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}ILITY OF PARA}{OfRIZED
OS OTTAUTV AND STAE

oPTrlfl zAfroN PFoBr'EK9-AArDrr**o 
TOPrcs

Ivan srnger

iuryandstabi l iQ,ofparametr izedopt inr iza l ionproblans,conjugat ionsof f i r rc t ionals l :
,and generalized convexity. l{e place the survey jrr a historical franevprk' giving an ill:

uoduct iontcscrr reof theideasj - r r thesetopicsands|owingalsosorrere lateddevelop- i

Itrnu ulorr. menLioned topics' i'€' ' r'u ":::..:_;r^"c 
of functionals. we shall also rentlc

h::*:1.*.:"H:ll.::,il,."::H;: 
;: sha,, p,ace,his survev in a

[rListorical frarnevacrk, giving an introduction to plre of t]re ideas in ttese topics' and

istrowing also some related {everopnents 
(natrrra*y, frcrn a srJcjective rjoint of vievr) '

i ,,, order to keep the paper wit''ii;F;:'*:^::::-1";Tl:""#3JJ:'Til

I[ents. 
. _r ^tr +].a int:oduction to the chapter on dua- '

i 
cqraph of L916, at the eno or LLrs !!e 

:al nonconvo<
i r. fn his nonograph of L916',.i: *" end of the jntr

irrW, Awiel tf :i' p'roo) wrote: i'Littfe can be said about"t::X 
LtilT" '" *t !

h[T:1 *'n*:'#::il:J;':il:::"' 
bu'L resul'Ls are no'Lverv sa-:

i t i , t u " t o r y . . . , , .A ] . so r j l l t he j_ r r t r oduc t i ono f the i r *T 'o f l g80ond r ra l i t y , Je f f e r son .

:andsco t t ( [ 36 ] , p ' 5 r9 )wro te : ' |A r ressen t i a l concep t i n theana l ys i so fma themaL |ca lp ro_ .r-- 
of d'ality. This has furnished nevr approaches and irrter'otetational 

in-,

igramr is the idea or (r.*rerr - 
: "^- *_nrr ffirTpfful alqoritlrns. Tb date, o ,

lsiEhts and rns provided the basis for many powerfrrr argorithms. To date' nost of t'is r

i tn* 'yhasconcerr t ratedonConvexnrathernat ica lprograns,whereasthevastspectr rnnof ]

lon*rr.ro programs has renained relaLir'ely untouched" 'i" o" the other hand' in ttre lttc- 
'

istract of fr-Ls paper of 1977, Balder [4] wrote' "By T 
effective extension of the con]u- :

l -ncept a generar franeworl< for duality-stability 
relations jl nonconvex 

i

gate functaon cpncePL o '*'"**. 
., _. rl

lpunizarion probrans can be 
:::::u" 

.," 
zey of some of our < 

i

i The ajm of the present paper is to p#sent a survey of some 
":-"::"*ibutlons 

to

rmetrized oPtimf'
' l  

'ned topics' i 'e' '  to duarity arlu 5.*-r:*-l- '^-.., '  
we shall also nentioni'hu ulo"t menLioned topics' i"'t'' to-t::::.:"i::Tt:*t::i'T5; 

;

i t' order to keep the paper \{itnu 
:al to give nore details) ' Also' i

| .--, (*utu ft would have been too tecbnicil^::..::;.,,L.""t= 
(for their

pt tit presentataoo lwrr+= -:-:. 
:^r.rort subi€cts, e.c{. r,agrangian functrona :

\re s|rall irrnit deliberately many related subjectsl €.9. I,agrangian functiona

senerar defin*ion, s€€ r'2r,.defT1^:::;[]*xru;*':",f"I:' "tr-
fl:::il'i::"'.?:i:il:=]' ;";-"';-?I.: ̂ l'.:"J:ffffi;,"l,' 

o' $' I S'[aLu I
i * - - - ' ' - - - i o n , d i f f e r e r r t i a b t e o p t i : r d z a l i o n ' d i s c r e t e o p t i m i z a t i o n ' e t c ' w e s h a l r

infinite 
optimizatiol: 

itt^*i:T"t*. deveropxrenr of various concepts' metlods' * '

;::::x.:n:"::L:: ff::11ff*i*t*;n: .'.?ffiil: ;*n 
a'| c'rn-

,pt.*"."" 
of bibliography, we shalt. 

"nlv 
si". scrrre sanples of references. We tppe tt'at 

i

i th .p ' " . " , , tpaperwi l lo f ferapictweofsonerecentdeveloprrentsandwi t ls f imulate

further research' 
atJr', r .ubset of F and 5'p*s=[--'+-]' and let

lt 
2. I€t F be a locally c'onvex space' G(#)' a srrlcset

us consider the (global' scalar) "prinal" infimization problon
( 2 . 1 )

I

l
i

(P) cr=inf  h(G)[= inf  h(Y)  ] '

. y€G

@ r **the,Gr1 ;',,Hff i::.*:?: 
t,-,f# 

i:.n 
u 
" 
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Ct ' i .N
'- *-;-mily cif P"natetri#a

dnbedded into a ta

, ,o \ f (x)=ilf P(Y' x)

. . t 'x' yeF
, 

, set X iS a locally @nvex space and where

where tJre Paramete

-  . .  i -  - _ -  
* *  * 1

infimization Problelns 
i

, ^  a \  i

(xex)  '  \z 'L t  l
(or

the ParalretrizaLion 
firtc-

(2 .3 )

'

,donal p:FXx*E satisfies 
, ^.,-Jh(y) if, yeq ^.

I p(Y, 0)=tr,-^ if Y€F\G;

.  ( 2 .4 )
py (2.r)-(2'3), we have 

a=j-nf p(y, 0)=f (0).

i VeF -:*^1 r nr tlre

funcgonal h of (P) ' bY tz'Lt ' v"-

':t,r|'"*fJ',il J;;" ranrirv or protctons (xex), (2.5)

' . 1 . .

t i l': 
l. ',

: ' :
r,. '.,1 l

. ! i
t  . ; i
' r  !yeF

i 
yeF 

--r.mrl rralue (or' the"prjral"' ot tht- "*t

\ ,n fi.nrcrioriar f :x*E s7 Q'2)' *t1fiJ""ffi*: ** *" opLinnl. value of p'"-i

!gjnal,,) ggnc*oFlr is of **t^yx 
r,aries. Arso, the nrt*ttttt 

of the fi:.cuionafs p''

il; r"iTl."-5;; ?1ffiI, -;*. *" u*:T.*";;;'tor rirnctjonal or tte -- 

\
t ilJ\*ilftrff ;:::* veAG)' and where 

il:;r""o'@11-:::'5\
I *,u 'i* *i'Jt'ii**::::'Xffit:ff,];",tffi1"un peruuru trre constraint set G 

\
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a
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i
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, . i

: tOl p=suP l(X*) I

'where 
X* iS the conjugate space of X' endowed with the weak*

inf F(Y'x)-w(x)]
(y,x)eF XX

topologY, and

(weX*) ' (3'2)
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i'i-l:;i , ^c rn?1, there is fii(x) iflsceaq ""
'ActuallY' in ttre founulaLion or LJ

wkr'ch yierds .ou "]* 
*rue ror p 

" 
t'''i' but we =Ttt.SuJJJ.]fffiTtL:';

' :i.' :T:#'J# x* llx;:'*ru;rux;t * a lffi*,}l
;"";, (x, p)), J ""'*ru dual ns), as*tlJ*ru":"":*tfiH'

**l r ": ;l:;: ;";J'trJffi'l-i'u**' rns'!he
i

lnethod, let w ;::;;; 
convex prosranrnlns 

problen 
(3'3) '\

' '  ' ' - - r^o ' r  n f  'w(x)  in  t r  o f  (3 '2)  '
i i ' i - l l ; i  .  , - -  

' ,  
- . - - i  c  +W(X) i f lSteau --  

,  L^ r lq.

\ \v,r I

I\ '  
, - '  .^ ' \  (v ,  X)4(Y)+w(x)

i  \ v r  - " - '

i  -  ^ .  ro ? ' \  and
( 4 . 5 ), .  r \  . . , ^  haVe

, ^  . \  / ? . 2 )  a r l d  ( 4 ' r J  '  w =  " "

a l s o r  b Y  \ 3 ' z t t  \ & '
-  - € x 'l ,  =  : f * ,

(P)  
6 '= in ! r  

^n(Y) '  . .  . ^ r .trQl=o 
r .ih {-he sense of 

'the 
natr:rar Par-

i I 
Ltil=o 

,, ..-Aar(tood jn the sense of the nat,odi !"" i

i -Jr 6 .-o cpnvex and < is understo( n. /--\/r'1 ofi - m rd n:*jR are @il/ex * t 
::^T;J:tyeR'lurvr>vr' 

-i (2'r)' 'Ih*'t^k 

i
yhere otR'*R" t ., - -^-ricular case Ir--K--t tj-tve- '-' i ' 

i
i - +nt ttrls is trre p* jcular case r-S" G-tyeK ru\r'--" 

i
, itiat order or n 

- m _/-.\zv ." (3.4) i' s q r  -  
m  n  - - - Jn  ' u ( v )< *  

' '  \ J r= /

l ittg xC" and (h(v) if yeT;'L:}' rs\r11 I

i p1u, "l-|})v' ft i;f ,xtd"''"to':'. 
.\ lp..,res g",s ,,usua.r" i

, 
' - t' 

_ r^\ .-het_ 71 9E (3.2) becoll€s r-rs 
i

I  
. i \  ! L . t

I  r r a - r  -  2 3  o r  [ l 9 l t  P ' o q /  
u s v  

1|  ,  e e  e . 9 .  l ) i . ] 1  ! 1 ' " -  -  
i

t r. * cofiPute \s ,-$r * '.,>o i
ir.,-r nrriecLlve frrrctj 'onal ri,rr fh(v)tr(u(y))] 

if we(x )^t Y'" 
(3.5) \

c l u c t !  v " J - -  l l l r r  ( - - \ r  jdpal  Oblecr-rve 
!*-  

( i i ' I f  tn\y i ' *  .  \J 'J '  i

i  , , \ 0 "  , r  I

\ 
^tw)=[- if we(f)*, v#0' , ; t. r\ becor€s novl i

1 6r-fl, p0. Note also ttnt t 
"t 

t ',;;;. 
(3.6) 

\I 'ar w(x)>o f"or artt 
1 

. (x€x= 
Ilurr*" w>o reans tr -r--r- inf h(v) |

i  r \ x ' -  ! ' f i  - -  
'

\ v€R.^ 
I

I  u(y)g .^ ^\ r?-1). can be expressedlt* I
\  ' - . ^  L r=c  1 '6sn  dnat  I  and B o f  (3 '2 ) t  \ t ' t t

i a. Amajor observauion *:T. 
recatr that the *f*# 

of a fi-lrcLionar<P:x*n 
r- 
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,* :rJ"T';LHn*::trtr'"T".";; 
the eolilq# of a trnc'v's+ Y 

\
i

' (weX*) ; (4 '1) 
1

.b". 
iun"Uonuf <g*:X*-ifl defineo"oy . (weX*) i r='-' 

\i
. tI '^* /t'r\=3u0 {w(x)-q(x)}i  o*(w)=sw tw\^'  Yt-- '  

= !  ^ i
t  xeX 

.^ * * - (e* ) * :X+R'  r . t "  t  
, ,  . \  \

i  -E '^ ic- bf definitronl 
(P^"-r

'tr,e 
-s-es,o,lq q9]:i'uqa!e of cp is' * ".'::.,::;;;., (i<ex)' \t+'L) 

\
I 'n** (x) =sup tw (x) -o* (w) ] 

1
i i 

\Y '--' 
wdx* I

. \ <r. .,c aflg! to corpute 
(see e'9' [57]' []91) tbat 

(weX*)' (4'3) 
\

i i IU iS €ds)/ w ---'

.o* (w)=sup {w(x)-q(x)}

mirroar€ ", , ; i*  
def ini t ion, 

q**=(cD*)* 'x* i '  . i 'e" 
( i<ex).  (4.2)

tre gg*:Pg:g*= r.,rw)-e*(w)1
I ,p** (x)=suP- tw \^

i, i (P*x \x' -rut/

r r weX*

. l i

i.
ti

, i

I
iii
i:t1- :  : {
ii

, {' r i
:i

ri

ii
J'

*
:
t

lii}:
:
I' I

:
1
i

i rt is easY to @nFute \Pee -- 

i

\  
l ' (w):P*(o'  w) 

, , tur-wv\*,  given by 
1

,*r" we use the carronical ident:fication 
tl**=,r**ey)sF*!X*, 

(y, x)€rxx); 
(4'a) i

"  
. .  .  r  - *A  (L . z \ ,  we  ob ta in  (4 .6 )  i

wr€rlce, by. (3.r) . (4.1) and (4'",' 
:., ,ti-.T.,., . , i

r  _  _ _ . . ^  l _ f  *  
,  \ r !  ,

, 
e=rup 

j:rf tf (x)-vt(x,J->uv' - 
rrnit to use tle

' 
WeX* XeX :* +t

rhe jn*ortance of the above observaLi'ons '*' 
1:;;:"T:i:ffi#-tt't'' 

(3'2)'

well-develo]:ed 
t*";; of Ferrchel conjugation 

to stuoy ure l---
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For exanple, by (4.5), ). is always corcave and w*_tpper serni-continr:ous (thr-is also fol_:
lows fi:om (3.2)). Ftirthenrore, since for any <o:X*F there holds <p<p**, frorn (2.4) and
(4.6) vlie obtain

! n)R

.(this follows also di-rectly from (2.4), (3.1) and (3.2y1. Afso, for: any <piX*fr we have
t(see [23] aria fonnuta (1I.13) betou)

Q**a055 . ( 4 . 8 )

,the closed 
"onve)< 

hulr of a (i.e., the greatest closed convex functronal *n; we recall

l*a 
u fi:ncLional g:X*F is said to be "closed',, if ej_ther (,r is lower semi_con.tinuous,

powhere-havins the var-ue -o; or u is the onstant furaLional --) . Hence, by (4.6), we ob-
itain I
t l

k f f n )v  * 6 \ v / . ( 4 , e )

For:nulae (4.5) arrd (4.9) are called in t571, p. 19, ,,the cgrtral theorsn, about dual 
I

problems"' rndeedl let us recall that the npst useful- cases are when weak duafity holds
%(l'e'r o=B), or, when -s.trolg aLIlJi-tJ holds (that is, cr=B and there exists a ,,slution,, ]

Pt 
*:,::1^proJclem (Q) or (3.1), (3,2), i.e., a functional woeX* such ttnt tr(wo)= :

;s.p )'(X*)=9; in other words, we have a=8, with sup repraced.by rnax i', (3. l) ), fince uren

?laT 
the. "solutions" of the prirnal problem (p) (i.e., the element" 9oS such tLnt h(Vo)=

Finf h(G))can be found via the dual problem (0) (see e.g. [57], pp.a-S). ttcx^r, from tZ.il i

for results of this t1zpe, see e.S. i2l.

i 5' As shown e'g' by the above rentioned characterizaLion of weak duality cr=8, the I
, . - " r  - -^-- -^- . ; - ' -  

** :  

. - : - : "* : raqu(rrr  
. , r  weaK ouar '  

i

l* ::"*erns 13'11 
, G'2) are useful especialry jx the con\rex case. However, the assunp-

ti-on of conve'xity is too restrlctive; for exanple, jr,- mathematical economics, one often
deals with infimization of quasJ--convex funcLionals. Therefore, it has been necesuury ;
develop rrDre general concepts of duail problans. ,

For problqrn (3'3), with u:Rn*f, 
"onve" 

and h:Rl*n $ras.i-g,gqyg{, Luenberger t4rr
has consj-dered the dual problen (3 . r ) . with the dual objective fincLional .1,: tfl) **
+K. Oerl_ned bv

Fnd (4..9) we see that weak dualitv a=B is equivalent to the "sfahil. irrr ', rpt,al-lnn €to\= i
i  . 

. j , *1+, ;. -:;__ 
__ 

:-_.. 
_,:.: l :J__:::*a: !\v/_ 

,

Fl-(0); 
hence, in particular, when p of (2.2), (2.3) is @nvex and crf (0) is finite, wei

fnve cr=o if and only if f is 10wer sern-i-contimrous at 0 (see e"g. r1g1, p.50, p::cpo"r**
b'r) '  ar*,  i t  is knovrn (see e.g. [57]o theorsn l-6 0r [19J. p.50, proposit ion 2.2) t ] lat  ,
btronq duaf i tv  holds i f  and nnlr r  i f  . r -ha o, , l - . . r isr^-^-r : - r af (0) o! f g! 0 gg.-+eE,.al4.
sel ar(ol coincides with the set of au- sor-uLions w oft; -_-',:-. ' :::;.-,,;.,-_::-^:;,-:-_yi- ..- -._ _* 

" 
."i ep".QYglp-F"lgl (e). rn the se_

t b"."-* ,*rk;Iitv n=R :na
.  . ,  .  . .  , - . , _ - . ; . . . , ,  - . , . . ,  . ; _ . - _ _ . _ . . . -  _  _  .  _

i'sqi.fis' and we shal-l not menti-on the correq>ondi-ng resurts for strong dr.rallbr, invofrr-
lnS various concepts of subdifferentials (e.g.r,,guasi-subdiffererrtlal,,[34], 

1931, ,,pseu_,
do-subdifferentiar" [69J, "seni-subddiferential,, r72], t75J; etc.) of f at 0. i

1 
tne equalities (2.4), (4,9).are also useful when (weak or strong) dr:alitv aoe" ,.,ot I- l

lo'u, "t""e 
they lead to fornn:-r-ae for the evaluaLion of the ,,dr-nrity gap,, i

l l
I Y{-Bt i(4. r0),



i i ' : l i i

*;" *5;;;; a theory which 1ara1rels the resulrs on the dual problem

13.r), (3.5) ror @nvex h' rhe t': ll'::::i:*::J:i:.1":'riJJT ffi*
["'];J,l] LilfiJ; I"ffi :;**x ::H:$ :t,i:fi:T,6 

"curq:en-
bate,, tlnt the constraiot ""t 

of (3'5) is F (insteaa of G=['ef lu(y)<O])'-wfr:ile 6 (5'1)'

1
1 ' form ns/ constraint sets
w(u(y ) )  i s  useo to  r , ' t t ' * -  

; * ' , - , - - , , - . , ,  (we( f l ) * . ,  vp0) ,  (5 .2 ) .

( i ^ ,F '  h (v )  
l f  *u ( f l ) * '  *>o  '  I

\ * " : n  
- )  i f  w e t K  t ^ t  w = w

. . . " 1
IVEK

l i. 't"tvt l<o (5.1)
r,tw)=j-- ir we(fl),t, vlfo,

L - - 1 1 ̂ r ^ +ha 'esrrlts on the dr'ral probrlem

yennlw(u(Y) )<oJ
: "
i  -  F.r1 1 ^+ (5.1)is quasl-concave and upper
i  -  , r - - ^ 1  h  A l Q n  l q a l . / !  v -

:tor the urrchanged objective firnctional h' Al-so L4rI'n. v&

;*+'-rv*rnan1 initia'ltV by Glover [291;

\  
creenle* 

T"." : : : : : : , . ; . , . ' ; ; , ;  the surrosate duar prcblem (3' l ) ,  (5 ' l ) '  to

the Iagrangian dual probrern \r'ri r \J'Jl *'- *-- 
I

l (p) or (3.3):  we have

tn:::"::fft;:':l;i* 
il5.2) haverce;n introduced initra*v bv Grover r2e1;

l fo r0 - r in tegerprogranrn : i : rgandhavebeenca l led(seee.g . |2g7 | . [30 ] , [33 ] )$ ]L ro .g+ ' t9i iso, probtem (3.r), (5.1) is calred a Fgr5-99.ee'di*]' P'I9-bl:st9. tnl 
lt,

iconsg*i-n-!.?"e-!s-ttilt:-l'lll";.".'tle sets (5.2) are -r,** and thev contain the ini-r
''.i"i' 

;lff"HLI tFilffil";'" Eeneral :*::n:* 
dual probrems' ]nvorvrnv 

surro-

luo .o*t.int sets and penalizatlons in the objecti'e fi'aLional' have been introduced':

i" "lln""*rg and pj-erskarra t33r have observed tle forrowrng obvious -'*::*": 
T,*:"

,  -  r . " ^ r  - m h r o m  ( ? - 1 ) .  ( 5 . 1 )  t  t o

q>g^.,*=suP *. . hL ti(Y)>
o*"  y16(R- - ) *  yeK

w>o w(u(Y) )<o

I
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( s . 3 )  i

[l"n*, for the ctrrespondllq duality gaps' r've have

>h-s, = 
iH*, - ;:.q 

th(Y)+w(u(Y) )i ;

w>0

cr=jnf llyo:Yll 
-*"11Y^' .G) '

yeG

I o3Y"*rro'-8"*r3Yl.gt*-lLgt '

I
i n=A rplds for a larger class of problems

i*u *o", in pargcular, tJre equality *-tsurr 
ogate duari{ gap" y"*,

i ^=A ' For evaluaLions of the "surr'
than the equarrtY t-r-tagr'

l(s.nl, see e.g. [151' for so]re @nvex problons for I

i r,et us note t5at ,isurrogate duality' i5 useful- e\pn 
nonred rinea

*r"n we rrave o=B16qr (wrrence arso::Bs.rr'' ' TlTi:"T#:;'"i: l,,I 
' 

i
H;,; :;";#Sser or n, voeAE (where G is tne crr 

(yer) ts.5) I

I h(y)= l lyo-vll 
.^ r,rncriorlal), tter

. ( w h i c h i s a f i n i t e n @ n v € X r c o n t i n i r o u g f u n c t r o n a } ) , t t e n ( P ) o f ( 2 . 1 ) b e c o r c S ' ( 5 . 6 )

(s .4  )

( 3 . 3 )

of

f D \

for which it is knovm that

cr4nax dist
' DeD"t i rYO

(v D)+rnr inf h(D) ' 
-

! r o '  
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1  .  .  lw (y )> jn fw(G) ] r c
t 

(')i\i:rl 
--: '-'' - :' - -r^ m1 'lecciofl of art zuppoit harf-spaces FlyeFlw(y)>inr w\b'r -" 

I
i - - {r ' denotes the collection o! arr Duv}ry- - --

I 
tttute uc,yo qvrvw" --- 

- ,_ a\ ,.oarl in approxi:nation 
tl,uory, rnay be 

:tn*u::^t:,,:.,
i trtute ucryo (r€rvw" --- 

__^r in ^nnroxi,rn.tion tleory, rnay be regarded.t: 
-:,

i (of.i€F*), l:* r:i:;llirl:tJf' 
*jt.l;""T;";*ate constraint sets De0c,yo *u u*t 

,
1 too*tta of "snrrogate ouarr"- 

,:^-:5:rlances therein)fonm:la of "sr:rru9**-:*-^-^ 
*r.. T}lru*"es therein).

variablgs w (see e.g.t771 ana *e rf1 
nputations; for sone recent re '

Surrogateo*n.o'*sarealsoconvenierrt forcompulaLJvlr , , -- I

i*'" 
: trJ*"ru;*;i il!Tl":*".'* 

ror rhe studv or Laeransian 1*1,'-,

lty, creenrerg and pierskarta t34r have jntroduced.a ns{ *"""ot of "quasi-conjugation"' 
:

I

iu" u t*r for the studv of surrosl: 
HX o:x*E. and veR, .t}-,s !iri! 

v-c.nras]:-conj'uga-te'

i* For any localty 9on'vex 
sIF.""-'*' 

r rarr r'\i'.  . r ' ( ) !  arJ r .^-T l . \ t7 l

lof cp is tke frrrct-l-onat <0f,:xt'-E defineo Lrqr uv 
(wex*)r (u.l

.  -  . ^ / . , \  !

\ Y'Y'x-fr' defined"t34l bY 
ii -t^ at,^ is tlre funcuional 

(cPu) 
a,r !_go$ygat" of <p is tne L(rru.*"'--- "v 

(xeX), (6.a,
i.tlg."se$ \rsg:#*r#:TJ..,_*,., 

,y (w) i
I t,ol,)ft*l='rl:l-'lt*' iI (rout;ixr-'-i.*_ ""' 

i
' *'=l, I

\ g"lg_€ rp is defined [34] bY 
,u. 

ji - - ' * - ^ f f i  I
id:9J?9JE++=- yy -.* r,J1y,o1. r

- !I  e '  
'=SUP \vy-V 

.^ .v*R i
. 

t"=iH \\'v-- 
^+har r:esults, that for anv to:x'E 

i

Greenlcerg and Pierskalla [341 ]rave s]pvrr' aIIDng other res 
f| ^.^1 pierskalla [34] rrave s]pvrr' ?nong 

other res\]rLb' 
i

i creer'lcerg and Yle!.,n.*rs L- - 
I

i  (6.41

"ye 
bavq v .p,pYY>,p**, I

I tP*=sP Qv I
l " n l
i  '  1 ^^n+11d^6s (4' l)r  G'2) '  artd that I
L {-ha Fe' 'chel conjugates \.* 'r /r  \4'-" 

(6'5)i  '  1 ^^n+11d^6s (4' l)r  G'2) '  artd that I
(6 '5 )'1"n*" e*, e** are the ti'J::;ffi 

, i
i . . .r" *"rlT, (5.3) and (3'6) respe"":*'n6135i-@DV€X( 

I

I  ^  ^ * x flyr'uo B=*, *1 
I *"*on that . *r"lfrtric approa": * "*si-@nvex 

ilillJ'I. .
\ 

t*. ":,it-:, ,-@nvex optisii.zati*ljl""l_*""*;:;" duarty, l

land applicatjons rc dualj-ty * n*='--"t'"* 
optisii'zation; k)ave neen :ivat

il-'", lt ti:, ?iil: :f ;.5;t"*;l"i:,il'::1lT'*5il,;"-? 
u - I

:,sse also FlaChS LZt J' ttr 

:n has oon corr

Itu.'ll . i-convex infjmizati'

,, i. rhe construc*"1 ::,' i:':: Xl"J#; ;; ;t,' 1,,o1_T"':111rfi:-
i**'ou'"*l*Jirrr-tttr), 

wb lras repraced propret" 
il rr.:r-.,'T:::t ot (3'6))'

,:f #r,:l"i:i;imlru;*:LHilJ,iiiTJL:'Jl'::TH*-r'sse'
lggil!# relarrve to the *t*"otll;i-; 

p) ' as * '*t*zaLion 
problem (Q)

iot (3 ' I) , witrr - t-. -'\ 
(weX*) ; (7 ' I)

'  t r (w)= inf '  P(Y' x)

; *iljlo . -in.ir:r to tle one betileen

: of (3.2) ard (7'1) is sjmilar to tle c

urc main dirrerence berween.trp tr'":l t;i:;:; ';;;, probron (P) or 13'3)'

( 3 . 5 ) a n d ( 5 ' l ) ' * * " t " U a f t e r ( 5 ' I ) ' T a k j n g ' j r r p a r i : : - c u r d r , y - " - - -

, ; i i  t r . , ' , ,

+ i  4, , . ' .1

1i  ! ' ' r ' ', j  I  i ' ,
t i



,1

o)i-l'l to conpute rgi urat )" of (7.r)

eruixraea irrto the r 
,or the best approxination probrem (P)

reduces to (5'I) i on the other *"t' t'.t 
ta::tJ':Xination 

problem (P)

ra norned linear qnce F' t:king X=F and p:FXF-fr defined by l

i pty, *)={'llYdYll ,1, 
0".** 

(?.2]

I G- if yfG+xr rhat g of i
I  r r r r  + h M r F m  3 . 4 .  a P P r r c u  w  "  

- -

b r r " " . r , c c r q ) u t e ( s e e e ' g ' t 7 4 1 ' t j r e o r e m 3 ' a ' a p p l i e d b h o f ( 5 ' s ) a b o v e ) li - (7.r), becones the ri-ght hand side:: ,u.7)fwithmax replaced by st-p'

l1:.U, v,rith L of (7J),.loecones 
*-t 

'r** 
that tr arrd g of (7.r), (3.1) can be expressed '

i Furthernore, crouzeix t9l tns 
es (simirarly to the case of tr '

I .. - 'he Greenberg-PierskaLla 
quasi-conjugates (srm*arrv w --- 

Ivdth the aid or t 
,rjugates), nanely, :

brra g e3 (3.2), (3.r) and Ferrchel cr 
(wex*), (7.3)i

i r(w)-Plvo,o) (o' *;-gY tw) i

i  ,  .y, r_*1=gyy(o) r 
(7.4)

I  B=sup  i n f  f ( x )=suP( - r ' J \ ; r ^ ' - !  
' \ v / r

i 
- 

*** *tx

i r \ 'i ̂  rlr^nrrc cn:asi-@ncave and Y*-upp"t 
sern-L-corr:

i .  - -  ^6  ;o  a r r - r i r ra ry .  Hencer . l  sg  (7 r l )  i s  a lways  *=- - -^ - .1  
rnqe 15y  (6 .a ) ) .  Iwhere Yos t" *":**-1-;:riac 

/6 4) rer{tain valid in th:is generar udsc \p-l i

**o"l  and t]re ineguali t ies 
(5'4) rel{ lar j l  vdrru s^ --.  

"-^r i ,_.r n=R- with 0 eg (7.4), 
l

tjnr:ousr and tne lnegLrau*v 
.--r, Arralitv o=8, with 0 9g (7.4)r i

i 
atural quesfion lns been whetner 

'1;o Tetrizatlon iI a. rhe next naturar quesfion lns been 
|T:Y,Xi"iHf.:=h'-'#i

w(x)>0

oO<<oYY<,on(<o) .

i t. The next natr:ral quesfion rE 
relative to t1.,e paraletrizatlon I

! r ,,srabili{,, prolmrty of p'obro.r tn' t"li:l:..:; 
;;* of a ,,hutr"ri-s equivalent t' t 

* onry if f (0) coincides^::iJ## _ ;i 
-. 

^ '-L^rher o=B tclds tt;;;;if f (0) cojncides with'ttre val

i(x' n)' t 'e" -"=;;;;Jeau 
tatt , p'rle, nv 'h4l of 

.f ,.t r,. l tore i
i : e t a t 0 ( f o t l o w i n g } i i c r e a u t i | f , p . I { g . b y a h 4 l o f , f i s n e a n t t t r e f u n c t
loi"t" - which, afiong a g'iven set of firnctionals' is tlte 

'greatesU 
rninoranL

FJtt; 
;;;' ""t** 

t' 
i1 i.,nyy sorne hulr or <p (i.e., does./Y satisfv a rela- 

i
igenerarry, it is naurri;,i}, 

is.pyy sorne hulr of <p (i.e., does./Y satisfy a rera- i

I p::estiol.A.' For any 
l'^-^' -l].1^^^-^., a suitabte hult of <p)? I

rtion sirnilar tp (4.8), wit, um *fllou bv a suitab* t::;tt*,l1n 
we have 

I

L,, this itlrection' Crouzeix t9l tras 
"** 

that' for any cD:X*n we have 
i(B .D

- ' '- i^ +ha rnrasi-@nrrex hull"

i quas!-co:rvex hull' and ton t""Tt *"^:

hn r. ao is the lower serni-contjnuous -"orr.rJ and rower senr-i-continu- ;

H;; ;:";, in particurar, ir t* li'i::^ttrfi:,Til ansa,eri's c1:estion A, rormula I
fr w n3*e, in lnrticular' :: 5:-:i'i=*'#"r";; ansareri's c1:estion A' rormula ,
, YY-..r <0. rn the s*utu'.:::: 

;;itv-"tur1iry retatlons. rhe follow-''bus)' 
ttten %*--lt '':atlons to duarity-sLabitity rera'rorrs 

i
,tt.tl *= t'-'6gustua' in view of app-t-rcaLrurlD w -*

i *n trrt*ur quesY:;^-^ 
e conceDt of ,,conjugation,, such thatr for any o:X-F' tpU **l

irrg further quesLlorls; 
- ^c rmnirroation,' such tletr for any q:z\-- 7 Yq *--i

I

i qggStr"il"P' rs there a concept of "conjugation" suc

tru"" 
m'#:"iu;T5 ;;"$J|JL Arrv conjusarion with *ris plopertv

is called [45] "exact quasi-convex &njugation" ' I

, An arriunarive ans\.rer * *"'t'" ^.::'::::"#'ffi::::';; HH'-' *
I T.i:"::;t;';;=* *a pri*.n t5rl, wtp hnve sftr'\'^/n tnaE' I'v! a'r

L q a z  ( f 4 z J 1  L I J J I  . - ' '

(8 '  2 )
ve 

.PYY=P- '

' 
H 

:calr ttnt a fi:ncLion {'':x*E is

where <p^- is tJee "evenly quasi-convex hull" of tp; we recdrt qse ..

""--- -.g 
_-r-_ mraqi-convex t5ll, i f a}l lever sets

said to b tJ9!IJ.:i:=:-.:.;-

, 1g1= {xex lo (x) <cl 
(ceR) (8 ' 3)

c

, T i

i l r

i i
i i
I ' 1' ' :
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x

'  l i r

l _ _ i : t r  j  j  1

.  . -  , .  . , . . -  , ,  I  .

intersections of opent 
"l I '--"----nvex sets, in the sense of rencrtet 

llu' 
t::::'

of S are evenly cor 
+h,+ €or.B of (7.4) we tave

( 8 . 4 );:'i-#5:ffi"8;; ;;" that $ $ or (7'a) we tave

i  o . o . .  l o f  o ,  b Y
'tr,e seql v-:g1=*$l:g3J9 

(oi);:x*t'== -' 
(xex), (B'9)

=:=-#d O,  .

i ,,no ) o (x) =.r'I- inf . a; (w)
I  . -v 'v-  weX*

-6dmnds * t''ll:::'** Y=*k qTii'tv:::? * ?:ssff '
l(**.n correstrnnds ;;*t*t *t'e tunctional Q'2)) ' :

c,n\_€ ro) (where f is the opulinar*:::;-;, 
crouzejx t9l tns intr-oducedr 

,,relaFion r\u/-!eq\-'.,,*r 
_',.=tror B, let us nenLlon 5Ft:"*-:;^- .n *^ tf.rut

: In corrrecti-on with question B' let us nenLion tlnt

ifor *y q:x'F and veR' 
rr6loth€f,:*;y:" 

trf,'x*-fl' and tras sh,ovrn L*- 

(B'5);
Ic .p==hf (ol) * r

cP*==EH. t; ' * veR 1

i . -^^ .^* r.s\* 6snore the fencher co*jugates (4'1) of a' a: resp-ectivery: 
:*"""t' 

(B'5)

erent ty-Pes

llnele v rrwu' 
,mivc,tL. second conjugate, s'!ve *-, 

_. a^_rnr.ri rll have introdu-l- - ^n'lrz as a "nrixed" second conjugate; since at Lt'otves'tvp 
diff

',,expresses q ""tJ -**,,rore, rr osrtori=;;;, *i-::.:;'"frtJj 
ffi:i#;;T"#; ,iof 

coniuga*". *: 
rnjugate ,#;y*.+E an - rr -'-1, 

tte projective cc
Iced, for anY Q:x*r

;;; oe ,p, *a have strown,::at (8'6):

\ 
th*+u' 

r- aoner-dl. ef*p19s1*' Also' Martinez-Le9^az'l**u*,, 
they r,aw or""'..a 1tzor,tlrf,H:'# tryfr"r:5?_: 

:::,,1,r'"-:'*l 3 ",

i*l :^:i,::Jfi::i:';11'#;[1$ ]H: :: A: "1"rl
",B'y ,r,,x**,, as a ri:ncdonlr- -.::::,::ffil:ngiii:"ilJ: ?:fff*::#tl

r o  ? \  l
'Pv tu:x**1'.:":;creasing 

funcLlons h:R*F., which are 
"ont'oLKr\D 

,** - I

,r*ily of al} non-decreasing funcLlonl 
oo ., 

lutt) 
i

i ,eo(w)(v)=<rf;(w) 
(*o-'' *u=t, 

.. ,, **jugat-e,f, uru nor jnE, but jntt'e,

I 
- 

hara tl€ values Of the H-con3ugaw w 
1i ., ,^ r\ - lpwever, here tle

ffi;t;:rt?,i1*.* h:n*fi' 1 t721r deriltn' t:.:L,t"*t1i

i-*-i *.-""f**,:r5:::,"ff;A':ffi#G-'i'* gi co' bY .i
$nru* slnce X anr I 'H1?"1;r''--i 

- # 
(wex*), (8'B) 

i' i
i ^ 

-l-jnf <P(x)
i <py,(w)=wt-inr 

<P(x) 
I

i *t''*' i
i  ,  o ,o- - j6  nr  ro ,  bv i

w(x)>rr l

-^-;-mniuo6.o ttt:x*E gi 9' bY '
, a  r  n \

.-1. -^,r ,.gel-q :eqt-9-oljY9.a - (8.10)
andt le . . lg{E}* f } -^^  iIr  a o  , - 0 1 0  

i
i 

d"=":R \Qv'v' 
e hrave :

i -- .. tras been sfown that' for any Q:X-R' we lrav= 
(8.11)

lildeed, in [72] it

toq=ot" 
, - x^€inir. ioo (6.1), witlr the difference

i*""x:.T:,:ii,ir*ft tt"h,'.;i1.;1l$5i*H:"n,:I.ffi"::*
{xexrw(x)>\rrJ are 

l*i 
* 

::r?;11=*e cp*}sup,o}r.-rl-"orre4ondins 
to (6'4))' Let

:*::T:,";,'-:;;l*';:J*"'one 

can arso use (crosed) hvrer
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tocJrY comrex s-oa-:

: - , :  , i i i  ,
f;j r
:,1 

'
t jI

.1
t' i

I
j

1

- - , - . . ' ' . . . - . - . . , . ' ,

'-: -: 1:

by.

- -" ' - 
"t"""pt 

of 
"o''jugudon' 

Indeed' j-rl LbYJr r-v-

planes, to defjne a 
rxo rir=t .,-pruoq?"-.j.uga€ 

<0f,:xn*fi
il x*-.fi. of- co has been defined

planes' to qe]-lrryancl 
veR, thg. firsS rrps.eu119-3?lll5g

ce X and anY q:X*R *

;691. for anY

w(x)=v 
:eplacing 2v by =v and v bY-.r, 

,

una t.ol)1 ,,p* hr.r" been defjred correspondinsrv 
(i'e" tf;;'*={;a,g-=iHtl= 

i
:rn (e.i) and (6'3))' Then' as fns been obserrrc6 in [691'

r"w.{*d. 'PJY>a*La**. Ibrfwth:rJ.=urt ,onpseudo-conjugatesandsemi.conjugates,:
i

- -  I
r v€R . li2), [75] respcu-ve]y' >r arry cp:R'-Rri
i"['rutr, t?01 and 

r4artinez-L egaz l451kns 
jntroduced' f<

i rn corrrrection with question t'f:Lfi::il;;all lexicoqraphicallv 
p6n-derr

the ilH-ccnjugateu ,pv of rp, yran r:"r.t 
to the t*ttu-,",n"lln 

tlrat x is lexicographically '

ffi=il#TT:'f;lsi: :T"':#fil;fi ,n*i*,-" (*Y'. i (f) aeno'les'

rhe se, * ii i$;. trI:pfl;,t', J?,**;:n'm.:'$ ilb:J'Tl-L--'
j

,a 
fi:rictionat r1lv:dLR Whenc'ea 

-\\P ' i
,  ( 8 .13 )  

I

, 6  1 a \

f . . rcY* ' t  "  \o.  ra7
- 1

<.pl(*)=rt-inf cP(x)
v xex

(vrx)eFXX
w1x)>-lw\x)2-r 

for tire Bis of (3'1) correspondr

respectively' Thar' one cari 
"5p17 

(1691' []ll tlZl) that' 

ii
I 

- 
/^ 1 \ rq - 2) , we have, respectlvely' (9.3)

;  i n g  t o  \ Y ' r / t  \ J ' - "  
. T f f t 7 6 1

v e w i
i r
i 

q 
uced sone new d'ual problsns to 

l
I --..^ +here have been intro ---1^h^^ nf rlualitV'i

i n. usins the above resultst i'T il: :f;:T::.":X #;';;fu1::,

i,,,, ,'","1#;*Jl*"'-*:H:"'::i:::: ffS:TJ'u "l ii.,,, berore +restron!
1'and 

stabiliw for 
--r i,.a1 nln- i

ru;*+ ::,il:r*u,,.. r6er, t*r, 112)) tie *# Tt #"* i
3),  as the 

\
i N**ry' one 

!^ +ha .,arametrizaLion 
(Xt P) or' \L'L' I 

i
an define' '*:^ ' : ; : ' " t*"ot '"Lion (X' p) of 1z'2)t \ /"f ' - -  

3  C a n  d e f i n e  ( s e e  L b v J ,  L r r r r  ! '  - ' .  .  -  / ^  n \  ( 2 . 3 ) r  d S  u r r s  
ii N**tO, o"l^"T "*;;ro the perametrizaLion 

(X' p) or \L'L) | 
i'  i  / i l  ^c (2.1),  relat ive * t : :J '* '**-  

,^ . ,1hld"9-!9 \r' v! 

"or*' 
(q) or (3.1)r with 

(wex*), \y.r/ i
gi4>rdnizat-Lon p-@brettt \v/ "-. '. 

n(v;x) i
I l(w)=inf P(Y;x) I
i  / . ,  v l c } , ' X  A  ,  i'  |  (Y'x) eFXX I

. S i

^ l

' I

i
I

J-ng  ur  \ / '  I '  I  n r l  ,  ̂ .

q>B=suP jnf f (x)=f' ' '-(u) I

i wei(n x*'
w (x )=0  (9 .4 )

^  : * F  f [ x ) = I  \ u ' - r ; i
I CPB=SUP Jll! Y
i weX* xex
i

w(x)>-l

w i t h f 6 l Q , 2 ) ; L r e n C € l b y ( 2 . 4 ) a n d ( 9 . 4 ) , g * [ s j l c [ = B € ( 3 . 1 ) , ( 9 . 2 ) i - s . . q u r n -

ril e.:e.":+.t'-:,St* lJ'J.gilL r45r a'duar",Probls to (p) or (2'r)' rerati-

, SimilarlYl tc

ve,to the parametrization t"{:n'-1'.]j*;' 
(2'3)' as tle supren:lzation 

pr

/e, \ r srv r-- 
" ,.Ilr -^A witll

,^ a\ . . ' i+h x* rePlaced bY ltx ' /  dlu "
( J . r r t  w ! e '  - -



i
i

i i i t : : ' i

l.(w)=inf * P(Y'x)
(v 'x )  eR 'XR"
wtx) >" o

where 1 
means "equal or lexicographically less

*6 [?91r fornnr]a (2'30) (or [45]r proposj'tion

i;.t;, with X* replaced rv $(fl) and with tr of

o>g-sut?,*. lfowef - (R, i?Xt  
=  o

'  t  - / f r i r  j

i , r . ,  1  v  , . ' ,

^ , J I \  r  r o  i t
( W € J , I K , , t  \ r ' J '

U-rr". Then, one can showt using (8'f3)

2.4 and corollarlz 2'5) that' for I of

i(9.5) , we hn're 
'

I

I

i

I

l

where f is the-funcLional Q.2).Hence, bY (2"4) and (9'6)'ssliHcr=B ri1'e{9l91- I

" " 'g5 !g !$ f (0 )= fo(0)  
' i

le!-It to tn9..stiD.1-lr.EJ r.:'3Y--"j: *'-' 
__-:

i

i ,0. ltre sjmilarity of the definiLlons of qrasi-conjuga@3' pseudo-conjugates ano

lsemi-conjugates and of the results on tlen (including applicaLi-ons to duaiity and stabi-'

i '---':n) suggests to try to unify them' Tlc this end' tt 
i"-::tt* 

tp obser-

l i tv  
i t ,  opLimizat j -  

.added in (6. I ) ,  (8.12) ,  (B.B)r  (6,2) ,  e tc '  only  in

* .*t the terms v and *,1 *1" 
ffiT illl"i':,;;;tr*"n* conjusates 'p*. 'p** (s?3

order to conpare "nicelv"cof, and tp*'" (u=v'n;ot-.1::';-=":;il"u 
="* ton3ugates <ow :

,e.g. (5.4)) and tlrat their JT'is"io" does not alter the 
":*::":-:::",^':l

] - 
,: dual optjrrr.ization problems defjned with t}re aid of of,,nut *rr*." .i

l (p.y,n1O)r nor lne "* i : t " : - : - . .* . .*_ r .rro i
;t; the conjuga@= 4 in th.e unified form 

(wex*, p=y,r,')r (10.1)
1 1 .  -  , ^ U  \

coi(w)-rnr Q\^vnw'

A[ _ _= {xr eX lw (xr )=v} i
\ ,w  - -  -  

( I0 .4 ) ,
,  O  .  ' - a ' r - , t . ' r \ : . > l ]  

\ w s !  "  I

Ao ={xreXlw(x,)>v-il 
(wex*)

'vrw t" - i

Novr, given any famillz of seLs Arr*tl {vef' 
1ex*) 

' for any g:>c'F and veRone can 

i1
l*r*".il,,' *l'.I*egr]*g"tg,t.{tqP,9.nel''f; : x*-F' uv
idefjne L/Jl rne v-A-.ff u 

,..,^w:k\. (I0.5)
i  A ,  ,  r  - / r  \  \ w E A  / '

i 'i(w)-jnf Q(Av,w) 
(weX*) i

i ,,ssrrogate conjugate fincLionals". Furtfrernore'it is

,i,' 1731, these hrave been arso carred 

:':::":;;; 
\.,,* rrom Rxx*

bonvenient to consider the sets otr* u" Jrnages of a multifunctlon A: (v'w)-l

into zxand io assrrrp thar A induces a multifunction A: (v'x)*Au,* tLo*:11. ** 2" 'de'

;i""u "jn the sare wav" (for the nrecileStl'*]lu"t'.'It::ll1;:T;T$.tffi;
Lion,, A1 5sg [73], sr);this is satisfied for \,1'7=avrw conjugate,,.d-.

to defjne [73]"the second v-A-conjugat""ttof;)f; *a"tt]o.nonnalized second A-

i 
'";:: 

-,--- .,.,1 .a' aerirr. t73l a "sr:rr-ogate dua1" probtem to (P) of

I For a:RXx't*2X u" aborrcr one can (lerrire "-"',^*.r- :emization pr<r-

.(Z.r), relative to the paranretrizaLi-on (X' p) of Q'2) | (2"3) ' as the supr

bl-dn (Q) Pf  (3.1) ,  wi th
(weX*); (10 "  o

l.(w)=jnf p(Y,x)
(Y ,x )eFXX
*"Ao.*

in parLicularn for Ar,ur=AY,r (r'y'*'9] above' (10'6)

respectivelv. one ttX'Intl'tt3l unt; ror g of (3'r)

reduces  to  (7 'L ) ,  (9 '1 )  and (9 '2 ) '

corresPonding to I of (10'6)"€ M..

: L



" j  
'  -  ' : :  ; " 1 : ; r : " " " ;  

i 1 " " '  "  
i "  ' : t  t ' " -  

! 1lr'.. .

t
i

( r 0 ' ? )  I. ;
' aa '^ \  I

qzg=sup inf f (Ao,*)=t- \u,l I
wex* -  -  / .  1 \  r l  n-7) is ccnri-  I

,  -  t1 ,4\  rnd ( I0 '7) '  weak dual iLv ( }=9 9!  
( r ' r / r  \ rv" i  ' - - - - : -+ t

.rifh f of Q.2h l'r:Dce, by l'2'+) alK, 
u^ ranrfded as.a -@ij.ry-r"-Liti-"1, 

sh- i
W I U }  -  

A A

,ralenr ro r(0)=r'"-(0). rhe latter * '"]Y-: l : : i : t : ; .  
he recall  r73t rhat a subset 

i
Tlil;r;cides [73] ''vi-t]r the-"A-![g:]"-99Jrve'x- ny'r5-:': 

,=*-*t. such t]Lat Mna*1x),w4' ice r 9=-- -

M of X is said to ne a-convex' tt tot *:1,"1'Yi ".L 
", 

the form AA,u(x),t :';i$ u

iff,5*:,r;: iffi;l',1i. ;"n .d,, :: : ::: ";J:,iilJ\:tL'1,:,': i
suitable weXx) aflq that A-quasi-conrexity 

::--^*.=]i-t=*.'u, this yields the er'enly I

,:H;* ;X il"1fiil"#'*"fi:*':;.^J;:*:' [, T; ;"; ;;,;o3,' i' v ierds'Lhe

,closed @nvex sets M, respecti-very the Lovier serni-continuous quasi-conr'ex fr''rctionars t!'

i r of the Fenchel co:

r 1 . An ',rrortant senerar iza** :' ::-:::':ilru:::"J-l' ;l' ;r' i'liJ"*'il:
'i'S,ru;.:f 

:l*:*;:::m'":?'fi 
"iJ'l-H;thena*rarbitinearcoupuns*

i

l

glxlcgional n:xf,X*-R, i'e" the fi:nctional *) (tr'r)i

r (x' w)*n(xr w)=w(x) 
xex'wex' 

"r '^o 
here k

I i (X, w)*rl\xr w/ vr\ '- '  
Lonal". Since here k

i , _ed 
,,coupljng functiondl"' r.Lr.tug 

,"--*
i i  . ...f^ff f i :ncdonal k:xxv+-R=[-o,*oJ1 

udrrsu 
-:.. ]n \/arj.ous appricati,ons), 

]b

1 lfy an arbitrary funclional k'xXv+-E=[--'**1 t cali

i ;;-giri:l*:*; *T,L:-=.":;: :HTl#:L"' "'-'Li'n' i and "eI

1
i t"u" has cxtertue" "'- :-

i i;;-"r addirion" + onE, ny (a,beR), 
(tt'2)1
r r r  ? \ '

lvvrv+ --- 

ai.U=afb=a+b (aeq), l-- ' - ' ,

ai(+*)=+-, at (--l-* i
i

i  r - - . , . t + l -  + h e
i " -^- ..nrkta. out the niles wru'rr u'-se oPeratt:": 

lnt^],,o- *r* respect to a coupljng'I i 
-ked. out the nrles with these operatlol 

spect to a coupljlg' '

i i* i,ll*::,,1:1;"1'l'';:r,; " a *w-- 
i

i i .t'-. ;ffi; is the furrctlonal tp-' :'Jv-'^
{  l furrct jonar KiAr.  vr- r t r  *"

I i '* '"*- *c(k) iw)=sup [k(x'w)t-e(x)]
l i x e X, { 1 .  - c ( k ) c ( k ) . " s  de f i n -I -^ .,_ i e l-hr: fr:nctronal d 

''-'
'  " i  +1r raqlYlct  !U I ' t  i r  s^- -  -  

:
I  .  ,  ' -^  ^^--d rnniuqate oI  (D7 wru' )'and the *9glj129]u?g:9 " *',

i  ,"d ttnJi t4el) bv 
^ /u\ .  - (xex) ; .  (rr.5)

|  .S (k )c ( . x )  t * l =5qp  [ k ( x ,w ) t - rp " " "  
(w l J  

^ / - \ c (n )i ' (p "" :_:i., ^ (n)
i l  w e W

i 
'-,^--''" 

ror a loca"u[l"t* s'Dace xf tr{=X* anc] k=-r of (rr'r)' ttt"'";;"1:'-J';=;

t ttuarlv' 
fof 

,a :":i;'i,*1..."".*.r"ly. concernrng Fenchel*lubreau c-or

1 =p**  of  (4 . t )  md l4 '2)  '  t " "T,  
-  .onr  ro1-r  rg2r ,  . ,  -x

(we\{), (r1'4)

l
1
i

il;: ;; ; ;,;:::, ;'il,l' li*i' i;T'J ;J ll arbi,rary se,, w s R{ (lrrere FX ds'o'|es

the fanrily of all ,.-.*o,.'*" w:x--n),, and k=+r of (1r.1), witir X* replaced by W; this n

i s n o l o n g e r b i l i n e a f , b u t i t i s s t i t l l i n e a r o n W , i f w s R X ( e n d c n , ^ l i n g * " o X w i t h t h e

usr.ral vector operatior.rs, defined *tlrt" 
gn X) ' as h1s l'u* ot"*"6 i5 t8t1' remark

2.2 Nrd'A<lda.rclum (see also r82lo sl)' tq=::::::':":: 
;;::f:::'"J'Tffi:ilt\ 2.2 and Adda"rdum (see arsu t"",:^"^""^ 

nf arbi-trary sets X,lni and a:r
1
i tv, 'i'''" it l-u equivalent - 

:1" ::.::':: 
j::;:*as below'

i H"l:l]t';'1iffi";; ;t wr-.r sinprirv the ronnulas berow'

. r , u t u s g r r b e d r p w ' t h e i ' ' r i l ' . i ^ t i o n p r o b l e n ( P ) o f ( 2 . 1 ) , w b e r e G i . s a s u b s e t o f a n



L ,! ,:i-1,'

ii|,.f'#"::'""riTH:JilHff 
on F), i,.to a ,*Yo or paramerrized probrems

ti-sfying, for some x^eXr 
:er set and p:FXX-F is an arbitrary firnclional sa_

n(v, x^1={h(Y)
v 

Lf-

Of course, .it

(2.3), since we u""' 
t" now necessaq/ to

(2.2) s16 (1r.6). ,Iil: 
structure on X

use the "ernbe66irro,, condition (11.6) instead of(and hence no "zero eLenent,, of X) . W e.t,1 ,

if yeG
if yeF\G.

j

( 1 1 . 6 ) '

l

I
'  r*" ' l$ P(Y' xo)=a' 

*r.7)
l iorne autlors (e.g. t591, [4]) assune- in n-.r^* -_ l

matizatj-on', w(x^)=' tu;,:;;;^;=:: l="*u" 
in order to sinplify the formur.as, the ,,r,or_i' o '

,t""*, 
but we 

"*rf 
jl*-:;:"?i:tt"tt* bv xo=0 in a rocallv convex space X ands asslToptlon, sirce it.is too restrictive . 1i ftu can define ff151, t82l) t}1e. rar ret r iZaL1*rx.pt raSthe" , ,n ' ** "uLf f iprob1emto.(P) , re1at ivetothepa-

/ n \I \v,/ F=SI]p l(W) , l

j

i

I
l

where
I
!

i
j

(wewJ,

(weW),

( 1 1 . 8 )  1

j

i

r l  l  o \

I

i

1 1 1  r  n r

/ 1 r  i  1  i
\ l r r J J - , /

\ t L .  L Z  )

j
l
case:

^ t'' =i;fu,.rxx {p (v'x)i-w(x) } tw(xo)
Formulae (4.3), (4,S) anA (4.0) aanrit the foll-owing extensions

^1"]-r:j:] (0, w)tw(xo)
l . (w)_  gc(n)  ( r ) t " ( "^ )

B="rp {-r"(n) r*1t 75;1=sc(n)c(r) {*o),

(wel,/).

. (1821,t791) to thls

t
$
f{

where, in (11.10), we use Lhe canonlcal embedclin s (4.4) of pFwEX.-,- =Fxx I

l* 
** (4.7). F\rthernore rTer (see.;";;;;;,,;;;,:;i,:Jilu,:,il 

;fflT1
|  

'  c ( n ) s 1 t '
\P rufltwon) , .

tre "(In'*R)-q)n'€x hull" of g:X*R (i.e.[17], the greatest (h+R) -mnvex funcliona]_ *, ,. irecall that a functi-onal rf:x*F is sald to be ,,(w+R)-conriex,, 
[17], if it is a srpremun of,:":l-* 

of functionals of the form rFd. where wei{ and deR). Eence, by (lt-.tz), we ob_

"-'H(w+R) (xo) =sup (w(x^)+a) .
weW, deR u
wFdSf

I

;
a l ' l  1 / \

|  
fr* (t t '7) and (11 .14) w€ see thar worr. ^i1-rrr-- i

.!i],i_T* re.lqug f (xo)=fn,r-R) (xo) 
w.g* {r*+.r.itv o=B

The alpl,re generalizati; ; be applied t-o a large class of problems, enconpassing

*l::#il,ffs 
case and the case of discrete optinr-izaLion (since rhere are no struc-appricario* * -J,l.l;:TffL;; ;::"1:T" X,",*:Xff::j*;;

l,l:ffrt"uo'j; Iij::, jji:-:l -lecki and Kurcvusz r17J, s'i" seneralizarion provides aran.rngr various larown duaf problems (e) defined with the aid of so_ca.I_led" augrcnted r'agra:rgians", just by taking suitable parLicular sets wcrt{ in (11 .B),
I

j

l ,

li



I l  l r l

(1f.9). a furttrer advantage of this general approachwill be shown in section 12 below.:

Let us nention tJrat it has also been a maLter of jnterest whether a qiven duality

theory is "slmnetric", i.e., such that, under sor.e nr-ild assr.mptions, tl€ "clual" to tl€

dual problem (O) of (3.1) or (lf .8) (defj:red as a suitable jrrfjmization pr"oblem. usually

with the aid of a par:anetrization of (Q)) coincides with the prfial problon (p) of (2.1).

E-krr  awrmlo . { -ha r ] t r : l i t rz  l *hmnz nf  L inf , lgyg t40J 1S Spmetr iC.  whi le thOse Of Balder [4]t  u r v  s q r r  L .  f  v J  f o  - J r r t L l e s r v a

and Dolecki and Rurcrrusz lITf are non-svnrretric.

12- For anw mrtl f i frrncLion A:R\X**]^ as j-n secLion 10 alove, i f  we take V=V^cF^ de-! !  Y Y v  l . 4 l u  v  v , !

I
f i n a d  h . '  b

" 
y={-XA 

, ,  
*d;yex, weX*, deR}.

w ( Y )  r w

whcrc v denofcq j.he indicator fimctjonaf of the' ' , , - * " " M

[731, for any .o,x*E we have

. ^c (n)  ,  . .  i r r - . ^AQ t-XA , 
*a)=<a^,.r, {w)-i'a

w(Y/  rw

/ r t  1 \'  
\ r a ' r l

^ ^ !  r r - v  ! L ^ ->sL 'r=A, urqr, qD fru= l"un shovrn jn

jwitfr <pf of (10.5); indeed, this follows directly from (11.4) applied to k=r of

iwith X* replaced by V of (f2.1). Similarly 1731. when A is u-riversally defined

ition f0 above), we have

c ( n ) c ( n )  M
a < p

(yeX' weX*,deR) ' ( r2 ,2 )

( 1 1 . 1 ) ,

(see sec-

( 1 2 . 3 )

I thus, r.l-A-Sggjlglio11 (and hence, ln particular, qr:asi-conjug.ation. pseudo-conjuga-
I

1tion, semi-conjugatio") i."._p .'pqIF.,",gLq{ ,"9".".': gq.I".t'tghstPt.gq._"gtjIg?!g (1}.4 ) ,with

iw replaced by V=V^ of (12.1), and with tn corresponding to thls V. Fbr 4..,.:nL,, of sec-
i  - '  VrW VrW :

Ition fO, a related result (involving "conjugation" jr the sense of Lindberg t401, whjch
I

jis equivalent t8ll to Fenchel-l.tlreau conjuqation), hs been given by I'lartinez-l-egaz L44J,

From the abor,e and from the expressions of the dual- problems with the aid of conju-'

g a t e f i r n c t i o n a ] . s ( s e e e . g . ( 7 . 3 ) n Q . 4 ) , ( 1 0 . 7 ) a n d ( 1 1 . 1 0 ) - ( 1 r . 1 2 ) ) , i t f o 1 1 c x , v s t } r a t

the var ious surrogate dual  problems (11.8) ,  (7.1) ,  (10.6) .  e tc .  to  (P)  of  (2.1) ,  re lat l - i

fve to the pararetrization (x, p) of (2.2), (2.3) , are "particular cases" of the genbral
I

Lagrangian dual problem (1I.9), for a suitabl-e npdification V of W. Of @urse. this can

be deduced al-so djrectly from the definitions of these problems, without using conjuga-
:
ite"; ".. 

e.g. 1821, where various other rel-aLions between Laqrangian dual problems and i
I

lsurrogae dual problems have bden also given (see also.section t6 below). I
;
i  S imi far ly  to  (3.2)*(11.9)  and (  . t ) * (11.4) ,  e tc . ,  i t  is  usefu l  to  replace the local -
r  -  

* Y .
:ly convex space X by an arbitrary set X, and X* by a:ry set wcF (whence 0 by w(xo)),

in  surrogate drn l i ty  and sr . r r rogate conjugat ion (e.g. ,  in  (7.1) '  (9 .1) '  (10.6) ,  ( I0 .5)r  ,

,  e tc .  )  ;  see  173-1 ,  [78 ] ,  [82 ]  .

13. Given twc optimization probtens (Pt) , @2) (defined on possibly dlfferent spa-

ces) and dual problems (Qt), (a) (in sone sense) to (rt) and (Pt) respectivelYr the

"primal-dual pa.irs" of pioblems {(Pf), (Q1)1, t@), (Q2)} are said to be g-cn4valen.![75](de-

rpted{(PI), (Ql)l '{(PZ) ,(Q2)}, if qtro, md Bl=82, where c, and B, are the optlma} values

of (pr) and (Qi) respecti-vely. The usefulness of this concept consists jn the fact that

fron duality theorems for {(Pr), (Qi)} (i,e., conditions j-n order that crt=Bt) one can

r' lodrree drralitv t i leorpme fnr f (p ) . (e?_t )J (i=lr2). For exanple, formulae (11 .7)-(1.1 .9)qguuug

and (11 .12) slpw that the pair ite*,n,, (dc'hlt,wtrerc (eG'h)is thc ragrangian clual pro-



' '  
r  i  -  

-  : ' ' l

f v 1 €

brem (r1.8),  (11.9) to (P^ .) , ls equivalent to tJre pair  {(Pr- . ,  ' r ) ,  (Qt or ' r )}  ' \ 'v i th f  of
'  

{ x  l . -  
G r l l  t ' r g J r r

(2.2),where (et^o' 'r)j-" the "unperturbational"Lagrangian aual in the serise(15.1) (below)to

(p,-. , .) inf f (tx^l )=f (x^)=q. Tlre latter ]-ns tlr-: aclvantage that the consLrainL set [xo]
r A  r , !  o -  o '

is a sirrgleton a:rd, by the aborre rennrk' frorn drnlitV theorems for [(P{x } -) t '
txoj I J-

(otto),f)] (which, by (r1.r4), anount to conditions for f (xo)=fg11^q+R) (*o)), one can de-

.  ( ' 1 a

duce c1ualitlz theorems for {(narh) , (Qt"t') }. This n€thod has been applied in a consequent

manner, e.g. in [75J, fo:: Lagrangian duality and sr:rroqate dr:aliQz. Let us also nention

tirat the notntlon X for the parareter set is used (in contrast with the notations of

other autfiors) i-n order to emphasize that we apply theorems jn X (e'g', separation theo-

rcqrq) in order to draw conclusions on problem (p^ .) 9g (2.1).'  L ; 'n
The remarks made after formula (4.9) suggest to classify,the (eguivalence cfasses'

io f ) .pr j :nal -duat  pai rs  { (P) ,  (Q)1,  by saying t75l  that  i (P l ) ,  (Qt) }  is  "bet ter  t t la-n"

{(pz) , @2)} (denoted {(P1)' (01)}b{@2)' @2\}), if for the gaps we harze o-r-9r3ar-l)r.

For exanple, for the optinr-Lzallon problem

a=inf  h(y) ,
yeI
u(y) =<,

. I

' t ,  , '

i : . r : . : i

(P ) (  1 3 . 1 )

and u is a continuous l-irrear mappillg of tr jrl-

furrctjonals (of the fonn (2.7) ' with parame-
where FrX are loca1ly @nvex s;nces, x't eX,

ito X, one can consider the pa.rametrization

'ter space F for P1r and X for Pr)

p] (y,x)={h(y) ir }ex+ {y' eFlu(y' )=<t}
- L+* othervrise,

frrtyl ir u(y)-x1+x
l, (v'x) =la- 

other:.wisel

( 1 3 . 2 )

/ 1  ?  1 \

,una one can ask, whr-ich one of the prjnal-dual pairs {(p)' (Qr)l '{(P) '(82)}' correspond-

ing to pa and p2 respectively, by pseudo-c1uality (3.1), (9.1), is better. In [74J, 53,

l ^ - n ^ - ^ ^ L ^ ^ - ^

iit tras been strown that p., yields the better pair and, if F is a Banach srece and

l -  ,  . l ^ r  / ^  \ t  r  ^  ^ * ! . i * - t  a . i ran  i { -  } r rc  t .ho  can 0 ,  wh i ' le  t fg
h(y)= l lyl l (yeF), then {(P), (Ql)} is optirnal,. since it has the gap 0, while the (pseudo-

drnlity) gap jn {(P),(Q?)i is re}ated to the "characteristic" of the subspac""*1x*) of

iU*, 
* the sense of'Dlxnjer [16] (where u* is the adjoint operator) .

l-ian nnvr c^mA frrrther dorlelorlrents iI the t'heorv of coniugations'
i fa. Let us nention nov/ some fr.rrther der'elqxents in -'= v! vv4'J

i ato.rreix ([9]r p.28) has lnade t]re forlowing rernark:"... Lhe notjons of conjugate

i
rfunctions introduced by Greenberg and Pierskalla do not make use of tfre notion of lerzel
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