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Let H be a separab3.e, infinite
space and let I;(H)r denote the algebna
tors oo H.

l*,

dirnensionaL, conrplex Hilbert

of all boanded linesn op€r&-

?his paper deals with sCIme aepeets the theory of duaL dL-
gebrao' 3o'ughly opeaking, we sharl give some new eriteria for men-
bership in the c1ass A(Ir) and sone others for membership in the
cLass Atd,' fhese classes of operatore (whose definitions are revio*
wed, below), ra'er€ introduced in kl and etud{.ed j.n several papers du_
ring the past three Jieers (see trt for an in- depth developnent of
the theory of duar algebras anrl a bibliography o,f pealinent arti*

^Jr
IJI

c les )

Ae it was

vamant subspace

of t eontains th*.

.n the in* 
'

pnobleru fss contnactione f such that the op*ctrum
uni'&. eir**le l- G

on tlie othen hand, much is kncy,,n abaut trre structure of a*
openator f  in glg,o, $uch f f .s a *universar di lat i .on*, is r :efJ.e" ' .r ivr:
and has a huge inirrer iant subspace latt iee (see L: l  ,  Chapteno
( xn  ve  g rs  rN) "

Tfnnious c*i Lo*i ', i-foi ' nrxnhership iri thq elass d\goare l. lno"r,.n:
but. a f*qv *rit.crj.e for memborshj.pr j.n f{(ff} were f. ieEcn fornnulat*d,
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' a

fhe eontent of the peper ie the fol]"owirw.in ths fi.rst

seation we recal"l $one notations eind basie doflnitions fnom
the theor? of dual algebras"

fn tho gecond sectionn a certaLn grawilh.eonditlon on the

resolvent of a eourtraetion le renl,ewed" St wiLl" be ehown that
this condit ion ensures.the meubership:"in the eLass A(H). Thie

resuLt impnoves simiLsr onea obtainod in tr.] ana LF] .

xn the third eection, a nav criteria that a duar a1gebra

have propenty (AC vrilL be given. A coro1lryy of this resu}t,

which extends l,emra 7"6 fror Lgl wilL be presen.t6d.
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M
The natation and te::udnore# emptoyed herein egree with

that in [5J " I&lvsrtheless, for completenesso rrs be,gin by revis_
vring a few pertinent definitj.clns

If [AI(II) n the spoctrum of S wil1 be denoted by a(f} o and
the essentiai spectrum of r by o* (T) * rt is welr knorm that t(H)
ie the clual specs of the Banaeh space (Zc) of traee_class.opcra_
tors on I1 equtppod with the traee*nora i t  t \a. fhis dual i ty ie
inplenented by the bilinear functionar,

( F, r,)**n(rr), t6e(!i) r he (?c1

A subalgebra A of L(H) that contalns
rf

the weakx-topology on t(Ii) is ealled a dual
frou general pr inciples tcf f4l  )  t frat i f  A
then A ean be identif.isd r*rith tho drlal spece
t*A is the preann:iteilatsn in (Cd sf ,A, under

(en [ f , ] ) * t r {T f , } ,  S€a  , tnl€ aa

1
& G

1,, and is closed in
ft

aLgebna. I t  fol lows

is a dual algebrs,

of  QA=(tC) , / Ia ,  where

the peiring

(flmoughout the PsPer we writ* [f,]a oor eimptrgr [f,l where ,ro *on*o*
eion v$l i  result ,  fcr the coset in eA containing the opers*or
L€ { ' tc}" r t  i "s ar.so e.asy to eee (cf [+]r the* the w*ak* top'r-sdry
that, secruss to A b;, v{r.tue *f bein€ the dual. spece of eA ia iden-
tical tdth t,l i* r'eLetive wee*ks topatogr that A $.nherit,s ** * eubsns*
ce of L{ i i }  .
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If x and Y are. vectors in }tr, then the ranlt*Oilo operator.

x€X/r  def insd a*  ueunl ,  by {my}(s}* {* ry}x ,  a  i I ,  be longs to  (?a}

and sat isf ies tr(xey)*(xry!,  thus i f  A i .e a r lual algebran [xe,y]€qn.

est Acf, {}f} bs' & du*1l algebra and let n be any cerdinaL number such

0( i ,  j (n

that IQ}(Ro" ffhen a f,s said to have property (an) pnovided B\rer*Jr

nffi{ systen of eimultan86u1s equat,ione of the formi

triJ*[xi e rg1

(where [[-t, ,11 are arbitrarXr but fixed e].ements frour e4) hes a solu-r ' _  I r J ,  
j J

e ( )t ion ]* i t  g-<i<n r I  yi l  g( i<n consist ing of a pai.r  of sequenees of

vectorg from FI,

tet, tD be the open unit dise in S, and letlf '€,ID.

A set A c E is said to be dominating for T if almost everSr

point of {" is a nontangontiaL l imit  of a sequence of points.from

A .
t'!

Tlre spaces tr'*rpfil-) and Hp*I{p(.'}n l.4p4ao, are tho ubual f.up6*

t ion spaces

rf 'f is an absol-utelgr continu,sus e ont*action in rr(H) (t,**

& contraetion whose rnqxixdsl unitary dire:ct sumnnand is e,{ther ab,so*

lute,]ry continuous CIr actis on the sFacs (1CI))r w& denote by S,p the

dual algebra generrited by f and wo write eE fon the predual eA**

For et*ch fi, as fe

funct,i oni,rl calcuLu* O*

weLL-knox.m (ef" tgllo the $s.-l{agr*f6ia$

j"s a weakS cont,inuousrrxorn cleerea,sing, $1"*
"s1*te&?"r^ dense subalgebr$: 6f A*"Tha

' &

absol-uteLy conti-nuou,s sontraqtions

ff ?€A (Iii, th*n one knry.,rs (cf . L,$.j I

gebra homonc::phi.cn of lfo snto a

eLans A*A(I{} is t}re set of at-t}"

T for i':']:ieh 0 f iu *r.n ifi:rnc{py.



* 9 &

, + ,  - *
that ? * 

ie a weak-- hornomorphism bet.ween F.fo anc} e* and t,hat there

exists a linear iocmetry cf 
* of $* onto nrzH] (trre preiiual CIf H )

such that 0 =,f* c

For any cardinal n*mber n satisffing L(n4 No u the el-abs

A* coneiete of al"L S inA. for snhieh ths duaL al-gebra G* has Dpop€r-

ty (an) (ses, tr l  for vari"ols pncperties of these claeses),

?o $.4p_SJsen A(H)

In this section, we shalL givo a suffieient eondition fon

membership in the elass A(n), which lmproves einilar resuLts obts,i*

ned in lrl and tfl o

The elaee'A[H] is cloeely related to the invariant subrpace

probLen for eontractions T such that, the spectrua <r(f} of T corr*

tains the unit circLe :$-' 
" rndeed, it was shoum r" [t] that i.f r

i s  a  eon t rac t i on  i n  i , (H )  such  tha t  o - (T )?T ,  then  e i the r  f  has

& nontnivial  Wperinvarisnt subspaco or f '  belongs to A, 0n the other"

hanclo i t  ls easy to see that operators in class 4.,  have nontr ivial

invariant *r i i rspae*s*

rn [e] n i t  was conjectured that A+A, ,  and i f  t ,his is true,

i

then an *"*y eorolLerxr is that every contrset ion T6r{H} such'thet

* s(f))T has a nontriviaL invari-ant subspace,*fhr.rs Lt i.s of som* inp

portance tr: fi.nrl sr*fficient canrli.tions that, a contraetion be16n6s

to r i l .

;  r f  s is & contract ion fn t{}T} nnd CI40( l ,  t }ren we put



5J?) * {'$ os{r}) u{ \e ffi= a{r} s Otl
{/

(r*\)-1 t\> A* r" t  3 * t x t  J

Those eete \qrsf,G: intnoducee f n []^J , whero it rrus shown,
that if S is eomplete)y ironr*nitary and if all. these sete ars

dorainating foi' 
'1I- 

, then f e 6--

More recentWo it was shown in [F] ttrat. i f  there exiets

souae 0., eatis*$ing o(6( 2/*, sueh that, 56erl is dominating for

T o then g€A* Our iruprovenent of these resul-ts is the foLLo*

wing:

- 6 *

The.o_req 2_n1

Supposo T is an absolutety

such that for some 0 eatiefying

nating for-[- * fhen Te A,

ryCIsg'
Fix a noncsn$tant

sequence e \ ol$*c50(sI

e ontinuou's eontract,ion

s<0<]., the eet f6 (p)
1n

i s

r{}1)

dorpi-

f $.n 116 such that {1 f tk aT and take e

such thar Lin \  f  (X*) l  *\ ts\[  a]o
Il.+co n

rf X ,fo(tl n F for all n)r l-u then one knows from [ol trurtm
' f  

() 'nle<s-(f  (T)) for" aLl" nizt u hence L'x1f.n: \  f  { trn}{ <i l f  ( f}{ \4 1lf l [*1"

thus srs m{ty sutrp$s#r by taking a subcequeneeu that\ rre ftrlrr(n}
and f (tr*) e iD\.s{lf ' (t} } o for nl]" rfi1,

It foLlovrs from thc inrrariantl form of l3eirwartnte Lemrnn(t?:1 o Chaptel

f) that r',;e have

E*\r&r /\ 11
f(r)*rf i ._,) I
*.*--**;1*i*" l//'

l*rTLlr'(r),f o

for nll n7l snd s(S,

3'*Itrr



fth
6 6 c

$Ience there exic?t fun*tions h*e ff*, il Ub < f euch that

f (a)* f {X }  s*X
*^.***.="-*.J.: *!rrr{r} =" =L. , Ks, n}rl.*I*f (\n) f kll r'r r-I;;t

sincer the funct.ional calculus is & norn*decreesing algebra homo-

morphtsrnu it fol-Low,s @esy that

I  By a short caLculatton (see [gl  o p"p6]) e we.obtaln

? * T

f i<ttrr4ol 
*(l (1-t\r,t )4

( ll (t*;rr) *t 
fr*\#l lt 4

4 it (r(r}-r(\o):l -1 
{r-FQ}r(s} } il<

hence

n (rir)-r(xnlt*Iil) 

"#h;;1 

u ron atr n221,

fhue q-(f (,t) ),OT f 0 and the proof is camplete*

&Lryg&k* the pro*f worke eqnal.)6r if ws repl_ac* t{H} by an

arbitrary urtital Banach algebra $ anc1 f .-+ f (f) by a nor& corLtrac*

tiv'e uni.tal hoinomonphinm 
f :#--," B with the property that fon s$n&

0<0{  L , the  se t I

\f,f )*ffi]no-ix) )tt!Xe n',o-{x) ; CI il {:s-"} l-}tl) ,=fo,rj

is dominatin6 f*rT" {Here x*f{r} } *
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l(ow supposs that f to a given conpletoly non*unitsw cop-

tracti on in r{u} * v,rnite' sr* (i*ffu t ve, Dff* (r*TT*}vz' and clefine,

the subspace* S 
* 

and $*g of H to be the c.l.osures of the rangss

of il* and I)*s respect,frreLyo
J . I

Tlro anal,yti* function @* defined on D by

atisf. ies- 11 Or\l < L (*.:.  I  S1rp.238) snd the contractive anatytic

r functiot{$tu$gx ,@*t is called the charhcterlst ic function of f*

.f heorem 2 &

$uppose t is a cmpi.etery non-unitary contraction in tfH)

andl  DEoSgx ,8 *J i ts  eharacter is t ic  funct ion"r f  there exist ,s
r"\ ;4
u, eatisfling 0<0<1, such that ilre for3owing set

I

$rnl 
=fBos*(r) )utke n'o6sl $0t @ *{tr }*r{\ ) i}

ia doninating for: T- o then t€[q* 
o

Ilreqf ,_

It fotrlows fbom ( tg]rp*?F9) ttrat \g,nrl:r(fl if and $rrtJr

if  q(I) is bonrrde.dly invert ibLeohenee the definit ion of the eet
r

56 tnl s,n cons:i i;rento l,iowu if h€$tl.*(T! rhen we have (cf * [g_-\,

p,263I  t

i lo*nl*1ll * t\ {r*\ }*1{:+rl {\

and the proof gCIes l ike j.rr the above thesreno
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This Last resul"t, affers s, wn&$iod do eonstruet" veirious €xs&*

plec of contrsct ierne in &, by ss;ng the funct ional morleL associate*

xri.ttr a givem eontrse:tilre anai"ytt* fwretion"

5 '  eH"

In thie ,s.oc'ti,onr w€ shall give & new suffieient condi*{.on

that a girren dua"l- algehra A hane property' (A,<J o

She nain result is the following:

Lh.e$re,g, ?*.1

Suppose ect(:H)

1"r3$r ano lvfrSr i"
is a dual alge.bra and there exi st seo*u*nces

I
the unit balllof H euch that

c( ) sup \ (.tx- ,y,"):! *llt \\ r r€ A r $€ Ws
N > N  

I  L L  I

and

p ) l\F* @ "#tl o l\ [r,* B ;rJ((u i\ F*rn @ y*]lKF+*

suppose also that l f"t-, i i i i , j )rt 
j .s a siven doub}y indexerl fuini ly

of elomeints o* Qa ai:d L ) $* Ehen there esf st sequences I "f1"#,

and l"Sli?, frsnrII sntisfYing

l-(i r.i <oo

e" ? .frr

),ttti,i sl l\ 23,,i>t rhen
,\=l

1*:u t r , rp*( tu,  f , r i  to "g1)u te $,

rf , msreoves", t, t\ lJ,1 jl\\Y{{zt,anrl

sequsnc$o toj] *;' anci l"*}Fr

can be ehs*en to natisfSn

tl:* ab*ve



TTT--:T'

snd

i
. l A
I U *

as
. t  , A

rr ut t\ < (E t\ [l,, oJli 
t/? * e:] , r(i<.e

& t ,

J * " L

6
S  - . t U Z

t\ v1 t\ <(e, \t Lt, J\\" 
* +2 ) s r4J<"*"'  u  : * ' t  ' L d

J * I

in part icuLaro A has property (Ar4_},'  ( \o

c
' Before 'proving thie 

.theoremr 
w€ need two Lemmae that &re

t sinilar vrith ( t tl , Lemm.as 5,g and 5"1,0). ff f C H, we denote

by span (f,), the, set of al} trinite Linear conbinations of element,s

fron f, ". ;

Le.n$a 5 *2.

Suppooe Act{}i} ie a dual algetra with properLies ct} and

G). Let N)o and'suppos€ u*€ spanl *rr; n>.*, " igrpanlv,r; nzrl
d

and \Fii$16 ,${Nc Qs.'

A6$ume that

( t"i 6 vjl a tr"$tt.qU v 3.*i,g{$
(

Le t l(i o $ JdSS$ and let CI <b<q .i*0do
a .

S.hen tlrere exist, 
"i*: 

€pea ? **i rr)r33 and "$F spen I yot r!2/3

! sueh that

A \  t l  f + l t  
' r f t r r ' ! ' r i  

:  1 - r  - r l l  z  (  I$ \ t  r \ L * i  6 " $ l  *  f t *  { J r \  \ - q )
.  * e l  u 0  _  * n . X n

, \

n) \1[uo @ v$J * "Lll$sf\\(trj* ror each f,

c) t\ [qin @ uUl^- ln*ojl (l(tr*$ fon each g

o) \lu in * 
I i*lt2 ziuj*

E ) \ \  v l  * o * "  *
r'0, ,o\ < t ioi o
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8gq.o{

rusr fm]* tLl * [o* s '* J u $er a*\\Igl \l "* o  t l s

He r*ay assurne that dl$ einee otherwfse thre can simpSgr take

.  U t  r ,U-  A f fd  vs  s  , / .  Gi . i { 4 01 o  r o  J o  J 0

r
Let  0( f  (  nr in(  A i t , ,  * [ \ [ f , *  r l  *  fo ,  (s  " , l i t  I, l< i ,  j6N t  

'  -  t "J  lJ , -  : -  I  \ { }  
J '  

'  "

It folLows from pnopertyp) of A thst we ney choose m€fi+ large
I

enough'such that '

r. a*f and max {r1pn e vgll[ rllui s rn] \\ ] {
I t€i, j(t{

{t**

for all n7m

$inee A has also propertSr d }o it fai.lcws f?om C [fl* Propo-

sition ]-el) that the qlssed sbsoLutalJr convex hul,l ef the sqt

\tq- ql yJ ; n)mJ equale the c].os,ed urrit, 
faff 

ln Q** lUe nry therefo*

\-1.

re choose kefr+, cl'gr,,,rd*e 0 suc'h thbt )rt"tiu( r ane
Gl 

! -

- k (
\\ d*l[K] -p-v,*[x*o&@ r**gl\a * e

f.=I 
^

choose (*,.; *,$ue c sueh ttT {t f 
=d *d' L-(i_<k.

5 . r -  " f  i p  - -
set -*r\txn+i and t = Z.,r{-rvm+i

V{e cLaina that we may tnko

ul stl l" +S and vt a.v" *te
1&, to Jo,  Je

First ,  obeerve that



rt

*

- l ? *

g

{l(",i_+s}-qiol\ t"it 
I f,t***il( 

*<
* O  o e  

l = I S  
i  m + L t \  \

k

iFs
b

and likewise ll {.rro +1}*v, tl 
fa| 

, i 
: '

, O  r J O  . O J O

$extr *.* show trlt we ma$i eatlsftrr conditinroa* $te haver

l[ | (uro+*rU[vjo*t]] * [k"r; i\ <

(\\[oio@".il -i**;J +fseultln lf [ **to] \f "l\ L tro* t ^1  i l  . /
T - l t l  . -
v j . r t  . \

{  \ \ [
i=1

g

4i$r-., *ei
fi[s"-.J 

- lrlll*tt- @ tJ\l *\\["ro 6 t]t+

*,Jrf {$l\\["*,i @ Y**;ltl +Zr.
k

3 c#.
J 

.p,lknrl$L*,*i 
e ,sJti "fi'flu"'toio @ I*nis t  . ' , ;  J l \  

.  . a t

d'o i=l rlt\ <

I'inally, note that,

\l[t"ioou1 e "$] - [qopll{uf,ro *ojl -lrro}il"
q

.R'trt{ [[x**rs"*][(?ros ror oach g

and sim{,1arLy

\\[ "i s (' j *t).1 * [ri iJta?iio for each i.

The proof is eouplete..
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)
By Nt succesive applications of th'e preeeding l"e & w&

imnediately obtain tlre following resultr

of

Tsqga-, ?*7*.
tet AcI,{$} be a

theoreu A"Ln

Let I{)0, urG spanl

Aosmume that

dual algebra whieh satiafie,s the trypothesie

rt/L\, 
"5€'snan{pfrr: 

n71} and

n7r{ euch

for aL1- i"S

v2
for all i

,  i r j } l  sat is fp

*oi

q

. t '

I

\\ [ "r € 'Yjl- ! au*l\l<et* 1(i' i€s

and let o<6*rcea- for 1€iri6N'

f,hen there exiet 
"i. 

span 1 *o, n7l-t and v;€$pan I yr*;

that

e v]1 -[qrltl<6, -
N

**. \ l
L  

j = L  
5 d

N
-v 

" \l ,z (tu o);
d i*l 

-tr'

A' ) 11[ui

B') t\  ul

c n ) , , \ v "

Ro-oT .of-I4ergePP-fuI

First', we suppose that

ltti*lxi, jcxc Q4"

c{)

)rttq Jltt4. "* ror
;  - ' t  -u
I*J; .

€|c

snd T, ,  .  . - i tL /z
z_i\\L],r iJ[ <.<>o

j=L 
&q'

fet' all i)23"

I frisil.an

all- j'71.



A A- I r l -

$et uf*'*"jo'*n to* a1"1 I eg77:,*

We choose by induction sequence$

I " $*)ffi' 
(i , i7lt} ir: &* eueh thar,

" 
(K.l)'cr:

1 u _ [ , "  -  a n c\ L Jf,{FU

fer

1
gd

2lR

e),It"{*} * {*,t *l*r.illr<ffi

Yln) !f, 
{u'*u for i7k and i)k

1.r{r)-u{k-i}y< \t;r,ig1ve - 
h 

ror

rt "f;)-ul**t',, I f l\tkjl \Yz + for '  -  
tr t ' -  :0" 

" ?K

L$ o j(t

1<i<k

L*j<k

(

!

.,(

u)

el

a)

$uppose for the noment, that therse sequenee$

{"ju'] ( i , i71) have been ccnrstruetecl to satisf} the

f. i t ies.

1*lu)l
above

and

inequa=

Let i)zL.then: . ,
Do i-'{'

Zrr u(k)*u(k-r)\\ = I \\ u !k)-"fn-rl n
kFl 

't' * 
k:ll

t tl dk)-ult*r)'u 4 o+iutrr.#(tt'
k*i+L j=l

a- r \  u( i -r . )  -  ol i ) t tr \ l : i  * i  r r

o 3 o . *
2t '

* .-*; \!|*,;r\fn n \r,- At\ 
[r,uJ,f'+ nfq

It fol^Lows: that the seqllencs] 1

to some urkHg r-rj.th

(kL 
"oui I n*o 1S norm convergent



v

'  $inj.1-ar13ru for eaeh ilr ti le sequenep-

in norm ro some vreH and \l v-ll ( 
R 

UOrJ,'ttt +

F1nallyn from a) r- we deduce thslt

tu.r 6 
"*l 

* [r,it is$72]

thus, to conpl"ete th.e proof in thts case, i t  suff ices to conetruetu

by induction, the sequence* i "[no3$o u"a l"jk]] *o o

Let  n l /a"  suppose that  l r r lu i ,oo, .nu{" }1  endI" :o ' , .o} r . r j " ' t  have bee: r

mnstrueted for gr:ty L,)7A to satlsfy a)-f) for tjre apprrap{ate values of k, and

( L )

.flrg-further lnduction hlpothesis that u..tt ,rlK) for 05k^4n and iTll belongs to

span[xrrr"Z4(i.e.is sone finrite linear snlcination.:of vectors in the sequencs

l*rr1 and siniilarly for the tjn' relative to the sequenee I rJ *

By Lenma3.3 (vrith IS*n+L) otirere exist u(n+ff span\xU, tr73.] and

- , (n+tr)- .  s r->.r? f  1L4 i4n+.t  I'  
j  b spanl t* * k?13 {14f , i(n+}'}u, such that

' 1 q Fn * n

O(] q ,^l
< - \  r l r u d  lr t  . .  r r  . /  \  \ l  l  t  l \ l  *  * i - - *

1l u1\1 '- /7n' t1 L*1 jfJ rr '  
.r i-1"& 

{a"t { '
(,

I ., 
(kli2 oo

( ' j  ) k = O
c onverges

I

. ii'

1
r - L ' \

t ' 1

aft*?
e,

- l\ -,(n+r)*"j')l\ < 5,f'["fn]: *,r5"]'l -lri;\\1/2 ";Hll?*

Let Ki/n+}. fhen v,rr: havesl
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n+{

llu (n+r) - "{", U * ?'t" j"} e "5.,f -fsi;ilt +, r r  i , ,  j = i  
4

Y1

< > t" -. t /? u2'
* (:, ffifqz * 1l [ \**rl ll-' 

- 
. 

dr? 
61i[tir,+t t\

Js l

and sinilarly

!l "F"rl-'j"r(l 4[[L*r;lltv2 " **

since "f?{ 
- 

":ll

11 o (n+1) - dll,, .

s4
< Ztttl*-r ,7llvz +j=I  n+IJ-

and

rr ,, 
(t*1) *

" It+}^

O t t
/ n )  

' S n r  
t r t U 7  T

.rt ' j j  t t< dlr  L1,,- ,_", I l l  
*  -  

+ d-*=- &
rl'rr " i=]" 

-1n+1- 
tn+l

n 'j")l *[ L ,,*ljl llu' + 1 - /
, n € , a

1 ,
;m: --<

1+ 
,T-T

for l<i<n+lT

9'
* o 0 r w e

fl+,L

obt,ain

) i l Iu(*)
t * . A

3*-
afr't!
e

!
{f

(n+1") ,(n+t) '  .
. I Iow, set ui-- ' -"  -vj" ' '  *0 for $Ll L, i l '7n+1" Thus we havo, construe-

ted by induction the required sequen'ceso 
, 

'

I f  ! , l r . '  i l j  js. ,CQ* do nbt, sat isf!  the a[:ove' condit ionsr wQ c&n
" ' 1 J - ' L 9 $ 7 1  L  * ' L

proceed. l ike,  in the proof or ( [g l ,  Thooren 5. ]4]  and the pro$f is

complete o

CM

suppono y.€lA and there exist sequences "* t*r and



4 W
t f

* f

,iv ?@ in th.e urr-j.t bsl-1" cf II slleh thEtl,t  "  * !  ; r : : r i

cta) rrull\(:r(f )r*r,rtr)! *tl*"{Lt, s fefr}r. Irlelg
n) if

and

ftl) {1[,*, s &JIl * 1\[yr. e y;jir $ tl[*r, er y*]il(r*ffi-

for ei l" i-  nrn l io l t / im,"

T h e n  T G A i 4 " *  l

Ebqj" *f**, t  apply Ti:eoren 1*1* with A*A*"

KSJS,HS* 0or:ol.larXr 3,4 gsneralizes a siulilar t 'esufrt obtninelql

in  [ {  { t , * ,ora 7"$}"

r  r  \ t i \
t ilt ,D ,i,l\ v

M , t
t
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