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Thebrgn 2.  l - ,e t  X be a Ste in

i  c  : lur isuhh: l r :no: l ica  ' ! r . i 9 ' l  r : r q ' l r r l :
o  +  u a l  ( ! I f : r i j  u  ! v  + Y  6  L ' , r r t

X-,= 1.3. { .? j }  f  or  ' . ' -  n  T n 4-  t : f  thcn l l
" T  ( r ' : l j J  i s ! i t ' r - L  6 - i - r o ( / c _

nn \ r  . - r J r r r l  i . ' r n  . c ' r n r t : - r  G -c r r r J  u u u - J u r r  t ) r  v L ( Y  u  t

of  d inens- ion n then i { r (x13)=o for  r>n and i ln(x ;z)  is , tors i -on

f ree" In  the  same paper  he  askec l  vhe ther  HnG, ;? ; )  i s  f ree .
F ' l f - ' l

r ln ef f i rnat ive ansv/er has been given by l le.m."r  L3j , l+1 whi .ch

has  Droved,  the  s t ronger  resu l t  tha t  X  has  the 'homotopy  type

of  a  C ' , I I  cornp lex  Of  d imens ion  < ln .Harnnts  p roo f  i s  based on

l , {orse theory on singular spacesc '  r  '  '

Tn  *h is  Daper rus ing  e le rnentary  ne tho{ .s rne  g ive  a '  shor t '
I r i  v L L L t J  I t v

proof  to  i {a ras imhants  p rob l .em (Theorem 3 . )  a r . rd -  in  the  sane

tine r' le obtai-n :

Theoren 1 l ,et  X be a Stein space of  d. j -mensj-on n and

Y t ) i  n n  r l n o n  s e i  s u c h  t h a t  ( l i r Y . )  i s  a  R u n g e  p a i r " T h e n . :
I * r r  u r l  v l J v ' -  . J v  v

L I  / Y  V . t 7 z \ - n  . . l a n r .  r . r n  a n r l
i ! s \  J \ ,  L  ,  i t )  , l  

- v  I  v ,  L  l t L  * . " *
. J

H  l Y  v . " )  i q  t o r . s i o n  f r . e e .I I r l \ J \ t L t e l  L P

This theo::em was proved by .Andreott i  ancl  l larasimhan when

has i . so l - , : ' i ;ed  t innu la r i - i i cs  [ : - ]

T 6 c , n r . . : n r ' l  r : 1 . t r  J T r r n c i - h n r f  s  n r - f l l - . l C n  f O l i O t J  f f O f n  :
J l t r j U - L  g L l l  - L  d t r \ - L  L J : - . l  d J i i : ; ' 1 ( ^ : r  u  P t  v  v r

. : n s o o ' n 1 "  r 1  - i  m o 1 1 g i 6 n  n r y : X . + R

e l :haus t icn  func t ion  ana 1e t

- . ( ) : ^ .  ,X* -  iG)=o fo r  r ;n  and
'  c ?  d l
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The proof of thls theorem neecis,\ .b.n1y the vanishing the,orem

unf ie  Da, i r$  o f  S te in

man i fo lds , resu l 'L  w i r j . ch  i s  usua. l l y  deduced us ing  the  c la .ss ica l

} , { o r s e . b h e o r y ( i " e " o 1 1 1 ] ' o n S i n g u 1 a r S p a c e s ) .

2  r '  P r e l i m i n a r i e s

A l l  complex  spaces  are  supposed.  to  be  reduced and countab le

a t  i n f i n i t y , G i v e n  a  S t e i n  s p a c e '  X  a n d  Y c X  a n  o p e n  s u b s e t ,  ( X r Y )

is  sa id .  to  be  a  l?unge pa i r  i f  Y  i s  S te in  and the  res t r i c i lon

map f  (X , f r ) *+  i t (Y ,8)  has  d-ense image, I f  KcX j .s  a  cornpac t  subset
.  .  I  r  r ^ .  ^we 
'set  

l ( r={xex /1t tx) tg sup l r l  for  any fe l ' (x ,&)J. i t  is  cal led- K

holomorph{cal ly convex i f  f=ft" .Any ho_lomorphical ly convex
,.ti'i

compact  set 'K has s .  fundamenta l  system of  Runge neighbourhoods,

, I t  fo l lo , f fs  that  the rest r ic t ion map f lX,y) - r  { r (N, f l  has dense
' .

i m a g e  f o r  a n y  T e  C o i r ( x )  ( s e e  I  a l  ,  p . 2 g ) . T h e  0 k a - 1 V e 1 1  t h e o r e m  .

asser ts  tha t  (X ,Y)  i -s  a .  I ' tunge pa i r  i f f  fo r  o .ny  conps .c t  se t

KcY i ' t  fo l lows tha t  f t " .Y . I f  q :X+ iR ; -  p lu r isubharmon ic  '
. t t

r  .  ^  i -  -  faccord ing  to  a  theo rem o f  Naras imhan  tg l  t he  pa i r  (X , l cgcc l )

ls  Runge for .any ccR..

r i rwe sha l - l  need  a . l so  :

T)v .n r r r r . : - i  l - i  nn  ,  
' l  

T . n+  \ '  r  '  '  '
r 4 v v . v , J - L ! * v r r  . - . . L .  ! E U  - r r  O g  a  i j ' [ e ] - n

i
subset  and KcX a  ho lomorph ica l l y  convex

l=KuA.ha. 's a funclanental  system of Runge

P r o o f

, - -  a  :
Le t  l l ( , , t  be  a  sequenco  o f  ho lono rnh ice l l y  conve l {  compac tL  U J  

N  

'

9 .

s p a c c , A c X  a n  a n a l y t i c

compact  subse i .  Then

ne ighbourhoods.

subsets .  o f  X such. that  K '=K,Kt . i i_ , r . r t  for  any r I '  anc i  X=U 1{ . r .
{ U

lVe . f ix  an open neighbour l ' roocl  V of  L a.nci .  . r lef inc.  l t r=K.r  f t [ ,V,
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1(K., ; - r2t i ,onr)n t .v  for ' ' i la  ?- 'Let  7 u"  tn"  i r leal

.Remark that given any x$t the set' 'Xr=ttu{x}

holomorphical ly convex ancl  the funct ion which

nei .ghbourhood of  K anr i  2 in a nei64hbourhoocl  of

shea f  o f  A .

i s  s t i 1 l

i s  o  i . n a

x def ines

ij ,e
;i
1
t

a  s e c t i o n  i " n  l ( N  - i 1  )  - S i n c e\ ' \ 7 . t u  / . p 1 " . v v

) 9

i . rnage there  ex is ts  fe l (X ,J )

U s i n g  r e p e a t e d l y  t h r s  f a c t
a

+  - ( r r \ r  t r r \  
S U C h  t h a t  :r . . 1 .  ' l  C . l  \ t \ ; J  I

Y , '1 f

and lfu rl 
2*. . o * lro-, 

rl 
2>r

O I I  K -v

o n  P *
a

(  |  r )
Then  Q= 1 :  l f . ,  * l  

'  i s  a  rea l  ana ly t i c' 
."If vr J

fu.nct ion on'k and r,  c{g"f}cr/ .But { . f .rJ i"

p r o o f  o f  P r o p o s i t i o n  2 . I .  i s  c o m p l e t e .

n ' l  r r r i  . : r r h l r q  y m n n i  n
t J &  s - L  J U  6  V I A ( r A  l i l V r M

R u n z e  d n  X  s o  t h e

bvRemark When K= f i  the abo" , re  resu l t  is  proved

Narasj-mhan infZl .  :  , :
b ! t

3 .  P r o o f  o f  t h c  r : l a i n  i r . c u l t s

i  Lemma 3 ,1 .  le t  X  be  a  S te in  space o f  d i -m,ens ion  n  and
a  . .  

-  - - - -  -  - . - q

l e t ' f  €  f  ( X , D )  b e  s u c h ' t h a t  S i n g ( X )  c  4 =  { f = o } " 1 " t  c f  : X - + l R  b e

a real anaiyt ic plur isubharnonic exhaustion funct j-on and
( ' . -  ,  .  ?  . - .  \x t r== lo f  s11 i .Then I IT ' ( ) { , l i n t , iA iG)=o fo r  r '>v r  and any  abe l ian  grou- i )  G.

u ' : { '
P r o o f

X*u / r  be ing  semi l r lna . ly t i c  there  ex is ts  an  open ne ighbour :hood
0

V  t  o f  X O u A  s u c h  t h a t  X O u A  i s  a  s t r o n g  d e f  o r m a t i o n  r e t r ' a c t

o f  V I ,  fn  per t i cu-L i i r ' [ ; i r " .  r ' l a ' i ;unr ] .  r r l ! )n  0" :  I { " (XrXt ruA;G) -+

H r ( X , V '  ;  G )  a r o '  : . o r j o c t i v e  f  o r  a n y  r .

0n  the  o ' l ,hc r  h lnd  g ivcn  v  a  Runge ne ighbor i rhood o f  x*uA
()

we have (+*) Hr(x,V;g)-p fov^ r>n- rndeed (X.A,y.A) r.s a Ru:n6;e

- a  e

t '  (  x,Y) --+ [ '  (  N__, ' l  )  has dense
15-

such

i l f c r  . r f l Y 1

that  sup
K

c h o o s e

l r le  r  bu t
Ll o r  a n y  v
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peiT in  the Ste in  mani fo ld  XtA 'B* , ! f l
\\\

.Nov, r  ( * )  fo l lor ' ' rs  by exc is j -on""  :

ancl  the lemma is Proved "

L , e m m a  3  , 2 ,  L e t  X  b e  a  S t e i n

( X r A . V r A ; G ) = o  i f
r '

r l n .

s ince  x*  i . s  a  ho lo i t io rph ica l l y  convex  cohpact  subset  o f  x
0

accord ing  to  Propos i t ion  2 . I .  there  i9  I  o " " : :  ne ighbourhgor l '

V,  of  X. . rUA such that VcVr. I lence 0" are the nul l  maps f ,or  r>n
t l  

,

. a

^  f i  r - -  G . r  i  r  r  a  :

s p a c e , f €  I  ( X ' 0 )  s u c n  t n a r

i
?
: !

ii
ii
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s ine(x ) rA={ r=o}  and f  : x -R a  rea l  ana ly t i c  p lu r isubharn ion ic

< T ^  t t r e n  H - ( X *  t u h r . X ,  u A ; G ) ; o  f o r  r > n
e x h a u s t i o n . f u n c t i o n . I f  t r \ ' u c  0 Z  0 I

and any abel ian group G.

This fo l lorrs f rom the exact sec{uence of  the t r ip le

( x r x - u A , X { u A )  e n d  f J € n i $ a .  3 ' l - '
4 2  9 1

-] ,Sfngg )- , ) - ' -  let  
-X 

be a complex space and" 'A 'B semi-analyt ic

c l o s e d  s u b s e t s  o f  X . T h e n  H r ( A u 4 , B ; G )  X  H r ( A ' A n B ; G )  f o r  a n y

abel ian group G and any r>o' '

Proof

From the  t r iangu la t ion  tLeo: rem [  5 l  f  o r  the  pa i r  o f

semj - . -ana ly t i c  se ts  (B ,AnB)  there .  i s  an  open ne ighbourhood"

T  o f  A A B  i n  B  o . n d  a  s ' t r o n g  d e f o r m a t i o n ' r e t r a c t i b n  R : T x f o , 1 1 + ' T

f o r  t h e  i n c l u s i o n  A n B ' . * r T . B J  e x c j - s i o n  H " ( A r ; B r B ; G )  ;  F I " ( A u T , T ; G )

a strong d'eformationfor  any r>o.But  obv ious ly  R extends to
r\j ,.\ r .-1 i

re t rac t ion  d :  (eu f  )  x  Lor t l - r  A ' {JT  fo r '  the  inc lus ion  r \c *Au lT" l lence

(ArAnB)  i s  a  de fOrmat ion  re t rac t  o f  (AUTr ' , I ' )  'Conseo.uen ' t1y

T r  l a r i r l '  T r G ) *  H - ^ . ( A , A n B ; G )  f o r  a n y  T > r o . . T h . i s  c o n c l u d e s  t h e
. t l f \ r t v r - t !  t u . / =  r r l | \ : r t 1 L  * 1 - /

p r o o f  o f ,  L e m m a  3 . 3 ,  
:  '

{ '
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I l roof  o f  Theorem 2- . ' . . _

\Ye  l t$e  ind .uc t ion  o i l  l t=d i .m(X)"For  nqo i t  i . s  obv ious .

'  
Assurnc 'uhat 'L l re theol :em holds for  a l l -  Stein spaces of

: . j . '  
'  - - " r - ' l ' ^ I '  - t - * . - ; '  - "

.  t  1  r  - - L  ^  - { a r r r  l Y t  L -  - - - ^ l ^  J - l ^ ^ J -  c ' . : - ^ - / r r \  - ( - c  ^ lormens ion  <n- l . Ie 'b  f  € f  tX"9)  be  such tha t  S ing(X)  c { f=o t  ana:

f  does  no t  van i .sh  ident icd l l y  on  any  j - r reduc ib le  component
' j .  

'  
I  

1 .  )  : ; ,  ,

of  X of '  pos i t ive d i rnens i .on"Hence {= } f=ot  is  a  Ste i r r  space( ,

s of  r l imension( n-1 and cf ln is.  a real  analyt ie plur isubharmonic
'  

r l l \  '

e x h a u s t i o n  f u n c t i o n  o n  A . C o n s e q l r e n t l y  b y  t h e ' i n d u c t i o n
' l

'  
l l ows .  tha t  H-^ ._  _o  i f  o (E  F  andh y p o t h e s i s  i t  f o l l o r v s .  t h a t  H r ( X p n A , " { o f t A ; G )  

I

r>n-1 .Choos. ing  p->ot  v :e  ge t  Hr (A, I? f iA ;G)=6 fo r  any  r le . [ t  and

'  r > n - l . F r o m  L e m m a  3 . 3 ,  t r r y e  o b t a i n  :  '

( s , - \  r r  ( y  t , ^  ' r  . r : \ _ T {  ( y  
? L t X ^ t , ; G ) = O  i f  r > . I i _ l .\ ' " /  r  

t t 1 ' \ " T _ ' t  
"  r " t ' _  t  v  /  - r r f  \ " t f - V  " ! " T ^ ,  

v  I  - v

. .  
. .  r  t r1  C1 '  AZ 02

The exact  sequence of  the t r ip le  (Xf^vA,Xr lA,Xt r -  )  g lves :
t 1 2  u I  u \

: 
. . *H"("n 

{ 1,xrr ; G)-*H"(xtrz, o'ta,r., *)*rH"( *f{n'"trruo; G)+' 
: .

T h e r e f  o r e  l l " ( ) i "  u  A r , - { 7 . _  i G ) = o  f o r  r > n r b y  l e m m a  3 , 2 "  a n d  ( p ) .
t ) 2  u L

I d o w  t h e  e z a c t  s e q u e n c e  o f  t h e  t r i p l e  ( X *  U A , X * ,  , X *  )  g i v e s  :'  A Z  .  0 2  { J I

and.  s im i la r ly  v re  ob ta in  H i (X*^  rXT" iG)=o fo r  r>n  and any  abe l ian
0 z  v r

g r o u p  G " a s  d e s i r e d .

Theorem J  Le t  X  be  a  Ste in  space o f  d imens ion  n  and AcX

& n  a n & l y t i c  s u b s e t . T h e n  :

' L t  l \ f    - \  .  ^ - . -H r ( , \ .  r I \ i Z ) . = o  . f o r  
r > n  a n d

I l n ( X , A ; , 1 )  i s  f r e e .
F'  

I n  p a r t i c u l a r  I l *  (  X  , l t ; Z )  = s  f  o r  r > n "
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Proof
i'l''il '

\  r r ra)  We B.ss jume f  j . rs t  tha 'b  I t=# .Le t  c f i :X-+ [1  be  a .  rea ] -  ana ly t i c
. r ' t )plur" i .subharrnonic  exhs.ust lon funct ion and.  set  x .  =  ) re(? i . [or-  

r  t t - u t  * - -

nsR"For any iel l l  the group HI(XU;Z) is f i : r i telJr generated.

(s ince  X^y  i s  a  f j . n i t e  po l fhed ra )  hence  H- (X , . y ,  X^ iZ )  a l re  a l so
. . . u .  l ' '  , ' / ^ '

f i t t i t * ty  generated.By Theoren 2 and the 'un iversa l  cdef ' f ic ient

theorem :  H"(Xy+l ,Xf  i? l )=H"(Xtr ;Z)=o for  r>n and f ,he groups

Hr r (Xy+1  , 'X r . ; k ) ,H r (x { ,g )  a re  to rs ion  f ree  and  . i n  fac t , f ree

(being f  in i te ly  generated) .Because Hr(x  iz ) - \y t  r | r (x-y ;z t )  we

obta in  Hr(x iz l )=o for  r>n.To see -bhat  Hn(x iz)  is  f ree we

consj -d .er  the exact  sequence .

. , * I { r * t (X f *1  ,Xy ;%)+Hrr ( \ ;z )+H. r (4* r f  iZ ) - ,>Hr r (X , t+ r ,X f  i  z )+  ,  "  ,

Since H,f,*1(X.t*t . ,xt iz)=o and Hrr(X,t* l  ,xy;Tr) is free i t  fp1l 'ows

easi ly  tha{  I { r r (X* ;Z)  is  a  d i rect  summand in  Hrr ( \ ;n+f  ;Z) .Hence

Hn(X i7 , t )= t  in  t { r r (Xrr ;  Z  )  is  f ree
r r T j

b)  \ ' /e  assun ie  tha t  Acx  is  ra re  ( i . -e .  A  does  no t  con ta in

a n y  i r r e r l u c i b l e  c o m p o n e n t  o f  X )  . I I e n c e  d i m ( A ) {  n - 1 .

From the  e l {ac t  sequence :

.  . .  . * ) F I "  ( A ; T t ) * t . H r ( x  t z t ) - > H r ( x  , A ; z ) - b H r - 1  ( A ; r J ) $ .  o  .

and a) i t  foLlolnrs that

f r  o o

c )  T h e  g e n e r a l  c & s e . L e t  X  l u  t h e  u n i o n  o f  t h o s e  i r r e d u c i b l e

c o n l p o n e n t s  o f  X  n o t  c o n t a i n e d  i n  A . T h e n  x  i s  a  S t e i n  r r p a c e
hl f\t 14 tu

ancl A:xr1A is a rare nnalyt ic subset of. . ,x.since x=ir,rA and
Ft (w'

f r=f ,nn u/e obt i r j .n f : :om r- ,emma j -3-  H r 'x  r r  zz)xH (X.K:z)  and.  - t . J .  . . f  \ { r r J L r l l , /  - . . f  \ ^ S J L l L

b y  b )  t h i s  c o n c l u d e s  t h e  p : : o o f  .

H r ( X ,  A ; Z t ) = s  i f  r > n  a n d . I { n ( X ,  A ; Z )  i s

t
!
t

i
i
J

I
I
I
.l

1
T
I
Irt
I
I
I
i{
I
t

t
a
I
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Dnnn .F  n f  f F l r  anz -om 1  '
I  

" l " v v . r .  
v I  . L r r v v r  e r r r

'  F j . r .g 'b rve retnalrk that  g iven a compact subset KcY we can

prochlce a real  analyt ic (strongly)  p lur isubharmonic el ihaust ion
:

funct ion . i :  X.+ iR such that  $  c{xe Xlqfx)< l leY '  f  can be chosen
. r i ' ,  l -  t 2  .  ' a

a s  a  c o n y c - r g e n t  s e r i e s  L l t r l ' w h e : : e  f r e  l ' ( : r r a l  ( s e e  e " g '
. r ' u

F - 1

[gJ  1. t r ' rom th is  remark i t  fo l lovrs  that  the pa i r  " (X,Y)  can be

exhauste{  's i th  par : rs  o f  compact .sets  o f  the fbrm'  , te . i ' * *o)

corresponding to  t r ip l .es ( fn ,  
f t ,x )  

where Y;X->n are ( ,poss ib ly

d i f ferent )  rea l -  analy t ic  p lur isubharmonic  exhaust ion funct ions

on X and c{ ,<6 are rea l  numbers,Ta}c ing inr iuct ive l in i t  and' V  
l l li -

us ing  Theoren  2  t ve  ge t  i I r (X ,Y ;G)=6  fo r  r>n  and  any  abe l i an

g roup  G.The 'un j - ve rsa l  coe f f i c ien t  t heo rem shows 'now tha t

H n ( X , Y . ; 7 )  t s  t o r s i o n  f r e e  a n d  t h e  p r o o f  o f  T h e o r e m  1  i s

c o m p l e t e .

Remark  Theoren I  can  be  genera l i zed  to  non-degenera te

s p a c e s . R e c a l l  t h e . t  a . c o m p l e x  s p a c e  X  i s  s a i d  t o  b e  n o n -

degene i 'a te  (c f  ,  t l l )  i f  there  ex is ts  an  ana. . l -y t i c  subset  AcX
a!

(  ' t h e  d e g e n e r a c y  s e t  o f  X  ) , a  S t e i n  s p a c . e  X  a n d  a .  p r o p e r
M

ho l -on torph ic  map p :X+X .such tha t  l  i ) .  d im*A>o fo r  any  xcA
At t4t

i i )  p  ind,uces a b iho lomorphism XiAc{7- . . ' f  (where I=p(A)  )  and

n  t - - ' :  & , - v  i i i )  A  i s  r l i sc re te ,l r * " x  -  v  
y  

L . L L /  r r  r p .  \ r l u v r v  v u t

T n  n n r t i c r i l a r  s u c h  a  s D e c e  i s  h o l o m c , r n h - e o n v e x - T f .  f  i *

f in i te  (equ i -va len t Iy  A  i -s  compact )  X  is  ca l l -ed  l -co i l v€x

and A i t s  exc .ep t iona l  se t . I f  X  i s  a  non-degenera te  space

and.  YcX is  a l l  open subbe*  
' con 'La in in ,g  

A  we ca l l  (X ,Y)  a  Runge i

n n i r  i f  \ r  i s  h o l o n r q r p h - c o n v e x  a n c l  f h e  r e s t r i c t i o n  m a p

f (  X,b) --- t  f  (V,6 )  ha.s c lense imege .  From Theorem I  i t  f  o l lovrs

imned i i : te1y
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Theorem 1r  Le t  X  be  & non-dege.nera te  n*cL imens iona l

cornplrr : ' r  f lpocc i r . : rc j .  l lcX an oi l i ln sul t l l i : ' t  ,such th: l t  (XrY) j .* :

iR r r n r r o  r - l r : ' !  r - T h n t r  :6  f , 4 r  z r ' r

H. , . (XrY;7 ; )=s  fo r  r>n  an< l  '  ' ,  '  ' - '  .  :
L

. D

I I * ( X  r Y i Z )  h a s  n 0  t o r $ : i . o n .  ,
I I
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