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- proof to Nerasimhan's problem (Theepem 3. ) and iy the .game.

’1.In%rod‘c ion

<

In [7] Narasimhen has proved that 1if X is a Btein space

-«
«

of dimension n then Hr(X;Z):o for ren and Hn(X;Z) is,torsion
o

Hh

‘ree.In the seme paper he asked whether Hn(T;Z) ig free.

An affirmative answer has been given by Hamm [3},[4] which

has proved the stronger result that X has the homotopy type

of g OV complex of'dimension (& n . Hamm's proof is based on
Morse theory on singular spaces. i
Iﬁ this paper,using elementary methods,we give 8 short:
time we obtain :
Theorem 1 Let X be a Stein spacewof dimension n and
T,

Y&Tan. open-set such thet (X,¥):1s a Runge pair.Then :

Hr(X,Y %Z)=0 for ryn and.

-

Hn(X,Y;Z) is torsion Tree.
This theorem was proved by .Andreottl and Narasimhan when
X has isolanted sineularities[1].

1 N~ ~ 3 e ~ s - el
Theorem 1 and Yarasimhan's problem follow from :

Theorem 2 Let X be a Stein space of dimension n,p:X>R
> 3

1

- o .. -~ xE 3 T 4 . v e - 4
8 real analytic plurigubharmonic exhaustion function and let

them H (% . X . 180 for r>sn and

- et

any abelian group G,



S B et e W e b a8

PRV ETI: TS

T

The proof of this theorem neoqe“ ynly the vanishing theorem

foxr the relative homology.groups for Runge pairs of Stein
[enTY 2 2es D

mﬁnifolda,result which is usually deduced using the clasgical

Nor e thoory,(i.e; on nonsingular spaces).

2+ Preliminaries

A1l complex spaces are supposed to be reduced and dountable

at infinity,Givén a Stein.épace~X and ¥eX an opén subset, (X,Y)

igggidto.be s Runge pgir if ¥ is Stein gudathe. restrietion

o

CFes

map P(X,ﬁ)—a (Y,0) has dense image,If KeX is a compact subset

Gl
we set KV=%XGK/Qf(X)]§supr] for any feF(X &)}.K I ealled
K i

holomorph cally convex if K= KX.Any holomornhlcglly convex

‘compact set'K has a fundamental system of Runge neighbourhoods.

It follows that the restriction map P(X,?}wﬁ P(K,T) has densé

image for any FeC .(X) (see [ 2],p.29).The Oka—hell»theorem

‘asserts. that (X,Y) is a:Runge pair- iff for any compact set

% ‘
KCY it follows that KX¢Y,If<$:X~MR is plurisubharmonic -

according to a 4neorem of Warasimhan [6] the pair (X,{¢<c})

is Runge for any ceR.

We shall need also :
fg_qgglﬂ_qp_gLL, Lct X be a uLvln spa ce,ACX_an analytic

subSet and KcX a holomorphically convex compact subset.Then -

L«hUA has a fundamental system of Runge neighbourhoods.

Prood
Let %KU% be a sequence of holomorphically convex compact
i O d : .
N & . AP Y ~ b1 i { i 5o A 0 o e e T e 1 - s - Mt
subsets of X such-that K,=K,K K, ; for any Vv an .L

We fix an open neighbourhood V of L and -define waKﬁ{3EV,



P =(K nLV for v22.Tet S be the fdeal sheaf of A.

<
VK
e 2 J+l)
| ' : Remark that given any xdI, the set K _=Kuvixl is still
g ! &) . i b
holomorphlcally convex and the function wnLc} dsiodin- g

neighbourhood of K and 2 in_a neighbourhood of x defines -

° 7 a L
Wossobton in P(Ky,ﬂ),SinCe fj(X5§)~%|ﬁ(KX,j) has dense.

: : ; : >0 ' e z
| : image there exists fel(X,T7) such that sup)ff(l but E(X)§>1n
-« liging repeatedly this Ffact we can ohoosO for any v fw,l""’
o f TePlx ,3) such that :
| V’lr ;
| Lo e 212" on K
; 2
| and \f‘_112+..¢+'fu, Lol on P ..
Vs L *\/51,2/' W
fia :
; Then m >llﬂ j is a real analytlo plurloubharmonlo
Vi
| function on X qn@ uctyﬁlfav But Sm%W}ls Runge in X so the
e propf of Bropogitien 2.1. 18 completeo
j ’ Remark When K= ¢ the above result is proved by
i Narasimhan in [7]0
j 34 Propof of ‘the maln resulis
; ‘ ;fm@&_lﬁL Let X be a Stein space'of dimension n and
let £e(%,8) be such "that Sing(¥X) ¢ A= {f_—._o},Let ¢:X~R be
; A
T acreal analyltiec plurlsubhurwonlc exhaustion fvnctlon and
5 Ll /sl rat 5 i ¥ ¥ . .
Kﬁ:{ﬁsﬁy,ih@n HT(K,XWVA;G)ro for r»n and any. “bpllwﬂ group G
o Lreol
' XKUA being semi-analytic there exists an open neighbourhood
1o ‘ Viof XKUA such that XJUA'iS g strong deformation retract
byl : of V',In particular the natural maps o (T,Y VA G)—>

HF(X,V';G) are. injeetive for any r.

f—

i ) On the othcr wnd given V a Runge neighbourhood of XKUA

we have (%) H. (V ViG)=0 for rsn.Indeed (X>A,V~a4) is a Runge
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i

i

2

o s 3

pair in the Stein manifold XvA. Bv Fﬂ H (X4, TA3@)=0 1T Tom.

Now (%) follows by excision..

"‘»7'

Since L is a holomorphically convex compaot subs et of 37
)

according to Proposition 2«1+ there 18 8 Runge neLvnboarhood

Viiof XYUA such that VQV'GHenoe @r are the null maps for r»n
and the lemms is proved. ; | . _ .

;ngég_zﬂgﬁ‘ Let X be a Stein Space,fe_r(X,@) such that
Siﬁg(X)cA—gf"o§ and ?°X«3R a real analytic plﬁ£isubharmonic
exhaus tion LuanlOH ki 51<Jé then H (XKS)A %ﬁch sG)=0 for ryn
and sny abelian group G.

Proof
This folloWs from the exact sequenée of_the triple

,XZJJA X kJA) and Lemma B udis
2

meg:_}_j“_ Let X be a complex space and A B semi- analyblc
closed subsets of X,Then H., (AVB,B; G)“’H (A,A0B;G) for any
abelian group G and any r)o0

Proof

Prom the trlangulatlon tnaorem [51 for the pair of

_Sém1 ssnalytic sets (B,ANB) there 18 'ah Oopen nelvhbouzhood

: T of AﬁB ln B and s 8urong deformation retrdctlon R:Tx o, l}my"

for the inclusion AnBesT.By excision H (AUB B G)*’H (AUT,T;G)
for any rzo.But obviously R extends to a strong deformation’
refraction‘§:<AUT)x[o,i}é AUT for the inclusicﬁ Aas AUT . Hence
(A,AﬂB) is a deformation retract of (AUTgT);Consequently

—

'Hr(AUT,T;G)x Hf(A,AﬁB;G) for any ryo.This concludes the

proof of Lemma e 3



Proef of Theorem 2

We use induction on n=dim(X).For n=o it is obvious.
Assume that the theorem holds for all Steih épaces of
dimension énm1.Let f<EV(X%§3 be such that'Sing(X)cgf:o§and
f does pot vanish identicdlly on any irréduéible cdmponent
o} X of positive dimension.Hence Azgf:o} ig'a Steiﬂ Epaoe
g f dLan ion< n-1 and- Lf is. 8 reai analytic plﬁrisubharmonic
exnuusilbn funotion, on A.Coﬁsequently by the'inductipn

hypothesis it folloﬁs:that Hr(XFhA,KKhA;G):o LE qR;F and

wran=1.Choosing @*Hw we get Hr(A,XMﬁA;G);o for any ae® and

- ryn-1.Prom Lemma 3.3, we obtain :

| (%) H (X, UA,X, ;G)= H (% UA,XX :@)=0  1if rrn-1l.

5} (4] o

The exact sequence of the triple (XWAUA,X"c/A;X ) gives :
e - T (5} ,

- ,..*%H (y uA,A eIt (G ST e ;,G)*-yH (X AT G L,
: sl st B

Bt L

1G)=0 for r}ﬁ;by Lemma Biedicand e,

?” T

Tderefore'

“i .L\
52 i i
“ How the exact-sequence of the triple (X_uhZ 3, X, ) gives
‘ Ry B, il |
.: Ay e RS e ) )H (X 1G) —»H (XA()A X, sG)D vne
17f TS T r e g

and similarly we obtain HT(X ,X;';G)zo for r»n and any abelian
o _ -

group G,as desired.

Theorem 3 Let X be a Stein space of dimension n and AcX

an analyti¢ subset.Then :
'Hr(X,A;Z):o for pin --and
; H (K b2 dm free,

In particolar H- T(X,A:72)=0 for r>n.



Proof o
a) We assume first that A=¢. Lahdl: X4rq be & rTeal analytic
plurisubharmonic ex stion function and set X;"z%”ﬁ For

JeR.For any Vell the group Hr(Xv;%) is finitely generated
(since Xﬁﬁis a finite polyhedra) hence HT(XV,XM;Z)'are also
’ilnl ely generated.By Theorem 2 and the universal coefficient
theorem : Hr(Xﬁ+1,X¢;Z):Hr(X,;Z):o for r>n and the groups

B (T, raa o(Xy,3) are torsion free and in fact free

T+l
(belnw flﬂlbeiy generated), Because H (X Z)»lim H (Xq,u) we

obtain Hr(X;Z):o for ryn,To see thab‘hn(k,Z)‘lS free we
consider the exact sequence : ' ' e

>Hn+1(-‘('¥)+19X¥?"//)W?H (“\7"’ ) / Hn(Xﬁl;rZ’/)“’} Hn(XW-'rl’X‘};Z)% « o0

Z9,15%yiB)=0 and H (X q,%,38) ds free it follows

asily tha+ H (X.3%2) is.a direct summand in H ( %) .Hence

Lys -V+1’
H (X3%)= 1ln H (Xy32) is free. '
b) We assume - that Ac<X is rare (1 e, A does not coniain
any irredu01ole compongnt.of 4).ﬂenoe alm(A)sne
‘From the exact sequence : _- »
meMWJWH(v@)>H(KA ) >H,, ﬂAJOSH;
and a) it fO]lO]o that H, (X, M) =0 42 ron and H_ (X,A32) is
free.
- e) The general case.Let A be the union 01 those 1rreduclb

M ~
compomoniﬂ OL X=noab conhu ined in A,_"on X is a Stein space

“

aof N

€
o ) o o
and A=ZnA is a rare analytic subset of . X.Since X=XVA and
~ 0
A=XnA we obtain from Lemma 3.3, H (X A;Z)¥ H (K A37) and

by b) this concludes the proof,



Proof of Theorem 1

First we remark that given a compact sabsef KeY we ca
produce a réal analytic (strongly) plurlsubhdrmonlc exha usfion
Tunction ¢:X=iR such that,5€§XGX/§(X)41‘CY.(fCan be'chosgn“
as. a convergent ¢ ermps. Ld{f (2 where f cl (2,00 teet e.e,
[é} ) . From fhis remark it follows that the pair (X,Y) can be
exhausted with pairs of compact. sets of the form (f? Q1 )
corresponding to brlpleo (1},[;,y ) where ‘f.xxbdl qre (poq31bly
differeﬁt) real analytic plurisubharmonic exhaustion functions
con X andsof <f are real numberu.Taking inductive limit and
using Theorem 2 we get H (T Y;G)=0 for r»n and any aebelian
group G.The universal coefficient theorem shows now that
HH(X?Y;%)_is torsion free and the proof of Theorem 1 ié

complete.

Remark Theorem 1 can be generélized to'ﬁbﬁ-degenéfate'
spaces.Recall that a complex space X is said to be non-
degenerate (cf. [11) if there exists an analytic subset AcX
( *the degeneracy set of X ),a Stein spacedi and & proper
holomorphic map p:X->% such that : 1), dim_Avo fdr any xeh
iiep induces & bLhOlOHOfphl m X ASTVE (where g p(A) )Y and -
p&BX’§f9§' iii) 4 is discrete, A

In particular such.a space ig holomorphwcoﬁvex,lf‘ifis
finite (PQULleO“Lly A is‘oompaét) X i called l-convex
and A dts exeeptional set.If X 'ig a noﬁudegenerate space
and. YecX is an open subbet'éontaihing A we call (X,Y) a Runge
padr A ¥ dd holomgrph~oonvex and the restriction map
C(x,6)—7(Y,0) has dense imagecFrbm Theorem 1 it follows

immediately

s
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Theoxrem 1! Let X be a non~degenerate n-dimensional

complex 5pac and YeX an open subset such that (X,Y) is a

Runge pair,Then :
sl TR =05 sfors ren msaand
Jn b2 9

Hh(X,Y;Z) has no torsiorn. ; S
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