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Feedback theorios (a calculus for lsomo::phism

classes of f lor^rchart schemes)

hrr  Gh -  Stef5ncscuY  " - * '

Abstlact..  A simpte representation of mult i-entry mult i-exit

;hat the basic oPerationsfloi,lchart schenes i-s gi-ven. Thi-s shot+s 1

on f lowchart schenes are: separa'ted sum, composit ion with

rempty f lolrchartsrr and feeclback. fhe main tecirhicat point is

giving a calculus for isornorphistn classes of f loroehart schemes'

This calcul-us is sirni lar ' to that of,.polynomials and may be

consi-d.ered as a framer.lork of our calcuti  for deternrini-st ic ancl

nohdeiermin j -s t ic  f lowchar t  .schernes presentec l  in  [5Jo

gg&YES f'eedback, semantj'cs,' flowchart scheme

L=ll! lg93g!1gk 
' Ihe reasons for the present note is twofolcls:

(a) r,re are trying to prove that feedback is more natural than iteratlon;

(b) r+e give a calculus for j-sonorphi.sn classes qf f lol^rchart schemes"

This .paper  nay be seen es a natura l  extens ion of  the last  paper  of

r l ' r  rnr fal Thc characteri-st ic feature of [z1] is the attempt to
l J A w  v  t T J  t

r+eaken the talgebraic t l reoryt structure ( in the sense of Lawvere),  \

' r,ride-ly used' in semantics of flor'rchart algorj-tir:ns

(a) The feedbaclc is rscalart  and al l  usual f lowchart  schemes :

can be buj,tt up f:'oilr atomic flot'rchart sclremes and tlj-vial ones

{ - L ^ , r 6 l " +  ^ €  o c  r r  n f  n n n t r o l  )  b v  m g a n s  o f(vhich may be . 'bhought of as redirect ing f lot" t  oI  conrrol /  py

sun,  compos i t ion  anr l . . feec1back .  
'Th is  i s  no  longer  t rue  fo r  sca la r

i te ra t :L 'n  (c f  .  f+1 ,  on ly  f lowehar ts  fu l f i l i ng  ' fo r  every  c losec l  pa th



er tex v . -  o f  (  ) rY begin Path to  a
C there is a vertex oC of C such thaL eve

ver tex of  C r reets  l t ' t  can be obta ined) '

(b) Tl1.ere is some lnteres'L in axionatiz,atj-on of isornorphism

classes of  f lo i+char t  schemes . f2 ,  1 ,  4J"  3uv ca lcu lus oxtend '  these;

i ts  charac 'Ler is t i -c  features are:

- the operations on f loivcharts are defined by sirnple formulae

' ( ^ r a

ra ther  by  sone 'verba l  deser ip t ions '  as  in  V ' ,+J i

* the .restr ict io4 to sum and 
'cornposit i 'on 

of our algebraic structure

is  nore  gene3a l  thanta lgebra ic  theor i -es 'used in  [2 r3 ]  anA essent i -a1 ly

corresponds to f lor+ theories in f4l ,  but instead of sur iect ive

funct ions we need' only bi ject ive ones;

- our calculus vork in a more genelal  (agcl  usful)  casel e '$"

instead of trivial fl-owchar"b schenes }le ean use arbitrar:y knorin

flowchart, al-goriNhms in r.rhich a change of mersory state can accompany '

recl i rect ing fJ-ol , i  of  control"

2" 0n t lre choice,q{*999l?!tglq:" Eve::y ntult i*entry mult i-exit
=: i======= = = == : - -= = = == ====-= == = = ==

f10wcl:art  sch.ene can be orclered as i t  is -shol ' rn in I i IG. 2,1 0

1 r 0  x  0  f

2 . 1  , a ,

T r T / t  4  4
. U t \ I .  Z c l

a 4 ] a
( t l  t v
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This shovs th.e.t the basic operati-ons o;r flowchart schemes are '

ggpgr3lgq-ry+ ( or par-?U-"eJ-99lp.9si3i9g) +, g.9sl9p-LU-qg (or -serial

cSriips,sJ.lc:!.gil e &nc1 IgSg1l?gI t; theso have tlre fol1'owing in'bui'bive

neaning:

m+1

JJ,
l r lr"-J++
n+1

In the sequal tn deno*es k-t imes application of { '  .  By FIG'

cogrposi t ion ean be rest r ic ter l  to  composi t ion r+ i th  'empty.  f lo t+char ts '

that is f lot+chirrts scherires r,r j- thout internal vert ic.es" General- ly, vo

define the corrtPosj-t ioir bY

\t
e lTr tl

l *  I

I
I

I

^ .4i

U I

(J.L

I c

1. Ti"re categorj.es Fn a.nd l l j - ,  The category n has the set
=wf;+%

natura l  nuniLers n{  a .s  i ts  c lass-of  ob jec ' ;s .  fhe set  o ' f  morphisms

Fn with source n and. target p is the set of at} functi 'ons

r'-. ' r  1+ ."?. r.  f-"1 r 'F x €fnl r.re urite xf for the value
L I I J  

= t l r r o o e . t r J . - - : } " [ J r ] .  ! r  ^ E L r a J  ] ' v

f  apptiect to x and if  g I [n]*+[OJ is a function, we r+ri"be

g ; [n1"-+ ful for" the cotnPosi-ter

Given a pair of functi-ons fi t f"tl *'> fpi'J ,

func.Lion f ,+f ,  
r lhr+n21* l ]n,,"rnrl as

i  e fzl ue d"ef ine

the



4
I

Ihe cl-ass of bi jective functions in g is etrosed under o anC

eoir"hains the identj-"1:Les, hence it  givos a subcaiegory 
"-g 

of 
k'

Horeover, #* is closed uncler 4-" f is r,rr i te m++ n for the block

perrnutn.tion function m+> n : [m-rn'] 
--j i]n+nJ given by

x(m *> n) = '  i f  x E fml then n+x else x-rn' for x €fm+nl.

Given a bi jective function f :  
' [n+fl --+ [p+f ] rre define the function

ft ; t"l --+ Lpl by

x f f  =  r i f  x f  I  p+1  then  x f  e l se  (n+1 ) f '  f o r  x+ [n ] .

4. Feedback t ireories. Our basic algebraic structure is d'ef ined

as f  o} lovs, .

Ek 
I  l l l lg t  (T,+,o, f  )  is  an ext 'ens lon of  (H,* ,  " , f  ; r r ,m{+ n)

such that :

(  A  1  1 )  t , i .  +  
- f  

^ )  i s  a  m o n o i d ;\ . r c  I  e  |  /  r * ? ' t * U

(4 ,1 .2  )  B loet r  permuta i ion ax iom: fo : '  f i  €  T(mrrnr)  ,  L* f21

(  f .  + f^  )o  (n ,  <*>n^  )  =  (  r r rn . t - ;v  m^ )o ( f , ,+ fn  )  ;, ^ 1 , - ? - ,  \ _  1  . , 2 .  I  l .  I  t .

- : - - ' ' -  (4 .1  . ' : )  (T ,  * r l ,u )  i s  a  c ; , r tegory ,  hnv ing  the  same ob iec ts  as  P i ;. .

, t  .  (4 .1  .4 )  Cornpos i t ion  anc l  sur f l  a re  re la ted  by :  fo r  f  .€  T(m. .  ,n r ) ,

g i €  T ( n i , P i )  ,  L e  [ 2 7

,

( r , , - r r r ) " (e , , - re r )  =  ( ' f , , cg , )  +  ( f r ' a r ) ;

( 4 , t . 5 ;  F e e d b a c k  i s  c o n t e x t  f r e e :

( 4 , 1  . 5 . 1 )  f ,  *  g f P  =  { r + e ) t F ;



'  t A  4  r . \  r ^ r  - F c  q r { r n + n -  n + p ) ,  g G  T ( r n t r n t )
1 4 , l  r ' ) r 1 J  l u r  r  v  r \ r ^ r r l / t  ' ^

.  f t p  n  S  =  ( ( I * +  m ' < ' + p ) o ( f  +  g ) o ( I n +  p { + n ' ) ) f p ;

( 4 , 1 , 5 " 5 )  r  f P *  I  *  ( f  o  ( g + r o ) )  + P ;  ' l

( 4 " 1 . 5 , . 4 )  f o g t F  =  ( ( t + l n )  o s ) t P ;

( 4 , 1 . G )  S h i f t i n g  b l o c k ;  o n  f e e d " b a c k :  f o r  f  e ' I ( m + p r n + Q )  '  g  €  T ( q ' p )

( f  i ( t o + g ) ) ' f  P  =  ( ( r * + g ) o f )  f q '

4 o 2 . R e m a r l c ' ( i ) A c c o r d i n g t o r 4 J , t h i s s h o u t d , b e c a l l e d a
d - #

(scalar) feedbr;ck ftor 'r theory over gi"

( i i )  The ax i -oms are not  i -ndepend'ent .  In  fact ,  (4 '1  "5 '2)

.  
f o l r o r , r s  f r o m  ( 4 " 1 . 5 " 1 )  u s i n g  ( 4 . 1 . 2 ) ,  ( 4 ' 1 ' 5 " 3 ) ,  ( O ' l ' 5 ' . 4 )

( i i i )  F o r  f  6  T ( n , n ) '  I  €  T ( n ' p )  t r e  h a v e  '

( 4 . 2 , . t  ;  f  s 8 =  (  f o ( n . r + n ) { 4 , g = 1  ( ( f + e ) c ( n . ( - ) . p ) ) t * .

Efu 
U*i\rPLitS" g r'rith the opera'ti-ons ciefined t" 

3 
is a biflor'i'

A l l  i terEr t ion tkreor ie$ c f . [ r ,2 ] rs t rong i terat ion theor ies cr ' f5 l  ang

theories wit l i  i terate cf . l3l ,  natural ly are bj ' f lor 'rs (as feedbaci; we

+  . ' t .
t ake :  (1 *+0* ) ( f (1 - { -0 , . , , - t ' 1n ) )T ,  f o r  f  ' e 'T (m+"p 'n+P)  - - - '  '  j ' s  t he  r i gh 'b

' m  
P  r ^ t

. I  i - terat ion) .

} u i . t l c u s f u l t o h a v e a s i m p l e r c l . i a r a c : . b e r i z a t i o n4 . 4 .  l . r t  P r a c t i c t
t _- 

catr be ob'tained'
o f t l r i s a l g c b r a i c s t r u c t u r e ' s u c l r a s i n i p l i - f i c a t i o n

-  - - - ^  l *  i  - - . ^ .

using onl-5r conposit ion r ,r i t i r  norphisms in gt and tajr j -ng (4.2"1 )

as a def ' in i t ion for gener"al  cornposit ion'  l iore precisel 'y,  i f  T

endoned ltith sttnt, l-eft and- r5'ght cornposit:l 'on wi.'Lh morphisms i-n 
Br

and feedback, extend's l?i  *nd ful f i ls:



*  ( 4 " 1  ' 1  ) ,  ( 4  " 1 . 2 ) ,  
( 4 ' 1  ' 5 ' 1  ) ;

-  ( , 1^s . I  )  i s  a  b rmodu l  ove : r  $ ,  
j - "€ "

\ _ ,  t - m '

f  E I  *  1 . ^ ' f  =  f ,  f o r  f  €  i t ( r n t n ) n  a n d "
n i o

g,(g u i r)  = ( f  o g)oh, whenover t t ' io morphisms are in ' ! i ;

-  ( { ; 1  . 4 )  r  ( 4 ' 1 .  5 . 3 ) ,  ( 4 ' 1  " 9 " 4 )  ' ,  ( 4 " 1  ' 6 )  w h e n e v e r  t h e  g s  m o r p h i s n s

are  in  g t

then T is  a  b i f lor , r  (connposi t ion being extended.  u-s ing (4 ' .2"1 ;1"

A tr, Tho
" f a J a

- o - - - ^ ^ + ^ $ A  r r h i  n h
l . U I I U  U U r  D  Y r ! ! r e l t

categorY

preserve

BFI iias

morphisms

A D

1 T')

objeets bi f lows and as morPhisms

Bi, sun and feedbaek'

Abstra.c,t theories of- J!9$1t:"1 .*:l:ll1* " Such a theorY is

given bY:

* a d o u b } e i n d e x e d . s e t X o f v a r i a b ] . e s f o r a t o n r i c f l o l l c h a r t . g c h e m e s

( t h . a t i s , e v e r y x € X h a s a n u m b e r o f t l r r t r i e s . x a t r d a n u m h e : : o f

ex j - ts  0x - -  an 'other  l tay to  speci fy  th is  is  x  € X( 'x '  ox)  ) ;

- a | s u p p o r t t h e o r y ' T c o n s i s t i n g o f a f a r t i l y b f s e t s T ( m , n ) ' m ' j } €

(an elemer: ' t  c g T(nr,n) ls con.sid.ered as a. kno.rEn conputation process

r,rith m eiltries and n exitg) "

Ngtq., Thc type of T corresponds tc the type of ' f lor^ichart

schetnes r'ie 'considero 'l,illile j.n the case of detertnj-nis'tic flot'lcharts

t h e b a s i c s u p p o r t t l r e o r ' y i s g g g i . v e n b y l ! n ( m , n ) = l t h e s e t

of all partial functions from [m] to fnl 
" 

j-n tlre no.ndeterrainistic'

c a s e t i l i s i s l g } g i v e n . b y l t g } ( n r , n ) = ' t } i e s e t o f a } l r e l a . t i o n s' -  -  
use Sur ,

incluclecl in f rnl x. I  nl. t  Aetually'  l l lgot & Shepherdson f4{ :f f i '

t i r e s u b t } r e o r y o f a l l - s u r j e c t i v e f u n c t i o n s i n g g ' I n t h i s p a p e r \ , I e

u s e * " . A , 1 } t h e s e t h e o r ' i g s r n o d e } o n l y r e d . i r e c t j . r r g f l o r . l o f c ' o n t : ' o } "

I  I \

l i lote that lr iore cornpJ"icatccl 
.bhcories can also be used, e.$n ,H3:



rlF":Flllg$l

given by ?f-g,-,,(mrn) = rthe set of at- i- part i"al fu.nctions fron D X frnl

to. D x. [nJt in rqhich a change of r,remory state d 4 D may accompany

redi rect j -ng f lou of  con 'bro l ,  H

^.
to an X-f lownonial  over TA f lolrchart  schemes ls abstracted

def inet i  as an exPression

x "x,
( ( r r n + X x . ) c c ) t  &

where

denote

€ X, the sunn is f inite and c € T(m+ts.xi '

I ' 1 -  - (mrn )  t he i r  se t .

.4 .  J 'L t  ,

The inter i : retat lon of an X-f lounomial over 1t 1n a structure

x .
l_

by

n+

in wir j -c lr .  I - ,  $um, comPosit ion
m '

by a ra.nli-prescrving function

a n d  a r m o r p h i s n '  
f t :  

1 ' * - > Q

i +  ; ^
I  U  I i>

.c! 5 "):,

u - ( ( ( r  r - E > : . ) o c ) 4  ' )  -  (
t u i r

anti feedbaeit have sense/ is specif ied

? -  !  X - l , Q  ( i , e .  c p . . ( x )  e  Q ( ' x , . x ) )
l x  r j l

( i "e t .  i - t  preserves I *  and.  operat ions) ;

- X "x.,
(r ,o*EY x(" i )  )  "  Y r(  c) )  T

.T anrl X can naturally be ernbcdd.ecl in "{l-:f rt 
as follows:

c  =  ( ( t  ) " " )  f 0 .  a n c l  x  =  ( ( I . * +  x ) o ( ' x " + > . x ) ) f  "' " x .
lll ^

( t tre tatter fol lor 'rs by ( 4.2 " 1 ) ) '

In the sequal i ,re shall  frequently write *r 
' I ,  

"5 
ins.tead of

v  v  vc  r ,  * l - x *  ,  r espec t i ve l y ,i ^ i r  i -  t L 1 - r '  3 i r  
l .  

.  ' L J 9

gr.jI,pr?]tl?ljJ ? sum, cornposi.t ion and feedback ln

l l l extenc] tiremscl-vcs to X-fl-ownonial{; over 'I:



1-

\  /  -  

t o

F  o . g  =  (  ( I * + x ) .  g . ( g + I . * r ,  t  * ,  a n d

-  l v

f :  F  =  ( ( r n + g ) o ( f + I . E ) ' " ) t  e  '

t o

( f i i ) f o r ' F = ( ( I * * 1 + x ) " c ) f I : n + 1 4 n + l w e d e f i n e F f : n - - > n a s

-  t w

r t  =  ( ( I * + x ) "  ( ( I n * 4 + > 1 ) o c o ( I o + 1  o t ? ) ) t ) f  s '

s u p p o s e t i s a b l f l o w ; F Y o n t h e s e b a s i e o p e r a t i o n s w e a e r i * . 3 | ,

tbe general feedback and corapositJ-onr narqeLy for F = ((I**U€)oc')f * I

- k

lo+k :--| n+k the floqnomial F'1"' : m --> n 1s

Ft k = ((Io+x), ((r*+.I.-r k): c"(rrr+k.-t ?) ) + ")t +

a n d  f o r  r = ( r r ; g r r " ) t  S i  m ' - ' + n '  F ' = ( ( t r r + x ' ) o c ' ) f  ? ' 3  3 ' - 5 p

the f lownonaial  f 'c Ft :  nn-+ P is

.  
t o - l v t

n ,  o  F r  =  ( ( l r+a+= , )  "  ( " * r ,E , ) .o ( r r r+ ' x+ f  . : :  )o (e ' * r t :  ( rp * ' - ! . - , ' I ) )+  3 -  g  .

Remark that all these forrnulae are rules of computation in a

b l . f l o w , n a n e } y t h e i r i n s t a n c e s o b t a i n e d . b y r e p l a c i n g S s w i t h

elements in T are identities in I, This gives a half of the main

tbeoremr i .e .

o
6

'tl



3

uNlQUiI IlXTll{sIOl{ titl/$[A". I'or every rnorphlsm (i,1 : T --+ a in

EIl and every rank-preserving function ?X t )| --+ Q the extension

cptF : FI- ^--+ Q preserves the operations'
I  : r ' 1 r

, l4oreover, this ls the unique extension of

(TX,  Yr)  wl th  respec* to  th is  proper ty '  13

T € F l

-\lt4

'7  Tcnmnr.nhio f lo l rnomials .  Given
I  a  ! D v l . r v r

( -  \  { - l  v t  \
\ X r  t  .  o  t  1 L 1 . )  |  \ 4 4  t  .  . .  t ^ V l  I-  

l '  
-  

l l "  I  a

a function y : [k] +'&'J such that *i = *ly , u t: ft<l nas a

un ique ,b lock  ex tens ionr  to  en t r les  
' y  :  f  Xr * . . .+ "xk l -+ f ' * . i * . . .+ 'x | ,1

and. a unique block extension to exits .Y : f.x1+"'+.xtr1 
--f,

f  . * { * . . .+ .x i , l  
(see  [4 ]  f : "  more  de ta i l s ) '

Ve  say  tuo  f lownomiars  
L . ; . , , ( r *+x .+ . . .+xk)s" )+X ' * t  

:  n - - - ln

an6 Fr = ( (Ir+xl+.. .+xi)c c1,|r 
r '  

i  * + o are :.s.onorph* if there

is a bijection y t [r. l -+ [kl such that

( i )  * i = * i y . ,  l I i € f k l ;

'  

. ( i i )  
s o ( I n + ' F )  =  ( 1 r + . Y ) o c r  '

The isomorphism felat ion g is a cor lgruence rrelat ion, hence tbe

operat ions are wel l  d.ef ined in the quot ient structure SXrf/ ,*  .  On

the other hand, two isomorphic flovrnomials have the same interpretation

{L
in a bi f lo iv,  hence the interpretat ion f  

"  t  SX'T' :+ Q induces one

a{n , $r,1/ro. 
---l Q on isomorphism classes of flor'rnomials '

B. The algebraic stnrcture of Fl-- .T/ i l  .  Suppose T is a bi f lot ' r"

A simple computai t ion

o r I * )  i " . "

shor.rs that  (Sr,r ,  +,  tO)

bimodul- over g and (4"t

i s  a  monoid,

. 5 " 1 )  h o l d s  i n  I . ] "  , .(F1 -  , n '
.:, Ar r



4o

T h e  i d e n t i t i e s  ( 4 . 1 . 4 ) ,  ( 4 . 1 . 5 , 3 ) ,  ( 4 " 1 ' 5 ' 4 ) '  a n d  ( 4 ' 1 ' 6 )  h o l d '

i+henever the g5 morphisms are in T. In ad-dl t ion, the two si-des

in  (4  ,1 ,2 )  g ive  isomorph ic '  f lownomia ls '  By  4 '4  these g ive  the

other hatf  of  t i re rnain result l  
. i 'e

STRUCIURE.yIi.ESERVING LAit'$,lA. f f T is a b,iflovr, then E".t/t9

is a bi f lorq.

a

a- 'The main  resu l t .  Th is  shows why we
J '

calcufus is simi lar to that of  polynonial-s '

above lemmas and the last sentence in 7'
=

TI-III0R0M. If T is a bif low, then *X,f/+$ 
is the coproduct

of t '  and the bif low freely generated by X in gI]" n

This raeans that SX,f 
is the biflow

freely generated by add'ing X to T'

v . 'h ich extenCs

have asserted. that. trr-ls

It follows frorn the

1 0 .  B x t e n s i o n s -  T h e  e l a s s  o f  h l f l o v r s  T

e  a n d  f u l f i l s

( f 0 . f )  0 * f  = f  ,  f o r  f  €  l ( m r n )

+ f )  ( n Y ' n ) '  f o r  f  € T ( m ' n )( 1 0 . 2 )  ( n ' . v r n " ) o f  =  ( f + f )  ( n y ' t ' t f  r  :

v l h e r e 0 * i s t h e u n i q u e f r - t n c t i . o n i n . I n ( 0 ' r n } a n c - l " m v

i s t h e f u n c t i o n i n s ( r n + r n ' , m ) g i v e n b y x ( r . n ' v r n ) =

e lse  x -m;  fo r  xe fn+nr l

ec {ua l . s  t he  c lass  o f  a lgeh ra i c  t heo r ies  r " I t h  i t e ra te  i n  f g : '
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