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ON THE FUNMDAMENTAL GROUP OF THE COMPLEMENT
OF CERTAIN SINGULAR PLANE CURVES

X /
by Andrds NEMETHI

Let C be a complex algebraic curve in the projective
M ’ : :
space P~ . The purpose of this paper is'to calculate the
fundamental group G of the complement of € in the.case

when €l Xr\Hlﬁ~...nk%_2 where :
i ' -
X = {[zoz...:zéXe;P :fl(zo,...,Zm)+f2(zm+l,...,zn)=0 }
H

and. are generic hyperplanes (i=l,...,n=-2).

S
This family of curves contains the Zariski's example (lil

and the curves studied by Oka LGl :
In the end we consider some examples with G abelian,

byt -C& with “bad’ sipgularities.

l§ . Some general results

1.1, Supnpose f(zo,...,zn) is a complex homogeneous pglyno~
mial of degreé di ket = X be the élgebfaic hypersurfaées definec
byl in.the Complex;projective space .Wn and denote the
affine hypersurface f"]'(l)C‘:.u’;m"l By o

(1.,1.1) The foellowing statements are.eguivalent 3
{a) F is not connected
(B)e F =g’ i(r>1) | _
Prboff The paft (b)=>(a) ié immediate. The part - (a) =(b)
is the cansequence of the following algebraical result
[Serge Lang :. Algebra p.221]: .
Let k  be a field and d an integer > 2, Let a€ek,
a £ 0, Assume that for all prime numbers p such that p|d
_we have aé}kp cand At 4]dv then 34}~4k4 .- hhen it
:irreducvible in k[X]. .

Let k be the quotient field of the polynomisl ring
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B m[zo,....zn]. Because F is not connécted , the polynomial

d

z
n+ 1

: ] = % . i . : < : o
wf(zo,,..,an) ks not irrecucible in k[zn+i] . hence there

s

exist polynomials Q, PezR‘, such that Qr £l (r> 1), Sine
the.ring. R is unique factorization domain:. we obtain (b);
.(1.1.2) As a consequence of (l;l.l) we ob%ain . that. F has
F. cenmectedicomponents 4f and enly if " f = gr yand - g is not
a power of polynomial : g # b 51
Because ﬁri(Fn~Z(g))'nSK&(Wn-Z(gr)) we can assyme that

fois notoa power of polynomial, Therefore F is connected,

1.2, By Milnor[4] the affine hypersurféce B is diffeo~
morphic‘to the Milnor fiber associated to f.:If we take the
monodromy M:F—>F associated to the Milnor fibration
M(z) = exp(2Xi/d)-z , then Z, acts on F. ivia ‘M, The map
B F~f~%wn—x defined.by p(z):[zj is 'a ecyelic d=fold cever
and M gene}ates the group‘of covefing transformations, We obtain
a short exact sedience s - .

(1.2.1) Al-%9(1(F,zo)fﬁ—>QYlﬂPh—X,[zé})-jz%>2% —1
(where =z  is a fixed point on the fiber .F)
(This short exacf sequence was obtaiﬁed and studied by Oké L?]
and Randell EQ] in the case when f is a square-free complex
homogeneous polynomial),

e g STk, e
Hence G =)L1(P —X,[zé]) is an extension of H=‘7§(F,zq) by Zye

1.3, By the .theory of extensions of groups ,'the exten-~
sieon- G is uniquely determimed by the group H ‘and the factor
set associated with the extension G. (see for example:

1. Suzuki [lo,% 73)
: N

lLet g€ G such that pr(g) = 1 (the generator of the
group Zd). Then the conjugation by g induces an automorphism

= o d a8 - AT d
T . of H, Because pri{g ') =0 , we -ghtain that ho = g €H,
(1.3.1) G is uniquely determined by the automorphism

1

T : H—>H and the distinguished element ho &€ H,



The proef is easy,

Assume tha . i adiafi 1k 3 rator e
Assume that H “is efined by the generators (91)1EEI

and @ the ‘redations (rj)jeii s e <(gi)ie}i \ (rj)j@,3>

We dufine a new group by

v ' e i
- (H,T,h_,d) = <(91)151f‘° (rj)Je:J (T(gy)o "g;7e? )y + h 0™ S

(leds2) G = (H,"r,h_o,cs)

: . ~

Proel, (H,T,ho,d) 18 an. extension of . H by Zy,pr(w) =1
and @ determines ~exactly the automorphism .T and the element h
In particular (H,T,ho,d) does not depend on the choice of g.

In the following we describe T and h0 by the monodromy M,

o4, Letl 'G5 be a tepplogical spece and leri B2 5-_—s¢
be a homeomorphism with period p, Let s,€5., 5y = M(so)
 and let gX:[U,I]**-e S be a path with (i) = Sy for ~i=O,l;
We define the automorphism TN’x,:9Ti(8,so)-“f>9ti(8,s ) ‘ by

"0
.TN'd ([ﬁj) 2 [k*-%N(P yNX] where

o (3t) : tef0,1/3 |

o d~1om(p,)ox J(t) = M((%(Bt«l)) | t e [1/3.2/3]
o (nt) credersl

For .any positive integer d with p&d we define a

distinguished element hﬂ &65 th(s,so) by
hr‘ c( = [I\é()i"l(of\ )o .n‘ol\j(o( )GO(\] v\,here
d-1 Lk : o ;
(8 (ol ) ol J(E) e NG [dtak)) it te e ad it ) )/
4 \ G e , Y {oes
(X.4.1) The .group ()\l(u,SO), TN,« $ hm’x , d) does not
depend on the choice of the path « .
Proof. Let o! an anorher pathrwith XM { jiee 8, for =01,
Then Gce [x'“lodi} is an element of Ethe group ﬁtl(a,sm).

We define the isomorphism
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b (TTy(8.5,), e g TG Bis Ty ot 12
= - '
by (P(gi) =9, {1&e1}, end q?(oo) = W-g_ . The computations

are standards and there are not given here, -

,» d) depend

[

Hence the group {7@1(8,80),

TN ,C( hN ,‘i

omly on the Space Gt he homeomorphism N ancd the enteger d,

1.5, The relation between the. algebraic and the topological

description is the following

(1.5.1) Theorem

N
[
o
ot
i
4
{ ey
N
Q.4
S
‘I

' <7r1<F'Zc?' TM,&

Proof. We take g = Lp(o{)] and use that peM=p,
Therefore fRi(anx,[zgl) is completly determined by the

fiber F and the action MeFm——a>F - <

(1.5.2) By seme calcﬁlatibns we obtain the following consequences
(a) e D) A Dol i <G
(D(H) and D(G) are the commutat;r subgroups of H ‘and G, anc
<l denotes a normal subgroup)

- 3 Ik
= %/g(G) = %L(H

"l""'dk)

(where X has k irrecducible components with degree di)
L e ol pieiay
D(H) N

H// 2 ¥
neg) = coker(mM,-1)
(where H*:HI(F,K7—-9441(F,Z) is ?nduced by Mo

(c)

: !H abelian H abelian
G abelian & , &
IT‘ = ] Mk: 1

S b G finite & H fipite

{e) If X is drreducible {leedo)

(.ZE6) and Z(H) are the centers of -6  and H=)
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1.6, Examples:
(a) Suppose that dimSing(X) € dimX-2 (in the case of curves :
8ingX = @ ). Then by Kato and Matsumoto[3] F is 1l-connected,

Therefore G = Z,.

4

-~

(b)) Suppese that n=2: and the curve. X hao only nodes as
singularities, Then by Oka [7] the rational monodromy MN®1Q/

is the identity , by Randell I@]‘ M%:l and by Fulton-Deligne
[1] © is abelian,

2%,'The gfoup Gls,t,d]

2l het .gld _denote the set consisting of all a-th roots

ofunit and we define the transformation i :IZ *“*>§1 b
! a a a v

2Rifayz . Ve consider the join space 12%*‘§zt ;

gk é&ﬁlt“*“%ﬂglé*glt and a positive

Ma(z) = exp(2
the join transformation M M

integer 0 such that s{d andc r*d «  Then we define the group
G[S,t,d] DY

G{_é,t,d]::(?Cl(_(ls*ﬂt,zo), T :

Mk M L& hi Mo o)

&
It is easy to see, that 9f}(£25*£2t,20) isithe free group
of rank (s-1)(t-1). The computation of the relations of the group
G{g,t,dl is simple but tedions and are not given here,
2,2, Examples

> ' Lol !
(a) bt},t,q]fﬁ Zd

(o) 8z 2 dlmlz g, 0ds d Yy

L.

(e) ©[2,3,6]m zypx7y := (5.9, | gl,ﬁi“923“1>

®

3%, Our special case

o3 "y ) € boy 5 P f o - d
Bed uo SuDpose. that £z ,...,zn) = {1(“0,,..,4m)+f2(2m+1,.ﬁ,a_
~ piee il et ] : -1 e :
En). et P1x33 (LY@ T rand Fﬁ_f (et . Fhen by
/ b : M it - T
Oka [8] and Némethi [5] F = Fi%F (the jein pf P end F 3,
. % F

undamental group of join space we obtain

£
§

By an analysis of the

B e o s S A L e ki o € o T 3 s
that JSI\«,gc) is a free group of rank (plwl)(pzml) where
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connected components of F, (i=1,2),

P, is the number of : 2
i : i
We can identify the set of connected components of Fi with &1_3
Ry
By (1.1) the sction induced by the monodromy M id=s exactly the
gcrion k. :
!'Ji
Because ,KWCF,Z,} = JN ng *Sl,~ oz ) and the
= ¢ 1 Py B o ;
g <.
automorphism TN o ané the element hM 5 correspond exactly
Pg &
to T : andeaily oo we obtain that
B RN e Mok e : :
By PR
e R O e : :
Jtl([y ">\'[‘:O~]) = G{D]np20($1 °
; . B : '
I particular AQ(P ~X,[zg\) depend only on the numbers
PyePo =R o Do e
(3.1.1) MAIN. THEOREM
“ - 2 ‘ ¥ Y
et Ll a curve of degree d. Suppose that
== >I .) ) % i ,\’\\! Y
& xﬂdlﬂ e ﬂhnwg here
- e S } 211
=alzx sr - LE vk o : =0 <A b
. f{LO‘°"';ﬂ1L'm z ltéo”‘"Zm)+f2(zm+1"“zn) - ’<O -
Hi gre. generic bvperplanegs ,:and fi are not power of polynomisls:
i1 : 5 :
fi # 9y . qi>1 { i 1) Then
G D ¥
_Rl(P -C) = b[pl,pz,d]
For the proof we use our results and the following theorem
of Hamm and Lé.[Qj .
Let X be a hypepsurface in ptoand H g generic hyperplane,
o 5 ; :
Then (P ~X , H=X) is (n=1) - connected,
3.2, Examples
= . . o L B sl
(a) An example of Zariski : Qa{{y’+zJ) s {x w2t :O.}
» R o : : : ;
fope take  Fe(y +z2 ) slx +w) anc Hm{;xwk we obtain-
PR e e '
I mci=6l2,3.6] .

1
(H

intersect X-Sing

X and SingX . transversally )

&



(b) The Oka's examples: C=XOH where
= Ve Lol :
X3 T (v ());’) - Y ‘\{x— c&iw) =0
3::1 J i=1

Fat 3)s

$
Faam S
7,
Bad
i
.
X
p—"g
B
]
~~
X
frond
.
»
\/‘»
pa—g
£ )
o
=
L5 18
(@ 54
i
o
i

Then ‘7fl<cé2mc>ﬁ<% B d]

(¢) If in (32.b) ¥ =1 then W (P°-C)=Z, , but the
singularities of the:curve G can be very “hbag: 1 for all pair
(‘yj,:Ki) with ‘sz\ﬁ - )yiz 2 C has a singular point Sij
given in local analytic coordinates by the eaqumation quxhiﬂ 5

Hernce SingC= L) o

1]
: : : < d-]. d-] .
In particular , if we take X:yz -XW 1m0 o then G- has
B T e ! A d-1 d-1
only one singular point with local equation 2z -\ =0,

(d) Not all curves can be obtained by our method
: - EATRRE e o : o
Let C be the 3~cuspidal quartic., Then /Llﬁr“wC) die:. finit of

order 12 lli} i ﬁ?l(ﬁ)mz% and hence (ﬁa(F) is not free as in



H
86)
i

REFERENCES

P.Deligne : Le groupe fondamental du complement d'une courb
plane n'ayant que des points double ordinaires es
abelian, Seminare Bourbaki Nov, 1979,

LZX H.A Hamm, L8 D, T,: Un théordme de Zariski du type de lLefsche
Ann,Sci Ecole Rorm.Sup.(4) 6 (1973), 317-366
Xﬁ] M.Kato,Y . .Matsumoto : On the Connectivity of the Milnor Fibe
: of '@ Holomorphic Function st 2 Critical Boint,
Proc.,Intern.Conf, on Manifolds, Tokyo, 18973,

i4X J.Milnor @ Singular points of complex hypersurfaces, Ann.
Math,.S5tudies 61, Princeton, 1968,

&ﬁl - A.Némethi : The generic fiber of some polynomial maps,
preprint INCREST 1006,
&ﬂ M.Oka

ae

On the fundamental group. of the complement of
certain plane curves, 3,Math.Sec,Japan (4), 3o,
(1978), 579-557, ‘

17] 1.0ka : The monodromy of & curve with ordinary double point
Inventiones Math, .27 (1974) ,.1%7-164,

On the homotopy types of hypersurfaces defined by
weighted homogeneous polynomials, Topology 12
(1973) , 19-32,

EQ} R.Randell : On the fundamental group of the complement of
a singular plane curve, Quart.D,Math.Oxford £
Sl (1880 ), 715709, ;

.o

[81 M.Oka

1}0& M,Suzuki : Group Theory I, Grundlehren der mathematischen

Viissenschaften 247,

L1 O.Zariski : On the problem of existence of algebraic
4 f g

’ ! functions of two variables possessing a given
branch curve, Amer.,J,Math,, 51 (1929),

7 ) 3
Andrds Némethi o

The National Institute for

Scientific and Technical Creation
Depart_ment of Mathematics :
Bd.Pdcii 220, 79622 Bucharest, ROMANIA,



