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on sour HomoworPHISKS (i CI®F, —> CIRT,

by

Marius DADARLAT and Valentin DEACONU

Introductioﬂ

The study of inductive limits of the form EEE(C(Xn>Q§Fh’¢£)
requires the analysis of the homomorphisms @): C(X)@DF{**C(Y?Q§I;
where X,Y are comnact spacés and F12F2~are finite dimensional
ngalgebras. These problems were raised py E.G.Effros in 12].

Recent papers of C.Pasnicu ([5}.and [6]), M.D5darlat (1] and,
K.Thomsen [8) are dealing with particular cases when Y satisfies
certain'topological conditions snd/or F; are factors. Relevant
hotions which apbear sre compatible homomorphisms with a covering
and homogeneous homomorphisms.

In this note we show how the structure of the_homomOrphisms
QP depends up to somé cohomological obstructions on homomor-
phisms C(X)~4>C(Y)@9Mk .Thig anproach enable us to generalize
the resulté in {8] and also to classify the arbitrary unital .
%mhoﬁomofnhisms |

A A A A
d:c(s )@ (M, @...0M ) —C(S N@(Mndﬁ.w.C)Mn )
! 12 A q
within unitary equivalence and homotopy.



§4. General results \

I

Let X,Y be compact cénnected spaces. We attempt to describe
the m-homomorphisms @?:C(X)Q9F4—e>C(Y)Q9F2 ,Where'F1,F2 are fi-
nite dimensional Cﬁ—algebras. » ‘

For the begining we consider the unitel case. Of course, the
direct sum decomposition of F, into factors determines a corres-
ponding difect sum'decomposition of(® .Therefore it suffices to"
consider homomorphisms @):Q(X)Q@(MKﬁGD...GBMk ) =C(Y)OM, .
Here we denote by Mk the Cﬁ—algebra off kxk gomplex matrices and

bg el ite anit,

k
We recall that prpn an unital %- homomornhl sm o @ MK(Q i

C)M1-—e»Mn ,there are positive integers m4,...,mp with E?miki=n
. :

and an unitary ue€ U(n) such that

Nu%@.HGMD)rAHN)M(&I O.“CM1®I )
: P
for every a4@)...C)ap€:Mk @ C)hk .Here we consider the inclu-
h ,‘ o ® o D .
sion Gb) Mki® MmiC M,
For . f<C(X) and ack =M C)...C)f‘ we have

(f@I)M@a) = (4®9)(f®1) = P
therefore @?(C(X)@DI)'lies in the relative commutant of $ (A®F, )
in C(Y)® M, -

Let's suppose for the moment that & (A@F, ) CA®M, i.e.
e P1®a) :/\Qg((;\‘—)ai@Imi) MeeFy 4 a=(0g,.., 2]
for suitable m;. In fhic case '

PA@F,) =A® (@i B, ).
: %) ki .
We have (@)MP,ngf Ml = ()(I C)I” and therefore
L
@(f@‘f) = QL)Mb (f)@lk )

for some unital x-~homomorphisms <p C(Y)"*C(V)(Jm e S
- L

We obtailn

D= %}(@i@idmk I



- DEFINITION

let A,B be unital c¥_glgebras and denote by Hom(A,B) the set
of the unital x~homomorphisms<b:A-ajB.i%ﬁPZE Hom(A,B) are said
1o be inner equivalent if there is an unitary ucU(B) such that
Cbzzﬁd(u) ¢>.We denote bv Hom(4,B)/inn the set of the classes of
inner equivalent homomorphlsms.

PROP?oImIOp 1.

There exists a leectlon
Hom(%@..@ﬂ1 ,C(Y)JOM, )/inn’ —+{(F4,..)F )eVect(Y)p\CD k;E. “n}
Here VGCt(Y) denotes the set of the isomorphism classes of com-
plex vector bundles over Y, kE=E6§.ﬂ.C)E (k-times) and n is the
class of the trivisl vector bundle of rank n. '

Proof. The proof is based on some elementary manipulations
with cohomological sets (see Qﬂ for'detaiis)

We remark that Hom(F, ,C(Y)®M ) = C(Y,Hom(F, ,M )) end the
space Hom(F n) can be identified with the disjoint sum

AL U(n)/'@ B,

> ik
where U(n)/()U(h ) is the homog eneous ‘gpace which appeprs in
the fibering
GBTJﬁl )~—»U(n) - U(n)/C)U(h e
_J(u ®...Ou, C) u. C)Ik E.U(n)

For =a tonoloplcal soace L we denote by L% the sheaf of the
germs of continuous funetions Y= L.

Since(%)U(hi) is a closed subgroup in the Lie group U(n),we
have the short exact seguence

A — (€>U'<z~1.>>cw;» e <U<n>/®u<h.>>"w

and therefore the exact sequence of pointed cohomologlc&l sets

bt mley (u; U(h; \)C‘w711<x U(n) )~wwi(hy(u(n)AgLMh ) )«»

s (@U(n; 18y or gy



Lo

But B (Y,L°) = C(Y,L) and H‘(Y,(@BU(ni))c) =@ Veet, (Y),where
3 . ;

Vecth(Y) denotes the set of the isomorphism classes of complex

vector bundles of rank h over Y.

If we take 7 : 1V vy — Hcm(F1,Mn),q(v)Ca)zAd(v)(Qaéng

n=zh.k.
@I, ),we have & bijection 7 :C(Y, L (Bin)de Btha))) -
1 ’ n=2hiki L

- C(Y,Hom(FA,Mn))tfHom(Fq,C(Y)Q@Mn).
After these identification we obtain the exact sequence

Ll e(Y,Ufn)) —¢'Hom(F4,C(Y)EJMn)—§* :

n=2h; Ky :
. : J
-§a a;lfi“j(@ivegth {21 1 Vect, (Y).
n:Zhiki v i ‘ nz?hiki :

The maep j is given by j(E4C>...63Ep) = k1E4GD...C>kap.
Moreover,pwo-homomorphisms i%,db2€ Hom(F,,C(Y)®M ) are
conjugated by an unitary in C(I®M, iff S(hy )= Btdho),
Assume that every complex vector bundle over Y of rank $n
is trivial.Then for every &e Hom(C(X)QQE1,C(Y)@;Mn) there are
q>§€,Hom(C(X),C(Y)@)Mm{),i:4,...,p,sqch that nzzfmiki and

g
P = Ad(u)o«?§§®1dmk )

i
for some u €C(Y,U(n)).
Proof . By our assumption it follows that any two homomorphism

in’Hom(E‘,C(Y)QQMh) sre inner equivalent.Consequently we find
; ’ el e e
_an unitery u€ C(Y)®OM such that (Ad(u )01ﬁ(1Q934)<11@3Mn.

REMARKS

Let us note some other interesting situations.lor insLance,

and Y is a finite CW-complex of dimensiong2n/k

.

Af petidiae o By =M
without torsion im K-theory,then the same reduction is possible
since the second set in the Propositioni reduces to a single
element (see 1A} ).

Another possible way to study the homomorphisms



S

@>€tHom(C(X)Q@F4,C(Y)QDMn) ias to look for C(Y)-module automor-
phism& L€ Autc(y)(C(Y)69Mn) such that QXM$>(/H@F1)<:4$)MH. Any
nonzero homomorphism c&%}Hom(Mn,C(Y)@)Mn)Aextend& to an unique
C(Y)-module automorphism <€ AutC(Y)(C(Y)@DMn).Note also that
o = by - = J D ) ,
S (xod|ygp ) = b ()0 D) o, ) (§(X)@By,ee,0( IOE) and
ket eI CET V@cthY, ={ L& Vect, (Y)\ann} .Based on previous
srguments we can obtain & bijection :
Hom (¥4 ,C(i_{)@mn)/z\mtc(m(C(Y)@ Mo
S {(Byy -0 e sB ) € Veet (1)P|k,E,® ... @k B sn| /TVect, (¥)

EXAMPLE

Prodninbemae i

Let k even end m odd.For every @ & Hom(c(ﬁ?'m)@mk,c(t?zge)@mm),
;. - 2 - / v 2: 2% ORF
there are %<t AutC(PZR)(C(W’@)QQMkm) and DeHon(C(PR),C(P RX&ﬂm)
such that «o :<®’®)idw .The same assertion is not true if we
requlre the sutomorphism <« %o be inner.
Proof. Vect, (PFQ) acts fr“>iv on Vect(P!P) =4 g € Vect (P°R) |

kW=mk } .

DEFINITION

C$iC(x) — C(Y)®M e called homogeneous of degree t if the
number of distinct characters which eppesr in the decomposition
of'(bv:C(X)‘f* Mm,iby(f)mib(f)(y) is egusl to t,esch with multi-

plicity m/t.

PROPOSITION 2.

Let's suppose that every(bi is homogeneous of degree ti

(mj:tisi).Then for every i there are a tj -fola covering space
= 5 LTEEN

X .:7.—>Y,a continuous map p;iZ; > G4 L 1) with ~—— Dyizls

S i z ek (y)
2Im MyeX-and 8 continuous man Lp 22 —>¥% one to ono on the
e
. -4
flbersJ‘i(y) such th@
HLENG) = 2 £(9;(2))pg(a)y im0 eip
2 Z‘—Jn (‘\) :

and therefore,if Hom(kﬁ,u(Y)@Jmn)/inH has a single element,we



have
Pr@e)(y) = uly) (Do O Z (P ta))nale)) uly)®
zcﬂ.(y)
Proof. (see [4]). ' ‘
A : :

I H (LS. ) 0 (S the symmetric group) and H4(Y,U(k))30
for every k<n, 1t fsllows that Z; 2l o (h ~times) and we find
mans LP%:Y~€»X,1:4,...,p,j:ﬂ,,..,ti Wlth'ﬁpg(y)?é(Pi(y),Jyéh and

py:Y — Gy (C™i) with > pg=I_ such that
3 ‘Ji j o110 mi

GLEI(y) = Z TP
, J=1 ’
It can be shown ( [1]) that there exists uiEEC(Y,U(mi)) such that
: : o8 i
pﬁ(y):ui(y)pg(yo)ui(y) Jdsd i dr by oyt TOTRREIIE Yo€ Y

fixed. In this case :
¢ xi ; <
. : %
@i(f)ﬁﬂ = uiﬁﬂ . . : ui(y),
QO FpilyN®T,
Sl
Moo, ved ter TBLE
REMARK.
I ¢ :c(x)®Q @D., O M, )-% C(Y)E)m is a (not neceUuEPllJ
unital) - homomorvhzsm let e= q3(4@>I) Assume that every complex
overY -
- vector bundle /of re r9nks¢n is trlvwal In the natural way We assSo-
ciate to e a vector bundle E over f Let m=rank(E)s n.Taking in
account that B is trivial and moreover that H4(¥ Ulm)) =

= HA(Y,U(n-m)) = 0, it follows that there exists ve C(Y Uin))

such that

4.\<\ O
elby) = viw) ; 0. ViY ) e
QO "-0
Therefore Ad(v¥)e d tskes values in C(Y)® M_ and further we

n

apply the results from the unital case.



&5 Tk Gmee Xt =S

Tt is known that every complex vector bundle over.S4vis tri-
vial.Also,the covering spaces of S are Wellknown and we can ob-
tain more precise formulae for(bi and ®.(The notations are the
same as in §1).

Let's denote by X the unltarv which generates the C ~algebra
c<o"><x</> ) pu = DL (L Smseesl = B BN, 3

Taking in account that 3, (U(ﬂ Vel is "en@rated by

Z 0
,\0
V(Z) = i 9
| 0 5
it follows that u, is homotopic with some Vv ,
2

Vi(z) = O ‘.°~/\ ?diez

b

and therefore ¢! 18 homotopic with some Kyd.:C(S4)'“?C( ) ®M,
: .

o
f(zdi) o
Yo (£)(2) = e .
: O P(A)
Tt is natural to consider - ~homomorphisms W :C(S «)@ﬂ* =
—>c(s" )® M, given by
V(£ ®...0f ) (z ) = ulz) (@ Yy (3‘ Jnta)”
where fiEfC(S )@.Mki uC(,(S/l U(n)) dy C;Z and the dlme sion of
the block %?ﬁ.(fi) is miki.(lf some s is zero,the corresponding

i
block does: not appear).We have

TTE{T“f>"‘”"
Given an unitel w-homomorphism

G ectal i B SN, e liE )@XU%H@).“<9MH )
: K4 T’ ; :
there &re & g X p matrix (mii) e ZZ q ¥ p matrix fd ),

J 43 il
diiﬁlza such that ;an
: _ :

(¥

=
U L2

1?1 A osisn 0 BICL I, J“O implies d; :=0

e E



g

and en unitary ufEC(S4)QQ(Mn Qa,,.-imn ) such that ¢ is homo-
A q
topic with the (canoniéal) z-homomorphism V' given by
(x) VE® ...®F ) (z) = w2 (@@ P, (£:)))ula)7,
‘ P e 53 <

where f.€ C(8" M, and dimV¥Y f.)=k.m; ..

sectshHom . k&dij( 5)=k g,
The matrices (mij> and (dij) are unique with these properties.
REMARK.

.

The composition of two canonical homomorphisms is homotopic

with a canonical homomorphism.The proof is based on the fact that

' z4 O
the generator of Jﬁ(U(n)) is ( 0 e ).
A
{

Considering homotopy classes of cenonical homomorphisms
C(S4)Q§F4“”*‘C(S4)Q§F? which are uniquely determined by two

matrices (mij)(some multiplicities) and (dij)(some degrees) with

LV

j:O implies dijzo,one can éalculate the shape of certain
L

“hduetive limits of G -algebras of the form ¢(s')®F. This pro-

me
L

blem was considered by E.G.Effros and J.Kaminker (see ol
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