  rn  i s  n  pos i t i ve  in teger  such tha t  mP j -s  in tegra ln  Lhen mF"E *  o

f o r  e r r e r y  i r r e C u c i b l e  c o m p o n e n t  : l  o f  x ,  o r  e l s e  ( i n  L i p , n o n t s  n o t ; r . t i - o n s  [ 9 J  ) ,

O * ( m p ) E , O *  €  P i c " ( [  ) "  T h r - r s ,  c c x c l i b j . o n  i i )  o f  p r o p o s . i i b i o n  . { ,  n t u a n s  t h a b  a .  c t : : : t u i t L
A A

e l t : n e n t  o f  F i c " (  A  )  i s  a  t o y s i . o n .  l i i . n c c  t h e  l a t t e r  c o r r r l i t i o n  i s  i r l w a y s  f u - l f  i l l e t 1

i f  c : i ther  Y  has  a t  inosN ra t iona l -  s ingu la r i t ies ,  o r  i f  k  i s  bhe a . l -ge i : ra ic  c losure

on X such that 
- lkr--  \  --  ^

t t ' - (Ky)  =  KX +  A r  i *here  K,  i s  a  ca*

conta in ;  no  l * . r "e {unr1a ' ,nd  e ,xce i : t i -ona]  cu l rvds  o f ' the  f i r : s t  k in { :E9y  prc ;pos iL io !  J ' , I i
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I

of  a  f in i t *  f ie ld  (see i t i ,  [ f ] )  * r  
Z&,

goloJ latx. -II Lj:13-t-:n.:o-q!=I*1ter"1 -oijgtrlglilg-1r. o: -!h

cl -osur .c  of  3.  i ' i  r , l - te , ,  f  : i .e l r i - ,  i l ie  n L(Xr l )  : -s  
"  

f  i  r i j . tc ly  gcnt : ra. tec l  ) r -a. l . r , : i . , "p13i r .

fr*.*ai.gl. t

t i ve  sur face  o f

L e t  X  b e  a  s m o o t h  p : : o j e c -

F ;n t i canon icaL t i . imcns ion  ta  
t (X  

)  *  2 ,  and.  (y rp , )  t t ro  an t ieanon ica . l

mod.el  of  X ( i .* .  the rnoC.ei  of  ihe pair  (Xn*Ko)).  Ti :en obviously I t  -  *K., ,  a. : ' id.  one

1s cel l l -ed-  the carnonical  noiJ .e l "

factors uniqu<;1;r  as

has two ,coss ib i i i t i cs :  e i ther  X  is  a  r i t t ione i l  sur fa r ' ce ,  o r  X  is  ruLeC non- ra t io -

na l ,  the  case 1{here  X is  ra t iona l  i s  e tu i l ied .  in  d ,e ta j . l  by  $aka i  ,nA i l r .  w} ie rs  i t

i s  p ror -ed  tha t  T  i s  p ro jec i i ve  w j . th  a t  rnos t  ra t iona l .  s ingu la r i t ies  (and.  hernce the

ant icanon ica l  r ing  R- ' (X)  i -s  f i r , i te ly  gene: :a ted . ) "  The second case is  s tu , t iec l  in

[3 ] ,  rvhore  i t  i s  p rover ] .  tha , t  Y  is  s t i l - I  p ro j t - ;c t i ve ,  ' , ' i i th  p reo lse ly  onc  non- ra t j -o*

na l  s ingu ln i . r : i1 r ,  e rnc l  su .ch  tna t  n -1(X)  : -s  f i -n i te1 ; r  gencra teC i f f  Y  i s  (p*eorens te i . :

i . e .  t h e r e  i s  a  p o s i t i w  i n b e g e r  n  s u c l : 1 1 a t  r a K . .  i s  a  C a r t i e r  d i v i s o r ,  l i o n e o w ; : r ,
a

a qr - i i te  p rec isc  C. .sc r ip t io : :  o f  t i i a  s ingu la r ' i t ies  o f  Y  is  g i r ren .  Pa: : t  i i i )  o f  p rc*

posit ic- ,n t  abov-c ai : i :J- ieci .  to I  -  -K" s1"ight l . ; r  i r i rprows the cor iverse par: t  of  the

Lnai i ;  result  of  [3]

2) !!e__cq.ilolt.'c1} tfqlo!_1 _r.9r4t1'.!r4f.a,cgr. Let Y be a ssinple,te ne1,na1 2-<li-men

sional-  ai lgebraie spiLce a.nC u:X*---___}Y the minirnal resolut ion of Y" Coneider +;he

canor r ica l  r ing  R( t )  =  a ( r ,x r )  c f  Y .  $ ince  . r r * ( rc r )  *  K^  +  A ,  
' ,Lpn l f i r rg  theoLe, rn  (6 ,2

of [ ' fJJ 
- ,re gct t t r : i . t  R(y) y R(Xr\+A ).  We are intsrr :sted. in f ind. i r :g a cha.ract.nr1da_

i ion  o f  the  fe rc t  tha t  R( f )  i s  f in i te ly  Senera ted .  S i r i ce  the  on ly  p 'ob l -em is  whe in

, , / . t \  t )  / 1 r  a r  \  .  r i - i  - -  F - ^ ^ -  |  ,

K\r /  =  t \ \ re .n . ,  I  *  ?c  - tc  sha l l  ass tune ih is  f : :o r ,  t io t \ i  on ,  I f  Y  i s  smooth .  (o r  nc , -=e ,  ge-

neral ly,  Gorerrstein) : . t  i .s wel l  knor, tn that R(Y) is f in i tely '  generated ( i ,1r-r . ' r f  o 'd-,

$ppend ix  to  OTJ,  i .n  the  s ; ;nooth  case,  anr l  Saka i  [ lq ] ,  in  the  Gorens te in  case) " * t r t r *

sha lL  need the  fo l low ing :

Lenrna. In the a.bo'qe nota."t  Lons and- ; tsslxnpt ionis l -e ' t  ( l  , l t  )  le  the  mr :c1e1 o f

t iru paii : :  (X,tt_-+A ). ! l l?4 D' = Ky . 
'

A o

Pr.og{.  ?}r is le inl ia fc l lorrrs frorn f l3] ,  w}:ere Yo
' ^ t '  

v  ( . i -  f l i a +  + h q ;  S t r U C t U r . e  n O f p h i S m  X  * - ? Y
v - r .  r  \ _ r r r  

r v v  v  v r f , \ /

X  * '  r y  _ - - - - _ - - 7 T  r  s o  y  d c : n i n a t c s  y  ) "o '  o -

Nevertheless, we shal l  Siv.- :  anot l : .e,r  pr:ooJi

the  Ze i r i r : k i  decourpos i t ion  o f  D =  K*  *  A  .  Le t

and. put A

) . r f D  = P' o o

of this lenun€1. Let K.,.+

v :X* - - r>X be the

= v (A )"  We hir .vu P u
* '  '  

O

"r- N is ttre Zaristr'"i

A  = P + N b s

birat ior ' . lal

"n(\)  
+ , '*(z

c l e c o n l t o s i t i o n

morphisrn g iwn by proposi t ior :

= (  + A  ( w h e r e K  d . e n o b c s

J }

K]|
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of  D ,  i r ra  ) :&vc  r i , Je i t  i ] t ' uh . r  p roo f  c f  p ropos i t ion  J  tha t  N^  =  v ,  (n ) ,  n  *  v .  (P)  anr l
( ) - o o i t

. -  * r *  \  r ' -  i 1 , - . r  - r F  - r a  i . . -  A  - - - . - . - - ^ . . . . . !  
^

p =  v " (Po) .  )Jc  no tv  th i l t  i f  1 l  i ; :  a  conpone i l t  o f  A  ,  rdo  i rave  P.E =  o"  Inde* ;c i ,  by

t l re  r i -e f in i . t ion  o f  A  r  o  *  IoE *  p" l  +  i r ; ' n ,  a rx l  i f  P , f r  /  o ,  th .en  N.  E1o ( rec ; r11

tha t  F  i s  ne f ) r  aLnd.  i i " r i ce  i l  i+ou ld .  be  a  sc lmponent  o f .N  (s ince  N lo) r  &  cont : :a tL i .c -

t i o n  w i t h  F , I  I  o ,

L e t  E  b e . a s  a i ' b i 1 : r a r J  o o r 0 p o r i r i r l t  o f  A o ;  t h e n  v + ( t r o )  =  E  +  H ,  w h e r c  E  i s  t h e
o

s t r i c t 'b rans for rn  r : f  E  by  v  ( r 'h ich  is  a  sornpor :en t  o f  A  )  anr l  H  is  a  0 } *d i * iuo"

on X whosc  coapor len ts  a . re  a l l  perper id icu la r  on  P.  fhen Fo"Eu =  * rx ( fo ) .vo(no)  *

=  P.  (E+H)  =  P.E =  oc  There fore  by  Hoc lge  ind .ex  theor r ' :m we get  tha t  the  in te rsec t io l

r n a i 3 l l  o f  S u p p ( A o )  i s  n e g a t i v e  d c f l n i t e .

I f  Z ig a posit ive Q -d, iv i .sor such th.at Ao** ancl No-Z are both effect i rre 1

then Y io+ (  Lo- r )  =  Po* (N. , -Z)  i s  the  zar i *k i  c leco iopos i t ion  o f  K  +(Ao-z) ,  an i  l lence:

n(x , l )  ?  n (xor ro )  t  n (xor ro - r  Ao)  f  R(xoero+(  2 \u -z ) ) ,  fherc fo re ,  by  c ) ian ; ; i *g  Ao

a l i t t le  b i t  ( in  such a  way tha . t  R(X- r l - )  remains  u .na f fec tod . ) ,  we may assu- rne  tha t' o ' o -

A arnc l  N-  have r )o  conmon cornpc) t len ts .  The;n  wc c la im t i ;a t  N  -  o ,  io€ .  K  +A =  p- _ o  o  -  
o  o ' * r :  o

is  ne f .  I r :deed,  o ther r r i se  i t  wou ld .  ex is t  an  i r reduc ib le  curve  C on  Xo such tha t

o )  l - n 0  =  P , . C  +  I i  . C "  A s  a b o r . e ,  t h i - s  i n : n e c l i a t e l y  i m p l i e s  t a a t  C  e h o u l d  b e  a  c o m -
o o o 2

ponent  o f  N- r  anC in  pa , r t i . cu1a. r ,  P_"C =  o  anr l  C . . (  o .  $ ince  C is  no t  a  compog ien t '
o '  o

^ A . A
c f  A o  * r d  A o  i u  e f f e c t i r r e r  A o " C > , , o ,  a n d  r e c a . l J - i n g  t h a t  D o . C (  o ,  w e  g e t  K , r , C ( o ,

In other worcj . ;sr C is a D^-redund.and except ional curve of the f i rst  k ind",  contra,=
U

' d in - t i r ro  tho  r ' l  c , f in i t ion  o f  X  .  T l rus  K  +  A is  ne f .
o  o  o  

t ^ " t '

Now iq'e examine a l i i t le the i rreduci,ble cuyves C on Xo such tha.t  Po. C -

*  K o o C  + A o . C  *  o .  S i n c e  K o " C ) ' o  w e  g e t  t h a t  e j , t h e r  A u . C < o  ( i f  K o " C ) o ) ,  o r  t h i : . . t ,

K , . C  =  A _ . C  =  o .  I n  t h e  f i r s t  c a s e  C  i s  a  c o m p o n e n t  o f  A ^ ,  w h i l e  i n  t h e  s e c o n c l ,
o  o  

2  o -

C is a non-singular rat lonal curve such t trat  C* = -2, and ei ther C does not meet

-  / / (  \
Supp(Ao) ,  o r  C is  a  component  o f  A  .  I t  fo l lows tha t  the  mor l -e l  o f  the  pa i r

o
(x  .n  \  ( r , rh inh  is  the  sa i le  w i th  the  nrod .e l  o f  (XrU) )  t ras  f in i te ly  many s ingu la r\ . t o o - o r t  \ ' Y r l r v r r

po in ts  such tha t  Supp(  Ao)  i s  the  un ion  o f  the  except iona l  f ib res  o f  the  morph isn

f^ :X- . . - * * -2Y^  over  a l l  s ingu la r i t ies  o f  Y  wh ich  a . re  no t  ra t :Lona l  c loub le  po in ts .
:  o - - - o  o  o

One a lso  has  t }  
' ) r r - '  \  "rat  g^(K, )  = Ko * A o" 

fncleed-,  this i : .mounts to sl iowing that
O

( r  n A - ) . c  =  o  f o r  e v e r y  c o m p o n e n t  C  o f  A  ;  a n l  s i . n c e' o  o  o

equa l i t ies  were  a- l roady  checked l  bE; fo re ,  Thus  o*  
" "  

\  r r* o  W o /  =  a y

Combin ing  the  abov ' ;  le rnma wi th  p ropos i t ion  2  we go t :

K  + A * P  r t h e i + e
o 0 0

r  Q . E " D "
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Fropositi qql_. l.*_J.lrg-? ,.q-9ry,11s!* -.qmrr,}.-?-4rgqqqi o"r?L "19q3-t3lc-" 
s-p399i99b

tUrj- &(yI-: ar-:. l,4.ui{ -_---_-z-Ltlf- gg1!ni't lgsg}i-ri ion qf Y'- Thcn lt(Y\ ig.-q.rtns*

!S' lr,y* #o ry l'r.tq$- {-"-q.rJl.i!,1-"*Jf q1t1i-.t4g],--qli3?- plif ()t, t* 1it, ) ) i s  [ t  -Gorensbg iC"

g"lgg5, ;:notl :cr .ol,oof of proposit lorL l  wa$ given recently by $akai tn pel"

us ing proposi t ion 5,  one caR easi t ry  construct 'ap exarnple of  a  normal  pro jec-

t ive sur face " {  whose canonica l  r ing n(1: )  !s  not  f in i te ly  generated ' "  Let  3  be a

smooth projecti 'e cur've of genus" 8V 2, L e' l ine bunclLe on B of degl:ee e such tha' l

o(e(  Zg-2,  an4 Y the pro ject ive cone over  the pola, r ized-  cur :ve (nr l ) '  Theu the

mi .n i . rna l -  resolut io i l  u :X -___>Y of  Y is  the geonret r ica l l .y  ru led-  sur face X =

- .4 4,- / n  a :  r - r \  . , r ch  tha t  E  =  u  
* ( y )  

l s  a  sec t i on  o f  t he  ca .non ica l  p ro jec t i on
=  l r  \ V R ( g  !  ' l  D u u r r  u u @ u  !  -  4  . r  r f e d _

l i :X: - - - - - - * t  (p2 *  -e)"  " t  srmple ca lcu lat ion shoss thr ' r . t  A= (Zg*Z+*) /* "8,  and

i f  F is  a  f j .bre of  ! ( ,  X^+ 'A = ( }g-Z-e) /e,E + (Zg. .Z*e) f  ( "p  to  numer ic ; r l  oqui*

va l -enoe) "  I n  pa r t i cu la r ,  r *+A  i s  ne f ,  ( f *+A) *>  o ,  anc l  hence  'K (y )  *  K (X 'KX*A) '

= 2o In the notations of the, pr:oof of i tho lemma above we have Y * Yo because thc

base nu:mber of  Y is  one.  By proposr t ion 5,  F(Y)  is  t in i te ly  generated '  i f f  Y is

Q.*Go"*rrstein, 0n the othe:: ha,nrl,  i t  is well- known (; lnd' ea'sy t,o s'ee) t irat f  is
F  4  D . -

@-Goruns te in  i f f  the  l ine  bund le  (o f  d -ergree  o)  t ' i  =  0U(eKn)g ,L* ' - ^ *  tu  a  to rs ion

i n  p i c o ( B ) .  I f  k  * C ,  o n e  c a n  o b v i o u s l y  c h o o s e  L  s u c h  t h a t  I ' {  i s  n o t  a  t o : : s i - o n t

and. .b l ie re f6 r :e  fo r  $uch a  cone Y,  n (X) : "s  lo t  f l r r :L te ly  geger i l ted '

{ z " r@ *?qq-Isi:*rllhsae*r]3rrseffi

Fi rs t  61  a l l  1ssa11 the ' t  i f  T  i s  a  norn ia l  p ro jec t l ve  sur face  onc  can dc f ine

/ v )  o r  y  b v  o  ( y )  =  t ' o ( v . o  ( n r - - ) )  r o r  e v e r y  n ) 1  ( s e e  t 4 l  ) "  ; 1 6 ; s a ' 1 1
t h e  n - g e n u s  p n [ I /  o l  r  u y  y n \ r /  =  r ' r  \ r r ' y r ' " ' y

a . l s o  t h a t  f f ;  i $  a  s m o o t h  ( n o t  n e c e s $ a p i l y  c o n p l e t e )  s u r f a c e  o n e  c a n  d e f i * e  t h e

logar . i t iun ic  n -ge t ruu  pr r (Z)  o f  Z  j .n  the  fo l low ing  way l  choose a  s rnooth ' rconpact i f i -

c a t i o n f r " V "  o f  Z  ( i . e ,  a  s n o o t h  p r o j e c t i v e , , s u r f a c e  Z  o o n t a i n i n g  Z  a s  a  Z a r i s k i  o p e r

;ubset a'rl such thtrt D -. z-n t"q+A#i-Hir^rith normat crossings) anrL put Fr,(Z) =

-  bo(ZrO"( r . ( fu+ l ) )  fo r  ever .y  nv7 l .  Th is  c te f in j - t ion  is  6ue to  l i ta 'ka  and"  tu rns  ou1

lJ

to  be  ind-ependent  o f  the  compaot i f i ca t ion  o f  f r .  The case we sha l l  be  i 'n te res ted '

in l rere i .s the one when z is tbe smooth locus To of a r iormal l r roiect ive surface 
. l

such tha,t  c<l lqp:rc.bi f ica,t ion Z r , , i } ] '  bc jusN t l re rnj .nima]- : :esolubi.orr  u:X *-_*.r ' .Y

, Y is eirrbed, led. in X &s e,,r l  o; :e n *ubset yia rr*1).
(nore prer: isel .Y, Z = X ?' t1d'  Z o 

r : t

In coirnect ion wit i r  the problen of r : le issi f t r ' : .ng al l  nor ' 'mal project ive degt+nera'

t i  ons  o f  rn1 ; i  ona. - l  an , l  n r le r j  sur faces  (see fq ]  )  we wcr :o  led .  to  c lasg i fy  a l l  no l : -



* l - o . -

'  | ^ . . - , - r ,  l \ .

rna l  sur faces wi th  v f tn ish ing p lL l r i fgenerr l '  l lhe resul . t  is  t l ie  f  o l lowing (sce [+1l t

/  i , r J \  T r . i  Y  h , ,  : r  r r r r n ' r r ; i l  t n r i - i t , cL i v " - '  s r ; r f ac : -o l9 r . -C* -  t ; L r c i l  ! ] I ' . l ir l l h r : , 4 \ r ' + f l  1 1  | l A I i ^  . L r :  L  L  t ) i ;  i l  I r \ . ' . ; r r r L ' r ' ! , / - L J r J ' v -, L/l I'r' g;lj]::-*:-l-:::::'i:i*-i:-:-'/---:

r) (t) = o frir ,,::1J-I.>/\;l*:t',.'.:.-*:-*.IJlqi-.t+-nl.ryJ*{llglyiiin".o.l*I:IL'nL{
t  

h \ - /r t  
. r  |  : .  i , . . . r  

' r  . . . . r i  y  . -  ,  c  - ' l - l " f ' a cgs :
t iel c,l,1i; ' to o:' i": r ' f i , i . ' ;  i 'o j l .;;, ' i :r: 'L t: i ;!: ls;j-1ij[*:]**--

(.q) gg-ggryg=*o,iec'r:lve -sylfa.r:es-I.such t-htt .I Ui. ,? q*tlqn9] qYgfac.g -?n4 J

has p,t nos t rat.ional--3i1r'gglgi]Ui*'

(B) Tle- ng{qa,l, qroieqtive- glgfao-es. L''{ith.ti1g follogil'g-grggi:tj;Ss: 4js a

",**a "*.r*oo 
or irre,gul.+tity. q"> o.*J hgg pJuc.i-q-e.J. (I:lg'n"gn-ratlqlql--#*5**{

^ |  " ,
y, thej:;gogetpic. Se4gs-9f' tI

a section of the ca'onical lr{re*4 f ibr?,t ign I:x----*.> B- (wiLl i  }.-a srnooth pr-oiec-

Iaine4- 
j- a deSeneratetl j f ibrg-o-{ [  '

(C ) the norna_l pr-ojr,.ctive su€ace$*@s*r-q:face .of*1ryegg1a:rulI.-

q2g ?uqlr tLa.-t Y has-J't-.qo;sl r*lljro.*al s.ilsglar-ities'i"n{ !}re exceP'lignal fi}rg ot

u over any singui-arity of Y, iq cglLSained in a de,Een-e-La*gl" f lEre -of t.he ggnoni"c*]-

ruled. fibratiot [lI-_:-2 8'

Be4gIEq. 1) If  y is a norma,l projectlve sulface such that nrr(Y) = o forrevery

n71,  then q(y)> o i f f  Y belongs to  c la .ss (C) ,  and conversely ,  every eur faoovfrom

class (c)  has nrr (Y)  *  o  f ,or  ev€rv n7I  and '  s(Y)> o (see [4 'J) '  uere q(v)  
:  

'U(X'o*

2 )  Xo t  a l l  su r faces  f rom c lass  ( * )  o r  c lass  ( r )  have  P r r (Y )  =  o  fo r  eve ry  nv { '

Hxampl.es of such surfaces frorn class (n) weru alreacly given i" [  l '  -At the end" of

the sect ion we sha1l  g ive examplea of  sur faces T f rom c lass (a)  wi th  nrr (V)  /  o

for  some nV' \ .

l )  le t  y  be a sur face belonging:  to  c lass (3)r  Yo the smooth locus of  Yo a 'nd '

r l  r r  l r  the components 6f  a l l  the except ional  f ibres of  u ,  wi th  Eo the sec-
o O t o , l " t  e  .  .  t - n  " '

t ion  o f  ? i  and.  EO , . .  .  tE '  con ta ined in .  the  f ib res  o f  ? f '  fhon  Eor "  '  rE '  a re  a l l

s m o o t h  a n d  I  =  E o + 8 1 + . . . * E n  i s  a  d i v i s o r  w i t h  n o r m a l  c r o s s i n g s "  t e t  b O . 1 ' " ' r b * € 3

b o p o i n t s s u c h t } r a t E 1 r . o . , u * * " * c o n t a i n e d i n t b e u r r i o n o f t h e f i b r e s . j =

= , j i - l ( u . )  ( i  -  t e " . . 1 r r ' )  a n d  s e t  B r  =  B - S t r . . " , o * 1 .  T h e n  Y o  -  x - D )  x - ( E o + F r + " "

. .+ r  )  

' =  
*nu t ,  o r  e1se ,  us ing  the  te rm ino logy  o f  I v l i yan i sh io  Yo  con ta i t r s  a  cy l i r

m
d.er i l1ke open subset  (see Fq]1.  $ ince K,  = *2t r1o *  I ' ,  w i th  Dr  a d iv isor  v*hose su]

por t  is  conta incd in  the f ibres of  f  ,  ihan KX+D = -6o+Drru r i th  D ' r  a  d ' iv isor

,  * } ro  r ihr .es i f  1T-  Thus [ " ( f<"-*  n) f  =  $ f  or  evory

1
I

i

t j J € c u r Y e g f $ e n g s j | ) p , L * s ' ( p g s g i b l f , L g o n e . c o j l l P o n g l t s . O l f t h g d e . , . T e S g j a t e d f i b { e s

of 1(. whj,Le tt-re exceptio-na:l-lliEgd-g*ovel 9ny-ra-tion?L ' 
-



11  -

n77I ,  or  e lse,  Frr (vo)  = o for  every nV' l ' "
-  / - \

, r \  s i im i " l n . r ] y ,  i f  Y  i s  a  su r face  be long ing  to  c lass  (C )  then  f
4  )  i r ] ' i t t r - Ld r  rY t  ] r  r  rD  @ Eq  

A  
. -  

.  ,  
O

r isk i  open subset  isonorphic  to  F" tX} t  (g 'g  n)  ana Frr (Yo)  = o for

S.9;oqqlt:--9-q 6' LeJ-L he €r. surl'ace bei'Jrigi4

locus of Y" tli:,"t] P o ror every- nZX imI.1L?9-!hPL Srr(lo) * o

contains a'  Zra-

e  wry  nV t ,

Yo !4s i lgotb

f o:: e ver,Y n>tL"- (x )  =
uot ie nt sinau]-arit ie s I,he c onge-rse .Ls-*11:gg*g'If Y has at llqgl

Pqoof .  S ince  the

teger a such t i ra 'b aKy

singular i t  ie s

l s  a  C a r t i e r

of Y are al l

d i v i s o r  ( s e e

ra t ional ,  there

tgi )" rhen

i s  a  pos i t ive in-

Since aK,

P n ( Y )  =  o  f o r

i s  Ca r t i e r ,  Du  -  a  I

every nVL t tans lates

(a  ) i - ^ / , - , ,  r \  f  i  *  O fOr  eve fy  n774.
l n t a f ! -  1 u ^ ) l  =
,  A  a  '  ,  n ,'otuq,rtL

\12::tr9/
nosi t iveydiv isot  o t  x .  wi th  suppor t  conta lned in  the

Let Z7 o be an arbltrarY

except ional  f ibres of  un and '

o --a Or(naK"+n} u)e

consider the fol lowing exac'b sequence

0 - ( naK*+nD ̂+Z) -*-*--+ L ----"-r o t
.[. A d.

1-

with L * 0U(naKr+nI*+Z)' Taidng into account of (t) and" the fact that aKY is a

Cart ier  d iv i -sor ,  we in fe: :  that  L  *  OZ,(Z) .  qnuu we h 'ave t io(Z ' t )  g  i to(Z 'O^(Z)  e

d HL(z,a l r&o-( -z j )  
g  f  (z ,oz(r^) ) ,  where f fz  -  or (z+r*)  and '  t l ie  nn id-d le isomor-

phisnr comes from cluali ty on the curve z. $ince u:x---?Y is the mininal resolu-

t ion of  Y,  we have aeau(or( r r ) /g)  = Kx ' I7 , '  for  every component  ot^o '  From pro-

pos i t i on  (11 .1 )  o r  [ 9 ]  we  i n fe r  t ha t  U1( , , 'A (KX) )  =  o  and '  hence  go (Z , I )  =  o '

Reca}l ing the above exact sequence we ir:-fer that for every z77o'sith support in

the except lonal  f ibres of  u  one has t io(x ,0"(n\+nD uoz))  
J  Ho(xr0u(naKo+nl l * ) )  =  o

fo r  eve ry  nVL .  I n  pa r t j - cu la r ,  f o r  eve ty  Z ' ' 7o  w i th

tional f ibres of u, we have

/ - \  \ - ^ ( v  , z t ) l  =  d  f o r  e v e r y
\ J /  

l t l . " \ \ + -  
t l  r

f  nd.eed., for. ever;r nTri i t  is suff icient to take

holds for the reduced 
"tooSrith 

support the union

Since T bas only ratlonal singutarit ies' the curve

t i rerefore we'get  Trr (Yo)  = o fo i :  every nVI"

support contained in t ire excep"

n77L .

U7 x,P '41. : ; In  Par t icu lar t  ( l )

o f  a ] }  excePt ional  f ibres of  u '

D has normal crossings, and"

({ )  #(arr)  -  oKX + aA ,  wi th A the d ' lv isor introducecl  in {1 '

is  an integral  div isor.  The hypothesis that

in t  o :

Conversely ,  i f  Y has only  quot ient  s ingular i t ies ' by a result of }'latanabe [tA:



* r , t *

the coef f ic ients  of  A are a l l ( { . ,  and.  in  par t i iu lar ,  f ryA.  Tbusr  our  hypo-

t ] : c s i s  l " ( f " * n ) l  =  i l  t ' o : :  e v c r y  n ) r L  i n p l i - e s  f  n ( X . " + . 4 ) l =  l ,  o r  e l s e ,  p * ( Y )  =  o- - - - -  I  ' , l  I  A  
- ' r  n

f r-r:. e v{Ty n>/ 4-. 6". ii" D.

-{1q.9!g,:}.llgg*1. 1,:1_I_ rrg-gg.{gegg .gver c brlorlr{l4sl9__glg9j"*($)- uugi' ttal

p (y) = o for r;\:,:r'J n) 1, lind V,:="L*ll--!r,i!lt:Lqfntln;.{-rrlg.r.ity of Y. Then tht:r-g
.  

n .  

- ,  ; ! - _ . L .  q + : 1 - + -

- 1

g x li!-$i*ng rr rlgl -Ers i? qi-lyf-*grlrge-? J" L-gLLb qnlu-gg9 arl$3ia.1*P.gn1;' € I*r- ?r*.

a  r e s o l u t i o r r  v : X ' - - z  Y r  ( nof nece- *.snr i l ;y '  the rnirr imal one ) such tha.t :

tlrq lsc*1l i-r-93,i

Tl:e::e is a sur

L )

1 l /

0 - ancl  0-- .  arc isgtQipalg:' \ r  r '  . -  V l  : r I  -  -  -  - -
r t J  I  t o r  

4 "

ect ive rnorPhism 
' i i  tXt# nera l  f ib re  i s

7
lI) : nri
* i

-4
r i i \ ' n i { . . t r a r .  vI I I  '  g }  U I T V '

t q c.:ntain*.1 in a degunqrqte{:I lbrg of fi . or the ir-

*L
red-ucible conponent's of -\r

t )  a r e :  a  s e c t i o n  o f  X , lus oossibly) some ,q-qq-

pone nt s . of !-L]-9-ge,sggqfg!.99f i b r e s  a f  T .

t"qg{." }. irst take uO,y{.,-----_*y the minirnal re;solubion of al l  singularit ies

o f  y  bu t  y ,  and .  d .eno te  by  y4  =  
{ ' ( r ) .  

c l eau r l y  we  have  QT^ ry^ *  o r rn '  r f  t he re

J. I

i s  an  except iona l  curve  E o f  the  f i rs t  k ind .  o f  Y ,  no t  pass ing  though Jh t  take
a

tbe b lowing down mor:phis in  f  :YO--- - : *Y?- .ot  E to  e point  e ind-  set  YZ = f ( f1) '

Then Y, ,  is  smooth outs ide yD and 0n.  - .n  
-  0" .  - . r .  

=  0" .o '  I f  T2 has an except i -o-
, t  L , r J  

2  
' 4 - r r 4 -  L r , r

na l  cur 've of  the f i rs t  k inc not .pass ing tbrough Jnr  rePeat  the proced"ure.  j f ter

a  f i n i t e  number  o f  such  s1eps  one  ob ta ins  a  pa i r  (Y ' r y t ) ,  w i th  Y r  a  t ro r raa l  p ro -

j ec t i ve  s r : r f ace ,  snuo th  ou ts i r l e  t he  s ingu l ' a r i t y  y ' ,  and  such  tha t  0 r , r y t *  Or r * '

f t  is  a  genera l  fact  t t .o t  nr r (V)}"Vnf t l  for  every n771.  Thu.s,  our  hypobhesis

i rnp l ies that  nr r (Ya)  *  o  for  ever 'y  n 'ZL,  I {e  c la im that  pn(Y' )  =  o for  every n>} '

To see t i r is  i t  is  suf f ic ient  to  check that  pn(YZ) = o for  every n771' ,  and th i 's

is a consequenoe of I{" = r+(ic" ) r- E.
' L  ' 2

fhus we r*ay assune that y i* gmooth outsid.e y and. there are no exceptional

cuJ|ves of the f irst kind. not passing througir y. Frora our hypothesis and propo-

s i t i on  6  we  ge t  p  (T - )  -  
"  

f o r  eve ry  r i > , l .  "A  snoo th  conpac t i f i ca t i on  o f  Y^  i s
'  r J l \ ^ o /  

4  
t J

the min imal  resofut ion u:x-*>T of  (y ,y) .  The curve 1;  = , r - ' (v) " .u  ie  connec*

tec l  ( , *Lth norrnal  cross ings)  and.  YuE X-D Coes,  no i  conta in any except ionaf  curve

of  the f i rs t  k i -nd. .  Therefore l re  ar ts  in  pos i tJon to  apply  theorem I  J '11 of  L t " l
A  { _ \

to  ded"uce that  y^  conbains a,  cy l i r . rCcr l ike open subset  u  -  /A 'x  c  (u i th  c(P ) ,

T n  n n " n f ; n r r t r r "  ;  r " t  a  h ' i r a . f  

4  4

J * ^  l . r { 4
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Sular)  isornorPhism between

of (p we get a cownutative
I

/l

wrth j  a  re i ,omal  conposi t ior .  O,  b lo iv ing points  (outs ' ide ,P ( tx  C))  such that
I

^J, i" a morphism" Put v * uey ar'cl f i  = nr"r '  where P, is the second' projec-
' 4 4

t ion of  ipaxF*.  tn*n the resolut ion v :Xt- - - - - - - -?-  Y sat is f ies the requi rements

o f  t he  P : :oPos i t i on .  Q"E .D .

[Al t f t* structure of surfaces Y be*
Rejnark. Xy the work of Kr'mar' and' l'{urthy

lond.ing to cfass (f ) an6 such that lrr(Y) = o for every n7.7- ts well  r"rncl-erstood

if y has onl.y one slnguler point y such that D = u-f (r)ruu is a rational srnootlr

eurve (wi th  se l f - in tersect ion D2 *  -mrm)r?) .  Actgal ly ,  a  very f ine analys is  of ,

these sur:faces according to the logarit iunLc ro,raira d.j-nension is camiecl out in

r^- ' l

LUJ.  rn  par r l cu la r ,  i t  i s  p roved.  tha t  n r r (Y)  =  o  fo r  eva*y  n>I<T=Z I  (Yo)  *  o

f  or  e very n '77L <=+ 0" . , ,  i "  isomorphic to oF"rTtt - luo " , .  rTU** l ru*](o) '
r r J r'^'r

l ,et  us eonsider the f  ol loning exeunple takcn froin [BJ" Let P, t  '  o o tPao be ten

points in genera. l  posi t ion in i .Pz and C a sext ic cl lTve pa'ssing d'oubly through

each P.  (a  s imp le  count ing  cons tan ts  shot+s  tha t  such a  sex t ic  ex is ts ,  anC ] l lo re -

o .ver ,  C  is  a  ra t iona l  cur ' ve  hav i -ng  ten  ord ' inary  doub le  po in ts  a t  POto66tP4.o) "

Cons ider  the  sur face  X ob ta ined"  by  b lowing  up  * '  u laP l r " ' 'P { -o .  anA 

]enote  

by

D t i re  s t r i c t  t : :ans fora t  o f  C  in  X .  fhen D =  P-  and '  D-  = :4 t  so  tha t  there  is  a

birat ional i rorphisi l l  u:X--+-T such that u( l )  is a no::rsal  point y (hence of

the above type) and u- j "s an isomorphism betrEeen X*) and'  Yo = t* l f } '  In part i -

" r r j . r " ,  
Y  be longs  to  c fass  ( l ) .  l l ovever ,  i t  i s  p roved-  in  [8J  tha t  Fn(Yo)  a re  no t

a l l  zero  ( in  fac t ,  p - (y^ )  may be  o  o r  1 ,  and there  are  in tegers  n  o  such tha t
- n o

p ( r  )  *  t ,  i .e .  the  logar i th r : r i c  l toda i ra  d imens ion  o f  Yo is  zer :o ) "  0n the  o ther
h 1 \

"  
- . t  i  . a  e  n , , n * i  n r r *  n i  r r y u l  n n i  t v -  r  6 "  n o t  a l l  P  ( t )  a r u t

hanc i - ,  s ince  (y ,  y )  i s  a  quot ien t  c i r rgu la r i t y ,  by  p ropos i t  j ' o r  -  '  -  
n

zero .  There fore  there  are  sur faces  bc l "ong ing  to  c lass  (A)  r t i t i i  vc ry  s i rnp-Le  ra - '

t ional s ingula:: i t i -cs; such that 4s{ al l  p lur i .genera Ya'nish"
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