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GCiU POPESCU

:  In  L  rJ  ,  J . l ' l .Bunce Ceve lopad a  rn .oc le t . thbory  fo r  n - tup les  o t

not necessar i ly  comrnut ing operators,  extending the work of  A.F: ., : - .

t ' razno L {  J for  pa. i . rs of  operdtcrs "
.

He provedo for  a  f ln i te  hurnber  CI f  opcrat .ors  o i r .  Hi lher t ,  spej .ce.
'

vers ions c f  the Rota model  theor :em, . the de Branges-Rovnyak groc ie l

theoremr .&nd. the io isomebric e. . (eensj-on theorem"
j ,

,The a . i ro  o f  th is  Faper  i s  to  ex t .end these i :esu l ts  fo r  in f in - i * te

sequences. of noncoirrnutinq operators; to'generalize some^ resuJ.ts due

to B.Sz. l , Iagy i  I  J and G"CnRota f  5rp.r . .o.blern 121. i  and fo give soni- l
. : . . .

necessary  and su f f l c ien t  conCi t i "ons  fo r  s in iu l ta .neou$ s i ln i la r i * ,y .

We shatrl- prove all these results vrithout u?ing Lhe theorerns a}:ove

ment ioneci  ( for  a f in i te nunr i rdr  o ' f  opera. tor$).

'  l .  Let  1{"  be a Hi l .bert  space and B( }e }  be the alg 'ebra of

a lL  bounCed opera tors  j "n  )d .  l ie  reca l l  tha t  a 'c .o iso ine t ry  1 rG S(?{
n '

i s  ca l leC pure i f  V"- -*  0  (s t : :ongly)  as n - - )  oe '  r i  '  r r '

rn  I  r ,proposi t ion 4 j  J .W;Bunce p ' roved that  for  any.  f in i te
. -  r  -  - l  ,

f a n i l y  { A i  i  t A  i +  n J ( n 6 S i }  o f  o p e r a t o r s  s u c l r  t h d t  r ( A i ) 4 I
' L h

fo r  each i  ( r ( t r ) .  c lenc iL ing  the  spec t ra l  rad ius  oS in  opera tor
" n

r  e  B(  i {  ) }  and .5+ Ai  A i  g  k"  ( I ' *  is  the ident i t5r  on
i - l

there is a l i i lbert  space 7t '  S ; t  and pure c":oj .sornetr ies

{ s,  ;  1 g i  *  r l l  i :c t ing . ' , , r  Jd such th.at  Si(  X,  ICJI,  s i }  : rL  . L  J  * t f l .

for eacfr I  ar:d SrSt = 0 for j .  f  i ,  '  :
J - J
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we }:egi-n ! 'r lth a theorem vrhleh genera)' l-zes the result abov': '

rnenbi .o*eic i  and Prc,r1: 's i [ icr*  ]  of  t l I  '  replacing the con6i t ion

#ir ; rF r  ( r , , .  I  t  l .  by t l :e concl i t iotr  f t t i  **  O (strongly)  as n *-+ & '
f- lf alt .t- \ lr ! . l  . ' \ ' t '  r/.Y Lr4v l-].
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The reJ.at fon XY"'  =

to  the decomPosi t icn K = $

I{i}bert _tp1* K }
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V  e  B ( K )  s u c h  t h a t  V ( H )

n c()isonetry
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Le1 K = !l & Jrb , where tW is a l{i lhert sFace

subspace of  S r

whlch we

shal-} determine " t{ i t ,h respect to this decoraposit ion of K the matr ix
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\ * , .  
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*  t r ' ^  t l  tA
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f , : :  t f  X  i l  i  I  r ' , ' h e r e  X  r :  H
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{  * 1
J - - r

,  J C ,  - * i l  J , { 0 ,  s ( * } , * z o . o . )  =  ( 0 , x t  r l 2 t , o o ) o

X $  =  0 ,  l t ,  f o l l o l . r s  u l r a t  X ( 0 r y l  , y 2 0 , . . " )
e.c

that );f-, ,, -- ., '2
r= l  l l  Y1 l l  

-  I

identifying tl 're el.ement {. e X,

I n  t h e  s e q u e l  X  s t a n c l s . f o r  X
d5*/

( 1 . 3 )
4! .{r' I T ^ + x x " ; f

H

v r h e r e  X , X - - *  H .

: . .  T h e  r e l a b i o n  ( I . 3 )  h o l d s  f o r  X

V/ i t .h respect to the <leconposi t ion l i  =

t J  q r1^h  * -h  r i .  TJ  n. ' . t  \ ,  \ ^ v l t  u t r G  l ! -  r v . :  |  |I J

Cn .l."4n n
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t t ' ^ * t ' '  
\ j t ; a " ' ) ' n j
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I I l  l he r t
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1,1

= 0  fo r  every  Y t  €

w i t h  t h e  e l e r c e n t  ( { , 0 , 0 1  , . .  ) '  6  f l 2  f  X

" ' T h u s  t h e  r e l a t i o n s  ( L . 2 )  b e c o m e

=  I I  a n d ' X  =  ( I , .  -  f t * )  I / 2  
^- H n ,

/i} w ."
\./ w w ,.t i l^te i:ave .

.  V l  ' J .q e i l
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***,7{"  .  Tak. ing into account.
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Note that,  wi th respect to decomposi t , ion X= 7+- @ { l  ts l  ,  we
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f o r m a b o v e n ' . e n t ^ i c l n e d .  : . .  " '

.  Bu1;n the span ct f  ; r1 l  bhe vectors y of  consic lcred types ls

r h e  H i t t r e r r  s p a c e  # U l  a n d  l \  u t *  , r \ l  *  1  f o r  e a c h  r '  €  { .  l , 2 1 " o o

Tllus, vre have tl"rat u? 
ri*> 

0 (sbrongly) as n *-> ed for the sarne

d 6 J, I € t\ for which. A*- ,:+ 0 {strongly} as n -**P +$ o
t " :  w r r A v ' -  - -  

4  1 1

T h i s c o m p l e t e s t h e p r o o f o ' . ' . .
,
lr

tr{e remark that if card A = card J = } vle fincl again the

coisometr ic extension theorenr and the de.Branges*Rovnyak model

r  -  ]  I  t  -  T h e  r e s u l t  o . f  t r ' D u r s z t  a n d '  B " s z r N a o y
t h e o r e m ' ( s e e  L  9 J  ,  L  5 J  J  r .  r l t €  . c i i :

r-

L 2 J  r s  c o n L a l n e d  a t s o  i n  P r o p o s i t i o n  1 ' 1 "

A  r  \  - , * t o
2." we say that a f arni Ly .ft= tot i i ert C B (K) is

a f a m i r y f i  = { B i j  , * , , C  n ( H l
- 1

ert ib le operator R 6 B (7{ , } rJ so th 'a l -  or=* 
' '  Bi

i  .F +.hn rn
& !  9 . r v & v

R for

- A

e v e r y  a g l \  .  , ,
:..

In rvhtr '* fol lo:,ts we siral l

due  to  B .se . *Naqy  Ig ]  ,  t i r a t

to an isonetrY i f  anC onlY i f

1 l

obtain a general"ezat iorr  of  a resul{ :

i s , a n  o p e r a t o r  A  €  B ( } (  )  i s  s * r n i l a r

t .here &xists a Y b 3 0 such thai :

ll e"r' ll ' * l\ h ll 
2., for every h eW, ne [i{ '

Lon of  Rot"at  s rnocleL t 'heorem'.  r ' l a  ch : ' l l  a j . so  ob ia in  a  genera l i . za t , : - - - -
Y : l g .  D l r ( ; r r  - -  J -

for  inf in iLe sequences of  operat ,ors,  at id we shal l  g ive sonre

necessa.] : ) ,  a.n<1 suf f ic ient  concl i l ions for  a fanr i ly  \  or \ i . ; , . , f ju(  ?t*  )
L  I  , r r - L *  r -

f  d  ' l  / ^  
' n l ' I . {  

\  n ' F

t o  be  s inu l taneous ; l y  s i rn j_ la r  t o  a  fa rn " t t y  
\  i ' i  5  . i e . ^ r_  r )1s1*  t  vL

contract ions wi th  
&

Let  us  c renote  i ry - l i f t ,  A  )  the  se t  o f .  a l l  func t ions  f ron  the .

r ,  "  . k \  r o  r h e  s e t A ;  r ' o r  J b  =  t o . r \ i e r r y  C  [ ( U ( )
s e t  

\ 1 , " ! . ' . r r l  J  
-  L  . t . J

a n c l  f  € ,  F ( k ,  . 4 '  ) ,  l e t  A r =  A C ( r )  A f  ( 2 ) . . . o f  ( k ) .

The foJ- lorv ing two lemtr.as are s imple extensions of  Lemnas 4

b  l l h i l 2 <

and  s  f r om [ t J We omtt  the Proerfs.  
:
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o b t a i n  \

n*  =  o**  R- I ,  where  f t  =  I  Ao  [ - t  anc l  r t  =  u* tu f  
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*
Lct us notice that B; 

I  f<. 
=

an invelr t ib le operator suclr  that

consider the invert i i r le operator

f €



lnt tn.F+rFF- -- : ; j . : - :  .F.rG.f t

q\
d:*r

f  e  F ( k ,

f *

we have

,  l l  ' \  r -  f i z  )+ l l  o4h l l  
" {  a \ \  h t l

. , L

i :hen  the  cond i t ion  b)  o f  p ropoe i t ion

Proof ,  Si ince f  or  everv h

any h 8"7{ a.nd n € $J,

€ . . ' l  . € . i  1 1 - . , : l
l - L l J . - r - I J I U L I .

a  g e n e r a l i z a t j - o n  o f  R c t a ' s

1 5

"f or

2 , 6  i s

-  - t o
1 -  ?  a r
r\ € U\'l

( A :  A - h , h )  -
I I/ r )

qa

d,"*r
Ir (l<+ 1 f

l ' )  ? \

* 4 )

with

( 2  "  4 ) .

ngq5oJla$r  2 . .e .  Let  d{4= torJ  ,unC B(K )  such thar

) , r l , . t

l l  A-h l l  
' )

.  .  r t  1 .  l l

, & )

A

n
F ( n

1p

p'
ri

.  n = l  f &
f o r  a n y  h  e A {

\p
J  =  . {  t . ,  1 ,  i  r  ^  C  B ( K  )  o f  p u r e  c o i s o m e t r i e s  w i t h  o r t i r o g o n a l

'  *  j  * E - / \

. i n i f i a l  q r ) A . : r - S ,  s u ( W I C K  ( i .  6 . A  )  a n d  a n  i n v e r t i b l e  o p e r a : o r : l
t  

O \  \ r '  e  r  -  t

-  - - r v / ) tR  6  B (  7 { )  s u c h  t h a t

- ' t
:  A ,  =  R ' ( S i l j o  ) R .  f o r e a c h i € nr  r l  t { L

)  C  # h  r . z . a
L .  V  I  U r r V ! V

)(

3 lg95.  . 'Accord i .ng  to  (2"4)  and Pronos i t ion

r y  f , r ,  j  r  , - , * 1 , 0  \  - - : r r -  q -  m fc x i s ' b . s  L l  = 1 . . , ' t  , / A . \ *  l ] ( d C )  w j . t h  A * ,  
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