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by ,^ ,nCrds  t lE lV f fn :

I ,  I r r t r o r J i ; c t i n n "

' - ' " ' - ' L . e t  
$ ; G I i - > c  { } r r r !  h r s m - - _ . + o  h e  p o l y n o m i s l  m a F S . o u r  r n a j

a i r r r  i s  t h e  s t u d y  o f  t h e  p . o l y n c m i a l  - a F ?  f  ; { ) n x 6 m - +  O  7

f  ( x , y ) = 0 ( x ) * h ( V )  e n c j  f  ( X , y ) = g ( ^ ) . h ( V ) .  f  n  f  a c t ,  t h e  m e t h o c j s

r v h i c h  a . r e  p r e s e n t e i C  i r r  t h i s  r i o t e ,  c a n  b e  u s e C  a l s o  i n  t h e  m o r €

q e r r e r a l  c G s e  f  t x , V ) = p i S ( x ) ; h ( y ) ) ,  i ^ r h e r e  P : C x G  - - >  C  i s  a  p o 1 y -

n o n i a . ' l -  n a p  r n r i t h  t v ' i o  v e r r i a h . r l e s . B u t  i n  t h i s  g e n e r a l  c a s e ,  t h e .

f o r m u l - a t i c n  o f  t h e  r e s u l t s  l - r e c o m e s  m o r e  c o m p l l c a t e c i  c l e p e n d l n g

o f ' r  t h e  c o i ' ' r ; r l e x i t y  o f  t h e  t o r ) o 1 o 0 y  o f , a f f i n e  c u r , v e  p = 0 .

T h e  m a i n  r e s u L t s  a r e  t h e  f o l l o l v i n f l s .  :

t l r e  r i e n e r i c  f l i : r e r  o f  t h e  r n a p  f  ( x , y ) * g ( x ) n h ( V )  i s  h o r i o - .

t o p i c  e r ' l u i v a l . e n t  w l t h  t h e  j a i n  s F a c e  o f  t h e  q e n e r i c  f i } r

o f  
' t h e  

n a p s  g  a n C  h  "

-  t h e  d e t e r n i n a t i o n  o f  t h e  t o p o l o g y  o f

p r o c l u c t  c n s e  :  f ( x , y ) = ! ( x ) , h ( y ) .

-  t h e  m o n o r l r o m y  i n  b o t h  c a s e s .

' T h e .  r e s u l t s  o f  t h i s  n o t e  a r e  n a t u r e l

r e s u l t s  o f  t ' 1 " S e b a $ t i a n i  a n C  R , T h . o m  t t . - t ]

{ , l a l , a n ^ * ^  l - c ^  Ii s o l a t e c . {  s i n g u l a r i t i € s  )  ,  K . S a l < a m b t o  f S + 1 f  ,
' r - l

c a s e ) ,  a n r :  I ' i . C k . a  L C , J  ( t h e  c a s e  o f  w e i g h t e C

n o m i a l s .  )  ,

l
g e n e r i c  f i b e r  i n  t h *

c 0 n t i n u a t i o n s  o f .  t h e

(  t  h e '  l o c a I  c a s e  o  f
r - l

L s o z l  ( t h e  l o c a 1

h o m o g e n e 0 u s  n c l l y -

2..-Jf'u -.9!,L ,qrriq- .:, Ft(..q ,S ):-a'J

Let g : tUL--+ C anrt  5 ;1;4-----n 6;  i . ,e polynonia I

e x i s t s  a  f i n i t e  s e t  A = { c  -  1  t t
c  . ) 1 r . ' . . " t I  (  r e s p e c t

, . . . . , 1 s 1 )  s u c h  t h a t s  :0 r r -s - l (  A ,  )  - * *+  o -  
\  

({J ,
L

e. re

{'

n L

m a  p s  , T  h e i r

i v e  1 y

r e s p e c t  i v C I l )

f i b r a t r o n "h : i lm-h*t  {  z \n)  - -+ a-  Ah ) i s  a  C  I o c a l i y  t r i v i a J -
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! " , , ' e  c J e  f  i . r r e  f  ' 0 ' I l x $ m - * . r  U  t r y  f  { x , y } * t J ( x ) * h ( V )  a n c l  A * " . A O n  A , . ,  s

* l c * + ' " ,  \  c i 6  A ! , d j  e  A , ' ' ] .  r t  v \ , e  i . n t r o c J u c e  t h e  $ e t

t O * f i c , c i l G  C x O  I  c + d * e ]  f o r  a 1 l  e e  C ;  n n c J  t h e  m n p

'  
u o g ; x h : 0 n x 0 n r - 9  C x r i ;  u t x  n y ) * (  g (  x  )  , h ( y )  )  ,  t h e n  f  

- t {  
*  ) = t - , - 1 ( a * )  ,

H e n c e ,  t h e  s t u c j y  c l f  t h e  ; l a l y n o m i a l  f  j . s  i n  s t  r O n g  c o n n e c t i o n

w l t h  r h e .  s t u r J y  o f  t h e  m a p  u  a n c !  t h e  n r u t u a l  p o s i t i o n  o t * .  t l r e

^,
,4,

l i n e  L u  . a n c i  t h e  s e t  l \ = ( C x / r , . , )  U  ( . A O x C ) .  r f  *  4 A f  ,  t t r e n  l u l

l * r ] r= rJ ,  * t * r ,e*c r ) ]  r= f r=L* f l  (Anxc)  anc l  l " r l  j * f s *
*  t  - -dJ  , . l j  I  J  := f l s= t -e11 (cxAp, )  "

[ * e m m a  ? : " T .  T h e r e  e x i s t s  a  C -  r J i i f * o * * r p h i s n r

2  * l
v "  R ' - - - - - ' >  L n ,  s u c h  t h a t  v * ' ( c r )  c  $ t x ( o ,  o "  )  ( i - * 1 , . . .  n t l

a n c l  r r - 1 ( u r )  c  t R x ( - q o , o )  ( i * t ,  
" . , . , $ )  n

T h i s  i s  t h e  c o n s e q u e n c e  o f  t h e  f n l . l o w i n g

t-on'qgffglM

L e t  n i .  a n c i  n i  ( i = } n " . o , 1 )  b e  a r h i t r a r y  F l o i n t s  o f  t h e

g m o c t h ,  c o n n e c t e r i  r i r a n i f e l c J  l ' , 1  .  T . h e n  t h e r e  e x i s t $  n i  d i . f  f e c r n o r i : r h i s m

v  :  f ' j  - =  N  r r i h i c h  (  i s  s r n o o t h l y  i s o t o p i c  t o  t h e  i r l e n t i t y . a n d )

c a r r i e s  n .  i . n t o  n l  " ( l n  a < J d i t i o n  v  c a n  b e  c h o s e n  s u c f t  t h a t
] . t

t  h e  s i e t  l x  e  N  r  v (  x  ) / x  i  i . s  c o n p e c t  )  "

. _ - _ .  ! i ' e  c J e f j . r r e  t t r e  f o l . l . o w j - t r q  $ e t ' s  i n  L e  :  v ( l R x  f O , o " ; ; =  V  .

v ( R x ( - o o , O l  ) = S  '  v { $ { x  L O }  ) = f  i } n i l '  v ( { C } , 0 ) ) * " t  .

H e n c e  c , e g  ( i = } , " . " , t )  a n d  r t . e 9  ( - t = 1 , . . . , $ ) "
1 - j

F i r s t  r e s r . r l t  i s  t h e  f o l l o w i n g

T h e o n e r n  ? - . 2 .  T h e  r e s t r i c t e c l  r n r j p

f  :  o n x 0 m - t - r ( A 1 ) - t  c -  A t  i s  a  c *  l o c a ) 1 y  t r i v l a l .

f i i l r a t i o n .

f ' - l t e - l - g  1 f  $ i e  
' c 1 e n o t e  ( a = r r ( R x  L € ,  *  )  )  a n c l

c\

$ p = r ( r l t x ( - * r - t l  ) ,  t h e n  t h e r e r  e x i s t s  a  s u f f i c i * n t 1 y  s n ' l a l - l

. € > O ,  
s u c h  t h a t  C i *  € e  { : i . = 1 . ' , . , . , t )  a r t c l  O . ,  * 4  ( J * t , " . , , s }

t r i e  c t e f  i n e  a  c *  f  u n c r i o r r  
T  

, a u  - - + [ c . '  , r l  b y  
T  

=  
T ' " r r - t  

,
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( w h e r e  F r 1  i s  t h e  f i r s t

e x i s t $  a '  d i f f e o m o r P h i e m
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t 2

f u n c t i o n  w . i t h

6 v e r  p t t ( L * *  8 u  ) = F

n F . l  :  CxCI  - :+  [ :  ]  ,  there

1 f  ̂ \ r o * 1 ( P )  * )  F ' x G  s u c h
I  { - '

t h e r e  e x i s t s  € , '  >  o o  * t i c h
F

i s  t  r i v i a l

p r o j e c t . i 0

V  = ( n f  ' , ,
r  l *

h o l ' ' t n ,  t h a t
a
9 .

It

' t h a t  t h e  m a p  + : i l r X P x G - - * ) B 6 , x P x G,  + . ( a , c , x ) *
= ( 0 , " *  

Y 2 ( c , e * c ) ' ( a * e )  , x )  i s  b i j e c t i v e  a n d  l o c a I  c j i f  f  e o r n o r -

p h i s r n  1 n  a n y  p o i n t  (  a  r c , x )  ,  h e n c e  i s  c J i . f  f  o o m o r p h i * m  (  h e r e

B  " , *  {  a  e  C :  l a - e  t *  g ' } ) .
e L

! i e  e i e f i n e . . t h e  { : l i f  f e o m o r p h i s m

$ n = t r , f  ! l  , B r , x c - t ( o ' J -  B * r x s - r ( r ' )  b v  t h e  c l l a g r a m  i

s r,  xg*'(r ' )  
( t ,$1, B gt xs-r ( e ) 

-

d
sf ct,yl

S 
rr 

X[- 'xG

h e n c e

(  1 , +

* 7 t ^ , x ) ) = r i ( x ) *  f t e t x ) , e - s ( x )  ) ' ( a * e )  ( X )

T h e  n a p  (  1 ,  + B )  
c a n  b . e  e x t e r i c l e d  b ) ,  t h s  i c e r r t i t y ,

( a , x r Y ) *

/'{

v , i  e  h a v e  c o n s t  t ' u c t e d  a  c j i f  f  e o m o r p h i s m

! l r  z  8  ̂ t  x c n - - - - - )  B . r  x c n  ,  s u c h  t h a t  (  X  )  h o l d s  '
7 t  

- t  a

I n  a  s i m i l a r  w o y  ! v e  o b t a i n  a  c l i f f e o m c i r p h i s m

( 1 , + ! )  :  $ e , x C I s r ' - - - - - - * Q 6 , x s m .  $ u c h  t h a t

, i  g [ J n , y )  ) = h ( v ) *  (  1 -  f  )  (  e - n (  y )  , h ( v )  ) ' (  a - e )  .

l re  c ie f  ine + ,  B"r  x f  -1(  e)  - t  f  -119r '  
)  by  +

= ( { r  f l ( o , " > , f ! { * , v ) } .  r h e n  +  i s  d i f f s o m o r p h i e m  a n

f (  + l ( a , x ) , + ! ( a , Y ) ) = "  .
E e c a u $ e  t - I ( * ) = u - I ( t - u )  ,  i t  l s  i m p o r t a n t

r e $ t r i c t e C  m . r p  t J  :  , - 1 ( L e ) * > L e

" w l

t o  s t L r d Y  t h e



F " )  u  :  u * 1 ( L u - A ) * - * > L u - A  i s  a  C *  l o c a l l y  t r i v i a l

f i h r a t i o n

t r . )  , - r ( , 0 ) x  { ; x ! * 1 ( 0 . r f r ) x  G x c m

, * 1 ( €  )  H  g - 1 ( P r t €  ) x H  ' a  C I n x u

u * l ( f  )  N  u - r ( r  ) x [ t  t  G x l - { x [ ?

( r v l " r e r : e  C ;  a n d  t - t  r , : r e  t h e  g e n e r i c  f l b r e s  o f  t h e  p o l y n o m i a l s

g  e n d  h  e n d  "  A ,  " '  f l n s ; l n s  " d i f  f  e o m o r p h i c "  )  '

' '  
g t q g t . i  a . )  L e t  ( c , d )  €  L * * . A  . T h e n  t h e r e  e x i s t s  a

n e i g h b o u r h o o r J  U  o f  (  c  ,  c J )  s u c h  t h a t  g  (  r e s p e c t  i v e l y  h )  i s

t r j v i a l  o v e r  . p r t u  ( p r r t l ) .  l - l e n c e  t h e r e  e x i s t  t h e  c j i t f e o n o r p h i s m s :

. \ l { s=  tu ,  y97)  :  g . - t t  o " r t j )  -=*>  pr rux( i  and
t l -

h * (  h ,  y 2 ) '  h - 1 (  F r a u )  - - - - +  n r r ] J x H ,

L e m m a  ? . 5 .

T h e o  r e m  ? . . 4  ,

L e r  * * A r .  T h e r r

t - hen  \ r  ;  u - r (L l )  - -+  LJxGx l ' l  by
t

' 1 n

\ r  ( " , y ) = (  ( s r ( x )  , h ( v ) )  ' y i ( x )  , " f 2 (  v )  )  i s
l l - l -

a  t  r i v i . a l i s n t i o n  o f

u  o v e r  l l  .

b ,  )  r h e  m a p  t y ! . , F z )  ,  u

r y E  F z ) ( x , Y )  - ( Y : ) ( x ) , v )  i s  a  d i f  f  e o m o r p h i s m .

i t ecausd  Ah  c  p r r s  ,  ! ' , , e  have  h *1 (  p r ' f r  )  x  r , - l ( a ) '

U d i t h  t h i s  p f e p a r a t i o n s  w e  c a n  F r o v e  t h e  f o l - l o l v i n g

L e t  f  b e  a  p o l y n o m i a l  i n  c n x c n l

- t ( o  
)  > o x r r * l 1PreS )

&

s u c h  t h a t  f  { x , y ) = g ( x . } + h ( y )  L e t  r = f - 1 ( e ;  ( *  4  A f  )  ,
t '

G = g - I ( c )  ( c  *  A n )  a n d  l - t = n - ' t d J  ( . 1  + A r , )  .  r h e n  t h e r e  l s

a  h o m n t o p y  e q u i v a l e n c e  b e t w e e n  F  a n c J  G  N  l - t  (  w h e r e  G  x  l - t  i s

t h e  S o i n . o f  G  a n c J  l {  ) .

f f g " g f u  F r o m  L e r n r n a  2 . . 3 .  ,  t h e r e ' i s  a  h l r n o t o p y

e q u i v a l e n c e  b e t r v e e n  F * L r  
l ( r - )  e r n c l  , , - l f l  - (  * - f  ) )  ,  w h i c h

\ * e /  * e  \  ( J  +  t

i s  h o n i c , t o t r : r i c  e q r r i v a l e n t  u i i t h  O n x l - l  
H  

a * O *  (  i n  t  h e  d i s 3  c l i n !

u n i o n  o f  t h e  s p , r c e $  A i r l  a n C  .  
' G x $ m  

w e  i r j e n t  i f  y  t h e  s u b s p n o e

( ; x l ' l  c  [ , n x t - l  ,  G x H c G x 0 n r ; .

r , { e  h a v e  t h e  f  o l L o w i n c  h o m c i t o i : r , r  e q u i v a } e n c e s  o f  p a i r s  o f  s p a c e  s :



5 *

; r r l - " 1n
( $ n x i ' { , G x H )  - ( C " " H  L * J  G x } ' l x L o , } j '

Gxl{xlo!

( w l " r e r e  C o n  G  i s  t h u  c 0 n 0  6 v e r  G ) .

Gxl:tx ftl t ^,({Con ShH , Gr"H }

I f  v { e

xz = I

GxFi  I

,  t h e n

d e  f  i n e

[ * , t , Y ]

2  ' x 1 n  xn n d  t X

, . b ]
(  x t  , x ln

1

X  r t  , y l  €

; ),  t > t " l
cFH ,cxr-i)

i l ^ (  r  )=^ .g - , i ^ i  c )o  * . (F t  )  @
q '  f r r=< l ' a '  H  I

t h e  p r o o f  , s e e  I N i J  )  .

/
\ ,  ,  \  I
n 

" 
3 { |' t l L

I W

& Gxl' l

a n d

X2 ) "- (  ciQonu),Gxt" l  I

e ) {cc'n
l l

T h e r e f o r e  F * x l  L - - J  x Z - =  c ; x . H
- x l n x 2

Q.o.LP,l lq rY-..4-'.5 .

6 l  r a . ( [ o ( G )  , ; r ( H )  )
?tf '1-2 t ' !

I f  G  i s  n 1 - c o n n e c t e c l  a n c i  H  i s  n i * o o n n e e t e c l  '

F  i s  n l + n a + 2 * c o r l n e c t e r l  '  r r r  p a r t  i c u l n r  F  i s  c o n n e c t e c  "

6 i r -  r r  r  =  r h e  f  r e e  ! r o u p  o f  r a n l <  ( a - 1 ) ' ( b - 1 )  ,  w h e r e
J 1 1 \ r /  b  s t l

=  Z a  ,  H ^ ( l i )  =  z b  o  
'

. -
f { e m a r k ? . { s r T l r e h o m o l " o E Y g r o u p $ c a n h e c a l c u l a t e C u s i n g

t h e  l l a y e r - V l e t o r j . E i  e x a c . t  s e q u e n c e  :  "

.  .  .€ f in{  r-}(0")  ) : ->iot  u - t  ( r l  )e iq(r , -}  (s )  ) -* f i*(  F )  \ f r ' * r{r*1(d}

I f  v { e  u s e  L e m m a  2 . 4 .  ! ^ { e  o h t a i n  t h e  f o l } o t ' r i n g  e x a c t  s e q u e n c e l

o -> frot r )  ! :x+io-r( Gxf{) ---+ in-r(cn*H)ofrq-1( cxcm ) --:+ o
. ! '

w h i c h  i e  e q u i v e  l e n t  . w i t h  C a r o l J - a  r y  7 - . 5  " a .

( n e r e . t h e  i s o m o r . p h i s n r  r r t  i s  i n d u c e d  b y  t h e  r e t r a c t i o n

r  :  , - r ( f , ) - + u - 1 ( r ) ) .
'  f i o ! / ,  w e  d e s c r i b e  t h e  n r o n o d r o m y  o f  f  .

c-
I f  * a A f  ,  t h e n  * = " i l * d j l  , 1 = I , . . . p F , . i l  € t I  , . . . , t } '  ' .

i f € 1 1  , , . . , s ] . I f  t x e  t u t  u  e ( t ) = e * f ' " * p ( z f i i t )  w i t h  
f  

t O  '

s u f f i c i e n t l y  s m a 1 1  a i n c i  t e [ 0 , 1 ]  ,  t h e n

C i  (  t  )  = (  c i  i  e * c i " F " * i r (  Z r r i t  )  )  a n  r j  O j  i  t  )  = (  e - d  j  t f  "  e x p ( z ' i i t  )  ,  r " l ,  )  '

H e n c e  t h e  p o i n t s _  a r . ,  
" n . n  

O r ,  t t l r n  a  r o u n c J  e a c h  o t h e r  '

, r , R 2 - - ] L * ( t )  ( t e  [ c . r l  )  s u c h  t h a t
' o o  1

. v t i s o 0 * d i f f e o m o r p h r s n , ; r i t h " ; ' ( t - ' r ( t ) ) c R x ( - o " , O ) n n d'l
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