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SUFFICIENT CONDITIONS FOR MEVMBERSHIP

IN THE CLASSES & AND Ay

INTRODUCTION

Let H be a separable, infinite dimensional, complex Hilbert
space and let L(H) denote the algebra. of all bounded linear opera=

tors on H,

This paper deals with some aspects of the theory of dual gi-
gebras., ﬁnghly speaking, we shéli give some new criteria for mem=
bership in the class A(H) and sbme others for membership in the
class Ay . These classes of operators (whose definitions are revige
wed below) were introduced in 121 and studied in sevefal papers du-
ring the past thr@e*years (see [3] for an in- depth develbpment_of
the theory of dual algebras_and‘a bibliography of pertinent arti-
cles). AN _ | S '

As it was shown in 11, the class A(H) figures in the in-

variant subspace problem for contractions T such that the spectrum

of T contains the unit cirele | .

On the other h&né, much is known about the structure of an
operator T in Ao _. Such T ig a “univérsai dilation”, is reflexive
and ﬁas a huge invariant Subspace lattice (see |31, Chapﬁefa
By ¥ U, T8,

Various criteria for membership in the class Azgoare known

but a few criteria for membership in A(H) were been formulated,



Tﬁe content of the paper ia»tha foll@wing.in the first
section we recall gome notations and basie definitions from
the.theory of dual algebras.

In the second section, a certain growth. condltlon on the

resalvent of a contraction is reviewed, It will be shown that

. this condition ensures the membership.ln the class A(H)., This

. result improves 31m114r ones obtained in Ll] and (5]

In the third sectlon, a new criteria that a dual algebra

have property CAB%)-Wlll be given. A corollaxy of this result,

‘which extends Lemma 7.6 from [3] will be presented.



l. Preliminaries

The notation and terminolagy empl&yad herein agree with
that in (3], TﬁVthmﬂﬂuS Tor completeness, we begin by r@vie;
 wing a few pertinent deflnltlona, }

If TeL(H), the spectrum of T will be denoted nycr(TB, ané
the essential spmcﬁrum of T' by 0g(T)e It is well known that L(H)
is the dual space of the Banach space (e} of trace~class'operan
tors on H equippe&'with>the trace=norm || N> « This duélity is

implemented by the bilinear functional
LT, Ly=tr(TL), TeL(H), L€ (2c)

A subalgebra A of L{H)} that contains IH and is closed in

the weak ~topolog} on L(H) is called a dua] ‘algebra. It follows

from general principles (ef [41 ) that if A is a dual algebrsa, -
then A can be identified with the dual space of Qu=(%C)/ —A, where

A is the preannihllator in (z¢) of A, under the peiring

L2, 1L =tr(TL), TEA o LLIE Q,

(Throughout the paper we write (L], ,or simply [L] where no ¢ onfue
sion will result, for the cose% in Qx COntaiﬁing the operator
L&), Tt i alwa easy to see (ef | 4]5 that the wear® - topology
thdt accruaes to A by virtue of being the ﬂddl space of QA ig idene
tlcal with the relative wesak™ topology that 4 inherits as 8 Subspge

ce of L),
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If x and y are vectors in H, then thé rank=-one operator
%9y, defined as usual, by (x9y)(z)=(z,y)x, z H, belongs to (¢}
and satisfies tr(xey)=(x,y}. Thus if A is a dual algebra, [xaﬁk&@ﬁ,
L@%_ACL(H} be a dual algebra and 1@tjn be any car&in&l number suéh
that 14n<¥e. Then A is said to héve property (An} provided every

&

nxn system of simultaneous equations of the form
{ TICEN ®ysl - 0«d,jn

(where{[Lij]% are arbitrary but fixed elements from Q) has a solu-
tion %34 0¢jen s 195} 0sjen Consisting of a pair of sequences of
vectors from He

Let D be the open unit disc in €, and‘léﬁWf:}Df

A& set NC DD is saia taabe'ﬁominating fork 4f 81mosﬁ every
point of T is a nontangential limit of a sequence of points -from
S » | _

Vs @ ) prP ' PP £ ot

The spaces L (MY and HT=H"([}, 14p<co, are the usual func-

tion spaces.

If T is an absolutely continuous contraction in L(H) (i.é.
a contraction whose maximal unitary direct summand is either absoe
lutely continuous or acts on the space (0)), we denote by Ao the

b

dual algebra generated by T and we write Q. for the predual Qpme

For such T, as is W@llwinewm (cf. (9]}, the Sz.mNagy«Fwiag
o el e i 51 o1 W @ 3 b:%: o e vy e N 3
functional caleculus p 18 a weak™ continuous,norm decreaslng, a.de

-'w
H® onto a weak™ dense subalgebra of Amamﬂﬁ

gebra homomorphism of
class A=A(H} is the set of all absolutely continuous contractions

" oy A - . e T
T for which Qjm 18 an i1sometry. If TCA(H), then one knows (ef, L

«s’b
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s = S :
that Q)Tllﬂ a weak  homomorphism between H“’an&}AT and that there

X Hl (the predual of H )

exists a linear iscmetry ¢ p oF 9 onto L
-
such thatd)m(f ¢
For any cardinal number n satisfying 1¢n< ¥, , the class

A, consists of all T in A for which the dual algebra An has propere

ty (A,) (see [5) for various ppoperties of these classes).
2. The class A(H)

In this section, we shall give a sufficient condition for
membership in the class A(H), which improves similar results obtai-

ned in [1] ang (5] .
The class A(H) is closely related to the invariant subspace

problem for contractions T such that the Spéctrum (T} of T con=-
tains the unit circle T . Indeed, it was shown in [1] that if T

is a contraction in L(H) such that 0’€T) T , then either T has

a nontrivial hyperinvariant subSpace or T belongs to A. On the other
hand, it is easy to see that operators in class Al have nonirivial
invariant subspaces.

In [2] , it was conjectured that A=hq , and if.thié is trua;
then an eaéy corollary is that every contraction TG&LCﬁ) such that
o (2)>T has a nontrivial invariant subsp&;aafhnﬁ it is of some im=
portance to find aufficiegﬁ conditions that a éontractidn belongs
to (‘Ao_

If T i8 a contra ction in L{H) and OKZQZ\M, then we put
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75-()(@)3(@(\6@3})0% AeDN oy s Of) (T-N) "Ly W%

These sets were introduced im 1] , where it was shown’
that if T is completely ;:mmut&ry and 1f all thesc sets are
domina t:xrg for T , then 16&@

More recently, it was shown in [ 5] that- if}there exists
.uome 8 s satisfying 0<8< 1/2, such that ‘S‘@CT) is dominating for
T s then Te A, Our 1mprovement of these results is the follo-

wings

Theorem 2,1

Suppose T is an absolutely continrucus contraction in L{H)

such that for some 0O satisfying 040421, the set S@ (T) is domi~-

nating for{ . Then TE A,

E?Q@fo

Fix a nonconstant £ in H® such that | £ L, =1 and take &

sequence (Xn)z" LS”O(E such that 3{35;3 f(>\ ); bel . =1,

If A LT(T)O D for all n¥ 1, then one knows from [61 that
fi{>\n}»€@'(f(m) for all nyl, hence lﬁlz‘im 20 pleie(mig 'f‘” =1,
Thus we may supposé, by teking a subsequence, that A nfi‘@(T)\-’f (T)
u‘i’l(l L(>‘1‘w.¢<—ﬂ-\‘4’\3~f‘h P" }9 *Gﬁi &11 j’&?/]—o ; : : .'
It follows from the invariant form of Schwartz *ﬁ' lemma( ['ﬂ s Chaptex

I) that we have

zw& |

P e @ .

£z}~ ) |

| £\ )1 (2)

z

i

~

—
.

'} .

\*lu" i

for all n71 and z¢D.
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Hence there exist functions heH”, (Bl < 1 such that

£(z)-£ (8 ) & Z=X_ |
e m}v‘t % %g 1'17/1&
I-E0\E(z) T 1= ynz &

‘Since the functional caleulus is a norm~decreasing algebra homoe

morphism, it follows easy that
(£(T)~£( §)WE(im§§;\"”)f'(‘°f}‘>h mm@»%}“lci«:xnm »
s o >\ﬂ. « ; o B i n

By a short calculation (see {97 , P.26%), we .obtain

L. r

= (Th ) | (Imth ) <

i < (!

<=y e mil<

£ (E@m-r " (x-afcxr;;fm)ué

< 12a-120 )0 (-2 0 )

hence

- 4-0
2 (I-\£OIN

i (f(ﬁ’)-af(‘)\n))“l\!\/ , Tor all nl.

Thus S(L(T)OT # D and the proof is complete,

Remark. The proof works equally if we replace L(H) by an
arbitrary unital Banach algebra O and £ —> £(T) by & norm contrace
tive unital homomorphisom %7‘Hﬁ = B with the property that for some

G/O/? the set:

e , -1
@)=(D 0o (=) : I {x) 2 Gl (zey ¥ = m..;!;.u......r?
Splf=@OTEUNED () ; B (=) ) Telnl

is dominating for\ (Here xm%{z}}ﬁ
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Now suppose that T is a mven completely non-unitary cone

-
‘tmctmn in L(H), write D "‘(:}" ‘”"*“’T} .Tiﬁ(IwT’}?‘ ”Xl/‘: and define
the subspaces (\,D and Q))ﬁ,: of H to be the closures of the ranges
of Dy and E'T,sfiz ms;pect:i.velya

The analytic function T defined on D by
@ (\) (= .m\:fs K(z»x‘ﬂ T ) y NED
i

satisf—ies i @ \141 (efe [ 91,p.238) and the contractlve ansa ‘.ytlc
functlonﬁw,‘,,,@mg szg is called the characteristic ﬁmctlcm of T

TheOI‘E’ il e

Suppose T is a completely non-unitary contraction in L(H)
and§ Dy % & ‘l’% its characteristic function,If there exists

@, satisfying 04@41, such that the following set

g‘m e:caos~(mu§>\c e 01@ m il

©

is dominating for | , then TE A,

Proof. : ; ;
It follows from ( [9],p.259) that A€ DNo(T} if and only

ii’@@ (\) is boundedly invertible,hence the definition of the set

N i S i
q 0 (I) is consistent. Now, if Keyéf”:’}-\cr(m then we have (c¢f, [ 91,
y di 5

A N
1@p03 1 =1 0 e

and the proof goes like in the sbove theoremn,
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- -
This last result offers & ms %%Gd to conwtruﬁ various exam=
ples of contractions in A, by us‘ng the functional model associated

with a given contractive analytic function.

&

3+ Sufficient conditions for m@mber@hip-in=ég*o

In this section, we shall give a new sufficient condition
that a given dual algebra A have prcperty‘(ﬁe<go

The main result is the following:

Theorem %1

Suppose ACLCH} is a dusl algebra.ana there exist sequences

x X o2q end 3y Y%, in the unit ball/af H such that

AK) sup|(1x )\“»\T\\ TGA, NeW,
1R e :

@ \Ef" .}hNH ﬁ”‘ ® vyl k Q‘Z @yl\\( *'ﬁ-m

to

Suppose also that %[L_CI}. : s a given doubly indexed family
é& 1,d71 '
of elements of Q, and £ 7 0. Then there exist sequences %u,%f?
A 13i=]1

and %Vr%ff fron H’aatiafying

» L 17 <T§ fu; ® m? TEh, 14,j<o0

(23-\ i 1/2, < C‘a\. 2 A 3.»4{2 e : %
If, moreover, f>,“_L%:1“ﬂ@é?ivaﬂﬁ Zi“gﬁ%]“‘<diﬁzhﬁh@ﬂ xhe
G s e g, s
c'-":—’i e Sy =k -
sequences S(U 3 :‘;’:'} and %V}} 5’;1 d

can be chosen to satisfy
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\\%“4(/“C%EH‘ e ﬁiﬁgﬁq

and

g (1/2 :
L G M JUY w8y e Nden

in particular, A has property (A E{o)’a

Before proving thisjtheﬁrem, we need two lemmas that are
similar with ( [ ®1, L,Emmaﬁ 3.9 and 3.20). If SC H, we denote

by span (§) the set of all finite 11near c:omb:ma_tlons of elements

from f .

Lemma 3,2,

Suppose A CL{H)} is a dual algebra with properties o.)} and

). Let N70 and suppose ui‘é sp&n§ X3 ny1% i Vjegpan§3rn; n71%
and ALy Afs 5w Qe
Assume that

(s ® vil = Doy sWN<Es 5 - 268, 5

Let 1éi€}ﬁ? :] 4—1“« and let 0« g(%; @
Jo |
Then there exist uf €; span % F n?/”az and V%G 81 m§ Vi3 n7 3,

such that

A) || [L‘L"‘ C‘“v@] i X'T

da
"
I

for each i

Iy dg- Jo
¢yl [u“(‘ ®vsl ~ Llﬁiﬁﬁq( ((\4831@.{% for each j
o) 1 uﬁ\(:}% g
B vl -w ’:{g,; "
3



e

T\

1l &
Proof
Let [K]= (L]« 1w & Y. 1, st a=si[E1l,
l@ t}ﬂ
We may assume that 70 egince otherwise we can simply take

@

o o Jo Jg

Let 04f<min( 2 y¢, . -5 ] -Tv, @ vl
141, jsN 4 ¢ '

U.? =U &zld v 3; = Y 5

3 : . .
It follows from property (‘3} of A that we mey choose meZ large

enough -such that

f
.

m : S o :
142 and  max (@ vl Wlw @ y 1<
e Tl e
for all n7m.
Since A has also property oA ) ;L.'i‘t follows from ( [3] s Tropo=
sition 1.21) that the closed absolutely convex hull of the set

“v © yr;\ s mm% equals the clowed u,,u.t, szall in %‘a We may Lh@mfo«v

re choose keZ dlgawﬁf&,ﬁ € such thm Z\d\ 4 1 and

o Bl .
2. E»E : «&»}‘.}\\ 44
Choose ) £ ¢ h that F 2 _d.a, 1¢i€k
Pslelate “3%39@«@?\{’ sucn .i{‘ a ‘i b 1 9 T S @
> T
Al 88 Ls .}f o 3 T o= / j}'r
Set s 131\@_ A e iop ot

We claim that we may take

uf =u, +s and V¢ =V 4%,
e T Jda Yo

)
s

First

rst, observe tl

=
£

Q.

1



IDITs EH

.\ i ,J= =7 ) m‘?'j’ m+
1#3

}’<é4’-§)

i
and likewise || (v, +t)=v. | £ % . .

Next, we show that we may satisfy condition-A. We haves

W Gy haiGie, )] - [ 1y FBLES

o o ety
e ®V’l =[5 51 +Teselie I Comv; ThA Do @ €104
o o ;
;;; :
\2/\{ Xowg ® Loy ] lxll+([s @ *?j'l‘\\'+\\[u10® RS
, 2 |
&
%j? i @ VL [K}\Lj 1231 K 'Xé\\\[xm*“i @ T N T
Q-J- to
by
+ 20 s © 73 W ‘*Z{( 1, @, <

Finall;y, note that

; #I @ v | =T W, @v 0
Mo 0@ v oy I 07,3 g0
-e»B \X (i @v]\( & ; for each j

-+
ml o

and simi 1ar ly

Wi @& (v +£)] - T1L.. T<%: - for each i,
L dg 2 S - .J‘.Jm_\ ..LJO

The proof is complete,
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By'Nz succesive applications of the preceding lemma we

immediately obtain the following result:

Lenma %5.%,

Let ACL(H} be a dual algebra which satisfies the hyppﬂhésis
of Theorem 4.1. | ‘

Let N30, uie span% xn; H?l},’bje'Span%‘yﬁz n?1§ and
10 g, jen™ 4

Assmume that

e,

| let 048 for 1£i,j¢N
Then there exiatvuiéuspanfixn; nzl§ and .vsespan§hyn;An%i} such

that

A Wfug @ vyl -[1 €O, «  for all i,

o ki
> 1/
Bwnu;iuu<§;ﬁ%g Por a3l £
J=1
; Lo :
cylve v, <2, (G o) for all j
do ol ge hl

Proof of Theorem %.1

First, we suppose that %YLifﬁCQA g dgdpl satialy

o0
2 172
z-\\\Lijlﬂ 2w  for all §

R :
end o 1/2 :
.2 (L. '.IH LR for all ivl.
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Setzuéa)mV§°)ﬁ@ for all 4 323,
We choose by induction sequences %uQ?@mo

% €h§?30 (i,J71) in H, such that

e U?LTHK el 1Lh, Gk

o &

b} Pékx = éklmﬁ for 17k and. J?k

e qégz)mué}m}\m\\[Luﬂli ""%’1‘5 for 14441k

ay \| uiik)-u:;k”l} ' k [Lyﬂ\l/z ;5
r— --

) IvfEv ey £y 12 4 Ly sor 2550

£\ v (k}-v(k«?ik<: :E;“[Liqul/z +.§§§

i=1

Suppose for the moment; that these sequences f%uék)§ and
%vgk)% (i,371) have been constructed to satisfy thg above inequa-
lities.
L°t i%1.Then: :
?\ () -1y Z‘\ (0 fe)y yu-D) “i(ﬂi)“ .

L g
@2\ ¢y (k=2 > L2 -
S R *\\4 or 2Tz 02+ 2+
k=i+1 J= 2
< o
1/2 e 1/2
P2 tdmal A T e
k=1i+1 5 2 5=1 %4 2
(1’) ) G s
It follows that the sequence %1; fk ~g 18 norm convergent

to some uiéﬁg with



= 1/2 ;
pug < >, W 30+
M 2 Mg

Similarly, for each j, the sequence §v<ym§
o J k=0

converges
~in norm to some<V§%H an&\\vj“<ljz:U[L.éH@/2 +

Finally, from a), we deduce that

Lui @E} vj] = [

Thus, to complete the proof in this case, it suffices to congtruct,

by induction, the Sequences %USK}}SSO and%vﬁk}}ELO .

Let n70. Suppose that iU§O},aee’u(n)}9nﬁ%'V(Olyoe.gv(n)% have been

constructed for every i,j71l to satisfy a)-f) for the appropiate values of k, and

the. further induction hypothesis that each ui(k)for 04kén and i7%1l belongs to

span§xn:'n7,lq;(i.e.is some finite linear conbinationof vectors in the sequence

Ty : :
$x,% and similarly for the vé relative to the Seqwenaa%;ygggx '

; n
By lemma3.3 (with N=n+l),there ex ist U( *1)

+1) LI
V{n ] spany ¥y » Ky1s (14i,34ntl), such that

Spanilﬂk . XU 1(23 and

- Tu(n+l) o vintll Y -
“[uiﬁ 1 o Vj 1 [Lijl“é(nﬁj)2022(n+3)
: T : el o
-\ u (1) (n)( 7 Z\\Yu-(n)@ vgnﬁ_{f, .'1(%'/2 S \
i \ ot Bd sk e
| o+l :
, , : 1/2 k.
(n+1) . (n) e ). ABE - 74 i
-l Vj *‘Vj | & “i.:/"l_&\[ul @ vy "] 15_&5\\ * o DFE

Let 14i<n+l. Then we haves
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14 zn‘u (n) @ V(n

T
O+A

1
=Ty gn raE s

=1
_ _ e
B a2 * onem =lilE 1n+}1 i

| vintl) y(n) 2 1 for 1¢j<n+l
Pt e B e T R
. iR .
Since uéﬁ% oy = 0, we obtaln
N+A
/2
: (n+1) (n) (n) (n) v 1
| Wt T els pcd il Gl 1-lL n+13” & Suel <
el ; ’
< ZMx 12 ,
iz 1[ IH"L'\]H + E-fgmim
and

(n+1} v(n)
ntl | ntl

I v

(n+l}
‘Now, set ue

e o B

gml

JAN
e D
(R
B g
1

(n+1)

U

=0 for ﬁ13,1”57ﬁ+1. Thus we have construc-—

ted by induction the required sequences,.

e ST o

uv

proceed like in

completle,

Q, do not satisfy the above. conditions, we can

the proof of.(iﬁl, Theorem 3.14) and the proof is

Corollary 4.4.
. ‘o

suppase T Q,/"

s ) o)
and there exist sequences * an
and there exist sequences {J. nal. & d
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. ;"’ it the wrdt Ball of Bosael that
-

A1) f};}g\(:ﬁ‘(mm ) =gl , feR”, NN
5 sl ,

o
o
jol

A=, @ =l 1y, @ y"l [z, & yy)fd gt

for all n,m N, n#m.

ThmxTGAﬁg
Proof. Just apply Theorem 3.1, with A= e

Remark. Corollary 3.4 generalizes a similar result obtained

in [3] (Lemma 7.6}
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