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THE GENERIC FIBER OF LOME POLYNOMIAL MAPS
7
by Andréds NEMETHI

L, “Introduction:

et oel

o L o ¢ : . i
>€ and . h:€ —> € be polynomial maps.Cur mai

b

S : : : A R
aim is the study of the” polynomial maps f:€ xC —> ¢

f(x,y)=g{x)+h(y)- AHd-f(x,y):g(x)-h(y). In fact, the methods

<

-which are presented in this riote, can be used also in the more

general case f(x,y)=P(g(x);h{y)), where P:€xC —> € is 3 nglyw

nomial map with two variables.3ut in this general case, the

formulation of the results becomes more complicated depending

on the co

tene §
aa

nlexity of the tdpology ob affine curve P=0,

The main results are the followings :

-~ the generic fiber of the map f(x,y)mc(x)+hfy) is
topic equivalent with the join space of the generic fibs
of “the maps g and Rk, |

- the determination of the tobology of generic fiber in the
product’ case ¢ f{x,¥)=glx)hiy).

- thé monodromy ih both cases,

' The results of this note are natural continuations of the

results of M.,Sebastiani and R,Thom ESe-f] (the local case of

isolated singularities), K.Sakambto'[§a]} . {Sﬂél (the leocal

‘case), and M,Cka LU (the case of weighted homogeneous noly-

"nomials.,).

2, The sum case : Pl(¢,d)=csd

>C be polynomial maps.Than

e~

= = , =
Let g —>2€ . 2and h:&

there existe 8 finife set j\hm\pl*""ct} (respectively
e ; nooo-l S :
‘[\hm{nl""'do§) such that gl =g ((\_r,)ww.»u,-»,[\(w (respectively
¢ = = : : 3 ko) )

hl@mmh'l([\h)whéebmj\h} isia - lecally weiviel  fiibration:



S

“u=gxh:C xC

-
o L em

Yie detine "f:(ilr."xﬂim»———ﬁa- € by f(x,y):g(x)+h(\;/) and Afm../\ae-[.\h -

x{ci+ﬁj\ cié f&g,djéif\kga 1f we ihtroduce the set

~L@z{(c,d}é exC | c+ﬁae}‘ for all ee€, and the map

e €x€ , u(x,y)=(g(x),h(y)), then Fi(e)=u(L ).

Hence, the study of the polynomial f is in strong connection

)

with the study of the map u and the mutual position of . the

Line L and the set jxm(ijxh) Uv(j\gxﬁ), Lk e<%le, then let

TR e o A
SL(‘.;}?“M, -{(egemci) b jeT, e AL RE) (aud SLDJX jal e
i ‘Sk(e‘éjedj)}jmﬁ“mheﬂwx‘[\‘h%

b oo i ;
Lemma 2,1, There exists a C diffeomerphism
5

Ve ﬁ?«~«>Le, such that v Ci) c R¥(0, o0) & D S
and v‘l(m_j) & RolrnanOF, disloitoisl),

This is the consequence of the follewing

Homogeneity Lemma’ {M%;
Let n, and m; (i=1l,...,1) be arbitrary points of the
smooth, connected manifold M, Then there exists a diffeomorphism

v ¢+ N—>N which (is smoothly isotopic to the identity and)

carries ni into né SLiIn-caddition ‘v can-hecchosen such that

the set {xeN : v(x)#x} is . compact).
We define the following sets in L. : v(Rx | Ocoi)e e
Vv(Rx(- o ,0] )=d =, v(Rx {0} )= 7 and w{(g,0n=1" .

Hence C.€$ (i=1,...,t) and Djéﬁ (f=liian).

%

First result is the following

Theorem 2,2, “The restricted map

£ @nx@m«f"l(j\f) >m—1\f T A locally trivial
fibration,

Proonf, If we denote ﬂAn/Eb<Eé oo ¥ and
RS, 2 & }

2%:V(ﬁx(~cmf—£]'}, then there exists a 8ufficieﬂt1y small

€20, such thar G & Be Ld=l,  wiitl ang [J1@@5 (4=t ., ,8)

.~

We define a ¢ function ,L?:L€A-%[O,il by %>m %ﬁovwl ;
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p

.,.3.,,

where (?/(@*1, £, )= %: is & . C% - functiepm with
‘ . .
j 1 MEQ S5
ik oy .
0 ¥ .o =

Let e %z\fﬁﬁecause g is trivial ever prl(Lem Ce )=F
(where pry is the first prajecLzon pry ExC —2 C ), there

exists a diffeomorphism " ’y 1 }V? ol (F)-w»%FxG such

that “{"}mg, it can be h@»,; that th@:e exists ety o auelh
: Z o~ )
‘that the map ¢>.ﬁ2§XPXG~wm9 éxrx d) (a, c,x)m

m(a,c+<f(c,e«c}°(am@) ,X) is bijeotive and lecal lefeemcrn
phism in any point (a,c,x) , hence is diffeomorphism (here

Barr: {86@3 {a«-ei( &)})o

we define.the diffeomorphism

| ; o, ‘ = :
¢ﬁ¢(1r€7g : Bgixg 1(P)wn~—% B4 X9 l(P)_ by the diagram :

s q,) Cal
Py ry Sl B xg” (P)

SL(&,Vf) Y ; sku,«r)
BalexG e > BE,xPxG
Therotore g(d 3l x))=a(x)e Platx)e-g(x)) (me)  (X)
The map (1, %,Q\ can be extended by the identity,

s

hence we have constructed a diffeomorphism

(l,ﬁ)&} g B£IX@n >B£,x6n , such that (3 ) holds.

fm

Th @ similar way we obtain a diffeomorphism

uq¢g):agxﬁ‘
h(Ph(a.y))=h(y)+ (1= ) (e=h(y) h(y)Ha=e) .

we define b : By xfH(e)—>f N (By ) by lax.y)s

« 0
> B, x€ [ such that
(e

z(#> ) ¢k‘a,y)% Then #} is. diffeomorphism and
f(qJ;(a,x)pq,j(a,y))xa : @
ml(e)xuml

; , ' .
reetricted map U s (L J——>L_

Lo vl ‘\;.;

Because f (L) » it is important to study the



sk

> i

E .

Lemma 2.3, =

ga)o 0o

fibration

Bol o uTHed
Ligy s
vy

34

(where G and
g end h and " a "
Proof:
neighbourhood U of
trivial over 'prlu ({
y:9=<cp/yf%) T

by h -

yf =(h, Y 5) + h

yh(y)

‘}/( Y)=({a(x)
bt)

(W 8.Po) (xay)=(Y3(x

Because 7 W nn‘@ , we have h
h oS

are the

’qo) LO'C (C,d)é‘Le

et e &E;f\f“Then

l(L “AN)—> L ~L  is

a C locélly trivial

S . R
GRE- “Cpr D) Gxe"
g™"(pryg )xH = € xH

uml(F

YxR 22 GxHXR
b - -
means

te 0} such that g

prsUY. ‘Hence there
Pro .

(pr1U)-~»% prlUXG

b ]
& i .
(pro\y) ,,—~>~PFZUXH

() e U by

>.7vg<%>.yug<v>>
Yfm.

The map

generic fibres

of the polynomials

diffeomorphic”).

«/\. .Then there exists a

(respectively h) is
exist the diffeomorphisms

and

trivialisstion of

oL Jos G “Lior

x),¥) is & diffeemorphisn;

prod ese

with this prepara .tions we can prove the following

«!Ahe‘ors)m 2.4'0

Letoof

such that f(x,

6=~ (¢c)

Y=gy
(c ¢:f&g}
a homotopy equivale
the jﬂiﬂ.of G and
Proof,

A A O

equivalence between

is homotopic equival

union of the

= A
Gy < C xH , GxHcGH

We have the

From Lemma 2,3, ,

spaces

following

X 3oy Dlat
and’ H=h"1(d)

nce hetween F
e 1

-1
Fel (Le)

ent with &nxﬁl }

A e .M
CxH and. GxE

e

be a polynomial in

=f7he)y (e A,
(d L)

and

hemotopy equivalences of

@ xL

Then there is

GxH ( Wwhere GxH: i3

there .is a homotopy

“l(Lee(X’wIY)) , which

o : :
GxC (4 the dis

Jont

we identify the subspace

pairs of spaces:

@
@



> (¥

(€MxH , GxH) ~ (€ xH L..,J GxHx[0,1) . Oxtix{l}) ~{(Con CxH,GxH)
2 ! (’ rl{)/&()i . Lae

(where Con G is the cone over G).

: _ : .
If we define X, ﬁ~{Lx,t,y1 e GxH 1 t &7 } and
Ky = [x t,y] & Gxi s t;%:} i then (xl,X1P\Xg)pu(Gx@qnﬁXGxH)
and (Yﬁ,n1r\éﬂ’ﬂ«§0ﬂ GxH , GxH )
Therefore FfVAl\ J KXo = G H @
Corcllary 2G5.

14
2
2
xl

a.) H (F)= @ H (G)®H (H)® @ Tor(l H_(G).H _(H))
X ¥ 1 g x(‘_c\—v p
( for the proof,see [ Mi,] ).

Ok B S - B -connected and H is néwconnected :

3

then < Fisa n1+n?+2wconnected. In.particular. B is cenpectec,

Cin) QTE‘“) = th; free group.pf rank (a-1){b-1) , where
MEGY 2T H e Zi

Remark 2.6, The homology groups can be calculated using

the Mayer-Vietoris exact sequence

T (L) s B (0 L8 0 (T () ) (P i i
> q L el g q g-1 ¥

If we use Lemma 2.4, we obtain the following exact sequence:

o Vg

0 —>H, B S, 1(b><l)~w—>n __l(@”xm@_ﬁq (exe™)—=> 0

-1
which is equ1valent.w1th Corellary 2.5.8,
Here the isomorphism .r, is induced by the retraction
i) —>uhe )
Now, we describe the monodromy of E,

T eéi'/\}C s then gec, +d. sl e P iléi{l,...,t}7
jléi{l,,,.,ﬁ} . If we take e(t):e+ﬁ—exp(¢jit) with Af{)O ;
sufficiently small and telo,1] , then

c (t):(ci,emci+P@xn(?ﬁif)) anc Dj(t)n(emdj+§»exp(ﬁfit),d.}.

i J

Hence the points C, and =D, turn aroaund each other,
el w2
T £ ar P PN . = i o o X
If we take vt.R ““W%>Le(t) | (te&[@,l} ) steh. that
’. ()Q : bt 1 - s = ]

v. is a C diffeomorphism with vt*(ui(t))c:mx(~<m,0) and

L
: ] :

-1 2 fAs ) ) o J et
Vi (ui\L))C:mX(U,CO) , then we denote Vl(MA{Oj):m@(Wﬁ,

ofeey

i
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ve can consider that the point U = vt((Q,O)) is invariable,

—
Then it is easy to prove the following
e S
Theorem 2,7, 1f oo HP(F)wv~9Hq(F) denote the
: 1 * :

monodromy action induced by the path tw——e(t) , then we have

the following commutative diagram :

~s ! a4 - " 7 ~
qu%} L_j%lﬁ s ta ) (jﬁgﬁ;Masﬁwwx(GxH)

mé ) ; \\ &c‘\ent‘xty

i vr % s -1 3 (e H
-,zq( ) G S /r‘} ](U ( (__((f’)))»—-——«-’—;wv " 1([9)’(‘5)
‘where (rl)* and {r,) —-are induced by the retractions

Fy o uml(ﬁ)—-f>uml(P) and  r, Uml(me(f))

~Liey,

The following drawing illustrate the change § v+ m_(Y{)

oo i

A : 5 = DS
quu\e L. ' SRS R na N
“““““““ - / C“' IR
14 i e 4 ] ] \ v e
( ! A Fo s
B S \\ \ 4 72 C‘“ H ~
F/ i t \ ¢ o ’\,L . Sanis ’_'_::‘,:
B { \ \ ! \ [ N \ e
,/ < ( \\ \\4 % /,)—""”'
~ 7 v e ¥
P <, . \ : \\ ‘/ \\ e »le:("g;/) i < \\
\ D e I e )
\ \ gf& i 4 N R \
\ * / 4 = oS S rin !
N > b % o :D:; \“ on
N . e e
& -~ \ Y e !
~ - -
= = X 7

3 k’\éFS\ ,’\( > \‘fm.v,_/

Corallary 2.8, 35 l\gm{c} ,‘f&hm{dg and if m_  and

s

m, denote the monodromy actions of the maps g and h arounc

the points ¢ and d , then the monodromy action of the f
mo¥m, . : S

o -0
and B be open disks centred at

67}

around the point c+d. i

i

Peonfy ~ocLet

‘v_ (D) respectively at v”l(G) with sufficiently small

radius and let DC be the segment with endpoints at v (D)

0
-1~ : . :
and v_"(C). Then there is a homotopy equivalence between
. 0 - o \
-1 A - - ] :
u (vq(iﬁkjbukjmc)) and oy S(L ek, If we choose v, such

that me(g)rqvo(ﬂC).n 0 v (D) = I, then we haye the

following figure 1



b 1y

(i

it

Sy Rﬂﬁe o

- G
X 5
\\ \Vﬂ’:’\@(‘(} \3
P : e —
B o 5 s
\‘
5 (
¥ {
£
\ /

- wax

v = ., i - | : B
1y, (t)=v (tevi*(2)) - te[0.3] (i=0,:

s 3 i ) - /\-
and - (CI)y(2t) . B 0, |

Let (I_‘f[}i be the path (

Y
RS e e o WG &
x ile ] i : e K
- (P1] (2-2t) - Bl 1]
Then we have the following commutative diagram

{“
f
\
-
O

(fg\');,"_ﬂ_@i%}w%f_,;> N ,_(u“l(f })

Summed this diagram with the diagram. from Theorem 2wl e

: ' i T 7 e :
obtain that m, = (I 1)m<i(fljl)% = mg % My o

Remarks 2.9,

1.) The construction of the generic fiber F as
the join space GxH is independent on the lecal strugture
of the singularities of the polynomials g and  h,
For example, if we take g(xl,xg):xl(xlxq+l) .then
J\Q“{UE (the point -0 is not -z critical value) , the generic
2 .7‘ T . r\* .{ [} 4 & :
fiber is diffeomorph with € , and the monodromy m_ is
: , . : q
trivial. Therefore, for any h(yl.e.a,ym) with .[&%z{OE >
o . n
the generic fiber of the sum function f=g+h has the homo-
topy type of S % H. , N ={0} and the monodromy of is 1% my
i (]

2y b A Cend Y

can construct also a set S, as union of small disks and

h have more elements, then we



E\a

TRyt > % , B -1

e
;.—4-

=3
Sl e

curves , with the following proprieties
- F is homotopic equivalent with u

s tng e BbAnS

o moand . om{) intersect (Lransvers ally) only the curves.

If X intersects S in the points ‘(il‘.i):i , then we have.

the following decomposition of the Jc;lr({rj > do) a=
; a

H%(?) G ol

%( U (2{\)) o (YH‘)%M = ﬁx( Unl(f))
7 n

g e

2

ind : e
Ho (8] 2O u” (1 )\ (u 1(73)) 3‘%@%‘4%( 1(” )
&

i i

The monodremy action.of f on

@

component a, o this

decomposition is the monodromy action induced by. & path-in

L (which depend on the a0

_ hence cen be described by’
e.i- S

the monodromy .actions of the g - gnd . he

For example, if we have the following picture (Figure
2, ¥ ( Z : |
' ST o . i< <
then m (a)=n_(a _+ / a =a + z Z ] A where
¢ W 15 ) e(( o 4= Z)L:TL s ) o 44— 4o (”5\1)% ( JL)- .

e
2N

! =i
is the path & by 10(E‘I§ )y
Ll

A

7

5
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=

3, The product case : Plc,d)=ced

The proofs of the affirmations in this section can be
obtained by adapting the proafs of Zéw Therefore, they are

omited here.

et g g g = ibande ol sl orrese be:-as in 2 é
- P M ; !
and we define f : & xC ———>C by Fix, Y =glxienly).

If we.take _/\frc {U\j U ,/\g?fjxé,\:f%v(l’} U {Ci- dj \CiéAg . C§»6~Ah}

then the restricted map f : {1}”,\/\{1‘;")~{""1(_Af) i (D-«l\-f s &
¢ locally trivial fibration,

11t e:qf’z,_/\f, then 'chz{(c,d)eﬂ;xﬁi

l
morph with h{zé@ g 14\2\423 . Let {E}j% el ﬂ(u‘leh) :

j::.j_,S =
; ‘ . : - :

and gLu }1"2 5 ﬂ([\_x&, . Then there exists a C diffeomor-
phism v : D ~-—--—>C}e guch that . Lim v(z)=(0,00) ,lim v(z)=(e0,0),

_ ; 5 2124 \z\>2
D-‘.G\/(D (‘\{Z . \Z"}_\{’% }) e C‘\ { (33‘.1,«: o-osr)

] : : :

e z ¢ \z=d) & gL =loesent
(le;,\/(U ﬁ{ \z=2] &7 §) (i=1,. )

It is easy to see, that ./\g»»{f?g & P‘”lﬁ and "@pr‘f :

v S

IF. O (G“x[\) ¢ (respectively C,ﬁ;@ﬂ([\_(_g(@}: o)

then we don't construct the set D (respective]_y e

& -

I1f we denote [.“‘ ? { eD sleslls= %§ X“C»;'B?f
andc Z?z{‘f:ge—irzt(o@ BB Yoo bhen 4

f«l(@) __ﬁ uhl(QE) = u'"l(é)u uml(ﬁ)u Unl(vo_) -

Uf(?c) V"}:@;})

(A). GCome nmpriéties of the set u'"l(@) ;.
*) uml(‘@) 2’ g“]"(pt .
14.). . 3f 0 éf;,[\,ﬁ ,then g*'(pr“l‘@)& 3']‘(IL1), hence u"l(ﬁ)'x&;an

Sadd L) 1f {C‘)}:AQ , then g“l(prlﬁ)mg'.’l(_po»int)xprlé > :

hence u"l(g)zGx}»ixzwrlﬁ :

g ) k¥ C)e[\_ﬁ #{O} , then ( by Mayer-Vietoris argument)

I ~ I r\/

(g™ prt)) @ Ko “L(E-prig))=H, (g7 (pry ¥ ))=H,(G) and

"‘1. N 0 g . .
'n%(g; (fmm,m*lb)) depend only on the singularity B0 8t
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g

s T, -If j&ﬂ = @ ,then

e

e

(AL )y The set u"i@@) has similar proprieties,
g = Lok
(8] By the triviality of the fibrations u 1(X;)*”%*OC

and uml(fb)*~>“ym we have uwl(ﬁb)mlxth. s

(87 )= RxCGXH ,
i

. Iy e g ~1 % :

(C). Some proprieties of the set u (&)
: ~1 @ e o0 S
§.). vt A{E) =g is a C locally trivial
£ s . £ o Fao S o K] . y ; e (-«1 =
fibration with fiber GxH and base space =58 xR .
ii.) The path : {o. 1]-~%>g K (t)= (%rexp(gﬁit))

is a generator of . U ( f il Ay &

1
1 R Because (p )X:Hl(D)*~w~>HI(€*) is a isomorphism

%
of the group Z , 'we have (pry-\ v (1)= &, where E=x1,

Then (pr?ov) (1)-= = & , and the monodromy
< %

o " > T & s E
g A (GRE > H_ (GxH)  is equal with mg(D) xmh(u) '
where m_(0) ( respectively mh(O) . ds the monodromy of
g («of h )} around at. O,

ive) If oegfxq‘, then u”l(é)foxh“l(przﬁ)a
g s :
i OG#J\F : O‘$j\h , then u " (8)= EXFxG.

ﬁow, the topological pEOprietiés of the generic fi-
ber f'l(e)m F can bé determined summing ° (A),(B),(u). Eor
exémple A
~ Gxh™H(e™)

wtenl e e pe )
OxH g

a.) O<#I\h?:$ P g“l(prlg )kav)Gme

n
{

7
Q

11, 1f A _={o}, then

GxH i o
b.) {Q};[\h e PaEl ( ) (- & = , hence there is =
fibratieon - F —ﬂwe>53x& Q with fiber Bxi ,

iz, BEsEE A eni oéfl\h , then

kaiEHXHKWJGXHXEL\J)GQGmcﬁHG%HLv}GxHxE ;

GxH Gxi GxH

Therefore H_(F)=H (b? ) @.H wl(GxH) :
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| I

T

inl

“ 11 =

The description of the monodromy of f in the geheral
case is delicate, and we do not clarify it in this paper.
“or example, the change o b T : > m 3 e#0
Fo AMMpLE h nge ™ > ’C(&D) ‘ ?S\G\“”" @(LXCJ {ef0)

is illustrated by the following “nolypdance” figure :

V2l =2

Tiqure 't

e ¢ i

In the cese [\ {U% /\nﬁ{OE the morodromy of  f
can be described easy., In this case F --€>w}ﬁuole is a
fibration with fiber GxH. The path g‘Q:[o,i]-~e>Q1
X%(t):( exp{21it) ,exp(-2%it) ) ipd&ces the monodremy of u

Ly ' A |

5 H (Gxt = m_(C)xm
);1%(c i) ()j‘o) wg(o)mh(m
If we use the nap ‘{g: fO,lJ ——

. . (G -
( 00)% : H(GxH)
xp(2wis) '

ﬁ?(t)m( exp(2hit)- GXU(”WJO) axpkwnnt) y , we ebtain that the
monodromy action of  f is induced by mq(O)x :

, e ' PR S : -1 e
( Because (mg{b)xl)o(mg(O}th(O) ) = (mg(o)xmh(O) )o(mg(o)xl)

the map mg(O)xl defines a isomorphism on ‘H%(F) .

It is easy to see ,- that mO(O)xl arnd lxmh(O) induced the
b

gsame action,
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