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OHAR.I\CTARIUATION Or RNGW&R RIE$U
$PACg$ U$I$G ORU*COMPACT OPgRATORS

' Dam fuctor YIIUA

0. Intro'drectlon
D

In ora:r'paper [f] ue have eharacterJzse[ Fanaeh lattfces rr.,ith o.rder cont1nu*' 
otts no?n as betn6 those order eonplete Banash lsfitiee's tr rC.th the property tha*
fbn'any Banach lattJ-ce E, the Rlesz.spaco Lorru(BrF) of arl orru-conpact, openator.e
fron E to F ts a ba'nd' irt the Rlesz Bpace t"(rrn) of a].r order bounded operators
fnom E to F;; the class of* oru-.conpaet operators was lntrod.uced, there ss ai natural
enlargement of the elass of flnltie rank openatorsn Tbe purpose of the pyesent paper
iis t'o ertend' thtrs r.esult to the ease shen F is no nore a Banach Latttcar nanely,
the naln theo:iem assents that an orrler complete Rtesz spaoe F has the property tha*
r.,oru(ErF) f,s a band tln Lr(grF) for anSr Riesz $pace E lif .and only ff F ts orider $e*
panable and negular. rt $s knowe that regular Rieez spaces.are eapectralry impor.tmrt
fbr the theonlr of integratlon of, veetor vaLued flrnctlons $tth respeet to veetor
aeasures ( see fa ] ) . e" evelrr Banach latttce Fath orrJer continuous noag f,s d*re6u*
l:nrr'and thsre exist :regulan'non t'*regular Rlesz spa.ces (see 

$tr)p our, result is'lindeed a generallzatlon of the result S" fJ , 
-

Hhen apptied' to tirs Riesz space of, al-r equlvaLence classes of, nrcasurab,le
functlons on a 4/*flnite neasure spaee, outr theorem slelds an extenslon of schep,rs
well-*knonn :iesult on kernel operators [+] , ae the set of kemel operators is i.n.
general- a proper sub'set of tho set of oru*eompact operatore (see$3 ).

As tho establlshuent of the maln theor"en roqul"res the proof of tho fac*
that every super onder complete regul.ar Rlesz space has the Egorof,f proper&y"e *
&lseussf,on of ao&€ aspocts fnvolvlng the Ego:roff properity f,orns the obJeet of 

$a.$an*Iy, r*e glve a study of a elass of Riesu spasesr the so called Riesz spaces
satlsf,ylng the abstraet Egor:off theonemo the rxatls results is the seetlon ere the
fol"1owln6: evenF 6/'ond"er eomplete Rlesz spaeo oatlafylng the abstraet.sgoroff
theoren ss weaklSr t'*atstr:tbutlve;; a)-so, assuming the contlnu&& hypothesis to hordu
overyJr ord'err conplete Riesz spaee satisfying tlre abstract Ego:roff theonem has the
sgoroff prope:rty* As each y'.order complete, regulan Rl,esz Epace satlsflee tho abs*
tract' $goroff, theo$em, wo ob'taira as eorol-lartes the f,aets that everg 6/*orden eo&l*
pJ-eto reguJ-ar Rlesa spaes $s r*eakly d.distltbutlve, svery super ordsn conpJ-ete
negular Rlesz spses has the sgoroff, prope:rty and,, assuning tbe cont$nuum hypotheels
t;o hol.dr, every ordor complete regular Rlo*a spaes is order s@parable. l{e drars the
att'entlon on the f,act that we mnke no uss of the contlnuun hypothosis oxeept fo*
the akeeCan raentioned riesults r+hlch erps proved anlg' for their own i.ntorost and a!,e



*i, & *.

trot elaplo$ed ln the proof of the mein thoonem i$ $ 3i, *oou*quenfl.y, wo shaLli. not
thlnk of, the phrase rrsuper order cornpleto re,gular Rl"esa spaserN as bein6 ned,unda.stt*

go Prelimlnartes

. shnou8hout, the oectione g and F wdlr be Rles.s sp&ceso
l{henever F is order eonplete rso ehar.r denote hr r,r(srr) tue Rienz spaes

of al} ordor bound.ed. llnea:r. openators frose E to I,o fbe notatj.on Sd r$1I b,o ussd
f,on L*(nn iR) l; nX wJ-llbe the or{Br ldell jn n conslsting| of onder eontlnuous f,unctlo*
rueLgj* Ey(nor) (:reepecttvurr 

Jx(nrr)) w*rr danote the bqrd $,s rrr(srF) gonorarbod
hy tbo operatous of, the f,orn x t*b, f(xly {E[th f€Ed{r,espo*rve}y f,€sx ) eg
ye r .

?u d}l stand. for the *.*entlty mapi on So
tho pnogeetlon on the'hand gonormf,ed by an eldnent r ln

Riesz Fpace r{l-} be, denoted bs [x] , c(x] tnlr]. be thsj set of, aLl,.
sone post t ive x  $$ 'g ( that  $ .s ,  the set ly ly€sr  rA(x *  y l  *CI j

ar 6/."order couplet

eonponents of

Forr a double sequene'e (x"na), the syubo,il (*n*], rss.lt he usod *o eqrhaus$ae
that we *ant se flxed an* m as a runn*ng tndex,

fhe sSrmb'o]- *+ lrlLl be used. to denoto order eonver
tf, ' thene l iu (r*)f B such that lxB *.xl -( y" and ro{0, 

nee *'p 8t *o***

A Rlesz oubspaee F of, E is calledr od,er closed, ff whenover (xr) is *
net fErfr xGE and ror-tx l t  fol l .ows tbat x€Fl:rolatlvely d-order *toun[, te. c
whenever (x*)CF*r x€E and xrr*x ft  fot- lows ths* x€F.

I'or every x$Enr F* wdJr be the onder tdeail genera&ed by xs the. seml3oms

ll llr o* 8* lis gtven by

ll rll, * rnrl4l,{€R+, f yl("(x3 e
ease E is Arehlnedean, ll ll* *s a nome

Ebe synbox & wtrl be used, to denots the eonverseneft wlth respect to
:regulato:r u€E*: t*&x $f f fx* *xff* *9, 0n If we do not want t.o speclfy
teguLator' ne r+rtto 

% 
=-+ xg, b,y definittonn thls me€rns that thore f,s u €S*

that' x**StF ru He also saSr: that (xJ *.s rel-e*lvely unif,ormly eosver"geat to x,
A subset I'l of an Avehtmedean Rlesz space s fs ealled" rolatlveJ-5ir uniforrn*

ly t'otaL1"37 bounded; *f it Is contalned $n * pr.trncl.pal order ldea:l s* and $,t is to*
tal-lYr bor"r.nded fotr ll llx "

Suppose F' Arehlnedean" A linear oporator UrS -*6, F f.s eaLlod. oru*co*pect
(seo pJ) if lt u*ps order b'oundod subsets of B oato relatlvely uniforxnlg tota11-3r
bounded. subsets of Fo 'Ihs voctor space lor..(Urf) of all oJiu*e66psct oporutors f,ror*
E to F i9 a Rl-esz spaeo for the usual ordo* r:olatl-on nhsnever F is relatlvely
r'm1'formI3r conrplete;' 

|L*tErF) 
w*11 denote the o:rder ideal in r,o"*(Erf) fo::med. b3r

those U for  whfcn lUi  Is  orden contLnuous.
'  B 1$ eaLled order separablg 5.f whenever }t(s, x€B and Mtx these is arl

a t m o s t c o u n t a b 1 e u . . , f f i h ' l t N t x * B g t h e r r r e m a 9 ' } i s [ i J , a u A r c h t r 0 e *
dean Rlesa spac6 ts orde:r' separablo iff, o*rery order boun<led subset of, nonre:ro

the

the.

euch
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p a $ r w i 8 e d t s J o t n t ] e J . e n e n t s f g . a t n o s t e o u n t e b ] . e n , I t , t s 0 u s t o @

ord or compl et e 13_gg: g*q gpnl e1t_*U,Un s o pa:rab r u
+ ' * . * * - - * * " - : : t ld - . {&%

s Is ca}led, weakly gf*Aistrtbutlve (see [e]) $f it ts d*order complete
and xf,' for' overy ord.en bound.ed doubl-a se{u;nc€ (*ot} glE eueh that (**x)r lis d.eene*
asln6; for sach n)0 we havo

sup
!x'r0

sup llnf^
ero k)0

X-[. * nnf
g;h l * 'N

**rS(*)

t{lt:ightts' orite}don (lerum r' ts. } shows that in o:rder to prove that a d*oxder
complete Rlesz spaee ls d*distrlbutiveo f-t. eufffces to show that

isf,' suP :( ,-t . * 0
I tt{ --+Ul *l,o Br9(n) :

whenever x€D*r ("*)C c(x) and (**t)o{ 0 fon each n.
E ha,s the Egorof,f, pr:ope:rty ( see [5]) {f for ovetrJr ord,er

sequenee (x*)(s sueh that ("*i lr .c0 .fo:r eaeh e)Or. thore {rs (x
*+hi  such that  ** rg(n) .4xn fon n i )O and 

"o0oo.
lfe nentlon the followlng eonneetion between the above propea.tiest
PR0POsrTr0l'l 11o ti [:] " EverSr super order conplete neakly 6/*dlstrlbutlve

Riesz spaee hos the Egoroff property,r

F*rnatrl,'Jrr E is cat-1e4 regl:ler (eee faJ) tf xr,4 0 r+henever (xrrl6g and
*r** 0o Regltlarspacesalre ca,lLed tn lfl n*u, srpaces] wsth eta$]e order converge*-

!!ee r. rt' 5s rel1 knowrl tha''t for qm orden eomplete Banaeh kbttca, reguJ-anity to
equivalent to the orrler eontlnulty sf the nonn:g $,n fart, o,rder coirpteto re$Ileo..
tsanaeh latt'iees are already 6l*negu1ar, that !-s, for e,verJr dor:rbLe sequenco (x*)

""1 
*o:*-(x*)g **) o for each n, there ns u)o sucb. *pat (?i:ulc)* J$o.for eactr'n (see [e]). tho space of sL] real sequences (xf such that oo * o for m]:L but a

fln'{te mrmbpr of, ehofces of' n, ls an wer} trrnown exampla of negular non d*re6uta;r
Rlesz spaeei"bsseves, 1t has no weak orden unltn An e.xample of regular non 4il*ne6gu*
lar Rteaz spaee wi-'d'h a weak or::d.er unit arrd w{thout atom6 *s provtded b,}r the oNder
lidear ful the spaee of all equlvaLenee classes of r,ebes6ue Erca6urabl-e functtons on'
[ort] forrnecl by the' functione x s{th the propertyr tha* there f.s e6(0nti (dependf*
n& on x) such rhat 

"fJ 
f x(t)l dr <oei o

boundeil doubl_e

,) Cs *d gr hd -+

For e.verSB set X* 
t(*) rr&Ll bo

t$ons on Xi: for eve:r:y oorrpact space Xn
nuous reaL funettone o:n X*

the. Rl€sz. aprice of a,l} hounde& :reafl- funo*
C(X) w-.111 be tho Rlesz spaee of, al} conti.*

?".. Itlesz spaees eatlsfyln6 tho ab,straet sgoroff theononr

Wo oayT ths.t ar d*order comp.leto Rlosz spaee $ sattsf,loe ths abstract
sBoroff theorsnn $f whenevor (xrrlCfi+, e &$+ yu **Jro tt"ru 1u 

(e*) g$* sucir that
%t * and ([er*Ixo)r,'df 0 f,bn" each B>,,0*

S1r theoreffis' ?4o3' &od.?4.5 $.n [3J, eve.rV Ot*on:der eomp]eto Riesz space
wtth the itgonoff p:roperty' satlsfles the abstraet fi$orof,f,, theorem.
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?ROP0SISI0$ e.ts $v6s$.llola,tLvol"V d-order clogocf R{esz subspaoe of s.
6/-order eonplsts Rlesz spaes satlsfying; tho arlstnast ugosoff theore& aleo satj.m**
f'tes St"

I,n0oF. Lot E be g' rd*ond,er complete Rlesz Epace oatlsfyin8 the abst:ract:
Egonnff theorew. andi let 1' be. ai r.elatirrely gl*om$er close& Rteez eubspace o..f S.
t.,ot (x*)C!'+ and e,€F+ b,e such trrat xr0CI,o Bg the hypothesls thore $s (**)6r*
Eueh that ([e*Jx*]o @ 0, for'eaeh u*. He shatl- pmve tha* to every m there
eor''tespor*d's f*€F such tha* **-4f*(e and (F*Ix*)o *SF 03 thiewiLl,,coneludo the
proof, stnce if,

then e[€F*, eftfo and
order proJectlon of x--

so tet n2o f,"
tbat [ei*1\( k*te fou.

B .u & * ! ( t ' ,  
,

([efiJxo]*@O f,on each n (ren*-r trrat [e[]xo equ*ts the
orl, e[ eonPr*tett tl' f).
glven{ *" ([*J\r)* *]_o there ]? * eequence (qn) sucb

wy k/Zn rut tr*& * ft(x * t)*t* * x* )-]ep as s {"srnk-+'

*  
\ )*)  

(n *  t t lde *  x,

tel"at1velF d-or*er closed *ro frave qEBe€F" Lat q * (k * t)*t * k*!, froe the rel**
tion

( ( r  *  l ) * ' f le

) d*e * {k-fe * xnk
tre obtalnr

dt"(((tr  * t)-% * ** )-  + (k*fe
"1r 

'r

then, obrse:rvlng that we a3.ways nave fu * 
"J4*e d,erlve f,rons the above relatlonr

( rr) t.l (f (k * r,)-te 
\)*l 

+ kk-te * ***)*3 e

1n.n:t3*. 
[u*J to both 6rdes of the rnequautr t-J\( r.-t* ve obtaln fe*]*o s

€ t*''f"#e ;; heneo nr $a- rk

t-J(k*te * *%r* * tr*1[*Je * f*Jx%]* rF. 0.

Shi-s *npLtes that S*A(k-fg * 
"4)* 

* 0 end rtrerofore, [(X-?o
Consequentlp,, ve obtain from ( l:)

G* * [4** 6[t tr. * rr)*re * 
\)n)ur+ [t tk * r]*f;* *

l {ow,put - q s
f  - " A t -  r 'm 

k*a 
*Igk t'

as F ls relat'l-vely f *ortior eLosed, 
%.€r and e^€f*4e* To prrove the relstiorn(ff,*]x*)* *f o we nore rhat

oc(*e + k*fe * I'
\

* x *  )  o, ? *

["J n [vl ana [q"J * [*J fon o{}o,
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, ! -  *  (k  *  t ) * l ;e)*  *

- )<  ( k  *  1 ) * f r s

oo
* *Hn ffo

nx \  u
li= fi

oO
r l& \J )t* .'
nt*tl

palrni-se dlsJolnt and U _ 
l{u* ls dense

nrarlt

!

!,

trul.*< tt*f\ *,[%kJ((k * r]*{e + (x

* (x4 * (h * t)*l ie)

as'ft*oJ(x. * (k - t)*11e)* .o 0 bf the cleflnit lon of, fnk*
R "r' nE-

plt03OsrtrON 2'o?o, A 6/*order conoplete Rtesz Bpace satlsf,ylng, the abstract
Egoroff theorem i-s weaklSr: /-distributlveo

PR00l'. If a' 4/*ond'er e'onplete lliesu spaee E satlsfies the abstract Dgorof,f
theoFem', then alr its princlpal orden ldeal aLso do,fi as E {s woakly d*dlstrlbutl.ve
iiff' all fts prtncipal ond.en ldeale are, lt eufficea to consld.er the case when E
has a strong order unit;* But ln thls easer F ls order. ieomorphlc to a space C(x)
fot' somo 6/*stonean spaee s; honee, by wrlghtte critef;{on, Lt sufflces to strow that
ever'trt d*meagre subset of, X ie norhdr€ d.enseo So Let

where the M*rs a"e closed nonhere dense 
$, 

subsets of x* rf M ts not nowi:ere dease
thene le a closed-open subset NCX sueh iir*t lilfll{ ls dense, ar.q l{;, r,eplaclng x &y
N we naSrr assune that l^{ -'xo l{e nay a.lso assune tbat the M-^rs are palrv{se d.isJolnt!n
iind.eed, let

X &
Ul sr. o

Ae X,* ls anr open f' subse* there is a sequence (Xm)m>rt of pairwdse dlsJoint elosed."oienr 
sub,sets such that

Pt* M
n?fir

ln X,

*M*UflX*i; t .hen tkre H"*ts atre

let. f'lX *^=bR be d.efinod by

f ( t,) *. s*tlo t € Mn

f ( t )  * . 0  ,  t € X \ F I o

f, ts an upper semicontrnuous Baire functlon, hence ther-e.J-s er  sequence (t lCc(x)
sueh that, U*(O)*f(t) for everSir t€X* As the complenent of, ard*reeagre subset ini
a compact space fs denser l t  g6ltows that fr lO {,n C(X}i, as C(X} satlsf les the
abstract Bgoroff theorem, there 1o a seq.uence (e*)6c(x) such that e*te and
([eo]r*)*d9 0 for each rn (e being the functrol iaenticatry one on x)o sach e*
muet vanl-sh on M: indeed, :, f  e*(*o) #,Ofor.eome to*"%, thero are cr)o and al
c'losed*epen neiglrborhood v of to such ftatdfio..{** (#u-uerrrg the chanaeteristic
funetlon of V). It foLlows then from the relatlon

%vf, ^-ffuJ% * ta 4,lr# ["*]**
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tbat

$-tt. r(t ')(r*(16) * tf,o**l(lf l( ([e*Jr*)(to) ,

Sut thls eontradtcts the rrrlatton ([**ff*)"n @O .
As M is dense ln X wo obtaln that o*,c,0r whlch contyad.iete the rcLatlon

e6f e. fhe contradrctj-on so obtalned comp]-etes the proo,fo
pnO?O$ITIol{ ?.}:. Assume that the contlnuumr hypothesle holdsn fhen sve},F

snd'en eonplet;e liiesa spaee satlsftr'1n6 the abstract E8oroff, theoren l.s orden sepa,*
rable.

' pR00!'. $uppose tha't trre order compLete Rl"eez space E eatlsfying the
abstract Egoroff theorenr *.s nst order separabl6. fhon thore ls an uncountable
onder"bounded subsst u6e-- ' [o] conelst ln6 of 'palrwlse dlsJo{nt elanents, *sr*
Hr l  (H)  *9 u bv 

+

fi(f) *, snn,
F C H
F flnite

H 1a an order {somorphlsm of #H) oato a relati.vel-.y d-ord.er elosed Riesa subspa*€
of E; henee, by proposlt lon 2.fo 1os(H) eatlsf les the abstraet sgoroff theoremo
As M Ls uncouri'tabLe and' we a-ssuBe the contlbuun hypotheels to ho1d, ar neeuLt of,
Bansch and Kuratowskl 

ftl] asserte that therp :
of 'n sueh rhat Mon *Frl l 'nkf M fo* eaeh n. *rutK;" ' ,0]".u::u""ou 

(m*) of erubsets
rv& siautr ," atr€r t 

L 
u'"r*p4o) t-: 

"o 
nost conntable for

eacb 
f t hl *-+N 

". 
Replactng, lf, necesoary, M*t byl A M*," w ma,Jr sesu&6

Ithat Hnrlrrkcu*. Define f.ncr*(m) uy 
tFo s

fk( t )  *  (u* t ) - t ,  t€M*r .Mrr+t rk

d( t )  *  0 *  t e n  f f i -
;*d srE.

f,he monotonlr propertles 
"f 

(ru,,kl tuply f,to1,$\, as fh(t),4 (n+1)*f fo".t€I,r* and
**t I.1 fo'oach n, o:**.ru rn'Lo- consequentrg, there is'bylgpothe**.s(e*)c le{M}+
such that e*f e and, ([e*lfUlO -"-S+0 for:,eactr nn ( e boing the functlon f.d.entleal"ly
one on f f )"  r f  we let  N* * ' { . t l t€ l ' l r  e*t t )>03tnen n*f  m and sup fk($m) ** ! .  o ac,
k *#oo f,b$ each nrr' t{e shall, s[ee thet eaeh litr* must be at most c,ountab]6;; ttrls tr,ill
contr''ad'1et tne 

f*let^l:artt*f 
m an* tire proof, $o,, o* comproto, rndeod, given m]0,

ria oan ffnd f rhd*"p6'l such that sup f,*(o)(S*)4(n+X)*ff,or eaeh n)0. *y the def,i*
nd"tion of: the trko*, thle implLos !f O*"rrpin) f,o:r,each. n3; consequentJ.ye N*Cc()

C n H*rg(o) anrl theruforeo it.. is at most countableo

.coROLL&Rr e;,fi* Assluns that the coatlnuumr
onder eomplete Riesz spae6 eatlefylng tho abstract
pro.nertyo

E
r € F

f { t ) t  ,  f , €UM}+  *

hypothesi-s holtts* .Then e\r6*tr

Sgoroff theorenn has the Egoroff



*
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Po2 and. ?P,}n
pR{JPO$rfIg$ ?"4t^ A d*order eomplote &less spees is regu}ar nff it sat,is*

fles tthe abstract sgonof,f theorem ancl evou:y order bounded di$Jornt sequenee i.n Il
ts relatlvely uniforrnly corworgen.h to 0,

pR00!'" Let E be ai 4/*or'der completo regul*n Rlseu spac@ and; let
s€E+ be such thet xn+0, sy the hypothosis there ts u€E* such that x*
Pu*; e* *f(ne - wloJe-f {e*) is en 5:lcroastng sequense tn C(e}* If.

@

" o * V r *w0

{ i hea  (e  *  en )Ae*  -  0  fo r  na20 ,

0  * ,  (o  , *  e r )A  V  , "
m=tl

thusn e*f en Tho relation

[e*]u * fe*](me

1mpL1es that (fe*]"Jo *a o
Egoroff theoren.

( x*) c n*u
@r o-

+ (rn

foy.

whleh lmplies

*'T *
* PO 

't f)1 
Eft (e * et)zt O :!B: .S *. e I  r

* ts)+ * (u * no)*)*( nne

eacn ei co&s6gueat1yr.O satisf les the abstraet

* b* an oi.der bound.ed. disJoi:rt $equeneee
on the other side, 1et (xo) Cf

oo.
F a * V  * *  .

[bsrn

F*t

t

I

As yb.Uo -it follows by tho hypothesls that 
% 

*-F 01: consequentry, x**d 0*
convecsely, let $ sattsfy tire conditlons ln the statement of the propositi*

on and let (xnln;o(E bo such that, **"L0. As E satlsfLes the abetract F6oroff gre'*
rem, thers is (e*)CU* such that e*f xO and

?

( [**]x*] * TJ+ o

,  
for 'each nn).O* ReplacinguLf, neeessax?| en Uf ferJx' wts ma3y &ssume that e*€C(xO)*.
The sequenee (n* * u.u*t,)*711 is an ordsr* boundod d.j.6joint s,equsnesi; thereforerthere
fs by b.ypothesl* s€E+ suiir t trat a,n * ***t &b 0 , We ma,'assumo that xoduo The
pnoof nill bo coneLuded. lf we *rrowftnat1- @ ou rndoed, gfven €.> 0, thern i,s p,
such that, €m, * en*trS a.t* whenover *p,nnorn*o

e- *  s-  s i  t? (or  ** t_r)  4a,- !u'  q  P r  t J p + t  
' - * '  - * - f , ' * '  e *

fo:r' any e'?rl+It; as en te o* obtaln fron the above reratron ( - -*1,- q  |  -  v c a ' r  + r u u  u r r v  a u u v e  r e J . a T ] ' o n  U  *  * n (  Z  
, € , U ,  

A S
Y

F  t l

LuoJTo -*s"+ 0 there is n such trrat f-ef **4,i*1
-  L l l o n * s  € x 0 " ' d e h a v e

x  r  . r .  f -  -  1 -  . r  1'n "'L*p.i** *L*0 * upJ*ru$ L*p.l*o + re' * en(fi.u,

which proves outr assert lono



* S *

C0fi0LI,.ARY 2"2, Every d*orden eomplet,e reguler Rtesz spacs i$ weakly
d.*dtstr ibutlven rf r*e as$wne the eontinulun'hlpothesls to hold, then evsry order
complete regutr"ar.,Rlesz space has the Egoroff propertyo

fhe following proposltion shoss ir particular that srrper ord.er complete
regular' Rlesz spaces bohave llko f*re$ular sBasss ratth respect to oyde:r bounded.
double sequencsso

W For any st$ler

are equlvalentl

*) S is regular"

order eomplete Rlesa sp..noe the f,ollowlng

tf) For anSr order bounded d.ouble sequencs (x*)(E such trrat (xsklk.to
fbr oach n there Is u€ll* such that (xrrO)k -S+ 0 fof each m.

tlt) 3'or'any x€E+ and any dcuble sequcnee (*rrn)Cs(x) such that eaeh se*
quence ("oo)* is disJolnt .  thene ls u€En such that t** lo#ao for eqeh u.

PRO0Fi 
n

s) =+ 91) Replacl-ng, 1f'neeessarSr, x* by 
V "o 

He r4as assune that
L=0 *

ttg(xn+lrk" By proposlttora tr1! and corollary 1:.2, S has the'sgonoff propertyg
henee tlrere are (:aJcE* andgtm{ --+N such that *odo *rrd xnng(n}(xor As s $.s
negula:i ' , thene fs u€s* suctr thar 

"*@ 
0. 4u **rg(*)€**of(*i 

k i* oh*rr".r**
n{n Lt f,ollows that (**)kq 0 f,or each n,

11):g i i i )  L6t  
oo

yrnn *Y xnj, .
f=

(r'*) ts an order'bound.ed. double sequeneo such ttrat (r*)nSo for each n;; cofts€-.
quentlyo there is u€E* such that (Fn*)t*i*+ O for,ur.r, *" As x*(g$kl the sam.e
.Is true for ( x*) 

"
t i !)***t) He prove f lr{ i t  that E ls woakl-y d*Atstrtbutfve, So let y€E+

a n d 1 e t ( r * ) C c ( x ) v e r t f y ( r o * ) u { 0 f o r e a c h n n F u t

Jr * l,nf . . sup g* ..^r*,r ,
C;N --+ilt ii6 '"'qt*l '

I f ,  x* * '%lc * ynrk+f their x*n€O(x) anei each sequence (x*)k ls d,ls1oi_ntn Sy thc
hypothesie there *s ueEn ulth. tlie property that (**)r* --g+ 0 for each ni sonn
oequent ly ,  g lven t )0 ,  thsro ts  

SrN**n l  sueh that  xot<€* whenevor  i r  
ry($)u As

e o _

"o,r(o) 
* 

Xrl 
'*k

i t  fol lose tha* F*n$,(n1"48 u fou'eae,b no Hence s<€u be the def, lnlt ion of y;; as s
is arhitr&rg, gp' xa, Q.

A s D i s

.Egoroff propertyo

side, 1f  {x*}  CEo

x*€ 0(x)ana consequently, (ro)

also orden separable, proposi.tion iin11 J-nptf.es that E has the
herrce lt  satief ies. the abstract Sgoroff theoren" On the other

1s an orden bounded cl isJolnt seguencs and Lf * *V o * *herr

**$ 11 by thc hyporrrosreu An *pprr"*tlJl ol nron"***



ttom ?"4 eonc'ludes the pnooso

. * $ , *

5o fhe oporatonlal characterlzatl-on

[he proof of ttre maLn ro*ult will" rely orr t$o leffunas and ar propooition
wirlctt present$ i:rte:rest ln $-is ob*,ri, ss {t givee a,noh topologtcal voroioq o€. a
prtncl"pallty theorom for rnodules of opeuators (thso:rern pu$ Ln. [gJ t6 .

t f i l l l {AJ"f i .  Let i l  be an Archlmed,ean Riesz spaee *nd lot t{CS+*{,03 be.
a subset of pnirwlse dirJolnt; el-ements whlch ls tota,ll-y bounded for it tlu * ?iren
l'1 is at mo.gt countabl"ei tfl M ls lnf,inite arui i.f (x*) *.o any agrangernont of M in1;o
a sequence! thcn x*. @ 0o

- 
Pn00F. 0urc'asserti"ons will f,olLorr lf, r*e Brove ttrat f,os everlr t)or *he

eet l" l*€l '1" 11oll*)rt !  ts f, lnite' rmdeeil,  *here *" *f l . ,nrxo(if , i  
(depending oras]

eu*h that 
f f iU*i l  

x *xul lo4€ 1"or anp x€i!4* I f ,  x6$rfxr**o.r"o3*iren:eAx* * 0
for' fl{,t{nl, coln$e!}Lt€r}tly, tbe $neqlral-i.ty .e

x g !  & .  +  * l  , * f x * x r l

show$ tha,t flxitu4t anri tho proof, 1s ecmpte*e*
I/fiitfi'13*&qg Let & b.e a nupor ovd.er complete reguran Rlesz 6peoe snd lst

(m*) Ue & sequonee of rol.atively unifor"mL3r tctalLy bound.ed subsets of' B euch thu*

PO 
t** $s order boundedo Thenr there is u rdE* sucb, tha* ea*h $f* its tote.Uy bouncled

f,o:r ff ff,, " ,oo, q
FR0cro Let x€It* bo such that 

fi 
*-tf*xox]" 1'or eaetr n there $.e uo6l{n

ns0
sucb that lle ie totetrrrpr.irounde& rorl[ ll** . Fat x* *f(ts* * k*]J*i (x*) ls trffi

n
onder bounrled clouble ssqusn*e deeraa.str.q6 $n, lr f,cr each an Iu fact* {x*}g,.[ C t
i lndee,*n Sf

tbsn.

kx r a-^ f''-- '$6kxeu * L(** * kxlJ({kx * **)* * (ur - **)* + uo}g;ta* :

f.or each k, wilch $naplloe that ** *'0* Cumgeqlr*ntlg, therne Se bgr p.eopoettion **g
tl€jE+ such that (**)U #+ C for each g fi lre Es.'\y &ssrffiis t;hat xSRo l,Je shalL, pr"ove
that eaetr l'1* is totallp troundad for ll llr* . Indeedo let 6 ) O and n tr,e givegn As
(*,rrolo #*F 0 thq'rne l,s k sueh that *o*C}*tuo As 14* fo'{l;otatry bounded tor i{ l!*
' i rncre aye yf  ,oooss*gH* such t .hat  sny y€hi ts ,sr ! "brs f les {y  *  y*g6(erq}* t*o *ou.  * " i lu
{€[tou'o*rn*] u faklr:g tnto sccount the faet thnt x*6c{x} we erb€g,:Lr,s that an*.. S*l{"
sa'eisf loe t

@u**  A" *

fs * s1l -, txlls * s*.1 * fx * x*n"ilr * $g[ n ["*x]lv * ysl 6



f ef-t'o**oiue$ o tho $diontfty tL*.]"1 *[*J["] onabres r*s to d,ertve tho

[x * 
"*]q- 

* ( Lxl * [%#]e* * [nJ{ ts * f(*o * }cx}o}}tnod

'( ( tu * f{** * tcxS*l)*** *

* (?u * f 
:o 

* kx)*Tltt** * *)+ * (un o ur)* + rx) stex

tx*lx * xnk "

( tau*t [*
fon eoum

nelattons

end,

Henee

- . 4 .  {

l r"* r, |  € a*'€x + &-'E,r S€,t

s:sd the pnoof ls eomplete,

Rocall that anL f,-al8ebrm. iia w' RLesz spaco A endowed with ar struetupe of,
algebra such that A*A*CA* ac,!d ae,r\h rF ssuAb * 0 rdrsnever &rrbr* €A+ and arAlr * 0,

AnSr: space c(x) rs an f,;argebra,. for *he esual algebmtc and osder str,"ue?ure
Fo:r any orden eonplete Riesz space E we denote lry u*(g) tiro ailgebrw. o,f,'

operators oru E generated b3,. order proJoetionnl;r tt *,s woll-kol*, urat Z*(S) Ss a$.
f,*algebra for" the usual algebralc and order stnuetunos.

If X Ls a eompact spa*e and. E ls an ostler complete Rlesa speco3 ttre cone
n

t  X ru@fir .  i  *u€c(x)+! \az.(n)*\
"  f rEJ ,  r !  n i .  a  + -  3 . -  p '  , +J

dof,lnes an orden relaiiion on the tensor, procluct
*a4o an f,-algebnan ,Xo verlfy for lnstance that
that 6,vea,1r a€,C(X)6Zn(n) ean Tre writtsn es

f +r\

'  algcbnw C(x)&up{n) tur.arng I,r
c{x)@z*(E) ts aintesz epace*notev

A I

a',* X f*@!*
t=ti * s

where'trt€0{X} and the Ptt* ere mutual1.y dlcJoint or:d,or proJectlo*s3; tt ,
neadlly soen: that the modriLus of a fe gi-ven hy

( ? )  f e l  * * t r : $ t @ p {  s
1*1,

there l .s a unique st::ucturo of C(X)SZp(n)*modut.e on L*(C(X)rU) suctr that.
t ( fe f f )u) {e}  * f r 'U{ss}  wkrsnevsF f ,$€c{x)* f -6  a ; ( } ; }  and u€eo(e ix} ,s)  i ;  one cen
vorify (by: using (ti and {2}) that, fon the moduLe structure eo defr.nedn wo irave
lat i l  * '  la l { t i f  vhenevor 'e€c(x)6tzr(u} snci  I }61,r(c(x}sa}o Fnom this re}at tou wo rnn4r
obtain for instancs flrilt 

P

(a.AAlU * aTJAb#

3.$ the:r

(1 )

$henover aob{ i  C{X)s#zn(: : : )  ant l  U€I*(c{X) rE}+ "



{  
- i '

b l '11  *

PR0pO$[TICIN }.oto I,et'X he a conpact spaee, let B bo a: supor or'd.er comp].6t(
-

R$,esz spacs with the S6oro,ff property and. let s d.enote the functlon ldentl*ally onr

om X", then for any UrVSl,r(C(X)rfi) such that OdU(V ttrore ls er sequsnee (ao)C

Cc(x)Sz- tn )  such tha t  lU  *  a lv l (e )  * *b  t ] .
B ;  s  r -  -  '

FRO03'{ lle assuxie flrst tha*, $ 1s ai coqponetrt of' V* Pr*t To * Ur V* * V * $,

A* Ur,^ YZ *' 0 we have 
ti - d

m n

$ X v*(rrl^va(rs) \ 4or f,*€e(x)+, i l rl * uj $o "r - f f i  r :  t r  (  t  r  '  
f f i  r .  J \ r  

:

As I i.s onder separabAo, there Ss an doubls sequone^ /r t 
ap CC(X)* suctrvvrY(*'c = 

.. lrrfrn1rO, 0{i..-^*

that

5
f  L *  * e

V $=O 
lrjr

for each n asd
ks ! !* 

tr \tr*)nuve,(t*')001 = 0 ' . *

6's &*+,c€r . $lnce

(v*(r*) * vatf,*r) )*A(v2(f,ni) * vr(f,rr*))* * o

there S.s ani onden pnoJoetloo P*r. such that

.( fi, * Pnn)((vr,(trrnn) * va(f!,u))+) * Prrs.((v,(fnnl * vr(f*.))o) * 0*

' 
f,et, 

,_ 
.

% * #' 
ro*"sP*r. o

fhe rela*ion

I

' shoss that
J

0(ebVr (Vt ,  S , ' *  t r?  "

l{e a'lso have 
k'"s.

0€ (vf * *rrvt:)(e) * f. t t i" * p*.t)vt(f,oi,) *

-*(ln * pns)(t", le l*r * or,%s))* n vl(ror)Ave(trni))s
i=0 

tr '!a-a t t'trlr {, I

, k
g[

zi ):" vr,(r,.ulnvp(,f$i) .
f=0 

r*t

SonsequentlS;rn (u1 * aoV*)(e) *+ 0;; ar simlLerr connput€tt,f66 ehorrc ttrat (a"v*I(o) *&
*-+ Oa It fcrllorss then from the rel.ation

n
e $ ? u * * * * F  f o r @ ( t u * F * )



i e ' f l l  *

t t j  * .a*v l (e)  * lVt  **oYt  **Jet r {e)d (u*  , *a*Vo)(e}  +  ta , ;n} (e}

thas lu * e*vf (e) *+ o o
F*n'*.he genea"al eerso, by Freudenthe-lts tfleor*n thom ts a.s,tqu*nce (v*)

of,'finito llncas." comlrlnntj-otts of eoroponents of V such that 0CVs6V and lt} * Ve[d

4 rf&. Hy tho prevf.ous ff*'sum.onsr there ts a double soquenee t.Lre c(x)&,up($t
sueh ttrat (lv* * a*v[(e]]u *.g 0 fo:r'es*h n, Replactng, l,f neeess**go ** Lp'
(uno)*A(offir?u) and talclrr6 ln'bo account (3)r ss ma$ &ssune that o{m*r*Vgi*v, To*ou*
fo:re, the double sequencn (lVn * *hkY{(e}} *e grd.er t}ormdedi; the Dgoroff propertg
gives then *i$,i l i* h[ such thet lV* * uiurs(orVl(e) *+ 0 , the re]atJ"on

I

lu *  %,gtnlu[(e].*  n*?v(e) * lv* *  en,rptn]vt(*]

ohows tlhat lU * **rytu)\f l(6) *F 0 agid, the proof, is completo*
lfo nay state norc,the matn reeult of, tbre pepsrs

" ttIS0Rnl4 ?ol!u For' any Rtesr spaes H asrd aaF super e.rd.er comp3.e*e re.gpla*
Rlesa spase f ,  tcru(ErI ')  l t"s s: hand !n nlr(SuF).

Convereelgu Let F he an order eompiete Rlees f i \

, t t
uonvevseryr Jet .!' ns 8.n orderr eompJ"ete Rlees spacs such that &n*(l*(*i

$s or.d.en'eloeed fn L*(1dq(I. i)rp) fon'any set IJin Then F ts supor order complete and
negular'' 

rao0F, I,et F be a strpe* or:der **,*pr**.:u re66uLar Rsesr sp,e,ses trn order t*
prove nbt lor,rrinrn; f,s a ban{ tla Lp(Srlf}, lt euffj"cos *o d.o it ontSr tn: the *aee
tghet tE has a s t rong orr*er  un l* ,  ra6t r t *n le t  S * , fx [x€$,  l l * lL  *03 ,  t ] re  qr ]o t font
Rlesz space E/G :.s Ar+hi-m+dean and hae al strong orcler unlt v)0" rf !i d,eno.hes ttlp
eonpletlon of fi/& fo:r the norm'l{ tlv * l'b Ls straxghtf'orward to vertfJy tite* l,}"{trr}.}
$s o!'der i.sonorphlc to Lr(go3') thrr:ugh an *somorpilism talcin6 l,o*(nof) ont*
La.-*,(HrFi6 As l l  is ondan teomorpblc t* ar sp$,ce ${g}o J-t, euff lees:"rrne*r3r to co:rsx,*
der onl3r the case E * C(X) for soms eomparet epaeo Xo

ge showr f lrst tk* so"*(e(x)r,*) is s,ul i :rEler tdeal. $ru r,*(c(x),1.) i  as
Lo**(c(X) r i l)  is a Hlesa subspaeoo it  sufftces to provs ttrat the relat1o$s i]  {*
€  r ,B " {c (x ) r } ' } ,  v€1 " * ( c i x } , r }e  odug l t  Lmp}y  t r ' €Lom(c (x }o r i ,  j } eno te  by  o  g re

fhnction identiea'ti.y one on s* thoro l.s x6F* such that v(f*e*e.l) 3s tata,Lly h,oun*
ded; for'i| [" o $y proposltlon. ti*ti and conc1lar;n A"Ae F ]r*e the Egoroff pn6;:onbyg
we a€jt l  thon apSrl i"yr pm?posit lom }.ot and sirtatn e saqusutre (%)CC(X)ff i fn(f) r;uch

l*u 
tt} * &hYl(e) *9 0n the regul-artty of F inplres th"at there *s y63.* such tha*,

t$ * 
"*vl ie) 

* i*U n i  $e mayr &$sur*e that x6y" As af([*ereJ) is tota].1-y bounced
far ll il ana'ry

iTi-",dJ 
ll u( r) * n*v( rlilv *+ o

ast'tt*#oo u i* fnllows that. u{[*s,eJ] is *otaIl"3r bounded tor ii ll., , the ,rru-*com*
.v

pacity of U bci" lg 'cirr.rs establi* irecl"

To p::o'to that lo*r(0(X),f ) is a b$ndo let U€ tr(O(X),ir i  i :e the su]2rerft i im
(rtq a sub,$et *f Lor*o{C{ii)rf)u As F Ls ordcr setr:,"rrabl-e, w* may find e, seg.uen*s



t? :_ sup S* o
l naO

t'lre deffuritlon of IJ I$ corr.ect becauso

tU*)Clu*(c(Xlrr) srrch that 04Ungu and i f*tel tut*t" {he regulartty nf F i .up}iem
the exi.st*noe of x€iF+ srreh that t lr*(e) -#}U(e)" As Uo(froreJ) is reLatlvoly unj.*

. fonrnLy t,otal.ly trormded and

€0

U
nffiO

u*( [ * "e ,uJ)  C[* r (  e) ,u(  u)J ,

l-emma )"2"r 81vg{i an ygFn such that oa.bh s*t IJ*([**r{) *.s tota;lly bounded fon N{ fl*
'$'o rna3r assume that x (f. As

;:t-,-Jl{u'{' 
* ux}(*){1"* 6llu(e) * um(*)llv '

{t folto**s thrat Ut[*ereJ] fs total13.b,ounded for f l l l" o tfru orn*cosrp&cltg o$.'U
'  b.elng thus estebl ishedo

' ',e prove;ffiT:{"';: :J::':il":H,::T:';::: ilJ::.:-,]iTI,.:Jfi;:T;.-'
1 

orde:r,bounded subeet of palrrxiee disJotnt elerrrents. Dofins U€[r(J" (${),} '}  an$,
'+  f ,o : r  every f in l te  t {CMr SU€}o*(%(m), f  )  by

u* tm r( t) t  ,
U  o . s U p  S n  c

N C M  
I I

il ftntte

As Lou*r(l"JM)rr) is by hypothesis orcen eloseel,o l t  foLlows tha'b u€Lo"o(L(${)rr}.

Consequently, I f  s denotes the function iclentiealISJ one on M, t l ion MCU([OreJ]

.virl-ch inpl-fes thet iq is ::el-atively uniforrnly tatatly bounded;; by l-enuna,3"1,, irl mus*
k;o at nost e'oulrtabre and the order eoparability of 3' !s proved,

l{ow: we may apply propositloix ?"5 ln orden to estaLrlish that F ic rogtr]-arr
' l i r  fact, rce sl ia}l  see that F satisf los eonCit ion 111) tn that propositto**

Let  xgFn and le t  (x , " r . )CC(x)  bo a double sequenee euch that  each cequence
("rrulo fs d, isjai-ruro oefin* s*€Lor*(*Jbis,8{)r l l )  and u€rr(t tNxh.{ }eF} b3,

u,,( e) 's X-
0 € L r J 6 n

I

*un d f  a*"x-gaxI

(e belng the funct ion tdent i*ai- ly one on S{XN},  As Loon(Uh|.AN),r}  Ls order
elosed. by hypothesis, t l  is oru*ConlF&Cti l  consequcntly, there i$ u€l '* such i lrat
I l ( [0re] ]  is  to ta l ly  bounded for ' l$  l l ,n  "  l , * t  e*  be the f ,unct ion def ined by

*n l r (o , l t )  *  1u

eni* {mof . , )  o  0 for  {n*up}  S (orru}  o



t 4 *

then 0(e.-,-) - 2*fr*.-,- o By ].erurua JnT l.t f,ol-.Loras that' n K '  n K -

r ^ * S f t  \  r c - t  \ i  1 1  , -
t t  xnkJk  *  t u te rok j / k  * *  u  s

€)on$$quontJ.y* we aLso hrsve (on,olh *#,4 0 for,each n s,nd

fqn0Riiil'{ 3"lio Let llrF be liissz spaees $uch tha*

aad re$rlerx" anrl at least one of the f,olLo$ins eas$itione h$Lds:

S) S hae a stron6 order u.ni*"

ln)  F^ i  separatcs Fo

fhen LCIyl r i i r , l - )  * ,${m,r}  aua i fu{n,r}  ' *YKisrF},
PBO0Iro sy theorem 3.otiu Loau(nrr) i .s ai hand in L,r(urF)g b3r corolta:r:y 3*l

*a[rJ , r,Sr{o,io} is a band *ru l*[in,r), henee, a:band r.i r,*(non]*As. every opera,tor
of,tha forru x |*} f(xlp w*th S'€Sstr,espe*ttvel-3r ggXx) end 3r €F f.e is f,oru(S,f. i l )
(respeetlvetsn t l"*t$,r) ) ,  t t  f ,ot lows that f , in,p) C &orxr(a,r) and 

")xtu, i l iZc rh (E ,F ) .
0n: the other aldep theorem 3,4 fnf?Jefror+s that Loru(Erl l)CJ (grf) and

r l * (E, l ' )cJx{u,*y q
We elose the section by givlng a ehara+tertzaiion of kernel oporators *Jr

terms of oru-compacitgn

r,et {sn, fi, &) 
n.e a}*f,:.nite measurs spaces and, I'et I-*t f,f) (g*tra} be

the Rtesz flpaee of, ai-I eclutvalence classes of neasurable functious on $U, $onsfder
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hat:d lrr, Lr(Eri,p{ ffr)tn Cuso'chE*r**tor*sa*io:r stro$is ttrat in general., ilre set of, ail-t
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kernel operators (= orCer eontlnuous of,u*oonpact opef,'atons) bnrt the $hole space

eoo*(f i rr , ' ( fr  r t i  is a band. in Ls"tar l : ' (#r))r
SOROI;LARY 5,1n If,' ff' hu* no &*orc$o then thero l.s no nont:rivj-a! kosnel

operator deftned on th.e shoto space I"0(f, lt).
PR00I ' .  By theorems 4uf i  and 4oz lnf t ] ,  Lo*(r , ' { / r { t ) r t ' ( /J?)}  * , t0} , ;  uren

apply thoorem 5,3.
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