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1" TNTRODUOTION

The not ion of '  normed. al-most l inear space (nals)  ts a

general izat ion of  the not ion of  normed l inear spaee" such

a space sat isf ies some of the axioms of  a f inear spaee and the

norm sat isf ies al l  the axioms of  a norm on a l inear spacer 4s

wel l  as an adci . i t ional  one, which is ubeless in a normed. l inear

space.  An example  o f  a  nars  i s  the  se t  x  o f  a l l  nonempty ,

bounded and convex subsets A of  a (real)  normed l inear $pace

E  f o r  t h e  a d c l i t i o n  A r + A ,  =  
{  ^ r * u . i  a L "  A 1  ,  & z n l . z j o  t h e

e l e m e n t  z e r o  o f  x  t h e  s e t  L a j ,  t h e  m u l t i p l i c a t l o n  b y  r e a l s
r  .  ( t  ' t
, \ A  =  

L A * t a e A j  a n d  t h e  n o r r n

the axioms of  an usual  norm 0n

l f l  A l l l  =  *uFa 
6  A t t  a l l  

"  Bes id .es

a l inear spacee the above ncrm

l l t  ,  f  l l

l i l  A i l iS

sat isf ies a. i -so the fo l low' ing condi t ion:  i f  A,  -  -A1 then

l l lA+A.,  t t i  f  or  each A 6 X"

The normed almost l inear spaces vrere introcluced. in t :  I
as a natural franieurork f 'or the theory of best simultaneous

appro : r ima"b ion  in  normed l inear  spaces"  rn  [ :1  and the  su ] : *

sequent  p .epers  [  * ]  *  [gJ  we have a lso  begun to  deve]op  a

theory for . the normed almost l inear spaces simi l -ar  wi th that

of the ncrraeti l i .r:ear spacese It turr:ed. otrb tirat sone results

from the lat ter  th.eo: 'y v/ere t rue in our more qeneral  f rarrervorko

Iiere l 're mention that vre ha.ve introd-uced the *d.ual_" of a nals x,
1&

rleiroted- x" , (i ' , 'he;r'e the furi.ct: j"onr;ls are no l.cnger l- inear b.ut
roe . lnos t  l i r i car " )  o  l sh ich  is  aLgo a  na) -s ,  ane l .  when X is  a  normed
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l l n e a r s p a c e t h e n X f i s t h e u s u a } d . r r a } s p e c e o f X ( s e e | t J , L a J , l "

In  a  na ls  X fcr r  e&ch x€ X there ex is ts  f  e  X* ' ' l l t  f f l l  *  ] .  such

that  f  (x)  *61 ix l l l  (  [5 ]  ) '  t ] rough the resul t  which s ta tes that

LTr e.noftned' linear space Xn gtven a linear subspace SI d X

anf, f € ru-g there. exi-stp & rlorll l*preserving extension to x is

not true if we replace 
rtlinearn' bS "alntost linear" (see examples

i n [ + l ) ' T h e m a i n . t o o l f o r t h e t h e o r y o f n o r m e d . a l m o s t l l . n e a r

spaces was siYen in ( [ 6] '  rheorern ' ' ' l  
:f:::--:,n"o'"u 

that

any nals x can be.rree'rbeddef,i '  i" a normed' l inear 
:n"tu 

ax i

T h o u g h t h e e m b e d d i n g n r a p p i n g i s n o t o n e - t o - o n e ' i t h a s e n o u g h

propert ies to permit  us the use of  'norrned l inear spaces

techniques to prove certain problems in a nals '

T h e p r e s e n t p a p e r i s a c o n t i n u a t i o n o f , t h e a b o v e c i t e d

p a p e r s , p r o v i d i n g r e s u l t s f r o m t h e . t h e o r y o f b o u n d e d l i n . e a r

operators in normed linear spaces which can be formula'ted and"

proved- in normecl  a lmost l inear '  space6'

V l l e e n X a n d Y a r e t w o n o r m e d a l m o s t l j . n e a r s p a c e s g t i r e

def i .n i t ion of  a '  bounded l tnear operator T:X **Y rnay'be gi 'ven

a g i n t h . e c a s e r r y h e n X a r r d . Y a r e n o r m e d . } i n e a r = l i : " " u b u t t h e .

set of all '  such operators may be ttre only operator T -" oo

I { o r e o v e r r f o r Y s B v u e d o n o t o b t l ' : . * n * d ' u a l $ p a c e X * o T o

avoid- theere unpleasant fa'cts we shal' work 
:::'"t:"jT-ffi

ff ie5*g];-*.; '*" 
tu"pect to a convex cone c d Y (see sec*

t ion 4). rhe set of al-r- such opera'tor- '-u::": : :  
: :"1' l" j t ; : : ' '

11 ;; i" ;-,-;"- ;  {  oi '  x* * r '(x ' lnua*)) an& when x'Y are

norme& l inear  spacesn l (xo{Y 'c ) ) '  i s  t } re  se t  o f  a ' } l '  boun i led

} j.near crperator'"s T ,X --+Y ' t.houf,}r o. *: (y, c ) ) }ras $Ome releva'n1,

p r o p e : ' t i e s r i t j - s n o t a ' n a ' l - s f o r a r h i t r " e r ; f C d Y ' F o r c C I n . v e \ : {

c o i . ] e s C h a v i . r r g a c e r t i ; l . j n p r o p e r t y t r ) j . n Y ( s e e l j e c t i o r r 3 } '

1

1

f :

L

I
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T, (Xu(Y,c ) )  
j .e  t r  n ,u ,s '  Thr rugh proper ty  (? )  c l f  c  i s  no t  nee*s$a, ry

^ t  t ' r r rv c))  "bo bs a nel 'p '  i t  is  in a certa ' i r r  sense the best

f O Y '  t r \ i t e \ L e " l  r  - -

poss i ,b le  (  see  fheorem 4  "15  ) '

In ovciey to pr*ve the extensions of  some resul ts f ront

tlre rheory of bou.v.rfred linear opera'bo'- 
::::::*x** 

spt'ce$'

glih:l' :: 
',"":-*--=--=-oareila" 

6l =where 'i're *u embe&!'

t n *==Gi i - i oo r  
i s  g i . ven  l n  r r t uv r  

- , '  - _  ^$ . l " {n to rg  , i l i itbe rna'en lGU,- 
bount led l inear c 'perators 

' i l ' r '  '

I , ( X r ( Y r C ) ) . i n  
t n e  s p a c e  o f  b o u n u e u  - * " ' : : ^ ' o , * o " r r - $ t  b i

n : , n r d E V ' A i s a p p l - i c a ' c i o n s i v e p r o v e t h e ' B a n a c h - $ t e i n h a u s

Theorem a'nd" the inverse raapping Theorem in our Inore genera'}

f ra.mevror lc 
(Sect ion 5) "

2 ' ?REI'IIiIINAIIIES

F o r a n e a s y u n d . e r , s t a n f , i n g o f t h i s p a p e r n . i f l t h i s s e c t i & - l r *

we. reeal}  def in i t ions and resu}ts f rom t  3]  ,  [aJ ,  I  e J rntr . ieh

wi l l  he used in the next sect ions.  * : : "  no"bat ions arrd 8eneral

assurnptions can be al-so founcl here' nn". 

:"t:*"::t#- :;

-,,I-ffi"e; *u'tl'-t- -t- -' ''et us denote bv

R tne set [ ] 'n t h ryo$ .*a o1 * -i- 
::--{::'.;;.;"lr;,s e t  t  i  u ^  

/ o " r - s ) , i s  a  s e t  X  t o g e t h e r  w i t h

An alqpsi*]ils3,q-.Ele99 
t"'' 

r,: ̂ 4..,i nc, (r,- )*(

' ..
I

ir;
!.
I
r
I

1.

+

t w o  r n a p p i n g s  s ; A K r * * ; r " *  
.  a  - \  - n A  * {  t r . x )  b y  b o x

o t e  s ( x r y )  b y  x + y  r " ' * ^ ' r r ;  
( x + y ) + n  ibelovr" ' i ie u-*- ; ;  * t* 'u '  ou **o (or xiv) a 'nd m( h 'x)

; i - r "  L e t  x r Y v z e  7 i  a n d  h u f  n  R '  ( r ' r )  x + ( v + r )  -

( !p-) x"r 'y ' :y+x ;  ( l : )  There exists &n element 0 6 X euch that

x . r - o : , x f o r e a c h x e x ; ( ! q ) 1 . u x - x i ( l . , r ) 0 o x * 0 1 ( I " , 6 ) t r ' ( x + l r ) s

* ) . o x * h * Y ; ( l t ) l ' " ( 1 ' x ) = ( h p ) * x ; ( L B J ( h * 1 ) n x * [ ' : i : + p s

An #p:i*-U:eg,{--.:Y-:1-* s (lr)*(re)

rwo rnappings s;x xx ***x and m:R x 
""T1-:": l- ; : :-  -" hox

f qr t 

;f lJ;r- x rhe follovrins rwa se.Ls pra)' an important rolr
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They are M*q$F_sngqeQ of  X ( i .e . ,  c losed unc ler

VX *  
{  r *  X :  x+ ( * l - * x )  *  C I  3

- , f X  *  {  * *  X g  x  s  * f e * 3  ( *  { x + ( * l * x ) :  x e  X  3 l

t -  I  !(  2 .1 )  |  i l t  x  r t t  *  i l { : y  l l i  I  {  i l r  x+y  Esg

add. i t ion  anc l  mu l 'b ip l " i ca t io r r  by  sca la rs )  o  and by  ( r r ) * ( r ,g ) ,

v "  i s  a  t i r rear  $pece"  P la i -n ly ,  an  ars  x  i s  a  l inear  spa.ee

iff X = VX , iff \tf" * { O j ,

rn  a .n  a ls  x  we sha l l  i : . lways  use the  no ta t ion  h**  fo r

* ( t r  r x ) ,  t h e  n o t a t i o n  A x  b e i n g  u s e d  o n l y  i n  a  l i n e a r  s . p a e e .

An a ls  x  sa . t i s f ies  the  law o f  cance l ra t ion  i f  the

re la t j -ons  x  ry rz&,  X ,  > l+y  =  x+2"  imp ly  tha t  y  =  z ,n

rn vrhat fo l ]ovgs a ggns. in an als x j .s a set  c € x such

t h a t  l o x e c  f o r  e a c h  x e x  a n d ' ) , e n *  .  T h e  d . e f i n l t i o n  o f  a  ,

go"p-rrer,  set  j .n an als x ls s imi lar  v, , i th that  in a l inear spa.ee,

A qg fg  on  the  a ls  X  is  a  func t iona l  n t , l [ t :  X*+R

sa. t i s fy inu  (Nr ) - . (DI+)  be lo ' ,v .  Le t  xny  €  X ,  we 
\  and.  A  e  na

(N r )  l l t  x+y t i l  c  l l t  x l i l +  t r f  y , i l  ;  (N r )  l i l  x r t f  *  g  i f f  x  =  0 ;

( N : )  l y g  ) ,  ' x n r  =  l l l  r l l x i t t  ;  ( N + )  l f t y , : t t t  d  l l t  x + w l i l "  B y  ( N r ) * ( N a )

i t  f o l l o v r s  t h a t  l l t  x l l t . >  o ,  x 6  x "  A  n o r m e d  a . l m o s t  l i n e a r  s p a c e

. _.-  
(nar ls)  is  an 

.als 
X to,gether wi th l ; f  . f i t  tX-:-# R sat isfy ing

( N l ) - ( N 4 ) .  I l e r e  ' s e  n o t e  t h a t  i n  [ : ]  -  I  l l  w e  g a v e  a n o t h e r
'  

equivalent def ln l t ion for  the norm, the above one belng

u s e d  j . r  [  6 J  "

In a nals X the foJ- lorv ing inequal i ty hotcj .s :

( x , y €  x )

2"1. I lEi iTl i j lK.  Let  x be a ru: , }s ancl  xots€ x.  The funct ion
t { ( h )  =  l l l  x + r { * y i l l  i s  c o n v e x  o n  f O r * )  a n d  ( * o a , o J ,



l

The n,ext  resul t  is

LTilJI,Ui" !c..3 X

ffi x4$ x 111s then ; l {  y l l l  *  l i l  z i l l  ,

then x r l r €  v x  c

*5-

a  I  l " ^ - 1  \t r o n  (  L _ J J  ) .
, t  j

b-g  L  na ln  anA x  ry r  z& X"2 , 2  n

( i i

( i i )

Let  xrY be 'bv, 'o alnost l inear spaees, A mapping T3x*-+y

is cal led.  a ] r inea"n grrera. Iot  i f '  T( l f "  or+ l  Zox2) 
= I , "  f  (x,  )  +

t ,
+ A r o r ( x 2 ) ,  x r e X ,  A i 6 R r  i = ! s T n
\ . '

The main tool  for  the theory of  normed a" lmost l inea.r

s p a c e s  i . s  t h e  f o l l o w l n g  t h e o r e m  ( t A l  ,  T h e o r e m  3 . 2 ) .

2,3. Tl{tionEyt. gqr ?.ry qa\q (x, l i l ' i l l ) !h9r!__9-r}qt_ a

nofmgd l lnezr*spacg- (EX, [ l  .  l i  8.,)  aqd q map]ci lg *XrX*-] EX

wf t4__!ir9_{S-1.1o w!1.$ prop Q_r:j"i q F ..

(f) bg_Sg_t" )I., = tu'(X) !$ a convex eone of E.,, sucir
. L  r L '

Ex * x1-xl r P!{ xl q3$.bg*qqffiri}pe"g qqjnjil,s yhefgthat

t h e gldi t j -on a.nd th.g gg]- t ip l icat i .on by,non*nesat lve reals &re

the a i r r l r :  l c r  i r n  I "
e \ F  a

4 \

1 . .  \(  1 i  )  'For  e: : .ch z a n* ,-X

{ z  " z ) l l  z { l *  =  i n f
JJ'\r

qeg*t}.g alg. X.., lggethcr rnrith thj.s norm is a na.}s.
I

f  f  q  {  \  r F } r n  n 1 r ) h - i  h d  J ^ * ^ *  \ r  - * J\rr-r7 -r.:rc rr)BpFin$ fd,r \r f f-g-p X On1;o thc nals X__a_ d_i l .  _!- ,1,  *  
j ! ,  

-  
; ; ; - :_* 

t

l= i lg?q op.cfat .or*qr id:  ! lc , - ' . , r (x)  l l  . , .  = l l lx  l l l  for  each x e1\ 
"x.

(

I  t i l  "a l t t  
+  u l x2u l  :  x t_ , *26 {  t  z=*x ( * t ) -  * x ( " r t

l _s  a

/ L .

In  t l : ,e  seque l  v . re  sha l l  no t  use  the  subscr ip t  X  ( resp .  I " )
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for  El{  ancl  c. . r ,  ( resp" l l ' {18. , )  when these wi l l .  not  lead to
11'

'  mi t lund.er$tanding$"

- *"t
W * f  Xr  +s>X 15 a l inear  Opera-boro

l-

i -

,a

2;4, RIIIIARI{'

b

2.5, RlInnnK", I f  t*  :  X**+ Xl is one-to*one then

i i ie have d*t (WX) * 
%, and *r(VX) * VXl"

The proof of  the fo l lowing lemma is contained in the

p r o o f  o f  (  [ A J  ,  T h e o r e m  3 . 2 r ( i v ) ,  f a c t ( I ) ) .

2 .6 .  I , l iM l rTA.  Le t -  (X ,  t t t . l l l  )  be_a l ra ls  a*S x ry€X s i rch

the,t  c^t(x) = u (y).  Then,fo.r  gqch g P0 
ry$*ry 

x€,Xs ruo € X
sgg4 -!4qt 111 x ullt + l l lxa l l l  1 L g! x+y, +u, s y+x, +ue c

A consequence o f  rheorer r r  2 , j  i s  the  fo l rowing  resu l t

(  [ e ]  ,  C o r o l l a r y  3 " 4 ) e

2.7 n COR0LLARy. 4qr_,q.ny_Ilgl-e. (x, l l l . l l l ) the_tu4-q!&on

ls  a semi.*metr ic on X and we have I

( A . j )  f ( - 1 " x r - 1 o y )  *  f ( * , y ) ( x r y  e  x )

rn  a  na ls  x  the  semi*met r ic  f  genera tes  & topo logy

on x (vrhich is not I {ausd.orf f  i -n general)  and in the seque} any

t o p o l o 6 5 i c a l  c o n c e p t  s u c h  e r s  c l o s e n e s s n  c o m p l e t i o n ,  c o n t i r r u i t y u '

w i l l  bc  unr i .e rs tood-  fo rbh is  topo logy"  c lear ly  p  i s  a  met r ic
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:

on X i f f  c i l  is  one*to*orr€e Not ice that  even when F is no*{

a met r ic  on  X we ean use seque] lce$  ins tead.  o f  ne ts .  ldoreo \ -e r

the ' f ,opo logy  on  the  normed.  l inear  space (vx ,  t t l . , r l  )  genera ted ,

bl f  P j .s the same as the topology generated. by the norma" J

2.8 .  REMAi IK ,  f f  A  l s  a .  c losed subset  o f  the  na ] .s  ( l { ,  t i l , l f i )

l

t h e n  c r ( A )  i s  a  c l o s e d  s u b s e t  o f  t h e  n a l s  ( X r , l f  . , t  ) "

lYe  reca l l  now the  de f in i t ion  o f  the  dua l  space o f  a

na ls  x  and some o f  i t s  p roper t ies  used ln  the  nex t  sec t j -ons .

Le t  X  be  an  a ls .  A  func t lona l  f :X*?R is  ca l led .  a r r

?lmost l i4ear fg lLgl ipna] i f  f  is  addi t ive,  posi t ivel .y homoge-

neous and" e (w) p o for  each ! I  € f iy  .  Let  x# be the set of  a l l

a lmost  l inear  funet i -ona ls  on  x .  nur i r ,e  the  add i t ion  in  x#

b y  ( f - + f ^ ) ( x )  -  f t Q ) + f  , ( x ) n  x 6 X  a n d  t h e  m u l t i p l i c a t i o n  b yr -  t '  I '  t '

r e a l s  (  t r " f  ) ( x )  =  f (  , \ n x ) n  x € X ,  T h e  e l e m e n t  0  e x f  i s  t h e

rach xd X' ,  Then Xtr  is  an a] .so.  \o{hen

x  i s  a  n a l s ,  f o r  f  €  X #  d e f i n e  i l f  f , t l  =  s u p  { l f  ( x ) f  ;  1 1 1  x l t f  d t S  ,

a n d  l e t  x *  =  I t u x # ;  l l l  f  i l t  d  *  j ,  T n e n  x *  i s  a  n a t s  (  t : l  )

eal l .ed the.{ i*L $paee of  the nals X. The d.ua. l  space X 
# 

is /  { rA

i f  K /  i  O 3 s ince t l ie corol lary of  l lahn*Ranach Theorera ext .end.s

to  a  na ls  (see the  in t rod .uc t ion  and the  re fe rence c i ted  there) "

The next corol lerry is an j -mrnecl late consequence of  the above

ment ionet lJ resu l t  and"  (  [+J  ,  Propos j " t ion  3 .15) "  we g ive  anr : ther

d i rec t  p r "oo f  us ing  on ly  the  cx 'bens ion  o f  the  eoro l la ry  o f

i la.hn*ll iLnp:.ch Theor em.

#e
2.g, C0nOLlAItY... IL X 1g__A-gal-* eil;,Yt-/ V ,  ( ^ 1

v InCn i lo 'g- F . t r iJ ?
A ii.. 

' t"- {t
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Proof .  Le t  w61. 'J , ,  ,  l { l  v , ' l l f  =1  and 1-e t  f€X* ,  l l f  f l l l  =  l  such
A

t h a t  f  ( w )  =  l l t  r v l l l  .  D e f i n e  f o r  x e  x ,  f . l  ( * )  =  f  ( * * ( - l e x ) ) / 2 ,'  
L -

Then f . ,S ! ' / . ,x  and. l l t  f " l t l  *  1.
J . ] 1 - t

t le  conelud.e th is  sect lon wi th  some examples f r .om [ : j  , [+J
rryhich rr i l ]  be used in l , 'he next sect ions"

2 . r o ,  E X A i , i p r , E .  r , e t  {  =  {  t o  , F  ) € . R 2 : ' p  e  n * j  "  D e f i n e

the addit ion and the mult ipl icat ion by non-negative reals as
a)

i n  R '  and"  d .e f i ne  :1o ( *  ,F  )  =  ( *  o  rp  ) .  The  e lemen t  ze ro  o f

X i .s (or0) a n2" Then X is an als and. we have V." =, {  f  ' ,  ro):  o,rn R 3I ' w

- . - r  i r ?  (  f  ^  r  \  c  A  -  n  ?a n d  V , .  =  t  t UA  , P )  i  { 5 e  R * 3 .  D e f i n e ' f o r  ( d , { t ) € X ,  f l l  ( ' { r 1 3 ) l l l *

=  l o < t  * l i  "  T h e  a l s  X  t o g e t h e r  v r i t h ' b h i s  n o r m  i s  a  n a l s .  :. l

2"11. EXAI\f , ,L,E. Let X = Ro " Defi .ne xiy * max t"ry3
l , !

a n d  f o r  , \  /  O r  l . o  *  *  *  a n d  O o x  , =  0 .  T h e  e l e m e n t  0 e  X  i s  0 & R ,  ,
+ +

fhen X is an als such that WX * 'X.  There exj-sts no n.or i l  on X"

2"I2" EXAI,{PLE. Let X * R. Define the ad.dit lon and the

erement  o  6x as in  R and.  d .e f lne lox = f  l lx .  Then x  is  an ar l -s

such that \  
= X" There eXists no norm on X"

I f  o therw ise  no t  s ta ted ,  an  a ] -s  (na ts )  X  v r i l l -  be

sup 'o -qqp4  /  { . 0 } ,

3, C0NES \'{rTil PROPaRTY (p) I}l A l{OntrTtltD AIri\{OsT tI}'iEAR spAcrl

Let  1X,  t l t , l l l )  be  a  na l -s  and"  C a  convex  cone o f  X .
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3.1o 1)EI:'II'{ITI0N. The conlrex oone C has pgS-g"?fgg. (p) Lg t';

i f  the re l "a t ions xrye Xo x+ye C an.d.  e  e  C . impty  t t ra t

( 3 , 1 )  r n a x  f . , , r  r r t i t  ,  t [ t r r f t  ]  , 6  m a x  {  r , , * * c l u , l u y + c t t f  
' $

Note  th .a t  i f  Cr ,C are  con l rex  cones  o f  X ,  Ct  s  C and C

h a s  p r o p e r t y  ( P )  i n . t  t h e n  C o  h a s  a l s o  p r o p e r b y  ( p )  i n  X "

Clear ly the cone C * \Vr has property (p )  j -n X" The next

resul t  g ives lnore informat ion about the existence of  eone,$

with pro'perty (P) in a naLs X.

3.2.  Fr" ' .0POSITION" In any na1.s X there exietn a, : . rnaxi_mdrl_

gs1gg1gojts c / $" o\ qerirgs.ur:gpe{F: (p) i;r x ang sqsh

lbgt tJr c C"

lr:qgf . Suppose Wx / { o 3 . As we ohserved. above 'rV" rhas

proper ty  ( r )  in  X"  Let  F n*  the set  o f  a l l -  convex cones

C c X, having property (p) in X and such th.at WX C-C. f t  is

a  pa r i i a l l y  o rd .e rcd  se to  o : .de re r  by  se 'b - i nc lus i . onn  and  by

Zorn rs  Le rnma the  conc lus ion  fb l l owSn

Suppose \, i"  = t  O 3 " Then X is a normed t- inea"r space"

L e t x o € x ,  l n x o i l l  x 1 .  a n d  t e t  C o  = { I * o l . \ e n * 3  T } i e n
'  co has proper . ty  ( l ' )  in .  x ,  r r rdeed"e l -e t  xry€ x  such that  x+y 6 co

a n d  ] . e t  c € C o  "  I f  x + y = 0  t h e n  ( 3 " t )  i "  o b v i o u s .  I f  x + v =  A u x o ,

t ro  F  0 ,  sucposc  l l i  y l i l  #  i l l  x l l l  "  Le t  
" "=  

I l xo  o  h rc  R*  and"
\ \

f e t  , \  =  i 1 / Io  
"  

' i ' i e  have  [ ] t x r t t  *  ( ] -+ ]  )  t i l x l f {  * } l l t x i l t  &

S  ( : l " r  h  )  l t l x t i l  - . ! l i l y t r t  t  l rE  ( r1  .h  ) x+  I  y l l !  =  3 { {  x+c i i i  r  whence

(3" t )  t 'o . ] - lorvs,  r \$  in  the ca: je  v t . - /  {  OJ ( rep}ac ing tV, ,  by Co)  r

the assc: : t : lon f rom :bhe proposi t i .on fo l lo lvs  by Zornrs  Ler i l rna.
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.  The next pr:oposit ion yiei .ds e necessary cond"i t ion for

.  &  c o n v e x  c o n e  t a  h n . v e l  1  '  / q \
i r o p $ s t y  ( P )  i n  X "

3 " 3, pir0p0srTr0N. $g c ig*e gqLvs4 , pppg. 4+glgs prqF,g' :-

!.fl, (r ) Ls-jls--eef-e" x lilss :

( i "z )  t l t  er l t t  S tn  cr+c,  t t l  (  q i l  c ,  e  C)

SIgg€.  Let  c1 ec j  €  C"  *Ye ce.n suppose 0 /  t t t  co l l t r  5  t t t  c . l t l "
_ L '  1  -  "  I  t

gggg I "  t t lc ,  t l ' i  4 l l l  c r l t l  .  Choose 0 < A < 1 such that

( r + , \ ;  1 1 1  c t l l t  d  l l l  c l t l l  .  $ i n c e  c t + c r & c ,  b y  p r o p e r t y  ( p )  o f  c

in X we have i

By the choj -ce of  I  we must  have l l l  c r l l l  .g  l l l  c r+! "cr l l f  r

and.  (3 .2)  fo l l -ows norr i  by Remark 2"L"

ggug  2 "  l l i  c , i l l  =  l l l  c r l l l  ,  Le t  0  <  ) ,4 ,  <1 "  Then  t l ! l oc r l l l  <

d l l t  c r l t \  and by the above case we get  l t t  c r l l t  S f l l  c r+1,c ,  t l l  s ,

Aga in  by  Remark  2 .L  we  ob ta in  (3 ,2 ) .

The necessary  cond. i t ion  fo r  p roper ty  (p )  g iven  ahove is

not suf f ic ient  as the fo l lour ing example shows"

3"4 ,  EXAI 'TPLE"  I re t  X  be  the  na ls  descr ibed in  Example  2"1O"

L e t  c  =  
[  t * , P  ) e x i  c { , p  * n * j  .  t h e n  ( 3 . e )  i s  s a t l s f i e d  :

fo r  cL?c ,g ,C br . r . t  C  has  no t  p ropgr t l '  (p )  in  X ,  Tnd.eed,  le t

0  . {  g .  4 ,  'L /2  
and le t  x * ( * f r l ) ,  y *c=( f  ,0 )  *  C"  ' v ' Je  havc  x+y  r .  Cn

I i t  y l , l < l l l  x l t l  = 1 + t v ' , " \ . x + c l l l  * l . a n r l  l l l  : , f + c l l l  * 2 g d ] -  a r i d .

s o  ( 3 . t )  f a i t s ,  
;

l l l  c r t l l  S  ***  {  l t l  c r+}*cz t l l  ,  i l l  92+\ocr l r l  I
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f'.
tl

I
I
i :

I

.

r re t  ( xn  l l l ' l l l  )  be  a

6j"ven trY th*oren 2'3 ani l

,  I a r
.  - a l * i r . r n  I L B t  \ J t t

3 " 5 .  
. l . - ' ] l t i t t l t n Q  @

(ii) 'II,g, qlog*re- c

rrr'rtl ) !S *". paln qell'?tYl+S- the""' la-o]

d X

_ r  / r - , ' t t , ! l  ) r
na l s  ano  \ r : , t " '

.1 4

Corc l l r i r y  1c  I  e

a t  o X l a n e f  
b e

o f cnnce@C

* - tg
/r:\ in X antl sugg*gh$
t  t .  ,  t r , . r  . .  G 4\ *  ' "ii lx 

€ c.
r^nrr i rr .cr .orgoeqttr  (1,)  }"P XI '

a cqn,:rex cgPq }}*lTrs '!IlaPo" :'''

sg- c Ui x Lg*a -agnYer' qoqg- FqJ'$IS

propert- .g 
(?) ig X" 

*  g iven in Tl ieorsr l  2"3r I

Egs'. 
(i).ry the properties ot 

l^"";; ,.u

C , i s a c o n v e x c o n e . I , e t n o . , , v ? ' , s 6 X r l u c h t h a t ? + 9 * 6 r € C t

and let  6ecy I 'e t  xe$€xr  
: ' "1U- '*** .n; :T; :1,= J ' * ( ' t ) '

c- ,  (y )  = .T ,  *  t " )  =  T  and r "  {c t )  =  
" t  

,  ; ; . " t  ; " ;

By l ,enma, 2"6an& sin.ce X *o, t i l r i * - .  
: -  

1.ai t  of  cancel lat ion'  
. .

f o r  e a c h  € > 0  t h e r e  e x l s t  x s ' Y ,  *  x  s u c h  t h a t  t : t - . t t l l  + l l l y s t l t s  {

and x+y4' I ig :5c1{-xe "  } lenc*n i ' * i "g the hypotn:s is-  f lX € Ct

'we ge t  x+y+ye+(*1"x* )  
4  c '  and bY (2 '1 )  *n t i  the  proper ty  (P)

o f  C  i n  X  w e  o b t a i n  
"  . . , , ? .

. - l

* o * [ t *  x r i t * i t t y a t i r '  l i l y l l t * l t i x . t t i J , s  
* " " { t t t x ' + q l l t ' l  \  + a r ?  s i

s *** [rttx+Yi+crrr 1i'::"1;::;'#i*r 
*-

*  * * *  [ l l l  
x+c  l l l  +  111%1l l  r  t f ! v+cr*  '

T,et t ing 
,9 *)  0 vfe get (3.}) ,  arr& t}re conc}usion th 'a.b C'  has

property (e) in X'  fo l l -ows by the propert les of  G'r  "

( i i ) C t e a r } y T i s a c 0 n v e x c o n e o f X " I e t r l o l v x , V e X

such t t ' rat  x4-ya f l  and let  *  a0'  For A p 0 there exist

g r ' , c r r 6 "  c  s u c l t  t h a t  f  
( x + v n c ' n )  d ' I  a n d '  9 ( C ' c ' )  

c  g  "  s i n c e
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l l ' z u  ( x ) + c . . r ( y ) * a . r ( c ' n )  l i  <  t .  o  b y  ( z , z )  t h e r e  e x i s t
s u c h  t h a i ;  * ( x ) + a r ( y ) _ { * r ( c , , )  *  q ,  ( * t ) * * ( y r )  a n d
Then a ,  (x+y l_y_ ,  )  =  n* . r  (x r+c , , )  anc l  as  in  ( i )  above
x& 'Yg 6  X w i th  l l t  xs . i l t  + l f l% i l l  #  g  anc l  such tha t
=  x f  +c"+) iu  .  I i cnce  x+y ty l+ye  *  (  - tox '  ) -  ( *1o  xu)  a  C "
t y  ( p )  o f  C  i n  X  a n d  ( p _ , I )  * e  g e t  l

-:,- ' . :.--:'l l.;":_l;:

x 1 i S 1 6  X

tll xt-tff + f{f yr-f# < :

yre find

X+y+]r. ' +]r- =
I  ' L

Using prsper*

ry"* tff t xftl
( 3 , 3 )

, rl l yul J *?-s,

E max .f

1 nax S\ L

5i max { ttt **yr+}A ltt o ll l y+ ( *1o x, )+ ( -:."xu )tl,.
l l l  x+ ; ' r+y€  +c  r i l l  '  l i l  Y+ ( * l " x r )+ ( - l ox r )+c  l r l
l l l  x+c ' l l l  ,  g ; '  y+c  ' i l t  I  +Z  6 "

Now f l j  x+c !  j f  l  *  l i l  x+c l l l

g i  l l  c v ( c ' ) * c u ( e ) l l  =

l l l  Y+c ' l l l  *  l l l  ) '+c  f l t  <  g

*  l l  u t  ( x ) + a t r  ( c ' ) l l - l l  e o  ( x ) + a . r  ( c ) l f  g

" P  
( " '  , c )  <  *  a n d  s i m l l a r l y

"  B y  ( 3 . 3 )  * e  o b t a i n ;

* "n  {  l l l  x , , l  , i l r  r i l i l  *2 t ,  s  max  { , t t * * *u t  ,  , r r v+c  i l f  }  +3  e

L e t t i n g  g  * - r l  0  w e  o b t a . i n  ( J , t ; ' ,  i , e o ,  d  h a s  p r o p e r t y  ( I r )  i n  X ,

'*/e have not an gxample to show th.at the assumptlon on x.
to satisfy the la'r of cancelrat:-on is nct .sr.:_perfruous in
the above lemmao .

lYe conclu.cle this sect ion v, ' i t t r  *he fol lowin51 remar*.

t y  (p )  i r r  X r .  Then  c " r  - l - (C )  
=  [  *  nXr  tu ,  ( x )  ec r  ?  i s  a  convex

cone hav ing proper ty  ip)  ln  X.
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4" AI}|OST TI].IF]AII OPEHATORS

Lot XuY tre two &lnost l - lnear spaces and. C a convex.

c o n e  o f  Y  6

4.L.  lAi ' I i { I ' I I0} t r ,  A mapping t ;X**}  Y is ca}1ed. an

aJ+e5!*klggg__Apsrq-!.9{,*3'i{Lh -qgqpec"t, to C if the followlnsq

th ree  cond i t ions  ho ld"  ;

( 4 . 1 )  ' I ( x r + x r )  =  T ( x r ) + T ( x r ) (x ,  ux ,  e  x )

( 4 . 2 )  r (  h  ' x )  =  I ' r ( x )  ( x  e  x ,  )  e  n . , )

(1 " r )  t ( i vx )  * -  o

'  
W e  d e n r : t e  b y  f  ( X u  ( y , C )  )  t h e  s e t  o f  a t l  T : X  * - * Y

s a t i s f 3 r i y t *  ( 4 . 1 ) * ( + , 3 ) "  1 ' / e  o r g a r r i r e  . f ( X ,  ( y r c )  )  a s  a . n  a . 1 s  i n

t h e  f o l l - o v i i n g  l v e y  i  f o r :  t l r T a  # e  8 . ( x , ( Y r O ) )  a n d  I  e  n  w e  d . e f j - n e

T r + T r 6 d ( x , ( Y , c ) )  a n d  t r o T  e d ( x o ( v , c ) )  b y

( t ' + r r )  ( x )  *  f ' ( x ) + r r ( x )

(  I ' T ) ( x )  =  [ ( l , x )

( x s x )

( x  e  X )
t

T h e  e l e m e n t  0  6  
" { ( X ,  

( Y r C )  }  i s  t h e  o p e r a t o r .  w h i c h  i s  z e r o  a t

any x 6 X. . I 'b is streip;ht forward" to show' tha'b " f (X,  
(yrC) )

i s  an  a , l so

.  4.2,  Rl l lu ' lAl tK.  I f  C'nO are corrvex cones of  Y such tk iat

C r  d  C  t h e n  . f  ( x r ( Y r c r )  )  i s  a n  a . h n o s t  l i n e a r  s u b s p a c c  o f  . f ( ; . : n  ( . r , c )

L e t  u s r  a l s o  d e n o t e  
- b y  

; i x r r )  t h e  , s e t  * t ' : ( X , ( r , {  0  j  i )
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and"  by A(Xry)  the set  o f  a l - l  l inear  operators  T:X***y ,  By

f temark  4 .2 ,  ' s f ( x ry )  i s  an  a lmos t  l i nea r  subspace  o f  /  ( x r ( y rc ) )

for every S * Y* 11, is easy to construct exa.mples of

xed (x r (v rc ) )  v rh i ch  a re  no t  l . i nea r  opera to rs  ( see  E 'xamp le  4 " "1

belovr) ,  0 leerLy i f l  f  { r  
"d  

(x ,  (yu0)  )  tnen we have T d A (Xry)

i f f  [ i  *  - I sT  where  $ :x  *+  y  i . s  d "e f i ned .  by  s (x )  *  * ro  ( r ( x ;1 ,

x e  X ,  F l e r e  w e  a l s o  n o t e  t h a t  t h e  i n c l u s i o n A ( X r y )  e ,  " t  
( X r ( y o C ) )

can fai l ,  but  we a. lvra}rs f ind.  cones C c Y when i t  holds,  as the

follovring rercark showg.

4 .3*  REI ' {ARK,  The se t  A(X 'V)  i s  an  a lmoet  l inear

subspaee of 
"f  

(x, (  yr lg-u) )  .

4"4"  REi {A I iK .  We have:

t 4 . 4 )  A  ( x , v " )  c  v d  ( x o  ( r u c ; ;  *  d  { x o y )
( 4 , 5 )  A  ( v x r v y )  d  #  { v * ,  ( y , c )  )
( 4 . 6 )  A  l v , . , v r )  = " { ( v x u ( v y , c ) )

( q ; l )  X  ( x , ( l ? , R . ) ) =  x f
T

Formula  (4 ,5 )  shovrs  tha t  le f in i t ion  4 .1  genera l i zes  the

not ion of  a Llnear opera. tor  bet iveen two l - inear sperces ancl

(4,6) shovrs thn. t  r . ihen X and. y are l inear spa.ces then the

cone C is .  super f luous  and.  Def in i t ion  4* l  i s  equ iva len t  v r i th

the  d .e f i "n i t ion  o f  a  l inear  opera . to r  T  j x  *gy ,  Formula  (+ ,? )

shovrs  t i r .a t  Def ln i t ion  4 .1  genera l i zes  the  no t ion  o f  an  a l rnos t

l inear  func t iona. l  on  an  a ls  Xe

4 , 5 .  I I E I { A } i K ,  L e : b  f  6 I  ( x r ( y r 0 ) ) .  \ , i e  h a v e  T €  W / r r r  r v  n \ ). - t u \ . 1 r 9  \  J  r u , / , i



i f f  T (x )  *  ' I  ( * Io  x )  fo r  each, .x  &  Xo Consequent l -y  i f

T  €  ! Y / r . .  I v  n \  \  t h e n  T ( X )  d .  C "
d " \ r r s \ r l w , ,  I

4,6u  Rn l lTA l?K.  I f  t ' €  A(Xoy)  then T(X)  i s  a .n  a l - rnCIs t

} j - nea r  $ubspace  o f  y .  r f  r  €  &  (x ,  ( y rc )  )  t t ren  T (x )  i s  a

convex cone of  Y whlch can be not an almost l inear eubspace

of Y as the fol lorv ing example shovrs.

: / 4 - t

4 . " 1  "  I i X e n 5 > f . ' n .  L e t  f  = t ( o l  , p ) e R . :  p " R n !  U n t h e

als d.escr ibed. in Example 2:10 and l -et  x be the almos'b l inear

s u b s p a c e o f  Y d e f i n e d b y  x  =  $ - ( . { r f t ) € y  i  f i A l * ' 1 3 ,  l v e

h a v e  Y I X = ! ? y = f  i O r p )  i  { t e * * 1 . .  L e t  r e g ( X o ( V r r . $ ) } u e

d e f i n e r l  1 i y  T ( ( . r o p ) )  =  ( " ( u o { + p ) r  ( d r F  ) e  X "  T t r e n

T ( x ) . = t  ( N , p  ) e x ;  f i > - z o V  w h i c h  i s  n o t  a n  a t m o s t . : t l n e r : r

s u b s p a c e  o f  Y  s l n c e  ( * I r 0 )  6  T ( X )  a n d .  * 1 o ( * 1 r 0 )  =  ( : - r 0 ) f  * ( x )  "
C l e a r l - y  T + , r 1 ( x , y )

lYhen Y is a nals then we can improrre some of the abovc

stat ement s .

2  4 .8.  i iEMAnK.  lyhen y  is  a  na ls  g  cond" i t ion ( t+"2)  in

Def in i t ion 4.1-  can be g iven only  for  l  e  n* l  t  o  I  "  The fact
t

tha t  i t  ho td .s  fo r  u \  x  Q is  an  imrnec l . ia te .co l l$equence o f  (4 . t )

arrd.  I rer f lma 2,2 ( i ) "  This is no more true when Y ls not a r . ia ls"

' :
4.9" HXA,I i lPI l r i .  L,et  X = Ro be the als aescr ibecl  in

Exanrple 2.11, Le'b Y = C = X and t lef in.e T;X *- 'X by
., 1 \ tt - 7T ( x )  =  H r a x  1  t r x  J  r  x . S  X .  T h e n  T  s a t i s f i e s  ( 4 " 1 ) , ( + ,  j )  a n d

( 4 .2 )  f o r  , \  /  o  bu t  r  +  " f ,  ( x ,  (H , ; { )  )  s i . nce  r ( 0 )  =  r ,
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4.10"  nELiAnK" f ,€ t  Y be a na ls"  We have I

' ( 4 , 8 )  d ( x , Y )  *  A ( x n v * )

(4 .9 i  {u l vx  i  xe ,  d (x , ( v ,c ) )3  €  $ ( r , ' * , v r )
t4 " ro i  A (v *v r )  *  i d (vxo ( r , c ; ' ;

The for rnuJ.as (4"8)* (q,10)  are not  t rue nhen y  is  not

a  na l se

.  4"11o EXAI ' , f fLE. I ret  X be t l r .e l inear space R and. Iet

Y  *  R be  the  a ls  oescr ibed"  ln  Exarnp le  2 ,12 .  s ince  vy  =  { .03

we have A{x ,v r )  =  A tv r rvy )  =  i  o  I  .  Def ine  t :x  Jv  uy

f  ( x )  =  * "  T h e n  ( 4 . 8 ) - ( + , L 0 )  d " o  n o t  h o l - d  f o r  t h i s  T .

\ $uppose now that X and. Y are two normed. alnost l inear

s p a c e $ .  F o r  x E d ( x r ( y u o ) )  a e f i n e

( 4 . n i  f f f r g g l  =  o * p { t u r ( } r ) l t l  i t i t x t i l  d t J

A t  t  ?a n d .  : . e r  L ( x , ( y , c ) )  =  { * o  d G , ( y , c ) )  I  t f l  r y l l  <  c * t  "  r t
'  i s  easy  to  show 'bha, t  l l l ,  l l l  de f ined by  (4" t f  ;  sa t i s f ies  ( I r I f  ) r (N3)  r

w h e n c e  I , ( X r ( f r C ; 1  i s  a n  a l s .  I t  i s  n o t  a l " w a ; r s  a  n a l s  f o r

a r b i t r a r y  c o n v e x  c o n e s  C  d  Y  ( s e e  P r o p o s i t i o n  4 . 1 &  o r  t h e

exampJ-e  g iven in  the  proo f  o f  Theorem 4"15 be low)"  Though we

s h a l l  a v o i d  t h e  w o r d  t ' n o r n l *  v + h e n  ( N a ) - d o e s  n o t  h o l d ,  i n  t h e

seque l  we sha l l "  a l r . rays  cons ic le r  t? re  a ls  t (X ,  (YrC)  )  eqc tu ipec l

w i t h  t h e  l t t .  t i l  d  e f i n e d .  b y  (  4 . 1 1 1  "

4 . L 2 . .  i i l i i i t i i l i K .  r f ' C  /  , | O }  t h e n  L ( X , ( y , C ) )  /  4  0 1 .
? J
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lnd .eec lu  l e t  c  e  C  r  i  OJ  and  l -e t  f *  X# \  $ -Ok

r ( x )  *  f ( x ) c u  x €  X .  T h e n  r e  f ( X r ( Y r C ) )  a n f r .

a , n d  ; f i t l i i  i /  0 o  i . e " o  T * L ( X u ( v o C ) ) r , . [ O ]  "  f

t ( X n  ( x , c 1 ;  m a y  b e  {  o 3  ( e * s . ,  r p h e n  X  *  ! ' i X ) ,

' bha t  i f  C  ' :  {  03  t } reno  L (Xu  (VoC; ;  may  be  /

X and Y are normed } lnea. r  spaces)"

t

F '  '
t l  I

f
!

liJn

(
t-

Def ine

r , f f  = l l l  f  lJ ,  i t lc f l l<t - , ; :
R { ^ JU  z  t  U J  t n e n

a lso  no te  J : :e re

^ " ,  t  -( J ?  ( € " ' { , n  v , I n e n

'  
4.L3. I i i l l ' , ' lARii, f 'b is easy

and"  T  is  con t inuous  then T€ L(X,

proved in l iemar"k 5 "  5 in the next

to  shor , '  tha t  i f  ' I  e  d  (xo  (YoC)  )

( Y r C ) ) .  T h e  c o n v e r s e  w i ] - l  b e

s e e t i o n ,

lVe  conc lud .e  th is  sec t lon  v r r i " "bh  some necessary  and (o r )

suf f i -c ien-1,  eont i . i t ions on the convex. cone C g Y in order that

t ( X r ( y s C ) )  b e  a  n a l s n  A s  w e  o t : s e r v e d .  a , b o v e ,  i f  X  i s  a  l i n e e r r

space the : r  the  cone C € .  Y  is  super f luous  and gg- to . Ihg-Sf .g

of - lh is V.eq.t igq-!ye_*SuF-nosl ,  X y '  VX o

4"L4. PROIi0SITI0N, L 'qt  0 be ?L convex cone of  the na. l -s

I n  o r d e r  t h e t  L , ( X , ( : f , C ) )  b e  a  n a l s  i t  i s  n e c e s s a r y  t l l a t

glps:*!9.*g-{" c g3ji5{g. (3.2). Lf, x * wx !bel._$}_E-Sss0iji,gJ3

is al*so st. ' . f f : iei.ent i  .

l ;1qgg, Suppose L( l { ,  (VrCl;  a rrals and" suTrpose there are

c l r c p $  C  s u c h  " b h a t  { i l c r + c r l f l  . *  1 1 1  c r l t t  '  B y  - C o r o l } a r y  2 ; 9  1 ; h e r e

e x l s t s  f  d  \ ' / " x  r  l l l r l t t  =  1 .  . D e f i n e  T r ( x )  =  f  ( r o ) c i '  x &  X r  i = l s 2 '

B y  I ? e r n a r k  4 . 5 ,  i t : L ' T 2  e ' i t L ( ; f  
,  ( y r C ) 1  a n r l "  r n ; e  h a v e  l l l f l l l t  =  l l l  c t l l l  '

f f f  T r + l l r l l i  =  i l l c r + c r l f i  a n d ,  $ o  ( N 4 )  i s  n o t  s a . t : - s f i o c l n  c o n t r a d l c t *

i n g  t h e  h S r p o t h e s i . s  t h a t  L ( X u  ( f  r C )  )  i s  a  n . a l $ .

the

i i lhe other  s ta- i :emen'u is  c 'b l " icuso s ince i f  jK

f o r  e n r . : i i  T d  L ( x , ( Y u C ) )  v r e  h a v c  ' l ' ( ; i )  *  C  n . n d .  ( N 4 )

= 'Jrr th

fo l lows

?, (,

en

b y  ( 3 . r )

ItlA 1,\?



. , : J

,.:a

a ( . )- ro-

It{ow vse show thalt prope:rty (r ) of c in y introd.uced. in

sec t io r r  3  i s  a  su f f i c ien ' r ;  covrd . j - t j -on  iq  o rder  tha t  r_ , ( { ,  (v ,c ; ;

be a n.als '  l lh.ough this cond. i t ion j -s not alvuays necessary (see

exarnp le  be3-ow)  o  i t  i s  in  a  ce : i : ta j -n  sense the  bes t  poss ib leo

.  as  one cer r  s ice  in  the  r rex t  resu l tc

4"15. TL{aORll l } I .  r ret  c n ' 'e q_gonJ-ex cone of  the nals y"

L(x'(rnc;1 re-*-M )I  i f r  c hqg pqgpeupg (p) $& v,
l l r c q t '  s u p p o s e  c  h a s  p r o p e r t y  ( P )  i S  y "  I , e t  r  €  L ( x ,  ( y u c )  ) ,

T f  €  
" i l , ( X r ( y r C ) )  

a n d  x  €  X ,  l t t x  i l i  €  1 "  B y  R e m a r k  4 . 5  w e  h a v e

T r ( x )  -  t t ( - t n x )  e  c .  s i n c e  T ( x ) + - T { = 1 a x )  €  c  a n d  b y  h y p o t h e s i s

we get

* ' 1 { l l r r (> r ) l l l  ; l l l T ( *ux ) l t l } gmax{ f r l r ( x )+ r i (u ) ! i l  i : [ ! l r ( y ]ox )+ r1 {x )N i t i :

{  f l l r+r r l l l

v r h e n c e  ( w r )  f o l l o l s ,  i u e  n ,  L ( X , ( y , c ) )  i s  a  n a ] - s 6
I  

r f  c  has  no t  p r "oper t y  (F )  i n  y ,  t he re  ex i s t  Y1 rx2&ye
i

,  f l l v ^ J f t  l t ' - t v -' l t  Y2 dl l  S l{ l  Ylt l l  and c e C such t i rat v1+y, e C and

* t *  {  l l l  r r+c l l l  , l l l r r+c  111}  d  ! t t  v . ,  l l l  .  Le t  x  be  the  a t rnos t  r i nea r

€ subspace of t tre P,ls d,escribecl in Example 2.10, d"ef ined by

x  =  { t * , P ) e  n 2 ;  g 3 e g * t } .  } e f i n e  l t l  ( " { , p ) l i l  * F  f o r
*

(  e , f t  ) E x .  T h e n  ( x ,  l u . i l l  )  i s  a  n a l s .  r , e t  r e L ( x , ( y o c ) )  a i r d'  ' t

T r G  \ . f r  t w  t *  n \ t  b e  d " e f i n e d  b yJ .  - t r \ ^ r \ I r L r r r

T r ( ( " r n P ) )  =  p e

S . i n c e  f  a  t " r 1  f o r  ( . d  r f  )  * X u  l . . r e  h e r v e ;

s + f  $ = { . ,r ( ( x ,  P  ) )  -  } f t  y r  u  L z  1 2  ( ( a  , p  )  * x 1

(  ( *  ,  p  )  * x 1
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,fu' +. Ilv:*i-l;. l l t y] ltt
u  . ! . ,

$  * " r  t ' r*-u- N{tl l l  t ( ( o , p ) ) l l t S

a n d  s i n c e  l t l T ( ( t , ] - ) ) p l

l. 'urtnej :'nci:e

t i t ( r + r r ) ( ( d  ,  f $  ) ) l l t

ya t l {  S t? { f  I  yt ,J{

* i l tr yrl i l  i t  fottorvs tha..L lXt r l i l  * l l l l , . t l{ i  ,

"+g 
(:r1*c) + q"A (vr+c)l{f 5

rnax { tl! rr* c tti r lll r2+c lll !

'7
wl rence  t t l r + t r " l i l  {  * * . * { t r l r r +c i l {  , l l f  y2+e  { f f  J  d  t 1y t . f i l  =  l l l r l l l

w h i c h  s h o v r s  t h a t  L ( X ,  ( V r C ; ;  i  s  n o t  . a  n a l s o

Y/e g ive now the exarnple nromised.  before Theorem 4, l . ]7"

4;^6-  l lXAi ' iPI ,B.  Let  X be t l ie  na ls  c lescr ibed.  in  Example 2r l0

and  t e t  c  =  {  f *  r p  )  e  n2  ;  a r  $e  R*3  .  r n  Examp le  3 "4  v re

shcvre i i  tha t  C has  r . . io t  p rop€r t ; r  (p )  in  X .  Le t  . r= (1r0)  €  VX )

v . r = ( O r l ) #  v f x  .  t r ' c r  ( * ,  , F  )  c  X  w e  h a v e  { q  , f  }  s  s { 6  v + ,  p e v r *

L e t  T 1  €  l , ( X , ( X , C ) )  a n d  t Z €  , / t  ( : t u ( X , C ) )  ,  B y  ( 4 . 9 )  a n d  R e m a r k  4 , 5

w e  g e t  r t ( (  x  , P  ) ) .  =  * r n T r ( v )  +  P * r r ( v ; )  u  T i ( v )  e  v *  ,  i = t r t

and r r (v )  p  0 ,  1 ,e t  r r (v )  *  (  Fo ,O)  anc l  n r (w)  *  (  Sr .n  e f l r ) ,

Y i " S r c n *  u  i = a r l .  T h e n  T r ( (  d r f  ) )  *  ( * f f o * r g H ' P & r )  a n d

? 2 ( ( o t , F  ) )  =  ( [ 3 f ' p f r ) .  L e t  ( d o p  ) € x ,  t f t  ( " {  , p } t t t s i  1 .

r f  d Y o b 0  t k r e n t l l  r r ( ( d , f  ) ) l i l  = * S o * { $ V r * 1 4 { S

S  f l N ( r ' r . + - r r ) ( ( ' { ,  p  ) ) l l t  g  l l l  r r + r r l l l  ,  r f  d  K o  <  0  t } r e n

! or Yo+ p Yli s, - -*,r $o+ P Sf and. by the above case we get

l f l  ' r r ( ( " r , p  ) ) l t t  C  l l l  r r ( ( - " q , f &  ) ) l l t  S  i l t r r + r ,  l l l  ,  i " e . o  v i e  l i a v e

( N a  )  a n d  s t l  t ( X ,  ( x , c )  i s  a  n a l s "

* f | {*  
t l  I

d / b
I

' f i rr
4.\'.7. i?iit iAnti_ l l r : o n c s i t i o n  4 " L 4  a n d  T h e o r e n  4 , L 5
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\rre i rnn*d. iatol-y oi l tar i "n ano'bher:  pr :oof for  proposi 'b ion j*3"

5 * i"{AIl:,i Hilsu}tl

5r* 'b x and Y betwo n*rruer l  akrrost  l inear spaces anci  c
I

a collvex cone of Y. Vp*_Lg.*_!Lq _gp+.-"pf "Ib;s,ppp_gr ryg qhl*.} ]l.gg
the f 'oll.orod.n.s no'ba"*ion ;

XI = {*rX(X)

Y '  =  W . ' ( Y )
J .  I '

Cr ,  =  ( s ry (C)

r l v e n  w h e n  l ( x r ( r r c ) )  i s  n o t  a  n a r s u . i t . h a s  c e r t a i r i  p r o * .

pert ies ' , \ 'hich v{e give below,

5ol.  Ll l i i l r lA, ( j -)  qS{.Sits.q r s t(X, (y,CI) )  lhg]:g,q,xiqrs

{e g*ispe.l- 6s r,(xru(Y1uct)} gu-gh*ihsg *yr * f*"
g4g u frle * i lt r l l{ 6

( i i ;  Thp-g l - *m.+gq r3t (xo (y ,c)  )  *4  T, (x . . ,  ,  (y ,  ,c . . ,  )  )  def inec l
'V

W r(r) - r' ie"g'.]us-:iT.=gnsrq"hrir-su-q!*I&"a$- ll r(r)lt * ltt 'rtlt,

(i i i) ry r.,(xr, (y'cr) ) ut-q- nq,Ls f r l i ru  T, (x , (v ,c ; ;  is  a  n i i l$* ,
t ,  \  *(1v,1 I I '  €,J. , .  is  one**o* or:e then I  is  one*to*one and-

o*}p t(4, (q,c*) ),  g+g t(x, (y,c) ) rrs .p,_.*alsi i{ l
i" s i:. yxtl,s .

r , (xr,  (Yt ,  c l  )  )

( r ' )  iTp* bf . r 'e  r ( r (x ,  (y ,c)  )  f r  f lo(x,y))  *  L(xr ,  ( r . ,  ,c1 )  )  n
fa A / -, \r \ ^ --.:r .i..'^ --r r j51,,..,,11 I A{S..Jqg*,equ*.1itf_gl$f*bgJJ1-g_il ay 1H,gle:.!9.:9tr9"J. .I

l { og j i , ( i )  L€ t  r  €  t ( x , ( ync ) ) "  i i o : '  f r  €  x . ,  l e t
f r f ;  t  r r !  /  , i ,  /  . , ,  \  \  . ,  a  . " , ,  

- - ' l -  
1 ;1 r rn *1r  n, . ,  . {  t * -

" -  '  .1  t  ' -  r '  , t  /  s  , , *  ' * ,  
; .1  , . f  ) .  

' fc  shovt  thr i t ;  
'T  

is  l ' :c l l l  r lc f incd,



si j tc i t  that  **r*{x1) *  enrn(x, , }  *  K p-nd. let  f l  F 0.

' i ; l iere e: : j -st  xf  rxf f  ru-o € X such t i iat  f l l  x ;  l i i  + f i lx ;  t i l4 S

*  xz"r"xJ ' { -1 i* .  *  I ierrce r(x i_}+T(xf '  )+T(ue )  * ' r (xr)+T(xl  ) ' r

+. ' t t (u*  )  a l l : ' J  so *o" '  y (T(x j - ) )+  e" : .y{ r (x ' [ )  )  =  a i " (T(*z)  )o  *x( r (x f  , ] ) '

Then  f t  *  y (T (x r11*  e^ r r ( ' r { x2 )  )  l f  *  l l  wv ( t ( x l )  ) *  * y ( t ( x i l )  )  l l  #

g  f l {  T f } [  ( l l l : r i l t l  + t t l x ' i i l t  )  C  l t r $ u t t t  r ,  v * r e n c e  s i n c e  g > 0  $ I a f i

a . r b i ' b r ; r r ; , , ,  w c  o b l i r i n  e r r y ( f  ( x r ) )  =  * - f ( T  ( * e ) ) ,  i . * " ,  T  i *

wel l '  def ineci.""Using; the fact that #"X(lVK) s tU&" , . i t  is ea$)r

to  sho \o r  tha t  f f *  ' f  ( x t r (Y t , c l ) ) "  s : i nce  fo r  ' xe  e '1 f t ( f )  we

Lrave  , l  r y ( f i ) f f  * i l  oo r ( ' r ( x ) ) l l  *  l f l  t ( x ) l l f  an i t  l r  i r r  =  l i l  x l t l  ,  i t

fo l : -ot is that  i l  Tt t  = l l i  T l t l  c  c ' .  -

( i i )  B v  ( i )  a b o v e  \ / e  h a ' v e  I f  r ( T ) f [  =  l 1 ] T l l t  f o r  e a c h

f  €  1 , (Xr (y r6) ) ,  T t  i s  s t ra . ig i r t fo rwarc l  to  sSow t l ra t  . i  j . s  t r

l inee i r  opera 'bor  "

( i i i )  I f  T € ' t t i ( x , ( y , * ) )  t h e n  b y  R e m a r k  4 " 5  v r e  g e t  t h * t

I ( T ) 6 ' f f r ,  ( , r  . ( v -  ^ n _  ) \  .  I { o v i  ( N + )  f o r  l l f  , f f l  c n  T , ( x n ( Y ' C ) )
r . , \ 4 1  r \ 1 1  , v l . J  /  * i .

fo l lo r ius  by  (N4)  fo rLhe r io r : in  o f  t ( , ' i l n (Y1_uCl ) )  r rs i r rg  ( i i ) "

( tv)  Su,cpose tA.r . .  one- 'Lo-one'  ? l i , : in lye f  is  a lso

*21-*

-Lgt  x .  ox. . ,  *  K
L ' (

By l r *nma 2*5 '

&i:d x- +xj'+u"
l- F- .-.

B y  l ? e m a r k  2  * 9  r  T  s  d f  ( X ,  ( Y ' C )  )  a n c l  s i n c e

C  i t  : t t l  l i i x l l l  f o r  e a r c h  x * X '  i t  f o l ] o w s

i * e , ,  T  *  L ( ) { ,  ( y n C ) )  "  t 3 ; ; t h e  d c f j - r i j - t i c n

( x e  x )

I t i  t  (x  )  l l f  =  t f  f f (  *x( r  )  ) l i  S

t i l t l l f  * r  l t  t  l l  a  w r

of T r"ue have that

o n e - t o * o n e  a n f l  t o  s l r o t r , ' t h a ' i ;  I  j - s  o n t o  f ( X f r ( Y t n C l ) ) ,  l e t

f i  e  l ( x l ,  ( Y ' , c j  )  ) .  D e f i n e

( c - r \  T ( x )  =  ( * , ; 1 ( f f (  , t . , " ( r r ) ) ) n
\ - / o * /  r \ r E l  - - Y  \ * \  

l r ,

I ( t )  *  f r r 4 . e . ,  I  i s  < . r n t o  L i ( X l n  ( Y t r C l )  )  " .  F o r  t h e  l a s t  : r s s e r ' ' b j - o n

i i r  ( i r , ; ,  t r y  ( : . i i )  a b o v e  i - b  r e m a i r " r s  t o  s h . o v *  t h a t  f , ( : C t o ( Y t r C 1 ) )
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j . : :  a  n * I s  i - f  "1 . , (X " r (T r t ) )  i *  a  n& l$ "  The  p r ,oc t f  i s  s i - rn i l - e l1  w j . t h

; i t c  p r r ;o f '  o : f  ( i : 1 . : . )  ,  o t r : r c : : ' r . i l r g ;  ' Lhn t  i f  
" f  

e  ' , i l (X i r  
( y i rg l )  )  

i r nd

' l *  i , ( : ' i r { i u L j } }  i * , : 1 . : - c } r . ' N . b a ' r  : ( t }  *  t ' ' i : } : c n  ! l  6  i r r o ( x ,  ( y r * ) } "

i v )  t e t , i ' s t { : f * ( . [ n C ) ) { i ,  - r \ ( y ; r y )  a n d "  ] - c t  E { f }  *  f f s

, s  t { ) i , . , (Y i ,# i  ) ) .  Le t  S  *  } i ,  and  xe  X  such  tha t  *X ( * )  =  T .

i t e  h a v e  " t ' ( - " ; i , , " )  , ' T { o n y , ( * l * x ) )  *  * y ( r ( * t " : r } )  *  * } o * y ( l t ( x ) ) *

s  * r o i i ( : l ) ,  i " e '  n ,  t i  n  l ^ " " ( ; t r r Y ' ) .  r f  * y  i s . o n e * t o - o n e  a n e t
dv' r € L { ; t j . , ( Y t r , c i r ) i n  

A { x l p Y r }  t h e n  T  c l e f i n e d  b , y .  ( 5 " t )  b e t " o n g e

*o  L (X ,  ( : : uc )  )  f r  &  (> l , t f  )  )  and .  r ve  ha .ve  I (T ) ' *  ? "

5,2u i . iu i i f i rp ,K"  r rer  : \ t ( i i ,y )  =  i  ,  e  A(xry)  :  l l l  i r  f l ! .d  o , r  3

i ' ;?r r ; t re  l i tT l l l  is  ,g iven by (4 . t t ; ,  Us in54 Reniarh 4"S anr i .  the fLr .c t
- i : i ' :ei t  L( l i '  ( : ' r ' ; i r)  )  is sr i ' ia.Ls ihy Th.ecrein 4,1.5), i t  fo-LJ-owc ' that

f i  / r , -  r r \  F i  . / - r  1 . \  ' * r  T  / : r, \ t r ( ) ' rY i  . .  . f ' r  ( ; ru r : )  r "1  : , {xo  (Yr f i y )  )  i s  a  r ra . l -$ "  Ey  l ,emma 5 .1  (v )

for  C * i , fy wc l : .a. ;e 'b i r .a i  r l f ib{ ; :uX)*-}  f f  i r (Xf  uYl)  is  a.  l i r iear

opc : :e to r  su .c i r  ' *ha t  i j  r { t ) i l  *  f i i  TJJ I  ,  T  s  f \O(xrY) ,  a r rd -  ' rhen ury

i s  o n e * ' r o * $ n e ,  t h e n  I  i s  o n c * ^ i o * o n e  n n c l  o n - b o  A n ( X r u Y ' L ) .

r ,et  J{  be thc conlrex cone of  t i re l . inear spa.cc d(u"r l {y)

] '{ * { ** -;f (n'n') ; T{:i l) # yr e r(l?x.r ) c cr 3

and l- e t

I {  = Jfnf , { : - l r ru i l t : )

5". j ,  Ll;, , i t i l l .  [?q: t,*,&' isj ry = 'r] :*., ,  ! . l isl f*.d'(xlu (yl-ucI) )
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AI

a:;s ti f li * {i r[E G
f4

fJS.gi:n fl l .ear"l:r '  
"1 

c *f (}lru (y1,C1) ) anij

Let  n.ovr t j i *  i i : ; i  r  { l  nf l  d l .  ' }herc extst ' * } r f f?s xt  euc}r  *}rn*
;

x *  ?r*G, a.nc [ i  Tr t {  +. t f  ?r t t  S }*  tTe have 8tr{s) f t  g '$$rqXr} l {+ l f  T(m:z}$f

= i iTi?:r.); i  +; l  r i ( ; , .) i i  g l lTl l{ t ix.t l  +Itr i2t l  )g { i  fr | l ,  i . , ,hence lBrl is l i f f l t  ,

5 ,4,  Lni ' 'T i t iA.  (  i  )  The *cnc 11 gan*P.e srgg"plris**s.F:_9,i1_"qJ-*g

t [ T f [  s

" i  " i  n r : i * i  n : . '  ] ^ , t r  nlvhr:r'e tire aiLditfn and" the multivvrj-t j l 'e Ltt t i  i - i { : t . i r  i r i . I :  i i , rro" t ' r1e l l i_Ll! ,r ; i l l - t}caIl"011 CI:/  nOn*neliat l  ve ::e als% - - , * .  * *  * o * - * - -  - _ - .  - .  _ - - , .  r .  - * _ -  . _  a . i s r * *  . " e _ _ * - - - _ * * _ *

( i i ;  I {  j . s  a .n  a lmost  l inear .  suhspace o f  ,H
"*'.g+-ro{e,-r..-,"d

and the a,ls K

slSts s

?{g, ?q- J,n c { rr",IIY) ,

t o.*slber*yig"!.h*j&s**s:xq u'il ilt r.,(e..,r") ffiFEiJ. (Nr )-(Nr).
( i i i 1 Tlrq" qs?3*8{rJr K **+ r,(x:. o ( Ytucl ) ) clefined" l-rv

Mil

J(r) = t lxu e r dK' 1.g g..3&*.f:41:*q.Fsre!qq*.g}rgh -tb*t- ' lJ(r)11* l l  rf l  ,

( * to r ) f  X r  *  _ to ( , r f x r ) ,  by

T6 Kr F.l?"e i lg_p_4e*to*one and" anto r { ; { 1 ' ( Y t , c l ) ) .

(1.,') (i<, u.rl ; 1g*_*-Jgl"E;ig[ L(xr, (y'cl) ) igg*g]S_,

8J ;gg i .  ( i )  Ohserv fng  ihe . t  i f  T iu f ' r re f f  and.  h* l t *

then T l - . { - f?* . f f  a ,nc l  }o ' I  = , } , f  g . f f ,  i t  remains to  def j .ne * }er l le  K.

F o r .  z  e E *  ?  . d  *  E 1 * I e  ,  ? i e  x t  n  i * 1 r 2 1  l e t  ( * t " T ) ( z )  *

= T(* laEr) - f  (  *Aa?,r )  d  Ey "  I t  is  easy to  s i rovr  that  * }sT is

wel-l de finccl ar.rd tirat -tr* T e Jf, . Nc,r'y a simTrle veri.fication

sho,,,r,s that ]d is an, alsn

( i i )  i , e t  r  6  K ,  s i n c e

Lemma 5 .J  i t  fo l lo 'ns  tha t  l t  -1 "T l l  =  [$  ( - f r t ) lX f  l i  = ! l  T lX . , ' f ]  *  i !  T l { rep-

T h c  p r o o f  o f  t h e  a s s e r t i o n s  i n  ( i i )  i s  n o w  o b v i o u s ,

( i i : " )  B y  l i € m { n * "  F " J r  f r : r  T s  K  v r e  } r a v e  J ( T )  €  L , ( X r r ( y r r C l ) )

" It is stra,ightforv,'ard. to shovu tha.t J is

v,;l l icl l is one.r"uo-oi1e. Lct *ou, fr € L(X. . (y r\ \ \' r "  1 r v 1 ' t /
h -  Y  - i  - ' " 1  t  d a ' F i n n  t n / o \5  X : 1 . - ] I 2  r  X j - u t  O 1  t  I = : L , ' l  ,  L a u r r r . r u  r \ ? " , /

.  l f i r i  s niapir ini;  i .  s vrcl. l-  defj-ncC anri tc;f l  (  i l r ,r l i . .r) "

anr l  ! l  ; ( ' r ) l t  = 11 : r l f

a Jj.near opera,'to::

a n r i  i ' o r  z S l i g  r  z
r*

, . , f + .  \  . , 1 . 4  \: :  1 ) ( : 1 " '  ) - - ' t \ t ? )  *  j ; y



C3.en,r i-y ?SH a4d T! Xl.

s ( r i . 6

m  , , ,  T ^ * * . , ^  n  l  * - ^ a  
f i J

;  . , .o  .L rJ .  r ru l r j i i i a  5 .3  we f ie t  l l  T l l  =  l l t i ! ,q  * *  e

f  ncor  Td  K * . *C.  s incs  - I { t }  *  ' : '  j -b  fo l - }o? , ,s  ' t la t  J  i s  on to
' r  f  t r  / r r  ^  \  \t r \ ^ . 1 . r \ t l r u l l / *

(* .v;  {Julng i iercark 4,)  and the r j .ef in i t ion of  * lot  f "o: .

T6  K. i t  io  ea .sy  t r i  shornr  tha t  ts  V{K i f f  . I ( f  )  6  \ ,?L(X.  _ f  v  , r . r  \ \  o- , . , ' 1  r r , l o - T ,  I
The asser t ions  c f  ( i "v ;  fo l low novr  j -nmer l ia teS-yu

}{e can norr  prove 'bhe csnverse etatement in Remark 4. l j i ,

5,5* ] t l : , ' l r l / t i?H, I f  T 6 L(X, (Y?C) )  t t ren f  is  cont inu.ous.

fnd"eedo le"b ' I1 *  A*1S{T) € IC, , ,nrhere I  and. J are give* by

Lrer i : .mas 5.1 ernd"  5"4.  Then r ( t )  r  , i . ( r r )  *  Tr [  x1 ,  Noy*  ]e t  Is rx  * .K.

such.  that  l imrr -+oe f  , (xr r rx)  
=*  s ,  lTe have f r i t ixn)  r r (x) )  =

=  l f  e * , o ( r ( * r , ) ) * * y ( r { x ) ) l t  =  l l  r ( r ) {  6 - r x ( * n } ) * , T ( T ) ( d x ( x ) )  l l  =

=  l i  T11e- , r r ( x . )  ) *T r ( *a r r ( x ) )  i {  * * }  C Iu  s inC Ie  T t€  L (Eg ,a ; )  and"

The rnain resr.r l t  O:l- th' i  la ylf tr,r;r.  i  c the neXt theorem whiCh

g i v e s  ( : t r i l ' l i )  - ; ^  ' " '  € - ^ -  { r k r n n r n m  2 - ?  f o r  t ( x r ( y r c ) )  \ " r h . e n  i tg i v e  s  (  : t  r  i l  ' l i  )  t , r r \ \  u r  r  l - u r l .  r 4 r v v *  ! . , , r  c .  o  _ )

is  a nals.  Unfortunately.v i 'e &.re abLe to prove i t  under t i r 'e.
" : r : /

i  
s t ron55er  ass i lnn t ion  ( in  v ieys  o f  Ler ryna 5"1(  j - i i )  )  tna t  f , (X io  (y f  

t t f  i l
. i ^  * ^ ' l ^  T ^ +  T  ^ * . :  T  1 - ^

1 is  a.  na ls .  Let  I  and,  J  be g l .ven by Lenmas 5"1 e,nd.  j^4,  and

c r .eno"Le  by  l i - ,  t h r :  f o l l ow ing  suh .se t  o f  l , ( .E , ,uE- ) :
" I J L r

K n  =  , l - L : { i , { x ,  ( x r c ; ; ;

5"6, TIlsORni{" l.t t(xr n (yilcr ) ) t_U. S""*s.l.g tiien. fo::

-th"e--ilq.ln. L ( x, ( r o c ; ; I*s*"*11*ignrg, :rgggr,!ap_g.,?*g{s, !llt,o, ;
j, g j,.*1 i, t,.giff u.!sms$-*t"{.

a

( i )  a r , { x ,  ( y , t ; )  ) L(l I"{ , [y) gnj]"
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gg*&ege. %t"u(y,ci) = K-l*K1. fhe rrsrm 0n F i * r - -  / r r  n \ r  I - S- - l r \ J r e | 1 I r U l /

4s{!*sd-"{sg" r d* rlr,(:ln (yuc) } !X.

li 'rf{,,, = inf { tl *..llr.r-r,, ',o r + Ii * tl 1' , L ( X n ( y u * ) )  v  - '  , , . \ * X r , , y r .  E L 2 t t 7 ( E X u E y )

wirSgs__llfg;gI_iS-M rl-ur2€ Kr CgS" tbqt T = T1*r2 o

!'i,Qgqg-ggrt

q

l l  ' t l tu r (x , (Y,c) )  *  l l r lhe Hx 'EY) Er e icr)

1 -

( i i ;  , i q  h a _ v e _  t u r , ( X , ( y , c ) )  =  J * ' I  ? n {

@ ,  t , ,  rv  n ' , ' ,  (L(x ,  (Yrc)  ) )  -  Kr  iT  , . . t  .p l -moqt  t '1near  su lspa.qg
l r ( X r ( Y T U J J ' ' ' r  J -

q{-_}he--e}g K qu$*_!be! (K' rt' ll T,( n_-- n I ) is_a_ge}q.
. l -  " a "X , . t t r y t /

(ii:.) I{ e",'" i ,png:tq:gJ:p. !4s+l-}bq cqq.q,Ipgrg+p gt

(i) ryg (i i) rrgls--for- K,' = K 4p*-!&9*ng,ppi*&,ut(x,(y,c))

ig  nov, r  one- to-0ne.

F r o o f n  A s  v ; e  h a v e  n o t e d  a b o v e o  s i n c e  r , ( X r n ( Y t r C r ) )  i ' s

a  n a l s ,  b y  L e m m a  5 , 1 ( i i j - ) ,  l t x r ( y ' C ) )  i s  a l s o  a  n a l s .  U s i n g

l ,emisas 5"1 and 5"4 together wl th '  the observat ion that s ince

J-rI is a l inear operator then K.., is a.n alsiost l inear subspace

of I{, j.t is easy to show that the l inear space Kt-Kt end.ovted.

with the norm def ined at  ( i )  above, and the tr inear operato: :

, l - l t  sat l ,sfy al l  the reguirements of  f l " reorer ' l  2"3 for  the na.Is

r , ( x o  ( y n c )  )  u  a s  w e l l -  a s  ( i ) * ( r i i )  a b o v e  o

llven wh.en eaJ.,a ' is syls*to-one r we have not the equallt;y

sign in the inclusion K*K * t ( l lx ,Ey)r  &s the fo). lowing example

shoygs *
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5*'T* I;XAIvIPLH* T,e'L X be the narJ-s clescr.ibed in itrxaniple 2.10t

f = Ii2 c:nd-ol,;l{l v+i-t}r tlre l\rclincan nov'm a,nd, C # Y be tiie conve.',(

cor?o  ,1  {  " * , . t l )  i  s {€"1 , r :+?  "  $ ince  c  has  proper ty  (p )  in  Y ,  by

f h a r e m  & - L 5 ,  L ( X u ( Y u C . : i )  i s  a  n a l s "  i ' f e  h a v e  X  =  X l o  Y  *  Y l  
. "  

l t g

an .d .  I - , . * f i ,Z  en* .o ;ved.  t t ' i " i t  the  norm 1 l  t - t r f ,  ) l !  *  l " i l+ lF tp
. . )

( d , 1 1  ) c  i t ; i  .  L c t  t d  L { l t * , n r )  b e  d e f i n e d  b y  r ( ( . c  , , S  ) )  *  ( d  , / 6  ) ,

(d  ,P  )  d  [> l  .  f Juppose T  =  i i l l -T '  o  T id  1 { r  ia }e2 '  Then fo r  the

e l e n i e n i  ( 0 r 1 )  €  ' i ' i x  
,  v { e  a i u s t  h . a v o  T i ( ( 0 1 1 ) )  *  ( d  

i r 0 ) d  c ,  i * - l - r 2 n

I l e n c e  r ( ( 0 , 1 ) )  *  ( o , t )  =  f l - ( ( t l ' 1 ) ) * T ? ( ( O ' : " 1 ;  =  ( d r * * t 2 , * ) ,

wh ieh  is  no t  3 :oss ib le .

6.  iT I iPLICATI0NS

The a inn  o f  th is  scc 'L ion  i -s  to  ob ta in  cer ta i -n  c lass i -ca l

theorems frorn the theor;r  of  opera-Lorss in rrorned" l inear space s t

r.vithin the f 'rane',,.{a;'k *f, noruteci almost l inear' $paces" Iror t i:e

proo f ' s  v , te  s i ra l l  use  Tkreorcm 5 .6 ,  t i re  cor respond" ing  theorem

knovi'n in normecl l- inear spacosr as vrell &s the foll-o' 'ving resu".Lt"

6.1.  LEi i ' i i iA"  A r ra. ls (x, l l l  .  l l l  )  t€_q.oJpl-gje*31i[" (Hy, l l " f f  )

le*e_I?*eqlt_Hp99-p*epg xi i *lpfq*glgsei j,g E* .

Proof ,  $ui :pose X conple 'L:e.  Then X-r  is  complel ;e in "btre

u io* tha.-b ]I"" ls a- --]'t 
./' A

Ba.r :e i .ch $ ipace.  Let  d^,= 'J [=,  *  , t *  t re  a Cauchy sequenceq l fe  c i : ]n

suppose (pa.ss inf l  to  z1 subsequcnce j . f  n .ecessary)  t i ra ' t  for

e i r ch  n€N we  ha . r , ' e

11 zr.*zo*. tl e -*P fo:: each P a I
+T) "  . r i .+ I



/\ r?

Let  *1 *  * :L*S:  ,  x l rs ls  X- ,  .  S ince l t  z r*2. ,  t t  q  l /22 ,  ther t :
exiui ;  Y2r,Y26 Xt slrch 'bhr.: . t  *Z*nL -* x?.*y, e:rd t t  xr l l  +{, : f  2tI  <l . /p.2.

l lhon *?*  *  ( : r - , -+>rr )* i ; , r * ; r r )  r i l . rere l t  x r l l  d  L /22,  l l :  r l t  
q  L IZ?-  g

By inil.uct:i-on. or:] n !'rs :i l i*d -h,,':o sequrrllcc$ t,,r3fi1 , { yi}T*r. * xr
such tirnt far caicir ns r'j '.r, 'e ir.i:,ve zr, - (Xl*, *i)*(ffir=, yE)
anc .  fo : "  n&  2  r ' ; e  l Lave  I t x r l r !  {  t / r -n  r$ r  y r rw i i r }2 " ,  Fo r  e r rch
n# N, . l -e I  Tr.  *X 

f*;-  * i*  Kl .rrncl vo = F*l*,  yi6 Xt .  Clea.rt- , :7,

{ }J L, and" t y*;:t are Cauchy seq.uerrces ii,nd" sj_nce xr is
conplete,  thc. ; rc  cr : i i ; t  ?ruf  e  X. ,  su-ch that  l i * ;_poo, f f  Xn* i , ,  I  O
an'c1 1imrl-;)ar*[f fr.r*]l i = o" T]ren for n * I*;f * Bx we have

l{1 j-s; norm*c.i,osed in l lr* "
ex"bensions of Ban"ach.*St ei"nha"u,s

' ihco::eni  f rom the theory of '

{

6,2, Tili!'0i?Irid. ilgj X M y e liaip _ql+,lg
' th*! €ir v r..Q--,o-r-{=:!g:0rlq- aL4 C d, y a crp-g,eq]. convcx cone such -i;hn.t- - . . . : *  

I * * - % f f i *  . * ; ; ; . . . . " , @

L(x ,  (Yrc ; ;  r *F* l  *a ls . : - l s r  {  r -J3 . ,  !e  r i  seouc}nce in  L (x"  ( ' r . ( } )  )
J l  I l _ - _ 1 .  % e . 6

Sg-q**3] }g i "  f . i rn" ,qF\F#. !  f  n(T,  (x) , t t (z : ) )  *  0  for  each x 4 x .  Then

thc  secr r " reqgg {u t ' r r r l i f  3 ' ;_1  .1s .  hgu lgs .Q. -a@ T€ L(x , (y ,c ) ) .

Pfqg, [ . "  S ince  * * " r ,  i - s  one* to*cne and C c losedo i t  i s

e a s y  - b o  s h o r v  t h a t  t 6 . f  ( x r ( y u c ) ) "  l l o r v  f o r  e a c h  x 6  x ,  l l f  x l f f  S  I
-  r r l

l f e  h a v e  I l {  t ( ; < ) l i l  =  l l * : - - ( n ( . . r  r l f  r  l l  c * l  ( r ( x )  ) _  { , J . _ ( r  ( x ) ) f f  + .y , . * . - ,  /  / . .  b  . ,  y \  r  \ ^  /  t *  _  
y \  r . n

+ " 1 {  c ' * - o f t r r ( v " ) ) l l  " l f r ( ' t r , ( x ) , t ' ( x ) )  +  d i i  r r r ( x ) i f l  s  f y ( r r , ( x ) u r ( x ) )  +

l i * r ' _ *  * l t  r - , r r * r , l f  =  0 ,  : i - neo  e  E ,  i r  a  Banach  $pa ,ce .  Th .< l  i , i f r ?

p a r t  i s  o b v i o * s ,

s i .mple ex:rr i rp ic:*  p;how that the assumption (n-. .  t t . i l ;  be g.

i lan.ach space d.oes not  i rnp i .y  b i :aL;

i t e  ca r , r  now p rove  € .g ,  t he

Th"corern and thd i: :ve:"se ma.prlr j{:

normec.  l - inear  $Tlaces.
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"r

"1.

* l o *

Jil :r* i l i  f*r each ns l, i ,  ernd- r: io i f  , / /es:hovs that

i:*lrnd eri. , i;ircn 'I d  i , ( x ,  ( y , i l )  ) . " :Lnctr *Y J- r:

fif

u (

{rf
10

ry"-n

*0

? i:?$

{ "
*l  uf j^

t
l r \ , / ! . 4 - r r \ . t . \ / \ { 9  u . r . r l i j .  " r - $ . r r \ ; i " 9 \ . L f , * j J *  r . } ^ 1 , [ t { - : t _ l  * y  A f i  O I I O * $ S . * O I I (

b l r  h : , / n o t J : t : s i g ; r . i : C  L c n , r i a . 5 , r / r " ' \  r / r r  { t r  , N  \ \r t l - v l u  ! [ r I r \ y ] ' u l ) J  i s  a  n a - L s *

I ! : f  Th"eo: . . "cr : i  5of i  u  * f , ( ] ; . ,  
(Tf f i  )

{ t J  f r r , ' r t * r  t f  r' ' " L ( ; i *  
{  r r c )  i  

( ' i * )  i x i  " . ' " } l n d  L {

n 4 N, l{err*e ancl by }rypnthesi

0  *  l Lmr r * i *  
f  y (T r , , ( : r ) ,  r ( : : )  )

= }]-rnrr*).ec i i ?n( *rx("r.1* eu"(
i '  ' : '  /*,  "]  Hrsr) ( luence 1 Trr ( " )  j  *= t  conve

z d ntil z=8142 , Tr- e x, , i
*  ' T  l dsi : l ln(?r ).-1. ' Ir(f ir) lr .ncl rr0 t l ie

converr3r*$ to  an e ler ienb of  i t

sj irace., y;hence kl; ir  Rarrach*,$-bci

{ l l * r r , . ,  / . r '  r r . . f r  ) u 4 { * r
|  ! , \ i , - i \ * o r ) i \ - ' ' u i i l J  n - . 1  i

=  f f !  Tnf l l  for  ea.* i r  n€ I io  ' i ;hc:

6, I " if l l j i0:?li i i . leit X, y

ii-neBr' f lTlacciei such .f}:at boil:

) ( r n ) & K u  n d N  n  T h . e n

x lu ( "Y l r t l ) )  a r :d  *YT t r ,  *? * * ,T  e

s r"!'$ have for each x € X that

-- l :mrr* **t* 
*r(,Ti.r(x) ' )L *y{r{xi  ) f$ a:

r ( x ) ) l t  and  so  fo r  each  f  bx ,  t qe

r6"ies to an oler"trent of yl , Let

* 1 r 2 '  f J r e n  * r ( x ,  ( ' y r c )  )  
( r r , )  ( r )  *

s * i ro i l $ t l ce  t  *o ( ru  ( yoc )  )  
(T r - , ) i r , ) J  

f= - -

y " 
'Fy Lerama 5.1, BO is a l ianach

r-t}:a,us 'l 'heorem the sequence

; ;  bound-ec l "  l i i r r cx  l l u ) r .1u  ( v  r . r i t ( f * ) l !
t 4 .  7 * i t r \ 9 \ L ' v /  

J  r ' l

$equence f  l l l  r r r i ! [J*  I  ls  br :unt ie . :c t ,

l :e t i ,- ;o corirnle're :rorine cl. a,_l-most

F t l  n - z . i  t t rr iP  a r  :1 . .1 ,u  es*  A fe  Ong* t  O*One.  T f
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