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ODD ORDER GROUPS WITH AN AUTOMORPHISM CUBING MANWY BLEMENTS

by

Herian Deaconescu

- Abstract

Let G be a noncomutative finite group and let p be the smallest prime
dividing its order. It is shown that if o€ e Aut(G), then at most 1/p of the
elements of G . can satisfy oc(x) = 23( here p # 2). The structure of the
nonabelian groups of odd order having an automorphism cubing exactly 1/p ef
the elements of the.graup is given, These groups are closed to be abelian,
in the sense that either have nilpotency class 2 or they have amn abelian
normal subgroup of index p. :

1 INTRODUCTION

- Let G be a group and let n be a fixed integer. An n-sutomorphism ef

¢ is an sutomorphism which maps every element of G té ite n-th pewer,
If G has an n-gutemorphism for n §—1,2 or 3, then G is abelian, a result
which is long known. On the ether hand, it 15 shown in [7] that fer every
other nonzero value of n there exist nonabelian groups sdmitting & non-
trivial n-gutomorphism. ‘

For n = -1,2 and 3 and for nonabelian finite group G it resains to deter-
mine how large a proportion of elements of G can be mapped by an automor-
phigm of G to their n-th power. This problem was solved in (4] - [6] for
n=-1,2; in this case, those nonabelian finite groups with maximum pogsible
number of elements x mapped by an auntomorphism to x" were classified.

These groups are in some sense closed to be abelian ( they either have

an abelian normal subgroup of minimum index, or they are nilpotent of small

nilpotency class).



v

The zim of this paper is to classify those finite nonabelisn groups of
odd order that admit an automorphism cubing as large a propertien of group
elements as possible, This case (groups of 9&& order) is a very lucky one
since the method of proof ef [6] works as well, the results obtained being
different from thoge of 16] only in some details, :

If p is the smallest prime dividing |G| , then not more than 1/p of the
elements of G can be cubed by an sutomorphism. Ve then classify all finlte
nonabelian groups G of odd order*having an automorphism which cubes exactly
l6l /p elements, The classification is given for fized~point-free automorphisms
-and for automorphisms with nentrivial fixed subgroup and may be sumnarized
as follows:

THEOREM, Let G be a nbnabelian group of 0dd order, let p be the smallest
prime divisor of |Gl and let « €Aut(G) cubing G} /p elements of G, Let

T x the set of elements of G cubed by of and let ij the fixed subgroup
GfOC&

(1) IF Fg =1, then G is nilpotent of class 2, |G| = Py PN 6 = 14
and p > 5. : :

ER Fo # 1, then Te <Gy \6:0) = p, T is abelian and there exists
fe Fx\ TD< . of order p,

2 NOT&TIOHS AND PRELIMINARY REMARKS

In what follows, if the contrary is not assumed, ¢ will be a finite
group of odd order, Any notation nob explicitly defined is standard and
conforms to that of [2] .

fkp : th@_sat of all groups with order divisible by the prime 1p
but by no smaller prime

L an automorphism of the group @

T the set {g ¢ € / < (g) = g°}

A a subgroup of G maximal in T,

P » the get ‘{g €6/ «<(g) = g} ; F, is a subgroup of G .

% = 2(a) the centre of



Since 2{l6l , TN B, =1, It is immediate that (T, ) = T, , that
<X (A )= Ay and that A . is abelion ( the last since the restriction
of - « .to 4 i & 3-automorphism of A ). Moreover, T_ and A_,

contain no elements of order 3.

% PRELIMINARY RESULTS

>

: Since our problem is closely related to 3-automorphisms, we first give
& proof of the following well-known result just for the convenience of the
readers:

301 IEBMMA If G is an arbitrary group (unot necessary finite) which hes

8 3 - &atamefphism, then @ 41is abelian. _
3

Pr&@f. Let o as stated and let x,¥ € G, Since vé(ty) s (xy)3 = XEy ’ i%
fellows that (yx)2 2 - (1)
' (1) ' =

Then (yx)4 = ((yx)z) = (32y2)2 (1) -y4x4 and y4x4 = (yx)4 =

s (yx)(yx)ﬁa_lt follows that x(yx)3 = y5xx3, whence xoc(yx) = o (y)xuc (),

But o€ AutlG) and xec(y)ot(z) = ocy)xoc(x) , which yields zoc(y) =
v= o« (y)x. Now G must be abelian since x,y were arbitrary in ¢ and o€ is
bijective, '

The following trivial result will b@‘uaed=7

5.8 IEMMA If F = 1, the map p:G —>C, p(x) = 2o (x) is bijective.

The main result of this section is the following

3.3 anon;:i‘ Let G ¢ S’p and let o ¢ Aut(G) such that p| T;C\ sigl,

Then G' is abelian { angd T, =6 ).

3,4 COROLLARY TLet G € Sp be nonabelisn and let oC ¢ AutlG). Then .

R TSI S Tt

plT | <lal,

We shall prove 3.3 in a sequence of lemmas.

3¢5 LEMMA Let feF,.Then T £ N T.£54 F onlyar £7°5 o4,

Proof. lLet t,,t, ¢T such that tothom bt (1)

3,0 .3 g e .
?4. su‘cig ' (2)

Applying of one gets g



Frem (1) and (2) we obtain = %5 ; sines 2}IG, b =%, end this

ghows that £° % = 4 ,

3,6 rx,:zf:m (1) Let g ¢ G\A, such that A, gN T, =« . Then

‘AQ(E(\ T«l* "ﬁ g)\ ‘Al /?*
(11) Let g €GNA_ with g 'A_g=4_.,. Then A el ng.

| (111) Bet piT /|G|, Then 4_, = N4, ).

Proof. (1) Set A=A andlet tcAgNT_, , 50 that = 8,8, 8, € A
_and Ag = A%, : : ' :
If ach, t& 7T, and a¥ e, , thern o¢{at) = (at)3 = ajtj, whence

bigl- -t By repeating the argument of 3.1 ene obtains o« (at) ¢ € alale
It is easy to prove that c,,:{C (a)) = (a), Imie@cl, let x € Cylal; ‘then

o (X)da) = (a)oclx), 1o, w({k)& = 2 vc(x) and «<(x) ¢ C (a:s) But
3t1a] . forcing oc(x) € Cy(a).

Thug ;;C(m) & CG(&,) implies at -@, C@(a), 80 aat = ata, whence at = ta.
¥We have then shown that for a €A, t ¢ &7, vwe have at ¢ T, if and enly if
at = ta, Therefore AgN T, = AANT , = (C,(%))t and since ¢, (%) =
= Gﬁm(g) one obtaing AgN T _, = Cﬁ(g)*’c, whence |\ Ag N\ T _\‘ u’\Cé‘(g)'i:\ =
@\%(g)

&

Suppose new that g ¢ G\ A, Then Cg(g} < A, for if the contrary,’
%(é’?) = A- implies A < <Gé(g)9‘%: > < T, contradieting the maximelity ef
A in T .. Since G € 8’@,, {A:Gﬁ(g}\; Dy €6 {C‘A(g){ <l Alfp o proving (i).

(11) Ve claim that 4f + ¢ % N N.,(A), then % ¢ C.(A).
oL G G

=1

Let a €A such that t 'at c A, Them + 2a°t0 w oc(t~'at) = (t~1at)? =

b 2 “7272 P ga? and §° cozmutes with &3;85_&% 3Lk,

= ’c“’a;.j t, whence
2 Iy . ;
t° commutes with & and simee 24X {G\, t commutes with &, proving the elainm,

Let now g ¢ (G~ &) N N.(A) and suppose there exists a, € A such that

1
2,8 ¢ T . Then a.ge T ;N Nq (A) snd by the above claim 2,8 ¢ CG(A).,

Since A ig abelian, ,l(g) = A, contradiction with (i), Thus we have proved



(441) Suppose there existe g € (6N A4)N HG(A)‘ Then . grg EG(A)\ A

for r = 1,p-1 . By (1i}, the set AU AgU .40 U figﬁ“i has exactly
1/p of its elements in A ( those of A& ), It fellews from (4) that
gﬂ’}}dis\ﬁvl. Censequently, if piZ,| >1Gl, thea 4 = EG(A).

Sl %iﬁi% If F, =1, then for every % & T, we have g e QG(‘G)

s

1f and only if g“k{ tg) e GG(.ﬁ)e

Proof, If [8s¥] = 1, then ec’([g,tj) m[w(g),"t3] = 1 ; singe
does not contain elements of erder 3 it fellows that [oc(g),ﬂ e i,

Thus g eCG(t) implies g“ioc (g) € QG(t), The lemma follows now by 3.2,

3.8 LEMMA If FOC = 1, then TBC contains at most one element from

every conjugacy class of @ ,

Proof, Let 1t ¢ T, and g ¢ @ such that g%g”1 € T oo Then gt3gm1 5
e L (gtg”1) = @c(g)%joc(gq), whence g e (g) ¢ CG,(‘E:j) = CG(t)a By

53, _g.ecg_(t)@ 80 gtg'1 -k

THE PROOF OF THEOREH 3,3 If (6] = ps, the regult is clear. Let G be

a minimal counterexample to our theorem, se that & € jp is nonabelien
and pl? |.>lel,

We may suppose that Po =1 o For suppese P. £ 1 and cheose £ # 1
i

.

in F. . By 3.5, none of the classes AP ", 1w ?;;;4_ ‘containg elements
ef T, o The other cosets of G with respect to A = Ao(f (exceptiﬁg A
ii.zs;elf') have at most 1/p of their elements im T by '306 (1i). Thus
Fo #-1 implies pl|T | < |G|, which is not the case. '

We next show that 2 = 2(G) # 1‘. If 2 =1, eacfn nontrivial conju~-
gacy class of U contains at least P elements since G ¢ j‘p@ Ey %: 8,
G has at least |2 | conjugacy classes, so |G| (120 -1)p + 1. Since
Al >161/p , one obtains |Tg] 1 + l¢ /p , whence the contradiction

fels el s,



Thusg it remains to consider the case 2 #£ 1 and F, =1,

Let It e 2D L 7 < 2 s then at muet 1/p of the elements of &
lie in T3 by 368; at éust i/p of the elements of G2 lie in T,
Th@refara g\?%{4glﬁ\g contradieting p\?a\:>\ﬁia It follows that Z>$# Zg
so 2<%, .

. gines plT,1 >I6l, ¢ has by 3@6.(iii) & proper subgroup A = A . such
that A 3 KG(A); thus G 4is not nilpotent and G/Z'eannpt be abelian, Buti
induces on G/Z the autoﬁorphism < defined by &?(Zg) = 25(g)s Since

leszl «l6| ana /2 € ffq (app) we can suppose g ’f‘ggi é\G)ZX (atherwise
@/% would be abelisn and G nilpotent, which is not the case ).

Now |T7| g\2,112], so plT,l <16l , a contradietion which proves the result,

Corollary 3.4 raises the question of the structure of the nonabelisan

groupas G € %p (p>2) with an automorphism o sueh that g&ﬁ4l =G|,

4 GROUPS IN WHICH p|Z | =|G| AND P, = 1

Let observe first that in this case T connet be a subgroup of G,
For if contrary, sinea“ G € EYE » wé have T .4 G is abelian, But . G-
being nonabelian, there exixtx . x ¢ GNA and a € A gsuch that 2 # aX,
contradicting 3.8.

We prove next that Z #:Tﬁl o Suppose the contrary and argue by contrae

diction, We have here two easesd

Case I, Every cenjugacy class of G contains elements Qf e
In this case, by 3.8, there are ﬂ?%\ = {¢|/p conjugacy classes in '%5
By a result of Jué&yh (see for exaﬁpie {61 ) we obtain tha
i/p g*1/p2( 1+ (pg o 1)/\@‘\).
whenC@.KG‘i £p 4 1', Since p % 2, V'l p+ 1, foreing 16" = p and
hence every noncentral. conjugacy class of elements of G has exactly »p

elenents. The class equation now furnishes & contradiction,



Caée 1L, Thef@ exist conjugacy classes in G without Qlements in T
The proof of this case is much more invaivﬁ&f but 1t runa‘alang the game
lines as in (61,

We are now in the following situation : F. = 1, p|T .| = )@], J2:2% p
. where Zﬂlm 20T, , every noncentral ﬁanjugacy clase of elements has
exactly p elements and exactly one of these lies in T..

Cheose % ¢ 4~ 2, Then the gets (58 v, e 0,p-1 are pairwvise
‘disjoint and since plT,] = |G| 1t follows that @ = Ted o fhis shows
(by 3.1) that G/2 is abelian, Let ity € T such that e Lt,0t,] # o
Of course ¢ ‘¢ Z and consequently (:see_@ego leonmna 2.2? Po 1§ of (2] )

() = ot ([b 48,1 ) = Et?,tz] - {t1,.t2]§ ciet - Now ¢ & 2 -In L,

since otherwise Lile) = 03 e c9 and ew = 1, contradicting the faect that

T<£ does not contain elements of order 3 .
v r% t iR | 5 o 9
Thue 2 =2 X G' , where G' = <c> and e\ = p . Since  le) = e”,
it follows that p # 3 , otherwise we would obtain a contradiction because.
ig injective,
i ' 3¢
Since tP€ ZNT, =2 forall te T, and since p # 2, it fol-

*

lows that (*c;i‘tj)p = t74% for all. bty € Te o thus 6P < 2" and

dd
- consequently 6P\ @' = 1,

‘The structure result in the case EQ = 1 is the following -

4.1 THEOREM A necessary and sufficient condition that 2 nonabelian

g%euy ¢ é%.ﬁé (p>2) have an automorphism oc‘su¢h_thg§ P .= 1 and
plT,\ = 16| is that

(1) 6 is nilpoﬁant of class 2 with |6') = p

(11) 6PN ¢! = 4

t43i) p>5

Proof. The necessity has been established above, Suppose now that @G
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satigfies (i) - (iii) . Then G/2 is am elementary abelian p-group

: x A % : A TN
end Z=2 X G' , yhere 2 1g & subgroup of G sach that 6F 7< @ .

Thus G/2 m{éﬁzz,ig.”“ii%, é’i’:z’z‘:?““; ﬁ}{k> s whare

fxi,:,:éj'l zs‘L 8y g 51 =1 , forall 4,i=1,
ng’i;;l = 1 (1 &£ 3)
Yai,xjj = ¢ i =1,k and

Gt 'z<$> vilel s p s IF Ao <a?,aee;a&, “gf‘> » then every element
§ € G is uniquely expressible as

q q ' S P s

& = aﬁsx? coa ka ¢ where a & .é.‘ 8 = 09})‘*1 ® Qi = 05]3)"'1 s 1 = 1913: &

Define of & Aut(G) by

. g Sp. 39 3
K (g) = Q(( &Gsx,‘1 so e X,K) = aEC@SX,‘s ?-ee@ xk ©

Then n\ﬁ{,{l e \G{‘, for given & ¢ A and 9 € Lovh m g tharé is

“
)

exactly one. 0 < s £P~-1 with < (g) = o Of course § Fc(m ;3

and the theorem is proved.

5 GROUPS IN WHICH p|lT.|=\@| amp B

Up te the end of this section we sha 2ll work in the follmmw condi-
tions 16 % (p>2) is a nonabelian group R ﬁutiG), Fodéd 1
and plT,l= lizl : '

By 3.5, \1"“D<X = p . Let _E;c me,) ; then we have the relation

: : : e
3.2 be® U ey .. Ur P
¥Ye need some technical lenmas,

53

The conjugacy class containing £ has no elements in Tac @

Proof. Deny the lemma and suppose that there exists g & G puch that

-1 -

gtg & Toe By 5.2 there exist t ¢ To{ and integer ¥ such that
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g = 425, Thus  (425)22(6£5)! = ((6eD)2(427)71) = e ((eeD)2(4£5) ) =

: s >4 - m"

s el L alel™ bt e L e e )
Ao - :'5 t,‘g’,a ‘“‘,”6’ e . 7

Applying o %o (1) we obtain £° = t°ft7° , which together with (1)

gives £ = t02t7% | d.e. t% £ C(£). Since 24(6l, t € 0y(£) ana
257! = g L (3)
From (2) it follows £ = t£7t"' and by (1) we have t£747' = t2£4™2

3 -t
which yields £’ = tft7' = f , contradicting 24lgl .

5¢4 LEMMA Det 6, = AP < G such that

2,&&::})

(1) A <@, \G1

(11) < (A) = A

Then A ¢ T, (thus A is abelian ),

P

Proof. Let a €A, By 5.2, exactly one of the elements afi y 1 = O,p-1

. " . ’g E i
belongs to T, . Suppose this element is afjo Then (af“)B = &?(afg) =
=« (a)£?, which yieras (£1a)? = a7'oc(a) € A, Since 2{lel , £la e 4, 50

£3 € A, But it is clear that ANF =1, 60 =0 and ac T,
The case T ,< G 4is settled by

5.5 THEOREM A nonabelian group G € %ﬂp(p;»Z) hag an automorphisme

such that F £ 1, T <G, |6:2,| = p- 1f and only if G has an abelian

(normal) subgroup A of index p and an element fecGNA of order p .

Proof, If T < G, then F_# 1 and the gemerator £ of F. is of
order p . Conversely, given A &énd f as in the statement, the map

B e

oc(afr) = &3f s 8 €A , P = 0,p=1 ,'definea an automorphism of G
vith T . = A .
We now proce&dlto prove the-fﬁllowing result, which together with
b.4 and 5.5 establishes the final.charaeterizatimn theoren stated in

the first section.
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o such that P # 1 and p{Z,| =\ G|, then

566 THEOREM = If G & S’P {p>2) 4is nonabelian and has an automorphism

someesoicerer

T

I..< & . Consequently,

the enly groups in the case F . # 1 are those of 5.5.

We shall assume from now oen that TGC ig net a subgroup ¢f G , that

Pl = pand that p|2,] =|6| and eventually derive a contradiection.

5T LEHMA Tet A = A . be a subgroup of maximal in Tc( (A & ‘1‘0(' s

Then there exists a coset decomposition
6=AaUAtU .o UMPT'Y Ag U voe Utg,

auch that

(1) &fg_f\_'fc[ ) s 3= 1ep-t
(ii) Rﬁﬁgiﬂ To(‘ “"’\Cﬁﬁgj’){> \‘%’&/p v 1 = m e

Proof. (i) follows from 5.2.

‘Exactly 1/p of the elements of A U Af e u,!m{’p“"i belong to T, emd

by 3@@3 every other coset mugt have ém}.ctly i/p of its elements in T

according to the condition p { Bl - |Gl. Tris proves (i1) .

Ve try now to obtsin the desired contradiction in order to prove 5.6.

Cage I, 2 ci;f.“‘l‘mf i

Then 2 = 20 %, < & Xﬁ order to have pl2,] = )6l, two conditions
must be satiefied: \Z:Z%lsz p and every noncentral conjugaecy class of G
hes exactly 1/p of its elements in  F e and % = <Z’<;.f>;
by 562, G =T F  , 80 G/Foc is abelian by 3.1 Thus G'< F_ and since
\;E"O(] =Py G =F, o Hence G =adP,> and there exist t,.%, ¢ T such

that £ = I’f;“i:él- # 1. Of course £ € % and applying o one gets

£ w L gf) = of ([6,8,]) = [-'c;‘,tg‘]m [«t“‘tg‘ﬁ =2, contradicting 24lGl
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Case II. ECT%.

This case ig much more cemplicated; however, uging the technical

lemman obtained above, it is not difficult to derive a contradietion

exectly as in [6], The situation is different from those ef [6] ¢ £f the

automorphism of squares many elements instead of cubing them, then the

corresponding theorem for 5.6 is net true, ancther class of groups which

B

satisfy all the coenditions being ebtained, with G/% nonabelian of order 27.

In the cubing case, this situstion is ruled out, thus obtaining a

contradiction which ends the proof of 5.6.

3o

4,

5e

6o

Te

REFERENCES

C.D.H, Cooper, Power sutomorphisms of a greup, Hath, 2, 107 (1968),

335=3556. :

Do Gorenstein, Finite Groups, Harper & Row , ﬁeWPYork, 1968,

Keﬁe'Jms@yh; C&ﬁmutativity in‘ngnab@liaﬂ groups, Ph.D, thesis, UCLA,
1969, '

H, Liebeck, D. Maec Hale , Groups with automorphisms inverting most
elements, Math, Z, 124 (1972), 51-63,

e

H, Liebeck, D, Mac Hale,'Odd order groups with automorphisms inverting

\

many elements, J. London Hath., Soc. (2) 6 (1973), 215-223,
H, Liebeck, Groups with an automorphism squaring many elements, J,
bustralisn Math, Sece , vol, XVI, part 1 (1973), 33-42,

Gehdo Miller, Pogsible £ -automorphisms of nensbelian groups, Proc,

Nat, Acad. Seci. 15 (1%29), 89-91, .

decoala generald 3, Deva
N 5
ROMANIA



