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COCYCIIIS ON ']]NIJES

T . a  *  \ r
J . \ , U  ' \

hrr T,{ i  hr i  V - 1:. i  msnerv . Y  r r r r r r l d +  t  a  r  4

b *  e n  o r i e n t e C  t r e e ,  e n d o v / e d "  l . i i t h  a n  c r i € n t a - b  l o n
preserv ing  a-c t ion  o f  tne  l -oca l l v  con lpac t  g rCIup  G ,  In  the i r

o r i 'oer  L2 ]  ,  Ju lg  and Vdfe t te  con: ; t rue ted  in  a  geonet r i -c  v , /ay

a  i (asparov  b imodu le  f  e  t ^  ( '9 ,0  )  t4 . ]  and sho ' i ,ed  tha t  the

class of  f  in f f iC (0 ,0 )  ccincides with ' ! -G 
,  the unl t

o f  t h e  r i n g  K K C ( 0 ' C )  .  T h e y  a c h i e v e d  t h i s  b y  e x h i b i t i n g  a

h o m o b o p y  t t  
' r '  

t  a  l o r o o 3  ,  (  i . e .  a n  . e ] e n e n t  i n
' t r ( t _ r u ( [ o , _ q o - J ) ) . ) .  

s u c h  t h a t  f , * = f ,  a n d  f o  =  t c  .

I f  G  = . F '  i s  t h e  f r e e  g r o u p  o n  n - J r e n e r a t o r s  a c t l n g  c n  i t s

na tura . l  t reer  the  l {asoarcv  b i ; i rod .u le .  f ,  re r luces  to  a 'cons t ruc-

t i o n t i o n e i n t ' ? ] f o r t h e c o m n u t a t i o n o f t h e K - g r o r . l n s o f

t h e . r e d u c e d c r o s s e d ' p r o d u c t q b y F . n . } i 1 o r e o v e t r , t h e f a c t

tha t  t :  t *  v ras  needed in  o rder  to  car f .v  over  the  above
Irr_n

c o n p u t a t i o n . - -  (  f o  b e  m o r e  s n e c i f i c  o n e  n e e d s  t h a t '  j r ( f  ) ,

i s  the  ident i t y  in  the  r ing  KK( lFn ! ( rArFr .x rA)  ,  r , vhere

i r  :  KK*( ' c rc )  - :+ . '  K :K( t rx " ' t rG x" r i )  i s  the  nap d^e f ined b i ,  .

Kasparov  1n  [4J  e .nd  t51 .  (see  t51)  )  .  Lack ing  G-equ ivar i i - rn t

f f i= thecr l ; ,  nos t  cons t rue t ions  in  L7 l  $een cornp l i ca tec l .  and

unnatui^n 1 .

The a i : ; t  o f  th is  naner  i s  to  s i lo tu  tha t  the  ho i ; ro ton ; r

exhi-bj- ted fn [7J for  the f ree grou"p,  can be nf tural l ; . ;  con-

structec.  out of  bhe tree X .  ' lhs idea th,et  v ' ;es behind this

h o m o t c p y  1 s  t o  p e r t u r b  t h e , e i c t i o n  . o f  G  o n  t h e  v e r t i c e s  o f

X  b y  i i n  e x : : l  i c l t  c o c ; ' c 1 e ,  s o  . r ' e  c o n s t r u c t  t h e  c o c l T c l e  f ' 1 : ' c t .

This lear j : l  t .o & cont inucus f 'a;ni l1r  f  oo of  Kasnarov bi i i ior lu les,

rv i - th  w ={w. r )  runn ing  over  the  d . i rec t  p roduc t  T t 'U(Z) .  o f

N =  cara  1 t ' '  cc - ies  o f  the  un i ta r .v :  g roup t f  (2 )  , .  
- * rhcre  A{ -

is  the  orb i t  snece o . i '  the  edqes o f  ; t  .  I f  v ' , ,  =  ( * , " , )  i s  the

constant i { - iupi€ H.,  = I  -#e qet S,,  = E! and i i  t * t - ,  is

- t i rn  *a t r ix  z  =  ( :  1)  , " f r r  ever .y  v  a  iL  ,  ' . 'e

set t , ,  = tG rhe **pr i-" t ;  ; i " ' : / - ;* ;"" t- ; ; ; ' ' "o", ' i t*  t=
usefu l  i " t  comruta t lons  *  r te  i l - lus t ra te  th is  b . l ,  cornn* t ing  the

ch l : r l c te r  o f  the  1-su . rnab le  Fredhc ln  modu le  f ,  w  L t l  Th ls

s i n o l i f  i e s  s o , n e  o f  t h e  c o n ' ; u t a t i o n s  c r  , I u l g  a n c l  V a l c t t e  i n  L 3  ]
a - n c i  s . l i c r , s  t h ; t t  t n e i r  r e s u l t s  r e r i i c i i - n -  t r u e  e v e r i  i f l  o n e  d r c r r s  t h e

c o n d i t i o n  t h a t  t l r c  t r e e  i s  u n i f ' c r n  1 o c i ' . l f . r i  f  i n i t e .



2 ,

t

Le t  Xo  deno tc  the  se t  o f  ve r t i ces  o f  t he  t ree  {

t s .y  i , in  ac t lon  o f  the  loc i - r - l l y  ccnnac t  g roun G on X r  w€

sha l l .  nea,n  a  cont inucus .  uc t i cn  , ,  x  Xo

(S,x )  , - t  gx  ,  tha t  p reser .ves  the  na tura l  c i i s tance d  on

Xo .  Th is  de ter rn inqs  
" .  

Lo . r t inuours  c 'c t i rn  (g ry )  r - -+  gy  o f
' 4

G on 'X '  ,  i ;he  se t  o f  ec lges  o f  the  t ree  x  '  
" ' "e  

sha l l  denote
. A  4

by 2'1 c Xa a f ixe ' r  t ransversal .  for  th is act ion of  G

on Xt ,  ths r t  i s  a  conn le te  sy ; j tem o f  representa t ives  o f  the
,"'l 4

orb i t  space '  G \x*  
' ,  

and  T ie  sha1 l  Cenote  b ; ' '  i  e  t *  the

c lasg  o f  the  er ige  y  €  X t  The se t  Y .  o f  o r ien tec l  ed .ges

w i l l  b e  i d ^ e n t i f i e c l  l v i t h  t h e  p a i r s  ( x ' , x " )  o f  v e r t i c e s  s u c h

t h a t  d ( x t  , x "  )  =  t  .  f f  y  i s  a n  o r i e n t e d  e d , g e  J f  =  ( x t  r x "  )

w e  s h a l l  d e n o t e  b y  t  t h e  o r i e n t e d ' e d g e  ( x " r x ' )  a n d  b y

fy l  the  (unor ien te :d )  edge de tern iner l  by  y  .  " i fe  sha l1  a lsc

f i x  a n  c r i e n t a t i o n  o f  t h e  t r e e l  i . e .  a  c r c s s * s e c t i o n  o f  t h e
q 4

m s . p .  T 9  y  H  l y l €  X a ,  e i n d  c o n s i d e r  X '  a s  &  s u b i ' : e t  o f  Y  .

' ; , , 'e  shel l  fnoreover  * r** t r ,nu that  the act lOn Of  G pres 'erves; '

t h l s  c r i en ta t i on ,  t h r , r t  1s  the  ac t i on  o f  G  o ry  \ :  l ee i ves

rl

X-  j -nva r ie rn t .  I f  X '  ,X "  €  XO i t re  t , ' rO  ve r t iCes  v ie  sha l l  de -
/ .

, r "d*  b;n f  x '  , ,o ; " ]  the geodesic  jo ' in ing '  x t  wi th  x"  \ !e

sha l l  f : i ay  tha t  t he  o r i en ted  edge  y  be longs  to  the  geodes ie

f x , , x , , J  i f  1 ;  i s  o f  t h e  f o r r i i  y  =  ( * j - , t i * t )  ,

b e i n g  t h e  n n t h  t h r l t  d e f i n e s  t h i s  g o r d e s i c .

. n 2 n
X t x * r X ' - r . .  e X * ' = X r l

t ) e f  i n i t  j .  t n  :  Supnose  tha r t  7E  t

un i t i " i . rv  representat ion o i '  the g l 'ou1l

H . , ;e sha,l l  sai i  thn.t s. I 'unction

G ---r 1( t{ ) is soire

G on the  l l l l ber t  space



- ) .

.  c  3  X .oxxo * * *>  f , ( i l )

is  a coc"rrsfs on , i  for  7t  ,  i f  c  $at i$f iCIs the fc l lor ' ; i .ng;

eon< i  i t ions  b

,  c ( * 3 , r 1 )  =  . ( * 1 , 1 2 ) *
2 , " 3 )  =  c ( x t r " 3 )

r ( s )  
" . ( * { ' , 12  )  i t  ( s -L )

€ Xo ?."nd ever\r {, :  e l ' .

Note  thn t  i f  r ' ;e  f i x  a .  ver tex  *o  ,  then the  func t ion

t  A  O r  r  O  C r - rg  r * t  c ( x " r g X " )  i s  a  c o c l ' c l e  f ' c r  E  ,  t h a t  i s  g r . - +  c ( x " r S x " ) l t ( g ,

i s  a  un i ta r3r  representa t icn  o f  G e*  H

T h e  c o c y c l e  c  o n  X  1 s  c o n p l e t e l , y  d e t e r n i n e d  b y  i t s
4  , 4

va lues  on  L*  .  
- '#e  

sha l l  c4 .11  the  re i r t r ie t ion  o f  c  to  I . . *

r n e  S e n e r a r r - n g  f u n c t l c n  o f  t h e  c o c - r r s f s .  I t  s a t i s f i e s

c ( ; ' )  t E ( g )  =  n ( s ; )  c ( y )

' 1 )  e ( x r : r )  *  t

z )  * ( * 1 , * 2 )  c ( x

3)  
" (gr r t , . rgx2)  

=

for  every x ,  x t  ,  *2  ,  s3

does  no t  c le ,n *n : i  on  i . he

v , r i t h  r ' i x e o  e n d  n : i n t s

pa.r t iculerr  nath
4 n

- L  1  I l

X [i.r'].C X

t 2 n
X  r X  1 . . . ; X

for  ever.T I  in the stabi l izr+: :  o j l  the ed.-qe. y ,  and every
n u**udys* 4

y  e  f  .  Converse l ' , i ,  eve ; "ya  t 'unc t ic r r  c  l  L* ' * )  U( ! f  )I

I

wi th  the  iabove nroper t l i  Cetern in ,es  & cocys l .s  on  X fo r  R-  ,

s t i l l  deno. tsc i  by  c  ,  fo r  p roper t ies  f - )  a ,nd  3)  un ique l l r

de termine  c  on  the  s le t  o f  o r ien ter j  ed"qe* i  and s ince  l {  i s

a.  t re e r  nrrcert  i  es 1- )  and 2) shc\n '  th;r t  the valrre

a ^
c ( x ' r x " ) :  = * t r * 2 )  c ( * . 2 r * 3 ;  . . .  * ( * * - 1 r x n )n l



4 .

'#e shar l - l  cOnstrLrct  no! ' , :  e pa.r t icul .ar  C- ls.ss od'cOcl , ig]6s

on X f  t r  the  reDresente i t ion  r ro  I  G * *+  U(  12  (xo  )  )

lnc iuc .ed ,  by  the  ac t ion  oJ '  G on  Xo '  ,
4

I f '  u  e  U1 t ; t )  i s  a  un i t i ; r y  rn& t r i x  c ind  ( x '  , x l ' )  i s  an

or ie  nted ed,qe,  ive sh i : , l l  denote.  b ; i '

u ( x r , x ' , )  €  i i ( l - 2 ( x o )  )

the uni tarv c i  ef  ined b"v

u(xt .  rx"  ) .  = , ,  , ,  o* + t '  vv*

u i h e r e  v .  =  v ( x ,  , x , , )  i  { 2 - - - t  f  2 ( X o ) ,  1 s  t h e  . i s o m e t r ; v  d e f  l n e c r

o n  t h e  b a s i s  o f  & ?  b y  v ( e o  )  =  t * i  r  v ( * a )  =  6 " , ,  .

I t  v i r  = ( i^ru) r  J o L{ ,  is  a card.  f . t* tuple of  uni tary

nat r i ces  be long ing  tc  U( , .Uz)  ,  y re  sha] t -  denote  by

c w :  x o x x o  u ( r 2 ( x o ) )

t h e  c o c ; ' c l e  o n  X  f o r ' t h e  r c p r e s e n t a t i o n  T o - ,  g i v e n  b y
4  ' ) .  ^ .

the  genera t ing  func t ion  cuu :  U  
*  - - -?  U( t ' (X" )  de f inod.

a

.  f c r  r  :  ( x ' , x " )  g  I '  b y

c  ( r r )  =  v t , , ( x ,  r x , , ). ' w t "  '  y '
'

I t  ib ef isy to see that i f  r r ie extend. the J lun*ct ion
d ,

Y ' i  I  |  
- ' *1  

I . I (  t : ' )  t o  n } l " .  o r j "en te t i  ec lges  by

! y ,  =  w a  f o r  y e f t
.  " v  \ i 'r, t/

:L 'l

.  u u , ,  -  7 " : i Z  f ' o r  V e  Y r X *

, n  4 1
(  . z  b e i n g  t h e  t r r n s n o s i t i o n  r n a t r ' ^ t x  t ;  : ) ) ,  t h e n  t h e  v a . l u < :

\ 1  3 t "

o f  
" r r l  

i . s  g i v < ; n  o n  e v e r l r  c r j - c n t e r j  e r i q e  - v  =  ( * ,  r x o , )  b y



c . . , ( x t  r x " )  =  v t . . ( x t r x " )  .- w '  .  
i r '

a

]efrqrf- l "  Tf  we f ix a uni tary rnatr ix w€ IJ(C')  such

f,4

that t tr t = ,r* , then the formula

n  l - . - l  v l l \  -  r r y f  v f  * r r t )
' . ! , 0 , \ ^  t ^  I  *  t ' y \ ^  r r u  J

d,e f in .es  the  cocyc le  cor respond i r lg  to  the  cons tan t  func t icn

- 4 .  ' +  -  - - 4
l f f - i  =  ! r  ,  f 'c r  every y  e f , '  ,  i " i thout  an7 r "eference to  f  

- .

Let  us  record  fc r  fu r theruse the  fo l lou i ing  two s t reL j .gh t *

f o r . , i a r d  p r o p e r t i e s  c f ' t h e  c o c l i c l e  c . . .

i )  I t  x t  r x "  a r e  a r b i t r a r y  v o t r i i c e s  o f  t h e  t r e e  X

a n c l  p ( x '  , x "  )  d . e n o t e s  t h e  o r t h o g c n a l  p r o i e c t i o n  o n  t h e

sp"ce  spa.nnec  b : i  the  vec . to rs  15"  I  x  e  l * '  , * " ] !  ,  the i r

p ( x t  , x "  )  c o r n i n u t e s  t v l t h  a o n ( * t  , x "  )  a n d  ,

n
L,e t  no i r  x -  €  Xo '  be  a  f  l . xec i  o r ig in  o f  tho  t ree  X e  '

.  
p ( x t r x " )  a o n ( x t r x " )  +  t L  p ( x ' r x " )  *  c u . " ( x t r x " )  ,

i i  )  X{ xr  *  xu & elon4 y 'o ' ( " ,  f l 'an:  :  
:

( . * ( x ' r x " )  5 " , ,  , .  5 - , )  = . .  f [  - - ( u t o ) t r Z
YGb( t '  x"J 'Y ^'

r ' + h e r e  
.  ! t t r ) . , , ,  

i s  t h e  \ r 2  e n t r ; '  o f  t h e  m a t r i x  "  w O

Def i i r i t i cn  \Te  sha l l
') ,.

s e n t a t i o n  0 1 '  r y  c n  1 ' ( l t ' )  d e f i n e d  b l , '

i ienote by ?r,_-? the uni-tary repre-

x ,? ( , t )  =  
" , u ( " t ) , f l xo )  

n  o ( * )  .



'-\

rn  the scrquel ,  v  :  1? (xr  )  
' - - - -+  t2  (xo )  wi -1 .1

the  iscne ' t : r : ;g  t ieJ ' ineo  b i l  Ju la  and r /a le t te .  in .  t  2 ' l

b; ,  the :nap tha.t  
.sencls 

each vertex xe $ort*ot  tcr

(utriciue ) edge ;, '  
. 

thc,t has one ext::e rnit lr and

t h a  g e c d e s l c  L * , * o  J

clenot o

, inciuce,C

the

I i e s  o n

is  the  cons tan tf;€:i:11'18 !l- . t'j-) If w  I  1 ; t * - o  U q , r : 2 1

funct ion !r . ' " . ,  = 4 ,  fcr every l-€ f .A ,  then lr* lr  = t f  o

I f  rv  is  th ;  ccnstant ' funct icn \ , ' i - .  =  |  =  f  l  i )  ,  then
, \ r  \ r  J  I

A l l v n

r . ' . ( a )  =  ' /  E ' ( g )  v N  +  p ( * o )  ,  t ' ; h e r e  f t L  :  G  - - - - 4  u ( 1 2 ( * t )
t 4 t  \  ' . r  '
I Y

i s  t h e  u n i t a r y  r e ' D r e s e n t a t i o n  i n d u c e d  b y  t h e ' a c t i o n  c f  G

4
cn X i r  ,  anc l  p (xo  )  iq  the  or thogona l  'p ro iec t i cn  on  i ;he

space

fo r  every

C  5 " o

r \

D )

.  w r t ' f l  :

c )

r r o ( " )  -  F C o  f . , . , ' )  =. - W . a L - /  ' -  * r ' f  \ f ! /  -

a D
l ' - - +  I J ( t ' )  ' a n d

The func t ion

* 1 - o  . " r . o ) r * ' o / . ' \  - r r o  1 s )1 . 1  \ ^  t t I ^  , r U | . t , , t \ 5 /  -  r r . r , " ,  l  \ { : /

every ,3 € 3

j I (  ur  ) f , t

:

i s  nornr  coht inuous

3 rv *- :1 r r$(s)  e u(1.2(xo) )

f  or ever\r g 6 ,; l  .

F r o : f  :

e a s : ;  t o  s e e

= ?f  for  every

5 x

ye  f - t  ,  t hen

F  [ " ' r x " J

x t  = x 4  r * 2 '  r ' . .  .  I x n = x u t

*  \  T f

J - l ^ - , l .
lr ! L<; \r

{ .l-

.v

i ' ih i l -e i f

t h e n

. , \  €
t ! , "  )  d x  =

i-  
b e ; l J i ' r . g s -L  n  1 :1 r  . t  c ' ( . t  . r t1  o  l t  i  n

l o .  (  x l 1f '



r,
l r

c * ( > l t  , , * 1 "  )

r ) ^ r r n r ! r  )
"Tulg 

er,nd.

f n r  i ^ ,  r i* v !  r \ L

f n n i . - 1 1
!  v J  +  *  I t a

c." .  (  xo ,  { jxo )  7t  o (g) =
l " ' '

f a
s " i - =  

{ n

: , 4
x

a

().r$Jl coLn.outa.t ion sholvs no\f ihalt

v  ? c l ( g )  v x  , -  p ( x o ) .

P o i n t  b )  f o l l o v r s  i J r o n  p r o o e r t y  1 )  o f  t h e  . c o c y c l e

r ' , , , 'h i le c)  is  obvious .

ts rd.

a
, n F !' , , re  

shal l  c -enote b} ,  H, . . ,  r  w € U(Cz )  
L  

,  the $raded I { i l  ber t

2 ,  n .  )  , l  .
sni l -ss 1 ' (  . {"  )  O 1'( ; l -  )  endct ' . rec]  wi t } r  the cont i .nuor"rs G

a c t i c n  4 r ( g )  
=  z . ? ( g )  O  1 6 ? 1 " ( g )  '  T h e  K a . s n a r o v  b i n c r J u r  e

de te r : l i ned .  b ; ;  t he  i scne t r y  V  rn r i l l  be  deno tec i .  b l , '  f , r ,  €  d^ ( l rC ) .

The  p rece ' J  j - n . .q  l emna  cbv ' i . ous1 .y  i : l p1 i -es  the  fo -1 .1 -o t , i ng  p ropos i t i on

l r o l o s i t i c n  2 .  T h e  a b o v e  c o n s t r u e t e d
a

D r i r

w  € U ( C ' )  
-  

,  b e l o n g s  t o

to t l r .e noint  * ] .  =.  1 ,  for

b inodute  I  cons t ruc teo

r e s t r l c t l o n  t o  t h e  p o i n i

is 1. ;  .
l r .

f a * i I v  f. ,  t l :

)  T t s  r e s : t v , l c t i . o n
I  .  l  v u

i s  . the  Kasnarov

t te ,  l vnr l -e  a t rs

1 ' o r e v e r ) i  y € t t

d * 1 c , c ( u ( n ' )  r u )

ever'-v ,-r, € 11 ,

by ,Iulg terrd Vale

s . ,  =  c  =  ( " " : )  ,
i i  \ a

the iso: i le t r ; . '  L I  b) .  U =

i s  g i v e n  b 5 t  5  5 , * ,  v * \  =
i . - ^  t A  I

€  ( r '  , x "  )  -  L  ( r e s : : .  - 1 1 -

n  '  . , f r  . - o t  \ . -  " r +C ( v . ' r x " )

b i - : l ior iu lcs . i { } ter in inr :d .  on

f '  e  t = { u , c ( u ( , , : r )  t o , ) .

I /e le t 'be  d ,e f ined in  t2J  bes i r le*  V .
. 4 o , '

V:i ,  r";horc * Sj i  3-" ( X' ) F.t 1' ( X' )

g ( x t r l i ' ' )  5 , * ,  - r r \  ,  t  b e i . n g l
\ / " ' r x ' i

)  i f  c 1 ( x t , x o ) >  i l ( y " " , x o )  ( r e s p .

\,rre i jo.nol;e bT., trt  the ,: iaE;trarov

] { ru by i f  ioe s t i l l  { i^et  i in  c}e; i le .nt

f r :  t h i s  c [ r s ie  1 - l l  co i - res r ]oncs  t c



t '  . " : : , , j  .

r  r j : ' .

i1

A

the  con. , r t iLn t  func t icn  \ , ' , i - -  =  ( ;  i )  ,  fo r  evcry  y  €  f ,a ,  r , ih i le
. ' /  \ " ' l -  o l

the  res t r i c t ion  to  the  con$tan t  func t ion  x ' ,1 r ,  =  t  y ie } r l s

a n  e l e r n e n t  t h a t  o b v i o u ; l y  e q u a l s  f  i r r  i l { n ( C , S )  .  l { o r e *

o v e r ,  i t  i s  e a $ y  t o  s e e  t h a t  t h e l r  h o m o t o p y  c o r i ' e s p o n d s  
. t o

f  h  a  n r :  * h  I  n  
' t  -  t  L L  , , ' l ^  ̂ * "  ' 0 , *r , r r u  r l c ; d r , .  L . r o o J  3  t  t - , - ?  ! Y '  €  U ( e ' ' )  

-  
,  l v h e r ; l  w '  1 s  t h e

consta,nt  funct lon

!

U
-  t l

1r

( l - * e * ? t ) L / Z  e - t  
\
l

"-e-t  (  L-e-Zt)t / '? I

a
fo r  ( ,very  y  e  : . ' r  .  Note  tha t  the  above r i ra t r i ces  sa t ls fy

+  t r r
f ,  v ;16  =  w- ' ,  

2 r  (see  re inar lc  { - .  )
v v

'-l u

I t  1s  easy  to  see f ro in  le rnma 1 .  po in t  b )  tha t  the

Ka.soarcv bi i i :cdules t ro-  t i1"*  L-sunr i ra.ble Fredholn modules

in  the  sense o f  Connes L1 . ]  r  so  i ,ob  pass  to  the  con lu ta t ion

o f  t h e i r  c h a r a c t e r s .

Len i i ra '3 . .  a )  The t ra .ce  o f  the  f in i te  rank  oeere tor '

D ( x , s o i  r , ? ( e )
i t

. a't

d o e s  r i o t  d e p e l n d  o n  t h e  v c . r ' t e x  x  e  K " .

b )  The t : race  o f  the  above o .nCI re to r  i s  eaua l .

.,t- n
U V



1,, . : ,

. f 'or  ever l i  v*  i ' tex x € l {o sErt isfy ing x I  f fx {r .nd I  g- t* ,  x l  n

n  [ x , S ] i J  =  [ * 1 ,  I f '  x  i s  f i x e r l  b y  g  i  t h e n  t h e  a b o v e  t r a c e

ls  1- t  ;

. r a a

3 f . q p t ,  l e t .  x € X " l  b e  a  v e r t e x - s u c h  t h a t  t S - * x r x J n
r  . t

n  Lx r  p ,xJ  x  I  "  
1 .  t i s i ng  p roner : t y  i  )  o f  t he  cocyc le  c . . .w

r . ' A  a n i _  .r u u  5 v  r ,

t r ( p ( x , 8 x )  r c , ! t e l  )  =  t r ( p ( x , g . : x )  
" u , ( x , s x )  

p ( x r B x ) t t o ( g ) )  =
a n

t r ( o ( x , g > r )  r r " , ( * , € , x )  r c u ( , g )  n ( l _ , - * x , x ) )  =  <  b * ( x r s x )  r o ( s )  5 " . , 8 r 1

-  . /  n  [ v  d r - \  c  C  \+  \ r ! , ; \ ^ r t X )  ) O *  r  b * ) .

'  Thus  po in t  b )  o f '  thd  lenrner . .  fo l lows f rcm proper ty  i f  )

o f  t h e  c o c y c l e  c *  ,  .  
. .

T o  p r o v e  a )  n o t e  f i r s t  t i : a t  i f  x  e i . o  s a t i s f i e s

.  g x  I  x  a n d  [ g " t * , x l  n  L " , s ' * J  . =  1 * 1 ,  t ] r e n .  e v ' e r ] r  x '  €  X o

s a t i  s ; f  v i  n s  [ , T - t * ,  ,  ] l  , J  n  [ x ,  , S X ' l =  { x , 1  h : r s  t c  l i c  o ] 1  t h e

g e c d e s i c  [ g ' - * , g i * t r ]  f o r  s o r n e  i e n .  p o i n r  b )  t h e n  i r n -

n l  i  r r r r  * l r n *  
/

.  t r ( i r ( x r  r f i x '  )  , r ; ( g )  )  z  t r ' ( p ( x , s x )  o , , , ? ( S )  ) .

lh is shoi ' ;s ,  that  the t r ' i , - "  c€ of  the oneratcr  p (  r : ,  gx )  fC f i  t  Sl

i s  c o n s t a n t  o n  t h e  s e t  o f  v e r t i c e s  s a t i s l i l , l p r ;  I S - t * , x J  n

n  l x , $ x J  =  { *  !  .

b e  t h e  n n t h  t h a t  d e f i n e s  t h e  , q e o t i e s i c .  I x , g x 1  I f  I g * 1 - * , > r 1 n

n [x r , f lR ]  I  x  ,  i t  l . ' o .1 . ,1  o , ; ;s  r ;ha t  .q (x?)  =  *n- t  The

nroper t i *s  o f  the  ,o r i r ' *  c * ,  i :nu ' I . , ,  tha t



r  r  0 r  r  r  

' ,  

& t  ,c * ( x , q x )  r s " ( g ) )  *  t r ( p ( x , E x )
n n/ ,  .  /* " )  n  { v ' *  c r r r \

, ,  - V " r \ , '  t f 5 * \ , t rco  (6 )  ) .t r ( p ( x , p r )

^
t r ( c * r ( x r x - - )

t r ( p ( x , , r x )
.,

t r ( n ( ; r r g x J

t r ( n ( x , g x )

i t  i - s  non eas l i  to  see ' tha t  the  las t  t race  i *  equa l

t  2 '  2  2 .  ^
t r ( p ( x '  r f i x '  )  

" , , , ( x ' - , s x ' - )  
r r " ( g )  )

l i i nce  G ac 'Ls  w i thout  inv .e rs ion ' ,ve  rna j i  p roceec l  ind .uc t lve ly

u n i l i  \ y e  f l n r i  
" 1  

e f r - , g x f  s u c h  i h a t  I g - 1 * 1 , * i f , n l * i , g x i 1

f  * i  l=  t? (  J  .

q . e . d .

j : r c n o e i t i . o n  4 . The character of  tkre t -suf fnable i?red.holrr
/

l:tcd-ule f, w i s  g l ven  b ; i

ro ' r (8)

j . f  g  has  a  f i xeC po i : r t  in  Xo

1 T  t , , . ,  \  - L ' - - - - . , - '
] '  €  [x ,gx l " ; '  ' L rz  o tnerv i i se '  v ' ih t l re  x  e  xo

is  i : iny  ver tex  sa t j -s fy lL rg  &-x  I  x  anc i  .

[ g * 1 * , x J  n  [ x , g x ]  =  f r . ]  .

c , : i l nu . t ( ;  the  t re rce  o f  7c , : (g )  v  r .a (g)  vx"' " ' j '

cons t t i n t  . f unc t  j . c r : .  ( , r , ^  ) . .  ; :  T
\ J \ '

i

P r c  o f

f f  t ie  d .enote.

f 'or g ! 'er1, '  r. ,

h.'.r.ve to

by \rl

4
6  L - " 0

+ t ^ . -
tr i-t Ci

' l - l ^ ^ *
u r.l u r.t



T.fl':"r.":r:'-'

t * (  n ,? ( , r )  v  r r l ' ( s )  ' / s )  *  - r ; r (  n , ! t c l  ?  z , i  ( s )  4 .  i r ( xo )  )  =
" c

+ - l  n o  |  . ,u r . \ r L , r , , i t { )  - z r . ?  ( , . g ) )  + { .
o

o

B y  l e i n r n ; r  t - .  t r ( r c i f n l  - 1 3 ^ ( r : ; ) )  =  t r ( p ( x o , f l x o ) ( n . l 1 9 1  - 2 r , 7 ,  ( s ) )
0  " O

a n d  b y  t h e  r r e c e c l i n g  l e i n r a  t r ( p ( : r o ,  g x o )  t f  f , ,  
( g )  )  =  ! -  ,

Thlsr  s i tc l is  tha. t

r r , . ( s )  =  t r (p (xo ,  gx "  )  z , , " l t r l  I

" .shich toget l :cr  ' . ,v i th th* nreceCing le i*nia concludes the uroof

c f  the  ?ro 'pos l t j -cn .  
.

q . e . d .

it,::nelk Jr The sail le fcr;;:r-i la (,; ' i th the sa,ne pro:f ) i:olt ls

t 'o r  the  ch i . r ; , ^c 'cevs  -c . : .  c f  the  { - -sunr rnab le  Frec lho l .n  r rodu-- ttil'

l e s  S . 1  o f  r e : r a r k  2 .
, ,  

t  t ( : . i l c . t 1 1 -  { t

4 t l
Cg: '9. ] ,1?i : r  5:  Tt '  w r  f  

*  - - -5 U(I ; ' )  sat  j  s f  les

1 , " ,  \  {  -  r . )  . o - - ^  - 1\ n ' " , / i  t  =  I  e  t t ,  f o r  e v e r y  y e I * ,  t h e n  t h e  c h a r a c t e r
. t  r . t a

'  
of ?.-, is given b-,r

t : /

t . . . (g )  =  x .  n (s )
u i a ! / '

' r h e r e  n ( g )  =  i r r f ^  c 1 ( x , S X )  . .
xeli -

1 1 .

.  Pr:oof l l lhe nroof.  is  a,  stra. jght forv, ;arc l  consequenee of

t h r r  n recec i i ng  p ropos i t i on  once  vxe  no t l ce  tha t  ( z  l o rxz  ) -  ^  i ;,  "  , L r z

=  f ru , ,  ,  " r ' o r  evc ry  i r "e l (e2 l )  ,  anc i  t ha t  p (g )  i s  ee r r : : r l ,

t j  t n e  ) - e n ; i t l ' r  c f " b f r e ; r o c c l e r ; j . c  L r , g x J ,  f o r  e v s i r r y '  v e r t e x

a r r * - i  ^ . c - . ; - -  -  - 1 -  ' t  ?s ' - ; , T r - s r ) , : r n g  I g - ' - x r : l ] n  f n r g r J  =  f  " ] .

f t . e . d -



_[ /'r

- , i i i : - : r ,  4  - . . .  l ' r l  v  l r , : . , '  , )  i  ' ) ' ( , \ ' r ' i i l l : } i  
l .  t i r . :  r r : r 'oce t - l in , t r  ( ro i 'D l l ,  : ' ^ " '

i to -1 . r ' i t i  : . ' o r  th l :  { - - r , ;u i i i i ; t l r  l ) : i .o  : : l : : c t ino} : r : r  i todL t : l ' r ]$  8 , : ,  
' f , , )O 

"  i l t : ' i r l i : : ' l i  2 ,

t hen . . t i l i ) ' , ' , ' i :  t l u " r -b - i ; he  I ' o ; r : " l l r u - l - e r  ok ; - t ; , : i : L ' r ' i : : c l  i n  c l r . a -n te r ' 5 .  o f  L : l

hol ' ' : l -n ! 'at '  r ; ' r ' i i ' i -  l , l ' l - i r . ' t  1;re ei l  "  , t  Tufe e,ua{i l* le.{L,e. int
*$e d J_ru-F;.

cc!:)-ccrr ' t  i  i :u l  t | : .c : l  r - :  l . 'o.r .z '  r i : ' inc i  n- i .e r l re truo i* i  j . thor i t  t in l /  a $igu.11i ' r  -

' 6 i o n  c i r b h c  t r e e ;  ; Y
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