
INSTITUTUL
D E

MATEMATICA

: . , , :
lINSTITUTUL NATIONAL I

PENTRU CREATIE
STI INTIF ICA SI  TEHNICA

I  s s  N  0 2 5 0  3 6 3 8

x

*
INDUCTIVE II IqITS OF C,.-ALGNBRAS I1ELATED

TO SOME COVETTI'IGS

hrr

MATiUS DADARLAT

PREPRINT SERIES Il.i }'1.ATHE}'TATICS

t ' l o  . 2 5  /  I 9  8 6

,L hltq
BUcuREsfl I^-p



!b

INDUCTI\IE LIMTTS OF C^-A],GEBRAS RELATED

TO SONIE COVER NGS

b y r
* t

Marlus DADARLAT

I t a q  1 9  8 6

* )  Oepantment ,  od MathematLed. , '  Na" tLonal  In t tL tu te don Scient id ic
' and  TechnLea l  Cnea t lon ,  Ed .PacL i  220 ,  79622  Euc l tanz t t

Ro ma.n ia



INDUCTIVE LIMITS
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OF C*-ALGEBRAS RELATED

SOME COVERINGS

l-rr z. v J

MaTiuS DADARLAT

In I5 l  E .G.Ef f ros  posed the  pr .ob lem o f  s tudy ing

t
rp ' :

' ( 0 )

and

p =

I

I

l

i
:

induct i -ve l imi ts  of  C*-a lgebras of  the form C (X)  
I  

Mrr .  Because of

the comprexi ty of  the possibre *-homomorphisms{tctxt  6 }{n -p

- , a c ( X )  & * *  ( c f .  t 3 l  a n d  [ 6 ]  )

ou r .  a t ten t i on  to  spec i f i g  c lasses  o f

we prove a unic i ty  resul t  concern ing

wi th a sequence of  cover ings.

A unital homomorprrism { 
j-s callea homogeneous if

fo r  every  y  6  y  th :  suba lgebru  6(c (x )  
g  l , t r )  (v )  6  M*  has  d imens ion

m/n .  (Note  tha t  n  must  .d iv ide  m s ince  $  t "  un i ta l ) .  Suppose tha t

Y has the homolopy. type of a finite CW-compl,ex of dimension

(  2m/n  and tha t  K ' (Y)  has  no  n- to rs ion .  Then i f  fo l lows f rom

(m/n)-fold covering t tz --rYr a nononoryhism

14* whi-ch satiJif j-es

1 ; )  = s @  1 * ,

zZ *zY such tha t  we

The homomorphisms { . ,  sat isy ing equat ion (0)  are ca l led

compat ib le  wi th  th"  cover ing Y qr  f  -compat ib le ,  and they were

int roduced in  t  6  1 for  o ther  reasons.  The prev ious decomposi t ion

confirms once more their importance, since they are now identif ied

3 I  that  there is a

C ( Z l  S  M r r * C ( Y )  A

* f  
( g * Y  a

a continuous mdP Y

0 t  o Y *

i t  i s  reasonab le  to  res t r i c t

homomorphisms.  In  th is  PaPer

induct ive l imi ts  associated

n  t '  1 . r r V \y  e  v \ r "

have, the facbot izat ion
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as the nontr iv la l

We

compat ib le  wi th

of i  l  a  deta i led

An

a l g e b r a s  (  t 2 l

the form:

{ 1 ) . . . - . +  c ( C q  @  M

where  m=1  ,  T  i s

compat ib le  wi th

mani fo ld  X

part' of the homogeneous homomorphisms.

shal t  consider induct ive l imi ts wi th homomorphisms

some appropr ia te  cover ings .  Our  resu l t ' i s  based

descr ipt ion of  such homomorphisms.

interestJ-ng example is supplied by Bunce-Deddens

)  which can be descr ibed as ind.uct ive l imi ts  of

, r . 4 c ( f l  a
l_

M
n

- - -+  . . ' .
i -+ 1

the

the

unit  c i rc ie,  and the homomorphisms f i*  are
' n .  - / n .  

. r

c o v e r i n g s  T  ?  z  f r z  a + l .  t  g  T .

I n  t  6 I  C .Pasn icu  has ' s tud ied  i nduc t j - ve  l im i t s  o f

the form (1) with m=2 and he proved that theSe l imits do not depend

on the par t icu lar  choices of  the homomorphisms &-  compat ib le  wi th_  r t -
2 ?

some product  cover ings T ' -+ T ' .  I " loreover ,  these l imi ts  were seen

to be isomorphic to tensor products, of rtwo Bunce-Deddens algebras.

The a im bf  th is  paper  is  to  consider  the same problem

in  an  abs t rac t  se t t i ng .

of  Tm:

we consider  i -nduct ive l imi ts

cl

Giv€n a f ree act ion of  Tm on a compact  connected

and a s t r ic t ly  increasing sequence of  f in j - te  subgroups

G t  C G z C . . . G i C G i * t C  c r m

of  the form

tl

. * t o  c ( x i + l )  I  M," *-+ )
" i +  1

L . -  f  i q  ( - +  c ( x r )  6  M r , .
a



' ' . l i

I. i  3  -

. t

where X.r '= X/Gr r D,'  = lG. |  ,  and the homomorphisms Q, are conpatihle
I  1 '  I  '  I '

w i t h  t h e  c o v e r i n g =  X i *  X i * 1 .

Under some topological restr ict ions involving the

'absence 
of  tors io .n in  the cohomology H* (X,  r  Z l  ,  we prove that  the.

inductive l imit L does not depend on S., and it ,  is isomorphic to the

C* -a lgeb ra . t rans fo rma t ion  g roup  C(X)  )O  G,  where  G  =  \ J  G . .  Fo r
L

L = 1

the case of Bunce-Dedd.ens algebras this isomorphism was noticed

c by P.  Green

.  As a coro l larY,  we extend the resul t  f rom [OJ to the

m-dimensional  torus 
b

The author .  is  grdtefu l  . to  v .  Deaconu and c.  Pasnj -cu

for  s t - imulat ing d iscut ions
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1. PRELII{INARIES

r f  k =  f s  I

onto the orb i t  space Y. :

n  be a posi t ive in teger .

We recal l .  f rom that a uniLa1 hofiomorPhismt 6 1

* or '  {  - compa t ib le  i f

(2',|

Looking

n )  
=  g 6

s
diagram

I to
L

e  &  c ( x / s ) .1' k n  t

c  (x /s )  @ t rn

c  (x /s )

w h e r e  t * ( g )  =  ( g  o *  ) ' 8 1 r ,  a n d  o ( ( g )  = ' 9  &  1 k r , '  i t  i s  c l e a r

that { -compatible homoirtorphisms may be viewed' as a kind of
;

s e c t i o n s  f o r  t h e  f i b e r i n g  X  - t X / S '  '

Assume that the K-theorv group K" (X) is tors ion-free

d i m ( x )  (  2 k .  T h e n  i t  f o l l o w s  f r o m  L 3 ,  t h m  1 ' 3 J  t h a t

@ id  *n  )v* ,  fo r  some un i ta ry  v  g  C(x /S)  E  Mgn and some
"t.t

and

+=
that

,, (0t

we shall d.enote by Mn the c*-algebra of n x n complex

matr ices and bY 1r ,  iLs unj - t

suppose  tha t  X  i s  a . ' compac t . connec ted , rea l  man i fo ld

and le t  S be a f in i te  group act ing f ree ly  on X '

( the order  of  S) ,  then the quot ient  map

X .+X/S is  a regular  k- ' fo ld  cover ing.  Let

A  :  c ( X )  I  M n + c ( x / s )  @  * r '

is cal led. comPatible with the covering

( g o t  6 1
-"

.

a t  the  fo l low ing

c ( x )  @  M n



of

( 4 )

r l

Also,  i t  j -s  c lear  that  both $ and 
$ '  

a te monomorphisms.  Despi te

the prev ious descr ip t ion,  we don' t  know a pr ior i  i f  ^ f  -compat ib le

L
homomorphisms (or  equiva lent ly  map$ p:  X -d P (co)  sat is fy ing (4 )  )  do"

ex i s t

However ,  i f  we assume that  s  j -s  an abel ian group and

that  the second cohomology group l l2  (X/5,  Z l  is  tors ion- f ree,  then

such homomorphisms can be construct 'ea as f  o t lows.  By t  3  J  '  there

i s  a  c o n t i n u o u s  m a p  i r : X  a  U ( k )  J t  U ( f 2  ( S )  )  s u c h  t h a t  u ( s . x )  =

=  p ( s )  u ( x ) ,  x  €  x ,  s  &  s ,  w h e r e  * 9 , s  
- + u ( k )  i s  t h e  r i g h t  r e g u l a r

J ' : J

representat ion of  S.  Now i f  {  "3  I  =  g S 
are the or thogonal

snb
projections onto the-G-paces t 8"1 spanned by the vectors in the

canonica l  bas is  (  E,  !  s  €  S 
of ,  12 (S)  ,  then the homomorphism

I,
e

p ( s . x ) 1  , r '
x € ' x '

f  ( s . x ) e i ) u ( x )  ,  f  g C ( X ) '  x € X
S '( 5 )

+ '  : c ( X )  - + c ( x / s )  A  M A  g i v e n  b Y

* ' t t ) ( * ( x ) )  = u ( x ) * (['

e

i s  compa t ib le  w i th  the  cove r ing  X -$X /S .  No te  tha t  $ '  i s  we l l  de f i nec

s i n c e  g ( s ) n  . i  9 ( s )  
=  

" ; ; r  
t r s  e  S .  C o n s i d e r  n o w  t h e  c r o s s e d l > r o d u c t

C* -a lgeb ra

5 -

*  -compat ib le  homomorph ism 
{ '  

:  C(X)  -+ .C(X/S)  @ Mn.  Moreover ,  i t

is  proved in t  31 that there j -s a cont j -nuous map p:X -*e(Ck1 =

= the space of  a l - I  one dimensj-onal  sel f -adjoint  project ions act i -ng

v t
on  CK ,  such tha t  S '  i s  g ivdn  by  the  fo l low ing  fo rmula

{ ' , t t  t  * ( x ) )  = f  ( s . x )  p ( s . x ) f g c ( x ) , x € x .
It

e

course  s ince  6 '  
' i=  

un i ta l  we must  have
L
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c ( x )  ) o  s =  {  r '  e  c ( x )  s  * r : F ( s . x ) =

3 P ( s ) F ( x )  p ( s ) * ,  x a X , s e S  t  : ' .  - r ,  (  r
L) 

*)

Then the unitary u can be used to give dn isomorphism

H : C ( x )  , o  S  - - t C ( x / S )  @  M f  .  T o  s e e . t h i s r  w €  i d e n t i f y  C ( x / S )  &  M t <  w i t h

'(x) , t"" "]I
t

x  6  X r  s  4  S  I ' ,

and  we  take  H(F )=u*Fu .  No te  tha t  i f

j : c ( x )  - r C ( x )  r o s ,  j ( f ) ( x )  =  t  f ( s . x ) e l l
.>' s  

E S

is the canonica l  embedding,  then the j -somorphj -sm H j -s  such that

, .
.  H  O i  = . O 'r -

;
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2. INNER EQUIVALENCE

Assume S e T" '  and also that the act ion of  S on X is

m'  
induce by a cont inuous f ree act ion of  T" '  on X.

Then we are able to  g ive a more complete descr ip t j -on of

r l

homomorphisms $ which are compat ib le  wi th  the cover ing X - . fX/S.  Our

descript ion wil l-  imply thlt 6ny two such homomorphisms are inner

equ iva len t .

k
L e m m a  1 . 1 .  L e t  * 0  I  X ,  l e t  p : . X * f  P ( 4 , ' )  b e  a  c o n t i n u o u s

map  wh ich  sa t i s f i es  equa t i on  (4 )  and  assume tha t  H2  (X ,  Z )  i s

to rs ion - f ree .  Then  the re  i s  a  con t i nuous  map  u :X  ' dU(k )  such  tha t

( 6 ) p ( s . x ) = u ( x )  * p  ( s . x 0 ) u ( x ) x € X r . s e S  .

par t i t i on  o f  t he  un i t y  i n  t he  C* -a lgeb ra  C(X)  6  Mf .  S ince  the

act ion of  S on X is  induced by a .conLinuous act ion of  Tm which is

a  pa thw ise  connec ted  space ,  i t  f o l l ows  tha t  t he  p ro jec t i ons

' - r ) s e e t h i s l e t( " = t  s  &  S  
a r e  m u t u a l l y  e q u i v a l e n t  i n  C ( X )  $  M U .  T c

a :  t 0 r 1 1  - o T m  b e  a  c o n t i n u o u s  p a t h  f r o m  i  t o  s .  T h e n  € e  { t - ' ,  t * ) =
c t  I  L , |

=  p ( a ( t ) . x )  
' . ,  

t e  t O , t 1  j - s  a  c o n t i n u o u s  p a t h . o f  p r o j e c t i o n s  f r o m .

.1 to  e=.  By a s tandard argument  we f ind now a par t ia l  isometry

" " r 1  
€  C ( X )  @  M f  s u c h  t h a t  t ! r t ,  e s r l =  e n  a n d  t u r l  

" 3 r t  
= " s '

D e f i n e  
" " r = = t "  

a n d  € s r t = € s r 1  * t r t  t o  o b t - - d i n  a  s y s t e m  o f  m a t r i x  u n i t s

i n  C (X)  I  Mr .  Now cons ide r  t he  C* -homomorph ismg { ,  {o : }4u - lC (X)  m Mr

s iven by

$o

S (



I

(Note that  in  the above def in i t ion we ldent i f ;<JuO wi th  the C* -a lgebra

genera ted  by  {  e^  ,  t "  \  I
s r r  

( x 0 )  
i  

" r t e s )  

s i n c e  t h e  c o m p l e x  l i n e  b u n d l e s

o n  X  a r e  c l a s s i f i e d  b y  l t 2 1 X ,  Z )  w h i c h  w e  s u p p o s e  t o  b e  t o r s i o n - f r e e ,

i t  f o l l o w s  f o r m  t 3 ,  p r o p . 1 . 1  J  t h a t  t h e r e  i s  s o m e  u n i t a r y

u  6  C ( X )  @  M f  s u c h  t h a t  Q O  =  t  S  t * .  T h i s  i m p l i e s  t h a t

e = ( x O )  =  u ( x )  e " ( x )  
' u ( x 1 * .  

H e n c e  p ( s . x ) = u ( x ) * p ( s . x 0 ) u ( x )  f o r  a l l

.  x i n X a n d s O S .
r:1 .
t . . . ' l

1 ?
Le t  g  

: "  
( t -  (S )  )  be  the  r i gh t  regu la r  rep resen ta t i on

) , t

I  o f  s .  w e  i d e n t i f y  B ( r z ( s ) )  w i t h  c *  t  " " r t ( * 0 ) : s , t  
e  s  l '  

^ t  M k ,  s o

that p (r)*  e l  -  p f t l  = e^o- . - .  As an ea'sy consequence of  the
J  s r E  J  S r r t r r  

*
e q u a t i o n  ( 6 )  w e  o b t a i n  t h a t  e v e r y  u ( s . x ) u ( x )  *  

_ 9  
( s )  c o m m u t e s  w i t h

a l l  u t , t ( x O )  ,  L  e  S . .  S e t t i ^ 9  r ,  ( x ) = u ( s . x ) u ( x )  *  
f  ( s )  *  i t .  f o l l o w s

t h a t  w "  i s  d i a g o n a l  w i t h  r e s p e c t  t o  t h e  p g o j e c t i o n s  
" t , t ( x O ) .  

M o r e

p r e c i s e . l y  t h e r e  a r e  c o n t j - n u o u s  f u n c t i o n s  w ( t r s ) : X  - + T ,  s r t  €  S ,

such that

( 1 ) x  e X .

Moreove r ,  i t  f o l l ows  f rom the  de f  i n i t i on  o f  { * *  q  
s  * .S  tha t

w " ( t . x )  =  w " a ( x )  I  ( s ) w s ( x ) * f  ( s ) * .

Then we have correspondj -ng re la t ions for  * t r "  t

( 8 )

sw "  ( x )  =  L  t t r =  ( * )  . t , t  ( * o )

r  G s

.  Equa t ions  (B )  l ook  t i ke  some "cocyc le  re la t i ons " .  Our  nex t  t ask

i s  t o  r e s o l v e  t h e  " c o c y c l e  ( w ^ , ) "  i . e .  t o  f i n d  c o n t i n u o u s  m a p s
b l L

d " : X - - ) T ,  s  6 S  s u c h t h a t .

r r s r t F S r x  e  X .

* u ,  t  
( x )  = d t s  ( x )  d t  (  

" .  
* )  

-  1( e ) x  g  X ,  s r t  6 5 .
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t

suppose now that the maps (d"f  s F s 
have.been found and s.et

x G X r s e s a n d

i  ( 1 1 )  p ( x )  =  v ( x ) *  P ( x o )  v ( x ) , x E x .

To make c}ear  the proof  v ie  chgose to resolve the cocyc le ( ' " , t )

in dn abstract sett ing. For technical ieasons we make the fol lowing' :

De f i n i t i on  2 .2 .A  f i n i t e  abe l i an  g roup  S  i s  sa id  to  have

the  p rope r t y  (H )  i f  g i ven  any  s i x : t up le  E=(a ,  $  ,D ,  c (  rw '  (b ' db ) )

c o n s i s t i n g  o f :

1 ) a f ree t rans i t ive act ion C of  S on a set '  A

A  x  S  t  ( a r s ) t - - l a . s  €  A ,

2 | a n a c t i o n o < o f S b y a u t o m o r p h i s m s , o n a n o b e l i a n

g roup  D ,

3 )  a  cocyc le  w  :  A  x  5 " " *D  sa t i s f y ing '

'  ( 1 2 1  w ( a r s t )  =  w ( a ' s r t )  o ( a ( w ( a ' s ) ) '  a  €  A '  s ' ! € S '

a  c o u p l e  ( b ,  d * )  S  A  x  D ,
. D

there is  a  naP d :  A ' -+D such that

c-r
v ( x )  = (  ) . . -  d r ( x ) " = r = ( x o ) )  u ( x )

s  & S

Then an easy computation shows us that

/

4 )

- 1 ' r d € 4 ,  s  6  s( 1 3 )  d ( b )  =  d O  a n d  w ( a l s ) = d ( a ' s )  o 4  
" ( d ( a )  

)

Lemma 2-. 3. The cycl ic group Zn has the property (H) "

I  n - 1  r
p r o o f .  L e t  z n =  (  1 r s r . . . r s " - ' ) '  F r o m  ( 2 1  w e  g e t

(  = - k  ( w ( a .  s k r s )  )  = w ( . .  = i r = - k * 1  ) t ( u .  r k * 1  r = - k r - 1



\ . . - ' . ' ' 4 * " . - ; :

1 n
l v

^-d consequent lyc t l l l

n - 1
L

k = 0  s - K

S ince  S  ac ts  t rans i t i ve l y  on  A  i t  f o l l ows  tha t  A=b .S .  To  de f i ne

the map d:A-*D we put  d(b)  = dO and then we' f j -nd recucs ive ly

V

a ( o - . s ^ )  6 D ,  1 < ; k ( n - 1  s u c h t h a t

:  ( 1 5 )  d ( b . " k * 1 )  =  w ( b . s k , S l  4 , . ( d ( b . s k ) ) ,  0  (  F  . (  t - 1 .

' t  t 4 r \  - ^ !  ! l ^ !  ! 1 ^ ^  € ^ - h r r " l  i

( 1 5 )  h o l d s  e v e n  i f . k = ? i .

Therefore we have now Proved that

'  - 1
( 1 6 )  w ( a , s )  =  d ( a . s )  o (  -  ( d ( a )  ) - '  f o r  a l l  a  6  A .

5

Let  t=s^ and assume that

- 1 .
( 1 7 \  w ( a , t ) = d ( a , t )  o ( . ( d ( a ) ) ,

S ince by (121 we have

.  w ( & , s t ) = w ( a . s r t )  ( a ( w ( a ' S ) )

, , i

w e  i n f e r  f r o m  ( 1 0 1  a n d  ( 1 7 )  t h a t

.  The assert i -on fo l lows *ow by induct ion'  
&i

f o r a l l a € A .

. ' I

Lemma 2.4:  I f  both the groups G and S have the



t l

property (H) then the direct  sum R=G S S has the property (H).

Proof"  Think G and S as subgroups of  R. Given a

E  [ ,  =  ( b . s l  * t s , o ,  d I r ,  t  
l  u . s * s ,  ( n ' d b ) )

R - s i x - t u p l e  E = ( A ,  S  , D ,  o (  r w ,  ( b r d b )  )  a s  i n  D e f i n i t i o n  2 . 2 ,  w e

app ly  the  p rope r t y  (H )  o f  S  w i th  respec t  t he 'S -s i x - tup le :

The re fo re  we  ob ta in  4  map  d . ' : b .S  -+D tha t  sa t i s f i es

1  ( 1 8 )

( 1 e )

( 2 0 )

d '  ( b ) = d l ,  a n d  w ( b . s , t ) = d '  ( b . s t )  ( t ( d '  ( b . s ) ) - 1 - " , t  6  S .
b

To extend d. '  tO an appropiate map on A, note f i rst  that

[  =  L /  b .sG and then app ly  the  proper ty  (H)  o f  G,  fo r  each s  &S,

s  e S .

relat ive to the G-six- tuPle

E r =  ( b . s G ,  o I G  , o ,  (  
1 " , *  i  u . = e * c ,  , o " . = ,  d ' ( b . s )  ) ) -

In  th is  way we obta in a map d:A *+D which extends d '  and such that

. t

- 1
w ( a , 9 ) = d ( a . g )  o (  ̂ ( d ( a )  )

Y

s ince  R=s .Gr  !o  comp le te  the  p roo f ,  i t  r ema ins  to  show tha t  t he

map  d .  sa t i s f l es  a I l  needed ' re la t i ons :

- 1
w ( a , s 9 ) = d ( a o s g )  4 - ^ ( d ( a )  )' b Y

I t  i s  conven i8h t  t o  p rove  f i r s t  (2S)  w i th  d=1  '  I f  a  $  a  then  we

may  wr i t e  a  i n  a  un ique  way  as  a=b . th  w i th  t  e  S  and  h  eG '  S ince

f o r a i n A a n d

s  6  G .

a  €  A ,  s  6  S '

I  &  G .
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we can deri-ve f r o m  ( 1 2 ) :

w ( b . t h r s )  o {

(both terms beeing equal

( b . t s , h )  d .  n ( w ( b . t ' s )  )

)  i t  fo l lows that

"  

( w  ( b .  t , h )  = w

t o  w ( b " t ' s h )

so that

( 2 1 1

we get

D (  
h ( d ( b . t s )

4  r , "  
( d  ( b .  t )  )

w  ( a ,  s )  = w  ( b .  t s  , h )

u s i n g  ( 1 4 1  a n d  ( 1 9 )

w ( a , s ) = d ( b . t s h )

o (  n ( w ( b . t , s )  )  o {  
" ( w t t - t , r , ) - 1  

)

- 1

)  
' o ( h ( d ( b ' t s ) )

Corg l la ry  2 .  5 .

p roper ty  (H)  .

( a ) )  '

The f inite dbelian grouPs have the

, d s ( d ( b . t h )
^ /  l A
9 !  ^ u  \ v ( b . t )  ) = d ( a . s )  o ( s ( d) - i

S i n c e  w ( a , s g ) = w ( a - s , g )  d  n ( t ( a , s )  
)

( 2 0 )  c a n  b e  d e r i v e d  f r o m  ( 1 9 )  a n d  ( 2 1 1  a s  i n  t h e  p r o o f  o f  L e m m a  2 ' 3 '

P roo f .  S ince  the  f i n i t e  dbe l i an groups are d i rect  sums

of  cyc l i c  g roups  our  Coro l la ry  i s  a  s t ra i f t k t fo rward  consequence '

of  the prev ious lemmas.

Assr,rme -tt^L 4L (xts rV'\ *rrA t-1"tx, z) c'\'a t^r''o* {n'4o'

T h e o r e m  2 . 6 -  t f  S  : C ( X )  - - +  C ( X / S )  @  M k  r i

is  compat ib le  wi th  the covef ing X -* r l  X/5,  then there

con t i nuous  un i ta ry  va lued  map  u :X  * *U(k )  such  tha t

(22',| u ( s . x ) =  
, f  

( = ) u ( x )

$ t r t  t  v  ( x )  ) = u ( x ) * (  N  f  ( s . x ) e ! ) u ( x )
seS

c  ( x / s )  6  B  ( r 2  ( s )

i -s some

( 2 3 )

x  F  X ,  s  €  S
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P r o o f .  L e t w= (w^ - )  be the "co.cyc le"  that  appeared in
b r L

the d iscuss ion before Oef in i t ion 2.2.  Let  S acLs on S by t ra t rs la t ious

f  ( t ) = t s ,  I e t  D = C ( X ' T )  a n d  l e t  d e f i n e  a n  a c t i o n  o f  S  o n  D  b y' s '

s e t t i n g  d s ( f  )  ( x ) = f  ( s . x ) ,  s  €  S ,  f  €  D .  A p p l y i n g  t h e  p r o p e r t y  ( H )

)  )  i f  f o l l owso f  S  r e l a t j - v e  t o  t h e  s i x - t u p l e  g = ( S ,  f  , D ,  d  , I  , , ( 1  , 1

tha t  t he  cocyc le  (w^  * )  can  be  reso i ved ,  so  tha t  t he  desc r ip t i on  o f
i j r  L

{ ,Y :c (x )  
* } c (x / s )  I  Mr  compa t ib le  w i th  the  cove r ing  x -+x /s  a re

i nne r  equ iva len t  1 .e .  t he re  i s  so r f f e  un i ta ry  v  €  C(X /S)  6 laX  such

rhar *, = ^r "l' {J- 
?t . .

,.
p r o o f .  T h e o r e m  2 . 6 .  p r o v i d e s  u s ' d e s c r i p t i o n s  o f E  a n d

$  w i th  app rop r ia te  un i ta r i es  u  and  u1 .  A f te r  con juga t i ng

w i th  an  un i ta ry  i n  C (x /S )  @ Mf  ,  we  may  suppose

are g iven .  re la t ive to  the same pro ject ions {e!

and  i t  i s  c lea r

I

A .,e*c-*v* E x *ro.tple L€* SL be "t\^s fW-"*ph€ re anst

*"*91 !<. the -[we, -J^'rrrensfona.i rn-[ pr"1e&rVe sfoce ' 9i'nc-e
'fryn, 

il \ = Ea co''ollarl L'+ ao's* 1 T.f'l 'ru t"d rf

c.qvr Le prov ed +1"* -f*orre. d.re ir..&.*i i-g ifls-y13 f',oo*ontnrp!'rale"

c(s*) : 4 ctpr) @|4a- crD,^^rykt{s-' wid 'tL\*- 
"::#

* w ^ o n 8 $ . - . - - + r " W ! ' j - h o r u - , ' " * f f l ' 0 € - n e f c e r t r a l '

that tn-ese descriPtions

I
J  s  e s '

Consequent ly we may choose v=ufu s ince

v ( s . x ) = u 1  ( s . x ) n * ( g . x ) = u ,  ( x ) *  
J  

( s ) *  
* F  

( " ) u ( x ) = v ( x )

f r o m  ( 2 3 )  t h a t  { =  4 " * .
€fi,
I , 4's.l

$  i s  s i ven  by& l$s )  and  (11 ) .

Corol lary  2.2.  Any two C*-hompmorphisms



m

f  ree act ion of  Tt t '  on a compact ,  connected,  rea l  mani f  o1d X '  Let

G 1  c  G z  C  . .

where each homomorphism $,  is  compaLib le wi th  the cover ing

X i  4  X i * 1 .

The  ma in . resu l t  i s  t he  fo l l ow ing :

Theorem 3 .1 .  Assume tha t  * fug : '  ' '

mani fo ld"  x i  have no lo rs ion  in  cohomology  i 'e ' '  I { * (x i '  t r )  i s

t o r s i o n - f  r e e  f  o r  a n y  L . >  1

T

Then  the  i nd .uc t i ve  l im i t  l im  ( c (x . , )  E  M-  '  Q i )  
does

"i ,.

n o t d e p e n d o n t h e p a r t i c u l a r c h o i c e o f t h e h o m o m o r p h i s m s g l ' . . I n
€)o

fact i t  depends only on the group G = U Gi since it  is isomorphic

i = 1

to  the  c rossed  p roduc t  C* -a lgeb ra  C  (X )  t d  G

l q

SOME INDUCTIVE LIMITS

j .n the prev ious sect ion we star t  wi th  a cont inuous

?

AS

C G i  e ' G i * 1

be  an  i n f i n i t e  t ower

, ,  -  i  r .  t t -  |  and* i =  t  t i * 1 / " i

quo t i en t  space  x /GL l

whose deck-group Si

f o r m :

( 2 4 )

o f  f i h i t e  subgpoups  o f  rm '  Le t  t t ' =  I  G i l  '

n o t e  t h a t  r i * 1  = t i  k i . .  r f  X '  d e n o t e s  t h e

w e  h a v e  a  n a t u r a l  k ' - f o l d  c o v e r i n g  X i 4 X i * 1

i s  i somorph ic  to  G i *1  /G i .

I n t h i s s e c t i o n w e d e a l w i t h i n d u c t i v e l i m i t s o f t h e

any two homomorPh-isms

4- t{^i-. ^€Ltl"e{licej

d^r,n \ I vti+r /ni 
J

P r o o f . As  a  f  i r s t  s teP 'we  Prove  tha t

Bgconr-utde"nrn?a- v'et* ne.rn en I

e-sgrrn€ 't{^*t
irr [zq] \A,E *o5
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,h \tt . r1y i ,  r i  : u { x i }  t r M n , - - * * 1  a ( * r n 1 ) & r o * r * , ,  " u t "  i n n e r  e q u i v a l e n t "
. . i  

q i  t . . o  T r *  { Y  
' * . '  

, , 1  i  s  t o r rR e c a l }  t h a t  t i * 1  - ' n i  k . .  S i n c e  H * ( X 1 * 1 ,  Z )  i s  t o r s i o n  f r e e ,  i t

fo l lows f rom t  1  l  tha t  K"  (X i+1  )  i s  to rs ion  f ree .  Hence,  bY the

resu l t .s  quoted  in  sec t ion  1 I  we may assum,q  tha t  n t  =  1 .  A t  th is .

.  po in t  the  asser t ion  fo l lows f rom Coro l la ry  2 .7 ,  To  conc lude !h .

f i rs t  par t  o f  the  theorem we reca l l  Lemma 2 .1  o f  l ,  5  1  wh ich  asser ts

thaL the  induc t ive  l im i ts  l im (A i ,  $ i )  and l im (A i ,  V i )  a re

{,

x )

Y
a

(X) .>o Gi* 1 
-1

\
I
I

I  
H in r

J,
(x.i ) 6 I1,..,^ ' i +  1

isomorphic i f  the homomorphi.sms 
{, 

ana Y, are inner equivalent.

To proceed fur ther ,  le t  us consider  the d iagram

- t  C ( )o ci
J .

I
_  -  -  I  ,  , t  C

( 2 5 1
l-

. . .  . _ " 1  C ( )  I  Mrr.
L

{ '

where (J ,  )  are the canonlca l  embeddinqs,  (Ui )  are the isomorphisms
r r ' -

desc r ibed  i n  sec t i on  1  |  and  (4 r - )  a re  chosen  such  tha t  Q i=H i * t J iH i ' "

Wi th th is  d.ef in i t ion i t  is  s t ra ighforward to  check that  the

h

homomorph isms  S ,  a re  compa t ib le  w i th  the  cove r ing=  X i -4X i *1 .  S ince

the induct ive l imi t  o f  the upper  row i f i  the d iagram (25)  is  equal

\
L ^
L ( - ,

€€

c ( X ) 1 6 G =  1 \ - f  c ( x ) l 0 G i )  ,
' i =  

1

i t  turns out  that  the unique l imi t  that  ar ise f rom the d iagram

( 2 4 \  i s  i s o m o r P h i c  t o  C ( X )  l o  G .

subgroup

Le t  Tm ac t  dn  X  =  Tm by . t rans la t i ons .  G iven  a  f i n i t e

S of  tm i t  is  wel l  known that  rm/S * lTm. Fur ther ,  s ince
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H*  (T ,  1 ! )  =  Z  Q t ,  i t  fo l lows by  K i inneth  fo rmula  tha t  H" (Tm,  U )  i s

tors ion f ree. Therefore we may appty Theorem 3. i  to obtain a uni .c i ty

resul t  concerning the induct ive l i rn i ts of  t t re form { '

i.

t 2 6 l

where the

coveran9[s

tower of

and we assume that

( 2 7  | (&1 '

* c (tm) X. M-
l-

homomorphisms S, ut"

Tm.-*tp Tm. l4oreover if

subgroups

S,
-  , "  *  c 1 r m 1  @  M -  - 4

,  " i + 1

compat ib le  w i th  ( t i *1  /n r l - fo td

these cover ings correspond to i r { f tg

. :

G r  C G z C ' . " .  C r m

€a

G_ \ . ,  G.
a

l_= |
m

c  (T" ' ) !o  G

a s

2

m
dense  i n  T " ' ,  t hen  i t ^ a n  l - r a  n r n r r a r : l

that the C*-algebra

fu l  t r ace  s ta te .

Suppose' now that the homomorphisms

wi th the cover ings

is  s imple and i t  has a unique fd i th*

&'are compat ib fe

e )
m

'  
D  { i Ir  

1  \ r ,

e - +  ( 7 r ^ '  r .  .  .
I

,  r l*tt '  ,

n o ( i )  =  f t  P k ( j ) ,
j = 1

_assoc ia ted  w i th  the  genera l i zed  i n tege r  no=  (nu ( i ) ) ,  
>  1 .  

Then

the fo l lowing Coro l lary  which extends the main resul t  o f

1 4 k ,6 m.  Let  A(n, - )  be the BuncerDedd'ens
. Kand le t

a lgebra

we have

[ 6 1  .

Corg t l l $y  3 .  2 .  The  i nd 'uc t j - ve  l im i t  (26 \  does  no t

.*
depend on the choice of  the homomorphisms $,  compat ib le  wi th  the

cove r ings  (211 .  Moreove r  i t  i s  i somorph ic  to  the  C* - tenso r  p roduc t

m
ltL

U )  A ( n , . ) .
J\

K = l

Proo f .  We  app ly  Theorem 3 .1  w i th
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G . = G ,  ( i )  x  c r { i }  x . . . x G * ( j - )  i

where

L e t  G O =  \ J  G l . ( i )  a n d  n o t e  t h a t  G = G 1  *  G Z  x " . . * . G * .  I f  w e  d e n o t e

.: - ,'l
_ L -  |

by  L  the  un ique  l im i t  & r i s i ng  f rom (26 \  t hen

L = c ( r l m )  t s c  c .  &  c ( r ) * * c r
k = 1

c o ( i )  =  { ,  & T , a t t k ( t )  -  1  t

and

c (E )  t s  G r .  S  A (n t . ) .

,;;,
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