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she study of induetire l imite of theform Lim(c(xn)8rrr,Qrr)

requires the analysis of the homonornhisrns Q I C(x)eF1-->C(Y)49 I

.  where xrY are comoact  spaces and Ft rFz are f in i te  d imensional

lros in L21 .Cx*algebras. These problems were raised by E.G.EfJ

Recent papers of c 'Pasnicu t  [r ]  anci [6] ) '  M'Dudarlat Ll ]  ana'

r  .  r r j  , - a J  ^ - - a  - - - ^  ^ ^ - ^ -  i . *

K"Thomsen L8] are deal ing wi th part icular eases when I  oat isf ies

eertain.  topological  condi t j .ons and,/or Fi  are factors '  Relevant

n o t i o n s w h i c h a p p e s r a r e c o m p a t i b l e h o m o m o r p h i s n s w i t r r a c o v e r i n g

and homogeneoug homomorPhisms'

In this note we show how the structure of the homomorphisrn$

O depends up to some cohomological  obstruct ions on homoi lof-

phiens C(X).**  CtY)Ot ' l *  . th is aoproach enable ue to 6iener 'a1ize

the resul ts in lS]  g.nd also to c lassi fy the arbi t rary uni ta l

x*homomoinhi srae :

S, c (sn )  @ (nr*@.. .* l , {kn) ' ----c(sn )  @ (r, t*p . .  .@*on,

within uni tar . r l  equivalence and homotopy'
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S, l  .  Genera l -  resu l ts \
i '

Let  XnY be compact  connectec l  $paces .  We a t tempt  t :  deser ibe

t h e  x - h o m o m o r p h i s m s  Q , C ( X ) @ F a  *  C ( Y ) @ f 2  , w h e r e  F . , F A  & r e  f i -

n i te c l imensional  Cx-algebras.

For  the  beg in ing  we cons ider . the  un i ta l  case.  Of  course , the

d i rec t  sum decompos i t ion  o f  F ,  in to  fac to rs  de termines  a  eor res-

pond ing  d i rec t  sum decompos i t ion  o f  Q 'There fore  i t  su f f i ces  t 'o "

c o n e i d e r  h o m o m o r p h i s n s  S , c ( x )  8 , * n , , @  " '  * t * n o )  * c ( Y ) 8 1 ' { n '

,e b." , ,  l fk  the C*-algebra of  kxk complex matr ices and

b v  f .  i t s  u n i t .'  

; -  r e c a t I  t h a t  g i v e n  a n  u n i t a l  x - h o m o m o r o h i s m d : l \ { p  O  " ' Or . 4

OHr.  - ->1 . , { r ,  , there  are  pos i t i ve  ip tegers  m4r  " ' rnp  nr i th  
f  

rn l r1=n
,TD

anci  an un i tary  u  e U(n)  .such that

c ( ( a "  O . . .  O a . , )  =  A d ( u ) ( a . 6  t * n @  "  ' @  u p 8 t * o '
- r p

;  O . . . @ a ^ € l I l .  O  O M r .  . H e : : e  w e  c o n s i c l e r  t h e  i n c l u *
I 'o r  every  84 '  y  , ,1  r . .  , .p

sion O M,- (& M^ c I\rI,.,
L o i  r r r i  r r

For  f  €  C(X)  and a € q = i r {p .O " '61 l1k t ' ;e  h&ve
" 1  " o

therefore g rc  (x)  @ r )  l ies  in  the re la t ive eommutant  o f  +  ( {8 I "4  )

i n  C(Y)Otv t r r .

Let 's  suppose for  the moment  tha ' t  Q ( {@rn )  C 46ln{ r^ I  i "e ' '

( {  )

. . . ' .
J ' o r  s u l t a D r e

We lrave

for

W e

$ t l O * l  I  a O ( e a i t E r * . , )  V a € F n  I  o * ( Q { , . r " " , 4 P ) ,
i * * 1

rn r .  fn  th is  c&se

$1 lonn )  -  t tE  (Qt ' l ' .  €  r * .  )  '
t, *i 't i

I* ) 'n Ir,1* = I ( Io G) I 'Im. ) an<l theref ore* m i '  n  L  * i  , u l- Q r c @ r )  
1 P ( 0 i ( r ) o r s - ) r

$ o m e  u n i t a l  x - h o m o m o r p h i s m s  Q l t C ( X . )  * C ( Y ) Q n n * r , i = ' 1 1 '  '  '  1 P '

o b t n i n

(o M,- I
L ^ i

6  =  O ( S i € ) i d o n  )' L "',ki
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DETTNITiON

Le1 ArB be  un i taL  Cx-a lgebras  and denote  by  1{om(ArB)  tne  se t

o f  t h e  u n i t a l  x * h o n o n o r p h i s m s  Q : A  - - *  B . 0 1 , 9 2 e  H o m ( A ' B )  a r e  s a i d

to  be  inner  equ iva len t  i f  there  is  an  un i ta ry  u€U(B)  such tha t

g e = n r l ( u ) . $ r . l V e  d e n o t e  b . 1 r  H o m ( n r B ) / i n n  t h e  s e t  o f  t h e  c l a s s e s  o f

inner equivalent homomorPhisms

PIIOPOSITTON ''. .

T h e r e  e x i s t s  a  b i j e c t i o n

I ro rn(uo@,,  .QI ' {n ,C (YXDtur ,  ) / inn  St (Ea,  .  .  rEn)eVect  (Y)Ol  $  k iE i=E }
"4 '-p

Here  Vec t (y )  dbnotes  the  se t  o f  the  isomorph ism c lasses  o f  conn-

p l e x  v e c t o r  b r - r n d l e s  o v e r  Y ,  k E = X O . . . . Q D E  ( k - t i m e s )  a n d  n  i s  t h e

c lass  o f  the  t r i v ie l  vec tor  bunc l le  o f  rsnk  n '

Proof .  The proof is based on some elementar lT manipulat ions

wi t f r  cohomolog ica l  se te  (see f ' t ]  fo r  de ta i l s )

V i e  r e m a r k  t h a t  } { o m ( F 4 , C ( Y ) @ l { r r )  :  C ( Y ' l { o m ( F a  1 S { r , ) )  a n d  t h e

space I {om(F, , I ,4n)  c i in  be  ident i f ie< ]  w i th  the  d is io in t  sum

\ l  u ( n ) / Q u ( h . ; ) ,
,.,=iu.I, '  L r

w h e r e  U ( n ) / O U ( h i )  i s  t h e  h o m o g e n e o l r s  s p a c e  w h i c h  a p p e e r s  i n
L *

the  f iber ing
.i "rg  u ( h i )  5  u ( n )  -  

Y ( n ) / @ u ( h i )
j ( u , O  . . .  O u p )  =  I  o i @ t * r , t  U ( n ) '  

. ,
For  &  tooo log ica l  space L  we r ienote  b ; r  L "  the  sheaf  o f  the

germs of  cont inuous funct ions Y -*  L

s i n c e  o  u ( h i )  i e  e  c l o s e d  s u b g r o u p  i n  t h e  L i e  g r o u p  u ( n ) , w e

herve  the  shor t  exac t  sequence

{  - >  ( O u ( h .  )  ) c * - -  u ( n ) " - -  ( u ( n ) / o u ( h i  )  )  c - _ *  4. . I '  ,  
L  I

anc l  there fore  the  ex t lc t  sequence o f  po in ted  cohomolog ica l  '$e ts
(

, 1  *  i { o ( y ,  ( G u ( h i )  ) t )  - , i { o ( y , U ( n ) : )  * - l 1 o ( ' i ,  ( u ( n ) / C 3  U ( h i )  ) " ) - 9 .
v  r  r  ^  I  I  n .

- L .  u ' '  ( y ,  ( 9 u ( h i ) ) " )  - : H ' ( Y , u ( n ) " ) .
L
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But  I {o (Y ,Lc ; '  =  c (Y ,L )  and  u4 (v ,  (9  u t t r r )  ) c )  =9  u* * tn r (Y )  'where

Vectn(Y)  c ienotes.  the set  o f  the isomorphism c lassee of  eomplex

vec to r  bund les  o f  rank  h  ove r  Y '

I f  we  take  , i  ,  ! !  u (n )  - -+  i {om(F4  ' n ' l n ) ,1 ( t )  (a )=Ad(v )  (G  
" iCE

@rhi) ,we have a u i  jec i i . i "  1o:c (Y," i *ur  ruo*) /e u(h i )  )  )  - 'F

J-

- - * >  Q ( Y , H o m ( F n  , [ L ] ) :  H o m ( F 4  ] c ( Y ) 6 M r r ) '

i f te r  these ic ien t i - f i ca t ion

L I  c ( Y , u ( n )  )
n=2hikt

,=Hnr(9 
uuetn,

we obtain the exect 
;equextce

* Hom (F4 n C (Y ) 6 .\1n) -:+

i , t
(y  )  )  5  l -L  Vect -  (y)  .

n=Zhiki

The rnap i  is  g iven by j (n , ,O .  "  OEp)  3 k1 EnG) '  '  'O ko lo

ftToreover, fv ' io 
homcmorpl i isrns C. ,  + ,€ l{om(F'1 'C (f  )@ nirr)  are

conjugatet l  by an un i tary  in  C(Y)6 l , '1n i f f  5  t  $ t  )=  6 (  Sa)  "

ggBqLL-ARY

Assume that  every complex vector  bundle over  Y '  o f  rank r (  n '

i s  t r i v i a l .Then  fo r  eve r l t r  Qe  l {om(c (x )€  4  , c (Y )a  Mn)  the re  B re

Q  l 6 -  I { o m ( C ( X ) , C { Y ) @  n r * .  )  n i = ' 1 ,  '  " , p '  s u c h  t h a t  n =  Z r n r k l  a n d

d= nd (u ) " (gQloiorrr.-.

f  o r  $ o m e  u  e  C ( v , u ( n )  ) .  
'

g " g g f . B y o u r a s s u m ] : t j - o n i t f o } l o w s t i r a t e n y t v i o h o m o m c l : : p h i e m

in  Hom(F4 ,C{Y)CB)  mn)  f i re  inner  equ iva len t  'Conseq l len t i -y  v ;e  f  i ' nd

an unj.ri lr lr s € C (y )E t{n sucfr that (4tl (us)" 0X l AO Ir1 ) C 1@ ivin'

lEd4itss
.  ,  r :  - " ^ -  I

Let  us  no te  some o ther  i r r te res t ing  s i tua t j -ons ' ! 'o r  ins l ;ance '

. i f .p=4 i 'e '  F , ,  = I l , Io  an<1 Y ig  a  f in i te  CW.comp}ex  o f  r l  j 'mens ions2n/ i ;

w i thout  to rs ion  in  K- theo l :y , then the  sn lne  reduc t ion  is  poss ib le

r : ince  the  secont l  , se t  in  the  Propos i t j ' on4  reduces  to  a  s in f f le

e l e m e n t  (  s e e  L r l  ) .

.Another possible wey to stucty the homomorphisms



<p  e  Uom(C(X )@no ,C (Y )6ggn )  j . s  t o  l ook  f o r  C (Y ) *modu le  au t ' omor *

ph isms " (€  Auta(y ) (0 (Y)8Mn)  such tha t  (q "+)  ( ' \a I '1  )  cn9  * r r ' .  An ; /

nonz€rro homomorphism o( i€ } lon(MrrrC(Y)B l . {n)  extends to an rnjr lue

C ( . Y ) - m o c l u l e  a u t o n o r p h i s m  d €  A u t C ( y )  ( C ( Y ) @ l V I n )  ' N o t e  a l s o  t h a t

6  ( o " $ \ . * u n  )  =  5 ( , r r )  f , t 0 l n * o n  )  =  ( 6 (  x ' ) @ n l " " ' 6 ( 1  ) o E p )  a n d

t t r a t  [ ( o ( ' )  € T r . v e c t 4 ( Y )  = t  L € v e c t 4 ( Y ) l  n l , * n J  ' B a o e c  o n  p r e v i o u s

arguments we can obte in  & b i jec t ion

Hom(Fa  'C (Y)€ )  i \ ' t n ) , /Au t r ( y )  (C (Y)8  Mn)  
n  o

: - * { { nn , . . , , an )  e  vec t (Y )p I  k ' , , f l nO  "  '@koao lnJ  /Tovee t4  (Y )

EI.4r\4lL-'J ")
Let  k  even and m odd.For  every  @ e  Hom(c(dR)@l ' . {k 'c (p2 ie )G)Mkm)

there &re < € Aut , . .p2!R)  (C (  lPz ip)C&Mnn) ana ( jeUorn(C(P2rR) 'C(PzR)Gt ' {m)

s ,ucb  the t  o .4  =  I  I  id ; *  . ' Ihe  ssme asser t i ' on  i s  no t  t rue  i f  we

require the autcirrornhign' l  a< !o be inner '

pr .qgg .  Vec t , , ( iPz rB)  ac ts  f ree l '  on  Vec t ( iP2 rR)  =18€Vec t ( rpz r i l )  \

kE=nE ] .

DT:FI] ' ]  ITION;*.----.'--*--

Q :C(X)  
* ' v  C (Y)81 l1 *  i - s  ca l l e t l  ho r ' rogeneous

number  o f  d is t inc t

o f  S . , : C ( X ) ' - *  [ { n o
\/

p l ic i t y  m, / t  "

of degree t if t ' l t t l

the  deconPo{ t i t i ' on

t ,  each wi. t i r  mul- t" i*

FS9P9:sTrlQi{ .7..

J . ,€ t r$ .  r iuppose the t  every  $ i  i s  homogeneous o f  degree t i

( m . * 1 . , $ . ) ' T h e n  f o r  e v e r l r  i  t t i e r e  a r e  a  t i - f o l d  c o v e r i n 8  $ p i j ) c e
' l - f - L m < - 1

n  
i ,  Z i  - > Y ' t ]  c o n t i n u o u s  m a n  P i :  Z i  - - >  G * ' , (  C * i ' J  * i  t "  

r u 1 { o ' i : i ( z ) = '

= fn ro  Vve Y anr l  a  eont inuou$ i -n6rD f  ' r tZ '  * * : -X  one to  one or l  lne

-  - , t

f  ibe : :s . ) . i (Y)  -ouch tha t
. t

I  l = 1 r , " " [ - '

a s t r rg le  e l "e ruent rwe

5"..-
t | ,  ;  ( r ' )  (v)  = 

^?-{r r f (  
( { . j i  (z)  )n i (z)

nncl  thererfore,  i f  i ' Iom(I ' 'a ,C(Y)S l '1n) ' / inn has

charac tors  wh i "ch  aDPear  . l -n

t b . . t r ) = $ ( f ) ( v )  i s  e q u a l  t o
J
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'lo

have
= - \  

l ) )  ) u ( Y ) * 'Q f f O a ) ( y )  =  u ( v ) ( @ a i 8 (  4 * . f (  
L P i ( z ) ) F ; ( :

Proo f .  (see  g lJ )  
ren ] ' (v )  

*

R]q{ABKS 
^

A

I f  H n ( y , S a .  ) = 0  ( S ,  t h e  s y m m e t r i c  g r o u p )  a n d  H ' ( Y t U ( k )  ) = O

for  ever l r  o*  
" i t ,  

ror ro*s that  z ;1=Y. [ . . . rLY ( t r - t imes)  and we f j "nd
;  h .

; h  P i t n ) * q f r v l , j / h  a n d'1  
_-

m a o s  q { r Y - - }  X r i = 4 r . . . , p , i = 4 1 "  '  r t t  w i l

p f  ,Y  ' - ->Go (  C.mi )  v ' i th  Z  p i= r * .  such tha t
- 1 . *  - s i ' -  

J  
,  * l

, . 1 . . ,  
* t ;  _ . ^ i .  i "  \* i  r c r i . , , ' 1  =  Z .  t (  . P { ( v ) ) n l ( r ' ) .\ y i \ *  /  \ . / . .  
J = 4

f t  can  be  shown (  L4 ]  )  tha t  there  ex is ts  u i  €  C(Y 'U(mi )  )  such tha t

n { t v ) = u i t v ) n { ( v o ) u t ( y ) * e i = 1  r  "  '  r p , i =  4 1 " "  t i  f o r  s o m e  y o €  Y

f i x e c l .  J n  t h i s  c a s e

S i ( f ) ( y )  =

v l tv)  )  Er* ,  o
_ t a

f  (T l i ( v )  )8

f  € C ( X ) ' y € Y  ( c f '  [ B ]  ) .

REIr{ARK.

I f  Q  , c ( X ) $ ( l . l o , o  . . . o M u ^ )  - _ - *  C ( Y ) 8 i l l , '  i s  a  ( n o t  n e c e s s n r r i l y
4 * p

un j . ta l )  N-homorrornh j .sm, le t  *= 'b  (  4@ I )  'Assur re  tha t  ever l r  complex

overJ  ,  i

veetor buncl lef f?a1t < n ie t r iv ia l . In the natulal  v/sy we asso-

c i a t e  t o  o  a  v e c t o r  b u n r i l e  E  o v e r  Y .  L e t  m = r a n k ( E ) - ' n ' T a k i n g  i n

a c c o u n t  t h a t '  E  i s  t r i v i e l  a n c l  m o r e o v e r  t h a l t  t t { ( y ' U ( m ) )  =

=  H 4  ( Y r U ( n - m )  )  :  0 '  i t  f  o l l o w s  t h a t  t h e r e  e i x i s t $  v  e  C ( Y ' U (  n )  )

euch tha t

\ - r ( v )T
t*,. I

r i ( y r [ '

l n . ) {  o \
I  " t '  \  .  . #

)  \  o .  l  
v ( ) / ' i  t

\ r - r c l

\  u  " a /
alues in C(Y)@ t l t*  ancl  fur t 'her we

u n i . t a l  c e s e .

e ( y ) -  t r  l '  r r

Theref ore acl ( vx ) '  {: t eke s v

anpl l r  the resul ts f : 'orn the



l

S - '  i s  t r i -

we can ob-

are  the

e C*-algebra

) Slvt'. .
rui

m

$2.The case*E*:J j i

.  I t  is known that every comolex 
^vector 

bundle over '
/ r  - - -  n d

v ia l .A lso , the  cover ing  $paces  o f  S ' '  &re  we l lknown 8 l

ta in  more  prec iee  f 'o rmulae  fo r  Q i  anc i 'Q '  (The no ta t ions

s a m e  a s  i n  $ 1 ) '

L e t ' s t l e n o t e b y X t h e o , . : " t * " y w h j , c h g e n e r a t e s t h

c ( s 4  ) (  X ( z j = z )  a n c l  p u t  u i , =  S i t X  ) , Q  i r c ( s a  )  * + c ( $ a

Tak ing  in  account  tha t  r r^  (U(* i )  1 :  /L  i s  Eenera ted  by

1 %  o \

v ( z )  = (  
n  

" .  )
\ o  \  /

i t  rot lovrs that ui is homot"l l :r- ' t t t- :- .  vi  '

:  {  
4 .  \

v i ( 2 ,  = \ o  ' . r l  , d i Q 7 L

/ r ( z d i )  o  \
v o  ( r ) ( z )  = (  r ( ' l  ) ' .  

l '- o i '  
\  .  I

\  C  r ( 4 ) /

f t  i s  n a t u r a l  t o  c o n s i d e r  N - h o m o m o r p h i s t l i s  V ' C ( S t  ) $ I " ' = * >

---> c( so )8 l,{r, fiiven bY 
:

V t r n G )  .  " @ f o ) ( z )  
: :  u ( z ) ( 9  V u i ( f i  )  ) u ( z ) * '

w h e r e . { i e  c t s a ) @ l + 0 ,  , u € c ( s a , u ( n ) ) , d i Q z  a n d  t h e  c l i m e n s i o n  o f

t h e b l o c k V O . ( f i ) i s m r l ' - r ' ( T f s o m e ' m i i s 1 , , e ' I | o ' t h e c o r r e s p o n d i n g

. . I

a n d  t h e r e f o r e  q l  i s  h o m o t o p i e  v r i t h  s o m e  f . r : C ( S n )  
- - C ( S 4  ) O t ' l $ '  '

b l o c i  c l o e e ' n o t .  a p n e a r )  ' i i d e  h a v e

TS0R3U

Given nn uni te l  x*homomorPhism

s>,c (s4  )  e { t , , t *no '  .  " * t , ; l k r ) )  *c (sa  )  E(mnn@ "  . '  
3* : * ' ' ,

t h e r e  a r e  I  q  x  p  m a t r i x  ( n i i ) ' i l r  ' E Z n ' *  q  x  p  m a t r i x  ( t i i i ) '

-  ,  V  , . - ^ L  t t r a l  Z  * . ,  r k . l = i l i , i = ' 1 1 . . . 1 Q  
a n d  * i j = 0  i r n p f  i o s  r i i ; ' C '

o i  j "  r t  s u c n  j  . t r  J  :

'Y



- B

{ i nc l  en  un i ta ry  u€C{S4) t$ {U^  fo ) . . . ($ l : ' 1 , . ,  )  such  tha t  $  i s  ho rno -
t  t4 t 'c l

topic r , . r i th the (canoni ie l )  x-homomorphism t f  f ; iven b; ' '

( x )  * i r l e  " . " o r o ) ( z )  =  u ( z ) ( 9 ( 9 % r . j ( t i ) ) ) u ( z l x ,  
.

w h e r e  f j €  c ( s { ) B  t r { r  a n d  d i m $ ,  ( f  { ) = k j * i j .* j  " i j  ' r

The matr ices (mi j  )  ina (d i3  )  ere 
-un iquo 

v , i th  these prof rer t ies .

REI-iAIiK.

The compos j . t i .on  o f  tv ro  canon ica l  homomorph isns  is  homotop ic

vr i t t r  a  canon ica l  homonorph ism.The proo f  i s  based on  the  fac t  tha t
'  I  z  t l \

t h e  g e n e r a t o r  o f  x . ( u ( n )  )  i s  ( ,  
O n ' . ,  n  )  

'

Cons ider in ,e  homotopy  c lasse .s  o f  canon ica l '  ho tnomorph isms

C(S' t  )6n, ,  - - -+ '  C.(S' l  )81' ,  vrhich are uniquely determinecl  b l '  two

m a t r i c e s  ( m *  . : )  ( s o n e  m u l t i p l i c i t i e s )  a n d  ( d i  
i ) (  s o m e  d e g r e e e )  w i t h

r J '  r r J

* i j = 0  i r n p l i e s  , i i j = O ' o n e  c e n  C a l c u l a t e  t h e  s h a p e  o f  c e v ' t a i n

in t lue t ive  l i rn i ts  o f  CK-a lgebras  .o f  the  fo rm.  C(S '1  )49F.  Th is  p ro- '

b l e m  w a s  c o n s i d e r e d  b 1 r  E . G . E f f r o s  a n d  J . K a m i n k e r  ( s e e  [ 5 J  ) .

.&
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