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Abstraet

f,ot G be a nonconutativo fintte group and let p bo the smalloet pr{.ne

dlei.ding lts order. I t  is sbo$n that i f  cce Aut(S), then at sost i /p ef tho

eLenents of  G.  can sat ts fy  c(x ;  = x ] (  here p # 2) ,  The st ructure of  tbe

nonabelian group$ of odd order havtng an autonorpbtnm cublng oxaetly l/p ef

tbe elenente of tlro group i.s giv'ea" These groups are elosed to be abellea,

ln the sense that elther bave nllpotericy class 2 or tboy have ae abel"lan

norsal subgroup of l.ndex B"

I ff{r}loDUCTrOS

E be a fixed lnteger. An n-eutomorphicm efLet G be a 6roup and let a be a f ixed

G is an cutomorphlsn whicb Bsp$ every eLemen* ef CI to iCss-th pewer,

If  $ hae an n-automorphi.on for n *-1r2 or Sr.then G is abel{as, a result

shfch 5.s leng knor.n" 0n the other ha:ad, lt *e shoss l"n [?] that fer oyery

other Ronsero value of s there exlst nonabeltare groups adnittlng & non-

trivial n-autorsorphi sm.

Fon n * -tc? and 3 and for nenabeliaa f inite Sroup $ i . t  repaine te deter-

mtne hov large a proportion of elements of G can bo ruapped by an automor-

phism of G to their n*th tr)o$ero This problem was solvsd fn [4] [6] fsr

t l  = -102i tn thts case, those nonabel-Lan fLnite,group$ sith msxirnun posstbl"e

nuu,ber of elements x napped. by en automorphtem to xn were eLassJ.fted,

These 6rou$s are in $*ma se$se elased to be abelian ( t trey elther have

an abella"tr normal subgr'oup of uiniraum lndex, or they are nilpotent erf €reeI}

ni lpotency clress ) "



The al'm of *hi"e peper ls ts *lass$.fy those fLnite nonebelien groups of
odd orrler that aclnlt an auto$orphi$m eubi.ns as Ls.r6e a proportlen of group
elereent{t as possib}-oo fh.$.s ense (grouBc of odd, ortter) *s a very lucky or}@
einee the m.ethod of Srroof of [6] Hox"k.q as wel]., the neenJ.ts *btaj.nrtd beln6
different f*om those of [6] only in sorue detair"m*

If, F 1e the emall"est prime dlvlding lsl ,  then not more than l/p of the
elenen*,s of fi ean tre cubed by as automorph*r:n, ?le tlren clesslfy a1l fj.n{te
nonabeLlan group$ s of odci orderohavlns &n autoraorphtsn whLch cubos exactly
tg'i /p elc"mentso the er"assificaff.on iCI grvon for fixed*Fornt*freo autornorph{sms

'and for autoraorpblsms wlth, nontr{.vLal fixod subgrougr and may.be sumaarised
as f e]. lows:

ff{EoRF'M. I,et s be a nonabeLlan group of odd ordern l"et p be the enallest
i  prlme dlrr isor of lst and 1.e* o( €AE*(S) eubing tel/p elonente of Gu let

T { the eet of eLements of G eubed by .( and let Fo( tho fixsd sulrgroup
a f c C o

( f )  I f  F " (  *  1 r  t hen  S  l e  n i l po ten t  o f  c l aos  ?u  !C ' l  *  p r  $p f l  g r  u  I
a n d  p  > 5 .
( i i )  r f  Fo(  # t ,  then f (  <r  s ,  \c : r ; l  *  F,  To< is  abel ian and there ex ls ts

. f  € fb{\ T< of order p"

2 N0tarlo$i} A$D riiltffit{I$eny $8r{aRtr{i}

Iu what fo)-J.owsj Lf the eontrary Le not assumedo G lrlll" be a fln{te
group of odd or:dern frny notatlon not explicitly d.effnecl is standard, andn 
*onforns ts thai; og [Z] s

e
!- Jp tbo set ef all SrCIup$ wlth order dl"wleib].e b5r the pr3.mo F

but by no -.:nr*rll*er prine

c( an autor*orphisn of the group S
t "c  the set  {U n e /  ,C, (e)  *  e5}
As( a sr.el:6roup of G maximal J"n q{
Fc(  the  se t  le  e  C 7  ,c (e )  *  e* ]  i  I<  l s  a  subgroup o f  S .

u *  f i (G) the centre of  s
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$i.nce atlgi , f<n IL. n* 1" ft ls immodfate that c((to. ) * To< , that
o<(4"{ ) '* Ao< and ttrat Aoa 5.e abel-ian ( ttre }aet sineo the restrtcg.en
of ' "c 'to aoa ie a }-automorphinm of, A *4 )o $loreovor, tc,( and a,d
contain nfi sl-ements cf order 5*

3 FRSLIFISNAnY RHSIJLS$

D

$j.nce o'ur prob)"em l"s cJ_osely related to 3*autonorphismse ne flrst gJ"ve
a proof of the follor+ing well--]raown result Just for the confenl"en*ce of the

t reader:

3n1 I/$I'tl'iA If 6 f"s en arbJ.trary group (not nocessery f{nlte) wtrich hes
1 a 9 - s.r:toeor;rhlsml tber S. is abelj"an.

Preof ,u  set  
"4 

'as s tated and 1et  ars  6 s ,  $ inee d t *y)  *  (xy) j  *  *5y3,  L f r

f ol-lows that ' ( y* )z - u'r' ( t )

rhen  ( yx )4  =  ( ( y * )2 )2  
t : '  

( * ' r ? )2  ( t )  
y4 *4  and  y4*4  o  ( yx )4  *

-  F  ( yx ) ( yx ) } .  r t  f o j - l ows  tha t  x (yx )3  *  y3xx5o  whence  x< (yx )  *  o<  ( y )x< (x ) "

'  sut  o(€aut ts)  and x"<( ,y) .<(x)  *  o<(s)x"a{x)  r  w}r j .cb y le l "c ls  xx(y}  *
' ; c4 (y.)x. l{ow G mu*t be abe}ian einee xry. $ers arbltrary Ln G and ac *.s

b igeet iveo

The follor*ing trivj.a,l resul-t wLll be used:.'

5 '8  
$ ] f f  

r f  L  *  1 ,  the  map p :G ___>$o p(x )  *  x -1o< (x )  rs  b fJeet {v 'e "

fhe matn resurt of $rrs sesti"on.r.s ttre fo}lowi.ng

: 3.5 
iry:*T: 

I,et s € 9p and. let "46 Aur(s) such rhat p lf"el >l#,1,
:.

fhen G ts abeli .en { ane S* * 6 }.
1 ' -

5'4 C0iylt-ry tet * a 5n be nonabal-{nn and iet <e Aut(G)o Then ,

p lr<l  <lc l  ,

lYe ehal.l protl's 3"3 tn a sequsnce of lsmmas.

5,5 liY Let f e !'". o Then t". frn f.. fs d S only lf ff,*s o 1o

Proof"  I rot  t ,  r tn € T such that t r f r  *  t r fE

. Applyins oc ono gets tf*r * *l*u

( r )

( a )
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.__.:_-------.-'F\

r ren  ( t )

eh*ws tbat

ane (a) we obtaln *T * *3 I sineo e.f-l$l o tt * tA andt thfs

t u

5nG ffi 
(*) Let 6 {. 0\Ao. sueh ttiat &oc E O fx ,r3p 

" 
'fhon

la*en t '1- . l  *  lca (s)  I  < la I  lp  ,
t in )  fe t  s  €  G\A< vnr . th r  g*1Ao.g  *  aoco ?hon A{g  n  T*  *  f  ,

( r r r  )  &et  p lT". l  > lc |  "  Then A* *  so(a"d ) .

. 'P r o o f .  ( f )  $ e t  A o A " a a n q l l - e t  t € A g n T < s s o t h p , t  t a * & l g n a r e  A
and Ag e Ate

I f  e € A s  t € T . d  a n d a t € t < o  t h e n  < ( e t )  * ( s t ) ) *  * 5 * 3 ,  w h e n e e

(to)a * *2t2o By reipeati.ng tho argurnout of 5o1 ese otftains .r (at) 4 s*(a),
I t  1s  easy  to  F r6Ye  tha t  c< {c * (a } )  *  ge (s ) .  I ndeed i  l e t  x  eC* (a } l  t hon

" r  
i s ) - r ' t a )  *  <  (a )< (x )e  tos *  

" r ( c )a j  
*  a loe {x }  and ,  o r ( s }  e  cn (a1 ) *  Bu t

} | la1 ,  for .c in6.  "<(x)  €  C*(a) ,
'  

fhus ortat) e c*(a) impJ.les et * cu(a)r so a&t w &,t&r nhenco &,t e ts,"
He hav'e.thsn rchswir that fer a € &u t €'8,< we hanE a.t € ff'"{ tf and only if
&t  orc  ts""  Tbersfore AgA E"d *  At  A To< *  tCU{*) ) t  and etnee Cn( t )  *

* . c * (g ) . sne  o i r t a l "ns  Ag  A  To<  *  cg (g ) t ,  whence  \ag  n  T .a l  * .  \ cu (g l t  \  *
* [c*(e] l  ,

Suppo*e now thst 6 € 0.. An $bes

Ca(e)  w A.  i .mp3" ies s ,  <  <Cn(Clot  )  (
a  *n ?< o $&nee $ € 3p,  la ;eu{e}  \

Sutg) < A, for tf tbe esntnsrgn
f< , eontrsdi.cttng t,ha maxLsrel"ity @f

)  p ,  eo  I cu {e } l  s lA l l p  o  p rov tns  ( i } ,

( t* i  He eLcsw that t f  t  € S< n l tC(A),  tben t  6 Cn(Alc

Le* a ea sueb that t - let  4*. .  then t*}s l t5 *  . ( (e-1a*) *  ( t -1n* i5 *

* t-l*]t, *h*r*** t*245t2 * a5 snd tz e*:eftutee vitF{ *3, s**n* 3,f \a\n

tZ eoffnutes vl"tb. cq r.:rrl stuco Ad [c\, t cr;mrnutee vltb au prorlug the e].p,li"m.

&st now g € (s \ e) A N6{a) arto suppsso ttrere extsts et € a such th6rt

atg € f* n Shen *tE 6 T* 0 $G(A) and by the abovo el.ai"m ar&€ CG(A)"

$inee A ia abelLanr Oa(g) * A" centr"adietian wlth (t). Thus we have proverl
t h * . t  A " . e e t  a  

f  .

^f,-sr
f u
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($ .* t )  .suppose there ex is te  s  €  (G\  a)n x{ r (A)"  Then ,  e"€ s^(a) r
tr  \  ( i -

fo r  r  *a  lep- l  ,  Ey  ( i j " )o  the  ss t  A  U AgU

t/p of tts elements L$ e ( th.ose of A )"

p ls " .  |  - . lO l .  f lenneqerent lyu  t f  p l ' J ,a l  >  lA l ,

i. r U Ag$*1 trao exaetx.y

&,

* "4 
(g*gr* )  , , '  . r  (e)t5-{ (e*1 ),

5n7,  I  E c* t t )u  s@ gtg- l  *  t

I t  fo l lewe.fron ( t )  t t rnt

Th,es gt5*-t

*  C G ( t ) ,  B y

t i i e $  A  o  I { ^ ( A } ,. t t  '

5u? lit '13. 
If Foc * 1o then for ev6ry t 6 td wa travs e e Cn(t)

l f  anc l  on ly  j . f  .  g* to< (e)  e  s$( t )o

Proo fn  I f  [ g * * ]  m  1 ,  t hen  . r ( [ e r t J )  * [ * (e )o t ] ]  *  f . ;  sLneo  g

does not contaj"n eJ-snents of err ier 3 tt  fel lowrc that ["atg)r{ * i .

thus g eas(t) $.npl3.ee g-1.r (e) e e*(t)" Tbe l.emrna fortoes now by 5.3,

5,8 LEbll'fA If
. ?

S"C eoRtai.ns &t moet ono elenent freu

eYery eonjngacy el.aes of 0 .

Froof* &et t € S.. arrd 6 € G sueh that gtg-1 e 3"( u
.  - 1  ,  C .

$ h 6 n e e  S  d ( A ) 6  e n ( t ' )

a

fHlt FF.S0F 0F tllE0R$n{ 3.3 If l$l * Fr the resr*lt is ctearn n,et S bo

a erintmal eou*terexar*.li.e to our thesreya, se that G € Jr, ts nonwbelLeli
p

a n d  s l r . , i > l o l "

l l e ' e e " J r E u . p p s n e  t h s t  %  * . 1  o F e r s u p p c l s o  % , # t  a s d e h e e s e f  d  t

ln 3 '*  '  Sy 5"5,  none ef  the el"asses Af* , , i  *  t rp- l  ,contains elenentn

tl f* 
" tbe sther cosets of s wtrth respsct ts A CI a* (oxceptlng A

itself ') 
ira,ne at most t/B of thetr eleruente *r* fod by 5o6 (*t), fhus

Fo( $ t  1r :apl les Ft t"{ l  < tGf ,  whieh is not ths caso"

We next show that Z * f,(G) # t, ff ?, * 1, eaeh nou.trivlal c*nJu*

gaey cla,ss of G' contains at r-east p el"ements since s e 5n- ny Sngo

S has  a t  leas t  [ t * l  con3ugacy  c ] .asses ,  oo  lG l>  ( tqo l * r )p  +  t .  $ j .nce

l*" .1 > te l /p '  one obtalns lT nl  2.1 + lo:  /p r  wbcEneq the eontradj"ct loxr,

\ c )  >  ' | c l  +  1  ,
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s 6 r +

thus l.'b rsme{.n$ tD conslssr the cess n S t erld Q,C as I o

Let flt * ?, n g.c. rf nx < n , then. at must i/p of the el"ornente of fr

],se tn sc{ t by 3.su srt !f imst lfp of 'the oi.emonte ef, G.-s l ie Ln so o

fherefore pls4{ -<lslu e*ntrm,dietlng sfs"(i >lml * rt fot"I"errys thet f l* * r,,

n c y 4

$Lnes plrdl >lgl , s hr*,u by 5n6 (j.tt) a prsper subgroup a e Ao6 such

that A * t'ln{*}; tdus S 1s not n{}pote,nt and sy'fi eannot be abelf,pn" sut

lnduces on e/n the automor"phinm # deflnsrt ny f (ge) * gA(g)o $ineo

\eralc le l  en<i  Gln a 5n (uyn) ws Ga.s suppose ql r* i< l*r r l  (otherwise

el?' weuSd be ahellan end s nilpotento wh*.ch is not ttr'e easo ).
gew l tal  { l fnl \al ,  $s plf( f  slel  ,  a c*ntre.dtet ics wtrJ"eh prsyes rhc reeuf,-r"

Soro}IalT 5.4 vaise.s the questloa of the strueture of, tho sonabel-iaa

group$ o € 3e (p>e)  w{ t } r  an autoeorphlsm c{  such t t re t  e l f " ( l * ls l  ,

4 SROupS lla vtnlcfi plr* | * I O I ro$n F* * I

Let obserrye flrst tl:at in tb.:.s case

For { f  eontraryl  s lnee G.€ 3p ,  we have

be$ng nanabell-a.nn thore exl-xtx . x g 6\ A

ecntr"adictlng J.8.

He provo next tllat Z * f ,_ , $uppose the

di"cticn; He have here two eases$

To eannot b* a subgroup of

T* <e G ts abell&n" 8ut

anc, l  a €A sweh that *#

n

s
'cr

€ ' l t

ceintrary a.nd arguo by contra*

ss,se ru fiwery cenJ*gaca" el&se of G eontalne elersentg of t* .

r r *  th is  €&{161 by 3*so there are ls* l  *  lg t /g  coaJu€aey c}asees in  Go

By a result of Joseph ( see for exaneie [G] ] we e]btain thnt

r l p  <  t l pz t  I  +  ( p2  -  r ) / l c , t  i

s h e n e e  l e ' l  d p + , | "  $ i n e e  p d ? ,  l s ' [  d p + f  c  f o r c i n s i s r i  * , p  a n e t

hence et'Ery noncentral. conJugaey eJ"esr of elements of S has exectly p

elsr,:ent*" ?}re eiass equation nc*s fui.r:ishes a contrad-icfi"on,
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Case II" Thsro exlst coniugaey clasees $.n 0 wlthout qlements ,.n $od *

tshe pro.of of, tbLs case {s Bush moro LrrvoJ"ved, but 1t runu e}ong the se$o

tlnes as in [6]"

l fe are now Ln ths fo l . low5.ng si tuet ion i  F* m 1,  p[ f* t  .  )Gl ,  laez* l*  p

. r+hene z* * Ect tx , eyery ncneen*ral conjugaley class of e].ements has
' 

es*etly p el.ernerrts e^a& exaetly one of ttrese ties tlr fo. "
Olrooee e € fr r f i*, fhen th*'egets T* ulo L * o*g-r are pa*rwioe

. dieioint e&d sinee Blt"rl * \$ I $"t fo]lows that 0 o t4 fi , 5lh.is ebows

n (by 5al  )  t l rat  Cln ls abe]- ieno Let *1rt .  e f foa such that e ,s f t r r tp l  d t ,

0f  course e '€fr  arnd consequent ly (  see.ooSo } .omma 2.?,  pc f  g of  te]  )

/  r  , r .  - 1  r  e  7  3 r  i -  - e  q  *s '  . r ( c )  * - o ( ( [ t r , t f  ]  *  [ r i , t t ] * [ t r , t * 1 "  *  e 7 ,  s r e r r  o + n ^  o  f i r r  T <

$ince other*rlss 
"( 

(c) o c5 o c9 and *6 o t,  controdict ing tho faet that

? * dere* not eontain eleme$ts of o::d*r 3 o

t i u r e  f i * g * x  G r e w h e r e  s t * ( e )  a n d l e l  * p * . $ i n c e  < t e ) * e g o

. i . t  f0I lor 'rs that p # 3 , otherwl$e $e l*ould oi:tais a contradietion'because

.  l s  l n jee t i ve ,

$ i n e e  t F g a o s , ,  * f f x  f o r a r l  t € 8 " (  n n d . s j . n c e  p # z r i t f o l " -

lor.rs that (t* t* )p * t f t f  for al l .  t .  rt . ,  e T.o" , tbus 6F4 uX andr . J  x J  r . ' J *
'  consequent ly  GPf ' l  Gi  *  1 .

The stnrctur* resui 'b in the case % * 1 fs the fol loning

4't IHFOREI'I A necessary and. euffLcient esnd.ltion that a nonab,sLlau
,1

6roup * 
" 

5n (p>2) have an automorphi-ern c4 such *hat F*C * I nnd

v -  p l t d l  =  l c l  i s  t h a t

( f  )  G i .s  n i lpotent  o f  e lass t  wi i l i  \c ' l  * :  p

{ i . r }  GPn or  gr  ' l

( r * " i . )  E  ) z S

Proof" She necesslty has heen estabLlshed aboven Supposo now that G



S r * ( e )  r \ e l  * p " I f A * { &1 r " ". r%o e"> , t}ren ev6ry e}enent

& f f i €

eatlEfies (l) * {ttt} 
" 

Then e.fn ** an e}ementary abel"lan p-group
x- *;

a n d  ' 1 ' , a 7 , ' X  G t  r w h e r e  B " i s a s u b 6 r o u p e f  G  s u e h t h a t  0 p < f a 6 ,
' fhue #/n *  { f r * r r *nnrg**r  f rEUr, ,u ,  f . ,uU} I  whes*

- a - - ' 1

I x l t s 3 l  *  L a * ' 4 3 1  s ' N ,  f o r  a l l  i , J  =  f r k

[* ' ,* i i  ; : r  !  (r  I  l )L +  
J - r

r- -i

l & a r x a l =  c  l "  *  t r k  e n dL J. J.J

g € C is uniquely expreselble as

o*u-Qf -Qt
; :  

g s a e x ! c c c x * -  n w h e r e a € A n s * f f i 1  , q . * O # f  r t * m -

Eeflne o(€ eut{G) by

c( (g) * 
"{ 

( **unfl .,. *|u) * *3ugo*)q1.,." ,inn .

then plT"( l  * lc lr  for gtrven e € A anq qL€,// ,  i  *  iF, thsre *e
' t

exact ly one. 0 . - {  s {  B *  t  rEt th . (  (g}  *  g,  
"  

Of,  courso, {r*  t
and the theores is proved.

5 SRoups r$ lrHrcHi plg,,.l * \G \ a:rb % S ,|

up to tbe end' of thls section we shall work Ln ttre foLrowlng eorrdi-
- q  

t t o a s :  s g g r ( n ; 2 )  r e a n o u * b e L t a n g r o u g r  r  & €  j l u t ( s ) ,  F " c d  I  
o .

* ;  and  p l t " { l =  l c l  .

By 3 ,5s  \ r ' * l *  F  "  Le t  
,% 

* ( f ) ;  thCIn  wa bave the  re re t ron

. 9 * ?  G * t o , U  s r < f  \ . , l  . . o U r u f p * l

lfe need sose technical lenruaso

5,3 
m 

Tho conJug:acy elaso co::ta.r"n*"ng f hae no eLernonts ln t"a u

Proof" Dony tho lenma ancl suppoee that thers exlets g e 0 such tirat
- 4

6f8-' 6 ['* . $y 5oa thore extst t e s"r and J"nteger r euch that
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g *  t r ro  Thus ( r r r ) f } ( t f r ) *1  *  ( ( tgr lg( t r * ) * t )5  *  oct ( t t * ) r ( t fo)* l )  *

* o((tft*1 1 * tSft*5u whence tfSt*l o tlft-3 r $s f3 * \2th*2 (t)

ABp3.ytn6 oc to ( t ) wo obtu-tn f5 o t6f,t*6 , which together wltlr ('r )

6 t v e s  f  * ' t 4 f t - 4 , * " 6 .  t 4 e  c s ( f ) " s l n c e  a l l s l  , t € 0 0 ( f )  e n d

t f t - l  a  f  ( e )

Fros (e): . t  fot towe f3 *  f f3t-1 qnd by ( i )  wo havo tgSt-r  *  t?f , t*2

' \ _ r
I whleh ylelde f,r * tft" '  o f , contnadictlng 2tt6l ,

5n4 IriiH$lA Let G., o .AFo ( Q euch thet

( i )  a { o r , l o r t A l * p

( l r )  
" C  

( A )  =  A

flreri A G T"4 itnus A ls abeLlan ),

Proof. Irot e € A" By 5,2; exaetly one of the elements afl  ,  i  * q;e-l

'  be l "ongs to  f *  .  $uppose th is  etenent  is  **J . ' fheu (*g j ) i  *  &(ar j )  *

*o r (a )g l ,  r+h leh  y ie l * s  ( r J * )?  *  a *1 " { (a )  e  A .  $ ince  a , f l + \  ,  f Ja  6 .4 ,  s$

f J  € h ,  B u t i t  l s  c l e a r  t h a t  A A F o r * ,  t ,  s o  J  * 0  e j l d  a e  S x o

The case f 
"< 

( G ls sett led by

5,5 ItYtr 
A nunabel"i*.r: graup S € E 

r(f >2) has an automorphism eC

.  such 'bhat  % # 1,  fo .<Ge lc : t " , !  *  p  f f  and o: l Iy  i f  0  hss an ahe3lan

ir (nbrmal) subgroup A of lndex p and an eleraent f EGrA of order p .

, :  Proof * I f  T"a( & , t lren f,a # I and the generator t of F4 is of

ortler p u Conve.rsely, glven A furd f as ln ths etatement, tho map

o ( ( a f r ) *  * 3 t ' ,  a € a  r  r , * A ; f  o  e l e f i - n e s a n a u t o n o r p h l a m o f  G

v l t h  T * , * 4 "

We now proceed to prove the following resulto wh.lch 'bogother vlth

' 4nf an*l 5"5 est&ttLishee the f inal chara*terisattan theor"em steted ln

the f lrst $sction.



5"6 3$?.lHU 
tf c e g 

p 
(p, a) {.s nonnbe}lan and hno an outomorpb,len

e6 uu*hr t l rat S'oc d t  n$cl p(f", [  *\glu thon T*i< S. Consoquentlyi

the onl-y gruullrr i.n tho ease Fx d f are those of 5o5.

}fe shall &s$uuis fror* uow on that fi; tre not a mubgroup of 0 a thm,t

lf*l * p arrd thet p t t<l * iOl an@ ev'entually dor*ve s contradtetLon,

9q? LA$$lJt &et, A nl Ao4 bo a nubgroup sf, nanxJ"mal tn Su' (e 6 f"r. )n

flro-n there exl.ets a *o*et decorupoeltlon

e s * AU af U .nu lJ af,P-1 U ugt [J . ,"  U *u*

-A sueh the,t
4 _

( t )  a C o A f . ,  a  S  , J * i r P - t r

( * f )  1 ^ *  r \  4 r  L .  l n {  r l '  r r r r
41 . .1  : t "a  I  u . \CA tg r . )  l >  IA I /p  r  l -  *  l s$  o

Proof "  
( t i  sot tow,s f rom 5u?.

Exeetly l/p of the eLemests of A U Af LJ .,. U af,P*t belong to Sc( aud

hy 3"S every ottrer eoset muet hase exae*1y t/p of lte el"emente $"n g.(

aceorelfng to tPre celr$l"ti.o* p i t"<l * lS|. Tb$e proves (11) .

Ho try now to ebtaj"a the desireetr contrndj.etJ.sn Ln order to Elrovo 5,6"

CIase I"  u $** a

X

suet be sat{efle(Ea \Azgxl* p and every aoRe*ntra} eenJugeey e}.aeCI of G

has exaetly l/B of Lts elesente Ln 'I* 
" 

Ff 9u3 f e X and A * {fi\,f);

r: by 5.2, G * S"c 4< r ro Sy'Iln is abeLi"an by Srto Thue qt < F"< end sLnee

ln*| * F r Gt o.Fo. . I ience 0 e'( 'f,a) nad there extst tt*te 6 T* euch

t h a t  f *  [ t r r t a ]  #  1 . o f ,  e o u r e € f  6 S a n d a p p ] y i n g  o c o n o g e t o

f  * d ( f )  * " r ( [ t l , t e l )  * [ * ? , t ] ] * [ t r " t r 1 9 * f g ,  c o n t r a d l c t t n s  e 4 t c t  o



,.t

@  l l

('iase IIo S C- f* .

Thls ea.es i.s mirch pors complica'bed.; hoveveru usln6 the toehnLeaL

lemr*a-s ci:t*Lned ab{rgeo i.t i-s not clj.ffieul"t to derlve a'csntradietion

exa*tty *-* *.n [a-1" f!:* sttu-atfon ts dffferetl* fros ttrose eif [6] r $f t]re

e,utomorphi"rum od squereo r*auy etements *sstead ef, eubfng themu ilren the

oorrs$pelsding theorexn fsr go6 Ls no'b tru,o, anetber eLasg of, 6rou5r* which

satirfy all ttre cond,J"tLour betn6 obtalned, wi.*tr S/8 nonabel"$an of order l?"

In the cublng cs.$sr ttr-ts sltuati"on 1s rtrled out, thus obtalulng a

eo*tradi.cti"on nbich ends tho proof, of 5*6.
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