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A pos . i . ' L iv i t y  ther : rem fo : :  moo ' i f i ca t ions  o f

o  o  - l n t roduc t i . on

- L e t  Y  b e  a  p u o j e c t i v e  a l g e b : r a i c  m a n i f o l d  a n d ' T ( : X - + Y  a

modj . f i ca t ion  o f  Y .As  i t  l vas  l :o in ted  ou t  by  H i ronaka i  [+ l  ,p .444)

in  Eenera l  X  fa i l s  to  be  K i i l i l e r j .&n . In  fac t ,s ince . ) {  i s  a  I i fo ishezon

manif  o ld r  the exj-stence of  a KEihler metr ic on x would,  imply

t l r a . t  l (  i s  n r o i e c t i v p  a " i  r r p b r a i c  [ e ] .I . - ' - t J

The ain of  th is note is to prove that 8. i l5r  p61r-r i fo lc i  which

is  a  mod i f i ca t i .on  o1o B,  p ro jec t i ve  a lgebra ic  ma.n i fo lc l  car r ies

& I tquas i -Kd,h le r ian ' t  me t r i c .Th is  n iea l l s  tha t  there  ex is t  an

open correr i .ng 1l=(ur)  of  x and strc,ngly plur isubharmonis

f r r r . r n * i  n n o  , , n  .  r r  r  \  ' ^  |L ur iL:  Lr-o,r is y1:  u i -* l :er*)  ,  q#-* on any component of  U* ,  such

that Q"=Q"+1., . ,  on Uo.0Uu ' , ' rhere  ̂A* 
- .  are plur iharnonic funct ions1 1  l J  l J  I  J  l J  

r J r ' ( 4 !  l i r v r r l v

on ur f tuyone car rno t  take  the  func t ions  e"  to  be  rea l  va luedI  . J  ' 1

and cont ' inuous  becauserby  a ' resu l t  o f  varouchas [z ]  r t t  v , rou lc l
-

fo l lo lv tho. t  X is a K6hl"er manifolc l .Hence the condj- t ion of  upper
1 possi bA f

sernicont inui ty of  g i  is  the bexl f f i lay expect "

A i l  our  resu l ts  s ta ted  above ho ld  f ,o r  com] : lex  spaces .:

l , T h e  m a i n  r e s u l t

A l l  complex  spaces  are  assumed to  be  reduced and w i th

e o u n t a b l e  t o p o l o g y ,

Le t  X  be  B.  conrp lex  spaee,An upper  semicont inuous  func t ion

?rX-r l -*r*)  is  se; ic i  to be plur: isubha,rmonic i f  for  any holo-

m n r ' , t r h i  n  f r r n ^ * - i  n n  z - .  \ r \ I - s \ '  /, rv rp r . r .Lw r - , - l -uL ;  L ; iOn 1 , :W-)X ( l t r /= the  Un: l t  d iSC in  0  )  i t  fO l loWS



t t ra t  q ,T ls  suhhr : . rmonic  c in  \ r {  (  pos. t ib l - l  : * * r ) "  Y,  is  ca l l -ed '

stropg;l3r pi i lr isr,;bl i t i ; : :mon.j. .c i f  for eir:. ; i i  C-'  real Valued. fu;tc:t ion

O piJ; i i  conil : ,ec'L cuppori; in i i-  tkierC e:eis' ' ;$ al l  [-oto such that

/ \  '  i  1  ^ - -  3  -q+t{ ' l  i$ plur isubhar:nonic on X \ i ' \46o.

By rr tpeoreru of Fornar:sr,l ar:ii T,Jarasimhan l-3i the abotre d'e*

f  . i  ni f , . i  nn s{ a r 'ree with the usu.al ones i o e " any( stror.rgly) pluri*
I  * T i J

subharmori ic fu.nc'bion is local ly the res; t r ic t ion of  a (st fonfqly)

plur isubhbrrnonic fu.nct icn on an open subset of  0N in which X

is  J ,oca l i -y  emberLded.

A prope:ru 'hole:nor"phie and sur ject ive rnap of  cor:plex sp&ces

p:X+Y is  sa id  to  be  a  moc l i f i ca t ion  i f  there  ex is ts  a ,  r&re
-t

o.na ly t i c  subset  Y?cY such tha t  X t=F* ' ' (Y t )  i s  ra l :e  in  X  and.

the inCuced" ma.p i i r ' ' r r -+-{r ,Y? ie an isornorphism.In the sequel

a  lnod i f i ca t ion  r r r i l l  be  d .e r lo ted  by .  (XrX ' ) - -+ (YoY *  ) '

The follorving. theorem due to l{ironaka i-5] s}rows that

s e m i * l o c a l l y  ( i , e .  O n  r e l a t i v e l y  c o t n p e e t  O p e n  s u b s e t s  )  t h e

moi l i f icat ions are nct  far  f roni  bc ' i : rg a '  l :1ot t ' i .ng-up :

r .e]{ , ] ] rq qr  .9 loy.  ( t { i ronalca t t ]  )  Let  (x, : ; r ;P+1v,vr ;  be a

mod.i f ics"t ion anr l  Uc-cY & reLat i r re ly cornpact open subset of  Y.

r r , ,here f I :1 I - -> lJ  is  the b lo lv ing. -u1:

ancl  U ls  ho lomorp) : r i "cop ' r i :1 :er  and

D e f i n i i i o n  L e t

'  quasi i- I( i ihler: ian i f

of X irn' l  strouii l ; '

I

rL

Therr  there ex is t  a  coherent  idear  7  on U such that  A:=supp (qr /J)

cYtnU and a oc'runutat ive din.gra.n :

A J N ' l

u  - l +  p - ' (  u )
\ r pT ( \ ,  e

" U

of U r ' , r i th center"  (L.CU/J

sur j  sc t ive "

X be l  a  con rp lex  spa ,ce ,X  l s  sa i c l  t o  be

th<l : :e  ex is t  i in  oper l  ccve: : j -ng 11.=(Ui)

trr luri . : ;ut bha:'monic functicrrs 
rw;+[- 

rnrtzt) r,{1{ *o,



* l *

i

on  any  i r reduc ib l  a  , , ^h^ .
*nu*u trij ," ,rJ;;ffiT, 

o{' ur';anri 
?t=?i*)ij CIn uinuj

part or * ,oromorrr;; 
; ;-: :  

ui '  uj (:r l '  e' tocarlu rre reetr.rhe rorl o *r,..*'lJjj";:"J;", .
spaces ;  

-a  g ' r  i j rov i r les examples of

--llgglglll tet x be a mortificspace"?hen 
x is  quasi-Keirr ru" i " r l : t " t  

of  a proiect ive 
algebraic

I  For  the  proo f  (  
' .

remma r ( Fl c""";;; : ;";", 
I  we need sone remnas.

t  p :x ->Y a  proper ,  sq  

-d  <-  '  ( " t  t re t  x rY  be  conrp lex  ,s r )Fna^r jec t i verh . ro r , r . , . - r , I  
uc r  conp lex  spaces  and'  

be  an  upper  sern i .o r r * ,  _ , , : . -  

= ' : ,u .omorph ic  
nap.  r

pr,risubharnonic 

"J*_]"""r" 

function such .,n*-"t 
v,y-- b*,*)

l"r . r"  2.  ret  t"*- '  

x '?hen 
Y i"  strongly 

oru, 
Y is strongly

,.ouand as^qurne *n-t 
be a blowing ;;ffTT:armonic 

on v'

the geru'*"'ner;;i*li;;li$;'# "' ; ;' 
""d;i";T ;;T'

9'"rr+70e( lfr."- l2*..;:;, i ;TJ': n p(c*(y,R) *uut'rhen 
for anv

rr rve 
proor 

tronslv otu"'J'lot#;: 
on x.

sheaf 
" r r :^- l - , t : t t '  

' - " ' f * ) 'Y: . - , 's  
then there j<: 'nrorphis n -1\ .  . l  
hen there i .q a canonical

of  the o.r ig in.ret  /  * : .  
where rno'a,s is the sher

: v a r i e t e s * " ; " : i j - I j ] ] : : " i u l , , t P ( . f + n ) + y o . . ' " ' i d e a 1 s

gene ra1 theya reno t " *oonu ' 'E to f , " u *o - " * , " *u : J ' ' # .Tc t i ve

gives r ise ;"  : - :

o f  the  ana.  

to  a l l  enrber rd .

hence *" o,'u*ic 
bro"n*-lli if?:j::j ";; j# #;1"'

;:,;ffiI;flf ;il;**; 
;;Jui'"*xc p(7)

bspace *rrun l' 
tnrhere t=r.il ,ttJrf ,." . . * /r*/ ,) "r; (r) 

"i*ri (y)2, *o i: j l : 
equat:rons

I



l v h e r e  ( z f  "  n . : z s )  a r e  t h e  h o m o g e n e o u s ;  c o o r d i n a t e s  o n  l P u - t '

.  . .  |  , I  ' 1 - l

Se t  u i= l (  y , z )€YxPs - t \ z t l oJ  ,  d i : u ' _ - ' >Yxc "

h e r e n t  i d e a l  o

' r

Proof  o f  Theorem 1

c x , i ( y  , z ) = ( y r z ' L / r i r ,  "  "  e % i - I / r L r r i + t / f ; r t t  "  '  t z * / n t )  a n d  d ' e f i n e

Vi 'vras-1---uF e,e) by Vi=9+1og,t-rF \* ;  \ ' )+ro1(. . , l r r l  2) where

(  +  +  \  a r e  t h e  a f f i n e  c o o r d i n a t e s  o n  0 * - f "
\  u 1 r . . .  t  u S _ l ,  u ' L v  

o  -

Then q .  i s  s t rong ly  p lu r is r - tbhar : ron : ic  on  YxOs- r  and C" '72=Yi '4 i
r l "

TT ̂rDl+f ,nrn\  I t  fo l lo lvs . that  T"5,  is  s t rongly  p lur isubharmonic
u l l  L r n  l u  \ r  " \ / .

on Pl tnD which Proves the lemma'
' 

a\,/

be a  pro jec t i ve  a lgeb: :a ic  sp{ lce  and d  a  co-

X,Then there  ex is t  se  N,  ? , |= (U i  )  an  open cover ing

\r.-\

n
. ^

"  r  n a  t l )  e  [ " r u .  . 7 ) s  s u c h  t h a t  :

1 )  t h e  g e r m s  ( f i ) x , . . . , ( r l ) *  g e n e : : a t e Y *  f o r  a n y  x e u ,

^ r \  o i - -  
" j  

r ' i * h  d  , ( Q r r T T  r l T T . \a )  r r , = 6 i i f k  Y v r - u r r  6 i j . \ - / \ w i " " j /  '
. t t  r i j  A  rcJ  d  

.
Proof

Let f  be an ample l ine bundle on X and 1et noe [ l [  be such that

l* 71

f ,E f to  |s  genera ted  by  g loba l  sec t ions ; .Hence one may choose

i :  t  6 l - ( ; c r $ e S n o )  w h o s e  q e r m s  ( t r ) * , . . . r ( t * ) *  B e n e r a t e" 1 t . .  "  r  " s -  \ ' - t ' - 5 r

V**Sl"g$"  a t  any po int  x€X.Tf  A=(Ui )  is  a  suf f ic ient ly  s ina l l

o p e n  c o v e : : i n g  o f  l {  t h e n  t n = i } e l - t U ' Y )  o n  U r r h . e n c e  ( t l ,  ' .  " , t * ) =

f  f l ^  ^  -  -  - ' f i )  on U* and B+-r  s , re  the t r :ans i t ion funct ions for  Fno.
\ t ] _ t . n " r ' S ,  

,  L , )

By Cholts T,enuna there is a commutat ive diagram :

x d
Y.ryX
\ /

? r \ .  , / p
1 U - L'1r

rvhere t t '  is  the blor,v ing*up girren by a coherent ideal  T and.

i s  h o l o : n o r n h i n  n n d  s r u r ^ ' i  o c t : i . V e .
J D  l ! l / t r v i l r v J y ! ! r v

A l

C h o o s e  U  = ( U i )  a n d  ( f l , , .  " , , f } )  
' , ' r i t h  t h e  p r o p e r : ' L i e s  ] )



o n  U , . A l - s o  i t  i s
t-

,A.t (\, /\t

o f  U , . 0 n  U * n U r  u , r e- l - -  1  J

-5*

grr, i  Z) in f ,r lmma 3 (corresponrl ing to V given by Chow?s Letrma ). '

y is a Klahler spac€ so there exist s-Lrcrngly plur isubharmcnic

funct ions yre c*( ui , f l l )  such thert t i i  
==K- (/ ;  is plur iharmonie

on lJrnU;  ( re f in ing lz l  i f  necessary ) '

o" S,n-{(ui) ure derine Xi=tftr  +lot i f  I t i"  rc\z* '  '  n* l t*"t t l ' l  '

S i n c e  ( f t ) x e . . " , ( f 3 ) "  S e n e r a t e  7 *  f o r  a n y  x e U ,  i t  f o l l o w s

from l,emma 1 an.d Lemma 2 that 
^A, is strongly plui:isubharmonic

la','ft*toe I sr;. tri2
q u a s i - K e i h l e r m e t r i c o n X a n d t h e t h e b r e m i s p : : o v e d . "
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