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A pogitivity theorem for modifications of

projective algebraic spaces

0, Inbroduetion

Let Y be a projective algebraic manifold and W:X—Y a

modification of Y.As it was poiﬁted out by Hironaka([ﬁ],p.444)

in general X fails to be Kéhlériﬁﬂ In fact,since X is a Moishezon

manifold,the existence of a Kihler metric on X would imply
thet X 19 projective algebraic i@],

The aim of this note is to prove that any manifold Which
is a modification of a projective algebraic manifold carries
g "quasi-K&hlerian" metric.Thié means that there exist
open covering ?i:(Ui)'of X and sfrongly plurisubharmonic
functions q&:Ui~¢{}dgwﬂ, $f$~m>on any component of U,,such
‘that ?i:qﬁ+%ij on UiﬂUj where’Xij are pluriharmonic functions
on UiﬂUj,One cannot take the functions Ps to be real valued
and continuous because,by a result of:Varouchas [7],it would
follow that X is a Kihler manifold.Hence the condition of upper
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semlcontlmu1tj of @ is the béé?vﬁne may expeot

All our results stated above hold for complex spaces.

1 The main result

All complex spaces are assumed to be reduced and with
countable topology.

Let X.be a complex space,An uppér semicontinuous function
-@:X~9[}a%aﬁ ig said to be pWlesubhdtmonlc if for any holo-

morphic function g:W—=>X (W=the unit dl ¢ in € ) it follows



>

that @7 is subharmonic on W ( posgibly z-co0). ¢ is called

fatel

strongly plurisubharmonic if for sny C real valued function
& with compact support in X there exists an €570 such that
} ig plurisubharmonic on X \&l£€ .

By a theorem of Fornaess and ”JP?SJWQ&H {J} the above de-

-finltiow agree with the usual ones i,e@unj(mtTOﬂgly) pluri-

subharmonic function is 100&11y the restriction of a (QtTOﬁﬁly)
plurisubharmonic function on an open subset of GI 1in which X
is locally embedded.

A proper,holomorphic and surjective map of complex spaces
p{X—ﬁY.is said to be a modification if there exists a rare
analytic subset Y'Y such that Kl=y (Y') ig rare in X and
the dnduced mep LX'—Yx¥! 43 an is omorphl In ihe sequél

modification will be denoted by (X,X )¢~{Y Y

The following theorem due to Hironak (é} shows that

semi~locally (i.e. on relatively compact open subsets ) the

modifi tlohu are not far from being & blowing-up :

Temma of Chow (Hironaka [5] S i Ler il V)E-xv Y') be a

modification and UccY a relatively compact open subset of Y.
; : ?’
Then there exist a coherent ideagl on U such that A: supp(( /J)

cY¥Y'nU and a commutative diagram :

nJ
NSRS )

o
e

where W:U-—U is the blowing-up of U with center (A90%/31A)

and T is holomorphic,proper and surjective.

Definition 1et % be & complex gpace.X is said to be

1

rquasi-Kéhlerian if there exist an open covering Z{:(Ui)

k3

of X and strgngly plurisubharmonic functions m{ﬂ%[wa%mﬁ,%Qﬁm@y
> i < ki
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where.(zls,..:zc) are the homogeneous coordinates on P_ 1
iS4 % [ Ranige B
51
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Set U,.::{(y,z)(—;ﬁ.x@m_‘lkz.zf’:oj , oy 1T > YxE

o (y,z) (y.z //1"’°’ - ]/z ,zl{l/zj,...,7 /z ) and define

i
;Y Y¢S -1 >[%ﬂ#m) by W :@+1og(l}§?7 )+log([f \2) where
(tl,...g ) are the affine ooordvnates om0 l,

Then Winls strongly plurlsubharmon;c on Yx@° = and t9§2:%3°d1
on Uﬂ?@(f“ﬂ).lt followsf’chat’to?2 is strongly plurisubharmonic

on P(£¥m) which proves the lemma.

Lemma 3 | Let X be a projeotive‘algebraio spéce and J a co-
herent ideal on X.Then there exist seN,lL:(Ui) an open covering
of X and (fl,...,{‘ )EF‘(U S ® such that

1) the germs <fi>x""’(fs)x generate(j; for any X&Ui

2) fi=g 1gfi with gije@’?Uir\.Uj)

Proof

Let P be an ample line bundle on X and let n&zm be such that
"fj®2no ig genérafed by global sections.Hence'one may choose
tl,..,,tséiﬂ(X,Uﬁﬂno) whose germs (tl)x,.o.,(ts)x generate
ff@}j‘?og‘j at any point xeX.If Z(:(U.)lis a sufficiently small
opon covering of X then t, =fy érﬁ(U ,33 on U, hence (tl,...,fs)
Er

19.,.,fé) on Ui and 84 are the transition functions for P o.

Proof of Theorem 1

By Chow's Lemma there is a commutative diagram :

Yt X

AW S
s

where ¥ is the blowing-up given by a coherent ideal if and T
is holomorphic and surjective.

Choose %{x(Ui) and (f;,,a.,fi) with the properties 1)
o (v}
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S : . S . = g :
and 2) in Lemma 3 (corresponding o J'glven by Chow's Lemma Yo

i

ig a Kéhler space so there exist strongly plurisubharmenic

! 4= [l o 2) 1< + 1 e e B 1 P et 3
functions Wiéo (Uigh) 9uch Lhdt/&ij“%i Wj is pluriharmonic

on Uint (refining U if necessary ).

!

o e ] 2 , % 12 il 2
On qu <Ui> we define %i:q&ﬁt+log(\fl ﬂﬂ +.°,+\fs&Ki s

Si

‘ i L : _ . i
nce (i‘“i)x,e.,,(fs)X generate U% for any AeUi it follows

from Lemma 1 and Lemma E'ﬁhat'xi ig strongly plurisubharmonic

nS g
on Uj.Also it g clear that‘%iﬁaaa on any irreducible component

3 y * — “ gy ©
of U,.0n U,NU, we get Ay=Aytpy ftlog g 5o 7C

i

2 and

jﬂt+1og{gijoﬂj? is pluriharmonic.I?t follows that{};% is a

gquasi-Kahler metric on X and the theorem is proved.
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