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In Lzl Nlkolski i  and Vasyuuin analyre the intemelation between

the functj.mal nodels for contractions of d.e Brangee-Rovnyak antl

Sa-Nagy-Foiag ., lJe present here a slighbly different approach r usj-ng

the relatlve structure of sublpaces of a l l i lbert space and. avoiding
wilh th< <*c<Flion of proe'osihron 3, , l

c o r n p r t t a t i o n s a s f a r a s p o s s i b 1 e 3 . T h u s u $ n i a r y

of the nain results of L21 , but presentod in an alternato roanner t

which appeals to simple geometric intuit j .ons . I t  may be useful for

better unherstanding of other questions relating !o thls subject ( for

instance , the scalar caso investiigated in L5l ),.,

I  L. Conplernentary subsrraccs.

I . , e t  Z  r  K  beH i l -be r t spaces ,  Y  co r t rac t i ve l y  enbedded

j,, K ., This rieans that there exists a Hilbert space H and a.

coni ract ion T,  H - - ' - - - '  K I  euch that  TH'  f  ,  and

l l TA il€ = ll ?*rt, 
qltH ( trrus , tf ke" T ={oJ ' t::" fiT{ltr =ll.&[" ).

It is well known then that there existd a Hilbert spac e K and tdo

ison0etric enbed.dings t, H ".--- *l r i' K <-r 2L ; such that.

T = j * i  , . , f , f , ' H  a n d  T  a r e g i v e n r t h e n  K  r  i  ,  i

are uniquely deterrrrine<l ( up to unitary equivalence ) Uy tfre minirnality

condit id n }(= iH v jK e, Thers are several ways of constructi-ng & i

for instance , start w it ir  H @ K endowed. with the geari scalar

product  g iven by the posi t ive operator

( t  r n \
\ T .  I  /

T thenttmeasures the anglett between the enrbeddings of H and K i

i t  comesponds to  the 'pro ject ion f rorn i .H on \K I  and \E is  the

inage of t ir j .s projectioo .r, I I I  this section we f ix ' \L and ictenti-fy t

f ,or simpJ-icityl l- t  and K with their ernbeddin' ls .,  Theneif P is the

projection onto K , we have € = PFI ' ,o,

The ncouplenrentary eubspacerr Zt is a contractively eurbedclgcl sub-

space of K , ul iquely defined by ttre copdit ions (see ) I

( i )  i 1 * * x ' t i < u " r f t r * [ x u i ,  f o r  a n y  x € 8  , * ' e E t ,

( i i )  each  ? r  c  K  has  a  un lque  decompos i t i on  \=7*x '  ,  n  t €  I

i e € , '  ,  w i t h  l i - ? . f  = [ ^ l L + i l x f i f ,

l ' ie have then n with thw notations above. :



Proposlt i-on 1.
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G t

x 'eZ '  ,  then x=?R )  * '  =  p f i , t

( r )  i l r . ' x ,  l f =  i l p (g * t ' ) l l . <  i l  f l ,

htre have provecl ( i) a l 'or ( i i )

{ , . eH  r  (eH '  , ,  Pu t  ,=p? . .  ,

It k [.= lig., lt.* il R, tl.:

?', I '+ \l t ' lt": lt  ̂ u; * t*,(1,

k e K  ;  t h e n  k = 4 . * f . '  ,
.  T h e n  k =  x + x /  1  a n d

For any ot i rer  doconS:os i t ion k= xr

equali i ly r i : :pl ies- 9t" 1, '  < K , whence

Hust  be ihe pro j<, .c t ions of  k  onto H

lrz-\z, l

I  He $ay  wr i to  (1 )  ,  where

= & 
" K' anri k ancr $,1

hr respect ively .  .

\r^,
Ix

L
and

fhe proposit ion shows that complenentarity of cor0ractively embedd.ed.
subspaces is ort irogonali ty in a Larger space projected. onto K r l tote
that  for  th is  construct ion t  /  n t  -

k^ ' \  r lHr /  =  loJ ,  a l though we could have
h a d  k ^ ( p l " ) * i o 3  , . ,'  t H  /  /  \

\ 2 .

S u p p o s e  E  r E *  a r e

analytic l 'unction in D

known I Lr) ) tirar @(-)

and. the for;rula

two l l i lbert spaces, @(a) is a contractj-ve

r+ i th  va lues in  X(E,  E * )  . f t  j -s  r *e l l

has nontan6ential strong Lirr i ts on T' I

O i s

o

(o{) (.r = @(<) {(=)
yielcls a contractj-on in /( tl(e) , f(r*)) , which nlaps Hte) into Ff(E*) .

i leing a contraction operator , O may Se interpreted. as laeasuring the

angle between two s.dnbedcl, ings of i ](f) and f (p*) into a larger.

space ( as in ! f  ). . ,  We then obtaj-rr the canonical- mod.ol for contractions

( ' L3 l  )  r  w i r i . ch  r ve  w iL l  desc r ibe  beLow in  i he r r coo rd ina te  f ree r tmanner  o f

vasyunin ( &l,c} .., Thus , we have a Hilbert space K and two isonetric

enbedd"ings fr' t](e)-* X , T* , f(en) --- K , suc5 that

X-t( rl(e)v !*(t- 'te.1 and. .tJ t1= O ., Tho anaLiticity of

equivalent io the conci i t ion ' r r ( f  (e))  f  T* ({_(e3 .o,  Since

conututee with mult ipl ication by z , i t  is possible to define a uir i tary

operator U on l( I such that ttu ii' is iiruLtiplication by

on ti(et , while tl U 
'if* 

is multiptiaation by t on f(e *) .

T(f(r) and ] i*(f(E*)) .  are then reducinc; subspacee for L.I

Define

K = 1< e ('ii-(rr'(e)) o Tu (Hl(r->)



Then X, is a seni-invariant subspace for U I Rnd. % 
= F*tlf

is a copleteLy non-unj.tary contraction , whose characteristic fu$ction

( LBI ) is ttre pure part of @ ,.,
tr 'or comparison , in the actual construction of Sz.Nagy and Foiag ,

we define a(al= (I^d*)@(o))7o , . ,  rhen

z(= f (E*)@ ErGl
t {  =  @f  @A? T .  q  = q @ O

)  ' ' d  4

and lt follows that b . 
. ?

! G =  [ H - ( e - t o r : F c e l J  e  { o ' s A ' ' , ' '  :  ( ' t € H - ( E ) J

In the sequel , if H is a subspace eithor in 7t . or in t-'(e) or

t3(f *) , vre i"rilt alr,rays denote by FH tho, ortbogonal projection onto H.

Also r we. rvill denpto i "
*  , - *  p . i i i i *F * -  l l + , '  *  ,

P -- F P ii* P = P' ' + + -  
" x ' t i ( g " )  +  ,  * , -  

- , t <

p =l ip T# .  p-  = P- P+t t  -  "  ' f ( E )  "  I

we wil- l  denote r:rult ipLicetion by z

clear fronr the context where ) |  5t

?
* t

By
(it wil l

where

5
be

a ,

eitber in H'(E)

i 's i ts adjoint.

or rtte*)

Q]. Th.e ttprenodeltt 
.qp4cq of de 8na}ges and itovnyr4<o,

Irom our point of view , the construction of de liranges and Rovnyalc is

a reconstruct ion of  the above objects  f rom thei r  t rsh<<lorgt r  on t f (e*)  ( t t ra t

is , projections ogto to(ff(e*)) )",I t  ie then natural to hreah K into

two parts , nanely

K --Ko @ K.'-
_  _ r

K o o =  K  n  L t o ( H ' ( E ) ] "
^Ko - K eko,"'

Thucl Koo - 'li* ( l"1eo)1r n T ($( e))r

A1sol Koo is invarlant to gt 1 and U*l;4"; is an. isoqetry.,

(obviously Koo is then invariant to T6 r 
. 
and 

'E 
lX"" 

1s an

j-sopetry)., Actuallyri t  can oasiJy l ie shor'.r n that y:9.E is t ire lar6est

subspace of K on riirj-ch Q| 
is an isometf;rr,

i lut the space we wil l  consider in this section is Xo ,", $iRco

Koo= [ti*lfCenr1 v T(rf(elllr o vte have

Koo I t i * t f (e*) )v t (F i (e) ) ]  n  ' i (H"(ef  
" ,  

T*(Hi (Er) )J-=

= [t*( l icP-) v T(Pf(r))l e T(f(el)

( for t ire last equality r. ie lrave used the fact tha"f t(n\el) c 1io({(EJt't '



lfe sha1l donote X* = tin( d'(eJ v'ii (ri(rl

invariant to U snd

(e)  Ko = K* e T(u"cel l

Nowrwe denoto by YC (O) the contractlvely embed,ded subspace

r{(e*) defined (see 9L) by Ol , ,. Relatlon (2) and propoeition

show ihat Tl(K,) is the 
"o*pr*,Jt$tlry 

space of, ltc?@)., ThJ.s j.s the

n ,

.e, Thus db+ is

trprenodelrrspace ;. i t  wi l l  be denoted. Uy K(@) ., Alsorby praBosit i .oq 3.,

liJ is unitary operetor from Ko to ?e(O) ,.,

pTopgqilign. p.., (.i) sx X(@) c" X(o) ( that is, X(@)

to E* and. S+ acts contracti-vely on it).
(s"r) For any I e2G(@) r we have the ninequality

quot ientet '  (  )  !

lt so { \tXC"t

Proo.f"., Denote by tL

s =.ii; u" T,r , s*. ii| uf 1i*

. /  u p r t  [ { ( o t [ -

=U)X* .r, then . f4o is invariant to UJ ,

r , r f  { e X C o ) '  t h e n  { = f l n  , K . K . ;

o f

I

is invariant

for differ&&ce

therefore
e { .  ?  r . *  t  . i +  o  t *  r r T  0  i ; *  t  t + (  t -  p ) p ^  -  + - t  ^ ' , *  - 0

G) n*f = t; u+ r,* no ( = t; uJ{ - i i: uf(t- P*)'?' = 'rio -tr* (

sj-rnce l- P* lX is the projection onto X"e tott 'Ce.l , and thi-s

last space ir iir*"iant to Ui ,., Sinco J6o is invariant to Uf , it

follor.is that X(o) is invariani to S* .

Denote K= \"* ,Ui ., Then Afl-

a n y  R e K .  , w e h a v e  

' ' d ( * e J L

tr ?. G \t (1- rrr\ tfir [?r{ ri= t uf (r- rK) t l'*

is an isonetry ,., f'or

, r  ' t )  |  uL nt  to P l t+ l te g l t '
u  r K h l \ = l l  L - / f  1 .  l |  l r  t K ^ "

then by (]) we have

= t \  Rt i - t t  enf , { l -=n{ , iu , " , - - l \  Prc( l [ -

, rf )to = t* ( constantb in .f {e*) ) , then

also K" I U*(ttr-f Celt , since

.n, Therefore '1(" c }C 1 ;'a.nd

- ll Px" {... \f = l( t uirc.t - tt { (o) lt-

oii* 1r'r

rr \eX@), t= i:  e t

r(4) '\ s*+ ur?r"l = ttul R
But yL =K*. lrYt

K" ! ur( ttrqrf (rn) 1' and

touu(t (r{(e))) ='(lo t* ( ii(ri'ts))

It sx I ['x,"1 < \\f frrol
since 

?, 9, = P'K 
" 

o* fl =.lt 
o
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I f  the inoquali ty for differenoe quotients is actually an equa], i ty

for any I eX(O), 
^tr((@) 

is ss.id to satisfy the identity for difference

quotients *, I ,et us investigate when this ]rappens ., By relation t40 r
vre should have PraA= ,n,A for  any 9.eKo r 'o1.  1  equiva lent lyo

"l{"O J[ J Ko ' that isl Kt Jf" 4 ii(rtz(e)\

Denote by {- the wanclering subspace of the p ure isoruetry
-  - L l
|  |  t lU'l:6"" " Froni the d.efinit ion of K," and the relatj-on

-l.l"e ..l(o = 7t* e I ii'* (rr'{e")) r u+(1i cricerttl

i t  fol low:: that
.{"e Jf" = U V

Thus , the condit ion J|" e 
" i( 

f  Ko becones

tJ t r  c ' t \ ( { ce r l  .  $ ince  ,  i n  any  case  ,  \ )V  r ' \ . t  i ( u t (e ) ;  
' ,  

i t

fol lovrs that TJX = ' i i (  
f ' l  ,  where Er is a subspace of E and

we have identif ieei constant functions in H'(e) with tbeir values r

consequently , J(oo=ti(Ht (e') , , .  rvhere E / c E ., I , Ie nay also

rephrase this concii t ion in terns of @ ; t ' rc have thue proved

4rolgsiU-on 5., The fol lovrlng are equivalent:

( i )  XfO) sat is f ies the J .dcnt i ty  for  d i f ference quot j -ents ;

(ii) 7-oo= ii( u'- re't) r^r i  ih Ll c tr-
t

( i i i )  There ex is ts  a deconposLt ion F - -  E ' o  E " ,  such thnt

@H'(e')  = o r  t lh i le Ar-t(r") = a f(8")
'  Iar ins{ ' r

(the ecluivalence of ( i i)  ancl ( i i i )  is innrecl iately *"uf?t ' f i 'u moclel of

Sn ,, i lagy and Foiag),.,

The most $nportant case in r+hich the condit ione 5-n proposit ion 3

are satief ied i-nr koo-- tol r of, drG : [TceJ ,, rhis happene

if and on].y i f  TA contains no isometrie part ( see LZl for other

eqgivaLent condit ions)o, Then the prenodel space alroady coincit les with

the moclei ( l(" = J( ) ., In this case , by \3) , we obtain that

T: is unitari lg equi.valeat to n"l*Ca) ; this last operator acts. @

by the forr i tuLa

(s-{)(.)  =

i . . ioreover , thc l ,r!dn&i"ty for difference quqtients yields then t ire relation

ll Dro { fo,", = itt("rti

L
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a 4. The rnodeL space"
| , #

In the general caeer we wjJJ, describe the elemente of :( by their

projeetions onto t*(f(g*) fnd t(f (El) 
, . ,  Let k be an element

o f  1 C  ; d e f i n e  { . t i l t e H " ( E * )  ;  X = t * k € H : ( e )  r , W e h a v e

t o d e t e r m i n e w h i c h p a i r s { 4 . a 1 € t s f ( E + ) o * { e ) G c c u r i n t b i s w a y a n d t h e n

we have to re capture fron tf ,al the norr* of k .. AIr aslfrnrnetry'appears

between the roles of { and 
' 

t I since rre lqant to rely eventual}y on X(o),

whlch is included in tf(F*) 
",

$uppose l ,q=\ .o+koo ,  [ 'o€Ko ,  Vo"QYoo, . ,  S ince Pok = P*ko ,  i t

f,oll-or,is that I rnust belong to 
^Je(Oi 

. Alstle €rny $ e T€{e) deterraj-nes

uniquely Lo <. Ko ,r,
To recapture Z , l te havo to rrtake outrr vectors from lC.,." ,which is

orthogonal to i^tt-|{e nl) encl therefore j-s nob related to X(O) r, This

wj"1L be done by appl-ying powero of U



Iror any h >,. O , we havc 

c'

(5 )  ' u^ * ' ( f i * { ) - -  t *p *u " ' ( rd=  - t J^ ' '  
, oO-  poPou ' * ' r?k=

'  = pn Lt^ l 'k  -  p.  p* u 'n ' .L = ?o (  i  -p*)  u"*tk

But ,  e inco  k  4  i in ru ] ( r ) r ,  t_ r^n ,ke i i ,E(F i r_ (E) f  j  and
(t- r.)u*tk nK ,u, $inc* p,ok ,p^ xo n it folrows that f ir*t1-e*)ti-,k e xt@7.
This last statement naSr be relrritten 1 usj:rg (:) , i .n terms of the
f u n c t i o n s + a n d ? !

. : * t t - .  op , . "  =^ *1o  e  Jc (o )
Also , .  

t  v f ($  d

I utt= l l u"*' k l l t : {[p* u" r"f+ [ G - pt)Un*'r. \f =

= I pt U'*1 i..fi+ il p*"( l-e*1u"*1 k ti" lt t*.. \J**r t ll=-

But , for any ?.. K , P, U^of., _, o
J(ooo

( t tr is may be checlcecl separately for vectors
t(f(E)) .' It foJ.tows that

ll t ti = 
^tg; (t' o- tf*'k ll'+ 11 ?*,( r-

= [;* ( rr e- frq lft I z^*(f -
tn-+oo t HlO 4 I

0n the basis of this colrputatione r 1{e

S ( o ) = {  l { , X j '  t . H ( o t , l n v | t e )  ;  . ' . ' l -

for (r + od

jx 1i*(f1r) and in

P . ) \ J ' * {  k f ) :

n* t  r i L  \
O P w ( u r . ' Z l ' x ( " )  )

def  i le  the  f tuode l r t  spacd:  g

O PrFCsr*"? elt(o) fr- *7- ",'.o

"'' ]

3't,., )
We have

L

t l  t {  q1l \
" (r S(cD)

tr'or the

shown above

a''J t\ f-t { - Op*aq t'"Z il*- is t.,.,.,J{ &

: s*p ( f f-.(E) *'o 
X \\L+ ll zr.' 

f 
- O prf,n) .^*,^Jo r i f

norrrcnt , S(O; is only a nortred l inear space,,
that the operator U, ]G * D(O) ; defined by

r , ( ( t )  =  i  t : k ,  tu r . l
l-s an iso:ne try .

3g,rugl!:g""-1,, S(O) is coraplete and tA is unita{ ,.,

SggI,, lte witt strow that 7L j.s ont.o. Let {f,:1 betong to $(O1 .
Let 4o . \ "  n such that i i :  R"= f  n Tiren. A(&,)  nS(O) ,  and

{ f ,  11 
*  ?1(4"1= {o,  ?J ,  rvhere 

X. -  
? i i t  ( "  ;  we i rnow that

. Y1.:f*'n"e1t(o) 
for any hzza 1 flnd, that l\ opn.,r,t-"'r3*ar) tt

bounded' i' h ., That rueans tirat po p-'u*'.t?, - pu k" , vrhere
kr. e'JC., , 1\ t r, ll are bouncled in r, ., The reforc F.u"{i,; r.o"

j"s ortlro6onal to i * (f qe ̂  l i  *. rt forlor*s tha t t^-u,n" pru^-'$ -v*^*, r,
is orthogonal to t* (r3 1e_;; ancl alno to t(yffa) i that is, €^ eKoo c
I {o rv ,  L ) *^n tp*L f - t  i r *  - - - tq  fo r  h+  oa  ,  wh i le  the  sequencc

,  do zto



( , . F t t l  
" .tU, k^!  has a subequence conversing.weakly,  sayrtq 

I  u?e . ,  ,$ ince

, ,  l . : "1; :*k, , i io - ,  
uo: '0" r-  u* 'nt i t i*ru.1 , '  *oo rherefor* brt(*(rr) ,

or sone €^-" ;=,"3"u* ,'iulnl" 
t:],i" ( since it is the weair i:"it

X" t TTr L= o .., lltre bave thub
U ( 0 , " + t  ) - 1 f , ? ]

and tho proposition j-n proved .

u"**]-r[tril ;;::- 
the action of the 'rnode] operaror" J(c@= ?t t6 z1'* ".,

To  =  (  r  _  p * -_  p "_ )_ l , , _p t_E_)T€
straightforward conputations .r-eacl to the formula
( 6 )  1 K  

( ( n  ) \  (  
^ \  t ^  . r- 6 ( t t , ? l ) =  t r f t  @ t e )  ( e 7 ) t o ) )  t ? _ g Z ) ( o D

Actually I .the sta*cladd forru Ef the de Branges_I?ovnya* nodel is

"t: : i  
with 

Xe 
tfte); thds announts i .n changingrin.the derinit ion ofd0 [@)  ,  q  t ^ - -  1  -, ,  

d 
bv J7= ZlG) (and comespondinely in fornuta ( G) ).

. J '
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