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an f{(Ci,C?, ﬁ(cl,c?)) {see Theorem 1 for the precise statement).

.

Thothe third section w@ apeswer 1nto affirmative the above

guestion in stable rank, d.e.23, by nrovihg the following:

2.4 topglogical - vector bundlie of ranlc B on a projective

A al o AR g N il Il e T el &g 7 P = % rath ¥ -
3-fold admits an algebraic structure it and-eonly if ifs Chern

5 o - - po e . 4 ’..
classes are alae

The remaining case of rank 2 vector bundles is treated in the
5 &

fourth section,where we prove @ weaker regult:

Theorem 3, For every tank 2 tonplogical vector mdadle on a

projective 3=fold X with algebraic Chern classes (cl,c?), there

exists an algebraic vector bundle with the same Chern classes.

Moreover., 4f cl:cw(KX),ghen'one can find even a Kx"iymﬂlfﬁliﬁi

..... S

such bupdle, with & prescribed arbitrary value in Z <ter toe

Atiyah-Rees invariant.

Recall that if . FE is a:holenorphic Kx~symplecpic bundle, then
the(analvtical) Atiyah-Rees invariant £33 18
S LRI b (BT dand 2.
K(E) = h®(E) + h”(E) (mod 2 ).
Tn the Theorems 2 and 3 above one constructs algebraic
bundles by the method of extensionsll6l, in the case of rank 3
bundles by & variant given in L8 The faet that l-dimensional

'cycles are smonthable and that thev are very movable,due to the
résidual intersection deQice;plnys an importahf role in conétrc =
tions,-Noh~reduced curves (of smooth support) aré intensively uséd,

Accordingly; & ey point in the Dfoof of Theorem 3 is nlayed Dy

a méthod of Herinling’ curves due.to FOrSLer and the first
author [4]: itiwas very interesting to us tg éeé how the triple
structures. are connacted with the integrality condition
(c1+cl(X))c2;3a (mod 2) and how they relate the Athiyah-Rees
invariant with Dicharacteristicss,

¢ : SHBL
1A a final seection we combine the previous results in ordetr

to nrove the next:
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Iﬁggrom'Ae Every tobplogical vector bundle pn & BEojective

rational threefold admits algebraic structures.

1 that case nn essential step in khe proof‘is thie fact that
t%c analytical Atiyah=Rees invariant for4Kstymp1@ctic bundles
corresnonds to the topological ones [3]. We were not .able to prove
the result for rank 2 Qéctor bundles iﬁ iterrull cgeiera] 1ty
fainly due tosthe fdct thnnge failed to understand the intricate
question, whether the second topnlogical invariant {5 has an
analytic counterpart. : ‘ -

The: firsd section containg preliminaries concerning extensions,
douhle and triple structures,cyéies of dimension 1 and a statement
derived from the Atiyvah~Hirzebruch soectral sequehoe in K-theory.

“e adont the following conventions. A 3-fold means in the
sequel a complex,connected,smooth,nrojective manifold of dihension
72, ‘e ahbreviate l.c.i. for locally complete intersection. We
simoly say hundle for a tooological comnlex vector bundle, and
Pt the context is cleﬁr,for an algebréic Qector bundle.3ometimes
we denote by the same letter an integer cohomology class as wéil

as its image by the reduction Z —>Z,.

o

1l.Preliminaries

Let us firstly recfall the construction of rank 2 bundles

].- e J-v

(

by extensioné‘({16},&}4}Ch.1‘§5). Denote by X a Z-feld,Y a l.c.i.

curve in X and by LI'L” line bundles on X. Assume ‘that

and that Hz(X,LlGQL;l)zO. Then there exists

5 N ot 1 B
dot(hY)--Lq el

<
(a9l

Sobindle Eoof Fank o Diven by an extension
o S o e D
g Ly E ey g -

One has Hct(ﬁ)TkL]QSLm and the next formulae for the Chern



3

S

01(E):01(L1)+01(L?)

We shall cobsidet for our purppses Ll to.be sutfdeiently
positive and L. to be sufficiently-negative. Thell the condition
)

J’(X,Lwéﬁhq } =0 Le satisfied, and,we notice in thisscace the eguality

s e di

(E)=n (L_l)+h' ('L ZgY),

a relation which will be needed in the conputation o the
A%iyaﬁmﬁeee invariant. Due to the'condition‘on.det , the difficulty'
in nérforming thig eofistruction lies in finding the epight curves:
we shall consider cmnvénight disjoiﬂt unions of .double and tfiole
structures..

In-order to obtain bundles of renk 2 we need the following
variant of the abov¢'con¥tructi0n,E§I,‘Let Y.C X be as above,let

E be a rank @ bundle on X and L e Jline bundle on %. Assume that

X F 20 and tnat get NYCQF,FQQHrded as-o.rank 2 GuRdle oh ¥

has a nowhere wanishing global section. Then there ®xists o

\/

bundle E of rank 3 on X,given: by an extension

D s bl e

m

The Chern classes of are given by the formulae:

oo (F Y+ El, L ;

O
o
P
i
N
i}
O
k._..l
—
-
.
(@)
N
i
"
by g
1}
N

c,(E)=(cp(F)+cy (X) ﬂ‘ﬂ ~2%(0y)

4 - no : i e o . 5 VALES i -7
1.2 . Ferrand s method of "doubling @& Curve isiag follows; |7}«
Again X is a3-fold and YC X is a l.c.i. curve.Assume that one

e

e r) .
FiGe W st el S o Sas 5 :
has an epimorohism NV:KY/L; eonlaT o e 0 wlhare B ad g a ] e

bundle on. Y. Consider the clesed subschene Z of X Given by the

N
(D)
=)
-~
D
=
~

Pheesaseg o Be v Jore T T S pmel the s aime  SUPDORL a0 Nl



At the level of cohomology classes one has [Z] ngY{a The

exact i seduence . 0 -mm>L-wm~ﬁ>07 www~BDY iy EGIes Pl o8 g

1 e o o
Ehe exact segience i (ldeies PIS 2 ——aiPig Yooty Lo

.

Motice also that i L de sufficiently positive sthen there

exist epimorpnisns 2 & o In that case, Pic 725 Pic V.

Next we briefly recell the "tripling’ wethod [dlo One starts

&

with a doubled curve as above., The inclusions of ideals vield

the exact sequence

A ) 2 %
Sl EhE ] Tl AN e 5 ; = d :
g s u ol e 1oy v it v lolo s Ty . 0,

and the isomorphisms
ST g S e h
Ll pIoa I B 0 T i NZ_|Y.,

One finds an exact sequence of bundles on Y:

2 e

0 —> L i .

T S e N:,) ol

Supnose that it splits and lLet 6 be a retract of i Take: the

subscheme T of X associated to the ideal

; ] 2 : TogE e )
Tosltorily s Tyion sl )

N\

Then T d8 a8 l.c,i. curve -withithe same.support as vl Tl=3]¥]

-2

Y= {det NoY @@L =, The ‘exact sequences

2N

w

: : i
0 —>L—>0, —>0,—>0, 0 —> L

—— 0p ——> 0, ——> 0
allow to conneot Pic T %o Piec Y. They aleo arecpmesded in the
comoutation of ‘the Atiyah-Reess invariant.

The obstrugtion tTo the above splitting lices in

l iy < :]) 5 1 gt o . £ § 3 & i i o o s ¢

H (Y,deth&aL Vobhetice it Lode sufficiently positive, the above
construction may be performed.

Ae we heave seen,by:doubling and tripling procedires one can
vary the cohomoloqy classes of curves.MMore important is to
remark that,dde to the degree of freedom allowed by the choice

of the line bundle L, one can also vary the determinant of the

.normal bundle.

s o T e R e PR i e A v ) PRGN Sy AR S e e SR e SRR A S B e Sl e e T S et e | i R SRl



smoothness of l-dimensio
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connected if dim X>» 2.
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Take k=20,
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section s -an-H (x,¢Y<gL

face H ' pazsing through
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the fact that the dmage

has no zeroes).NMow,i1f on
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|

P BT e . U
H (A,.[Y@,L Yo Ehnen o L

ideal=theoretically egua

e 7 e ——— o e e R e e e

S
* ~ e 2 i
nal cvcles,see ([9],¢7) for an account of

here for-later use theé meaning of the

olds,the (smooth) l-cycles are very movable.

g form of Bepfiod s thegremn: 1iF Loois

-projective menifold X and M is. a finite

Qi ;
MK L) whichs getisrates L Bien for s

ot zeroes ol

is non-singular,and

ar: curve in-X,pot necescdrily connecten.

¢

is

#Finitely generated.Then the general
) defines a non-singular,connected sur-

¥ (one uses Bertini‘s theorem on Xs\Y and

oG] _ : " =

Py -of e gemeral- cection
general’ 7

% S, e - 5

e considers another(é&ctlon (G

still non~singular and tonnected,and the

Lty Hbf\Ht:YL)Z holds ,where Z is a

second non-singular curve (we choose t with the additional

‘condition that it smooth

are exactly these zerpes

should avoid-a given

a given curve which has.

Let denote
22 L' :
KEh e =LY )+ [71 e

Notice also that 4f

Esonlletn
HﬁéﬂL Yoby s the sub-bundle

and H, should avoid a ‘given finite

fainitEs

{7 and

Hep- is A smooth connected curve and

lv vanishes in the quotient bundle of

generated by sy the peimes of YO £

Moreover ,we can choose s and rosuch

subset BF XY and Z
subset of Y.In particiler Z may evoid

no common irraducible comppaent with Y.

h::cl(L.)o One has iHé}zLH{lzk.h and consequently

H’‘ are general in \HO(X,L)\,then

2

R = Hp Lo ong

o § 2 . | - !
can again choose a curve Aas representative of h ,which should

be disieoint -0f A giyen
et assume now that
result of Yironaka

claca;

L el [

AT
S Palla) L

Sl esmans eS

T

curve .

5 l-dimensiondl cyele on X. By .a

)

P

is smoothable im its ratiopdl

. e
\rticular,when passing to the associated



where Y. are smooth and connected curves. As we have already

o 2 oy Lo

seen ong can write \j{;\rﬂ:Tkﬁﬂ»LZ.} with !<lté> O anecZ

j ] disjoint

1
D e et enedting this procedure tor Y,),M,,Yl We
7 ] K /s <

N

wean tinallby assune that 1{ may be exnressed as above, with new
curves and coefficients,such that the curves Yi are pairwisely
aisjoin%c Thas fnct,nndlgame informations on the parity of n .
is what we shall use in the sequel.

1.4 Let ¥ be a finit@ polyhedron and let d2k+1 denote the
onlv nossible non-trivial coboundsries in the Atiyah-Hirzebruch
spectral sequence for K{Y),a$90cieted £o the simplicial decomposi-
tagnof Y. dhe s rollowing a@eertion is wvalid ([2]0r[8},th,1 in
Ch.VIII): 7

?ix nﬁ integer g=1. If oL e HZ ', 2) satisfine o EO

forall k> lithen there exists acelaes & inK(¥leeuch that &

fs wrivial on:the skeleton Y?'O‘_l and co(i)i(qml)!o< .

éZ.Towmrd the topological classification

5.1 Promosition Let Y.he a finite polvhedron of dimension

less or equal to 7 and assume H° (Y ,Z) has not 2=t orsSion.

The cohomolegy classes (¢ ,cm,c%) are the Chern classes of a.

Fank 3. Ueerorcbapdle on Y A1t

~

@ 7 = ( € 1 +5 "1? ) r: - _‘:_D” ""in ( 4 ' Z") ) bl

[

proof, The necessity of the conditdion follows by pulling-back

3 o : o
a formula of Wu, ses |13

which asserts that the Stiefel-

Wik isnea tlneses of the teuwtaleogical vundleo on BU(3) satisfy

=y

VAL S oo 3 ;
f Rl 4 \:(1 ) 2 . S



Conversely,assume that the congruence condition holds for a

-

trinle (C1;Cga07>- Every class § & K(Y) decomposes into
v
£ alBE % "Lﬂwr where E-is a ranlk 3 bundlecon Y kK& Z and 1l "is

the trivial line bundle ,seolll)rConsﬁquen“l,,Li suffices to

fhnd g e Y Ci<§ )mci,ifl,?,S@

First we choose a . line bundle L with cl(L)mcl, and we put

J], 50 that 01(§§1>*?“'Co(§1)50 and 03(§ l)zﬁeThe only

el o
possible non-trivial coboundary in the Atiyah-Hirzebruch spectral

s kt,):z»f"(\.f,z).;m___;> o

the values of d% lie in the 2-torsion part of H7(Y,Z) , one gets

d,=0. Therefore there exists by 1.4 a class 3 é-K(Y) uch

= 4, d

seglence ;. starting at -

that cl(‘go)zO,CQ(‘g,):co and let denots c3(3§9): G JSinilarly

7 a5

% T=0.0

one finds é-,Cw<(Y) with ¢ o
553 7 2

QC."‘ % = ~
1( 2(53)MO and 03(§3)~20 :

G 3 T = 3 7 6

where issa given,but arbitrary, claas in H-(YoZ,

; e % b o ok S
rake 5§ =St S % % e lhen cy(§ )=cq.c,

0}

= 7 e : e ; :
RS h s e bqfc? and Cz?zcl’Q 54 Co in HE L 2

Fiad 2 cohonclogy clase (o suech that-e (£ )¢,
§ . o)

2.2 Theorem L. Let X be.a conpact .connected 3-dimensional

complex manifold.

v :
(1) The cohamology class: l"”’CZ) are the Cnhrn C]&PCPS ‘of
a - panks:dropologicalavectar Jundle olg B S (CW+CI(X))C?giC7(mOd

Moreover,the triple (cl,cq,cv) determines up to isomorphism the
s )

bunﬂlﬂ.

(2) The'paaf (c],c9) corresoonds to the Chern classes of

A runm 2 “omolaglical yveetor bundleo oa X i

(C1+c1(X))C =0 (med 2. loreover,

1 2 e

2 EN A R 9 v 9 e
/octiQﬁ(A) :»1ﬂ~1'62:;»(Clvcg)r%~(01'@2:¢>(51'02>))} ‘

where (

e

c,) are as above, 5 is an arbitrary element in the

mwutwhnf



Fof the
written for
propos
that the: cup
that the

SEE

clase

defined by (

el
to EB ~wf>Ey
T hbimns

Pz atisonEan

on

[ X,BU(
The actions
R OW
B o)

grouns

metrer shace

m,,ﬂl/( i iy L

see |6

~——

S o)

) HE and the

have pr

MR 2 e WK 2T :

m{wmnmt ki

U J] t r ‘( h% SOme

guetiernt o

abuse of -notation in writing the defenihatrors.)

23],“h@orem 1 oF the above proposlfieon. The

Follows by analysing the first two sStens of the

as deserebed in [171.

Tornulalss

Chern classes,and further one applies the above

thespace Yan,the suspension of X.

S 6 o
oroduct H A H ~—> H trivial

By remarking

is on SX, one finds

==ty

of -homotopy-classes of liftings X =2 20

= @ given

JBU Tl with C%(g )=0,is ffine snace over

(B ubers (£ ) 8

an

the range of - the map

5

) Gy+(cy(% )+897) Gy Further

o

]. 4 ZJ '7) |2 C?( kg

enumeration.of the Lifdings redative

: . Rt e : : e gl
is done in Ll7],oolql, All cEhese’ el cinply (2.

pUtsEhat sthe right Ln”orprotﬁtlon of the naramet-
e 2 !

' 5 :
2y tis given by actions of the groubedy X2 and

o)

the fHores. im the oscompoeiti-on

ek X E L —— [x.8u].

transitive and those corresponding to the second

aire

ecise isotropv grouns..ie don’t know the isotropy

his first arrow,or equivalently, whether the pares

Eorcet . ds exactly

4 .

SO ey S et 2o \V))W iy,
> ek

The quﬂstiom v relared.

problem of 1

mornhisms of

K ~symplectic Ketheoly el e
o [

iftring (up to homotopy) the determinants of auto~

{6
; o % & - D) =T
the Sundles, from the skeleton X~ to X (a problem



: 1
et which®lies" in BEl 2 e fae ki HL(X 2

Let us assume in addition that H](X;Z):H* Tlhien: one has no 3

in the parametrization of rank 2 bSundles,and, 4f C - (X)(mod

i,

Ko-symnlectic case i.e. when

N

vy
=
=7
2

salacrne ey ~ R 7n e T
then o disappears too.

I

szic[(x) (mad 2), the space of values for o ispreaisely

) SRR g i - ! :
H (X,mq)t/o, see Lnﬁ, the above remark. As we have already

mentioned in the int rodlctiou in this case the analytical

invariant oK distinguishes the topological typ

il E11E2 are holomorphic wasympl@ctic bun@les with 'o((El)#c/(Ezh
then El ts not topolcgicallyfisqmormh;c With EZ' see 13].

2 Comcluding, we ramark that the stateméntsA(l) el (2 in the
theorem are vjlid (replacing c](K) by qu)'for agmearoitrany finite
bolyhadrom X of dim@ﬁsion less or equal to 6 and Qithaut

. -
2-toreion dn H (X2,
§3¢ jh@ 6roof of Theorem 2
Sl Fol low the géneral frameﬁ@rk of [5], We have to
prove that if Cy1Cy:Cqp Are algebraic cohomology classesh
satisfying (cl+cl(x))02;1c3(mod 23 ,then there exists a rank 3
algebraic buhdle with thesebuhprﬁ classes.

® i ‘ It is useful . to write down the transformation

formulae for the Chern classes Qf‘a rahk %z bundle G,tensorized

with @

Time bundie P

¢, (6@P)=cy(6)+3c,(P),

: ’ 2
e emr e (Gl BBl (P |

3 . . ? % Ar') 5 x ? : 3
CB(Ggﬂ>>:c3(G)+c2(z)c](p)+?l(6)cl(§) +cl(r) :

e can tensorize the topological bundle of iChienmeclasses
(cq. 9,. \ with a sufficiently positive algebraic line bundle,

such ‘that c, would be the Chern class of an ample line bundle.

By - ternsorizing again with. a sufficiently high power of this

e, more precisely,



i

line bundle,and by using 1.3 ,we can assume in addition that

B S e
ToWre kj:7m and fj are pairwise diejoint

smooth curves. The ample line bund'e L appearing in the sequel

satisfies QW(L)awib Pt h=o. . Let consider gentral elenments H]
s Voss R O s e i (Bl s 1 - N - ( S 3 2 fy
and H, din SpH (X L) and let denote C=H;(\H, so thet Lol oy

Lo bl L. 5 e

(1 0 —0( ;= Hy) == O(=H;) @ O(=H,) ——> I, ~——> 0,

we get prim(wl)&¢;O(Hq)\Yﬁ'?L\Y. Accordingly fopesvainy k=0
: ’ 3 Z i
one finds enimorphisms

2 : o ra
IC/T;I el det b%:@}LQL ]‘\-: e o

and consequently one can Use Ferrand’s method. Since
1 £

S L e
H ((,/, ciet 5\4/,\\.{;] L

(o

Dl

- )

i

=0 for large values of k- (but independent

q ¢ ’ V .
of-the realization C of ), one-gets L.c.is curves € -supnorted

by €,s0 that [Cjn?fﬁ] and det NC,QLl"Qk\C’ : By using this fact ;
and the method of Serre one dan find integeré,and we fix such
a’value,éﬂv,ko, S0 thatithe next statement holds: for ah
- arbitrary disgjoint wmion ¥ of such double structures iwith k#kb)
there exists an extension

k ' ‘ 1-k
£2) R s e e
with F Jdocallyifree. We shall consider only curves ¥ whiéh are
disjoint of fh@ cCuUrves Yi which apoedr ism the.éxpreésion of Cpo

where d is the number of double curves considered in Y. The
integer. d >4 is sebitrary and 1t will be conventently chosen at .

e - Dronl.

thie endiof=it

7w Graprogeiith can Boagvabovie. e seek for dnteders -t o= 0

wnd curves 2 such that there exist exténsionesef e form



(®

(3) : Q s

with E dlogally free of

fine SR Aoty s e =
FE are as prescribed,c

Zeroes on:Z, There ig

) r‘> e )
Has H (X FOL

sequences . O

Ifowe can find an

= _‘(F):uc.

i
3 A
-

o, 2 o T -
C LU R Cz(f

—~

2

As-we plain e \Elsc =

the associated

<o =
2

e k + [_ Yljj

[z] -

such that

how such curves Z may

values of t  the condi

that we alkso ook tor

doing fihies

be a non-singular curv

and 1t

only on C)(X) and h,th

o 2 N
St Moo aianit e
o >

T/
L/.
as above determines a
g 7Q(OC,)M For the
AR ¢ —curves Lf-eping

taken into account ,wi

% 2 il >
crrves G- with w2 (0

o

come hack

Let us

L

=0 For
koml
e aaet N s 0,

extension

. For the sec

cohomolc

the degree of P~

to- the construction of Z.

BRI 3 I, 50,

rank 3,and such that the Chern classes of

condrtions 1n

N

oo Accopdite o e

‘s construction one firstly has to verify that

R Ein
D F &L has &

segtion without

a rank to,@uch that for suspi b ophs

every F as above (use (1), the exact

G e 020 .

(3) with E loecally fres,then 8y (E)=

ond Chern.class one finds

I3

o

o kj{;Y{] ,one derives that Z would have

+ (t(Bt&l)—ko(koml)mzijhz.

t(3t+1)wk6(ko~l)*2d>>l. Let us explain

be chosen so that they satisfy for large

St

tioncon ted NzﬁbFebL , ‘keeoing in mind

the following obsevation. Let C

e SH.OVH S as ebove. If B e line bundie

: i 2

exceeds a suitable integer,which depends
en there are epimorphisms

Slet fix such g gegras, An epimornhism

double structure £ s andilet s define

sake of simplicity we call such a curve

rphisns IF/I P G L LD

th deg 77 “=deqgP %l then 1% will be obtained

Yo £o4) . They are sinply called (&€ +1l)-curves.

We-can assume

[Tf where T 1s a locuic curve supported by



the union of Y. (one chooses smooth surfaces Sj which contain
T 1.

sorresnondingly . ope replaces Y, by itg (kiml)mimfiniteeimal

neighbourhood in S and one takes the union). Fix such a T.

A e e S TR R e
Frake an arbitrary decomposition

£

Phade: /1 : el ~ 72 S S
(4) tlesl )~k (k ~l}e2d=Dol 4 2/ ol 0 %») 0
; =) [
The desired curve Z willsbe o digjoint union ofalzsiod copieeof

curves of type & and ﬂ copies of type & +l. Moreover, we may

assume that Z is disjoint-of:the curve ¥ which appears in (2).

4

There ie an integer £y sitchathar for every. t >ty the bundle

-

7 4

det N_ @®F 217 peossesses g ronvanlsning sectionssior this
purpose restrict (2) to amy conpopent of Z and 540 i ..

ALh oadn all, we can find-ap integer sofhet ftor t >t

tg'

there ‘exist extensions (%) with & locally fresiang cJ(E):Cl,

c?(E):cP Lfor every ourve'Z as described aboves dne integer

e

S & ; LAy (sl i Pl 22l SR
> depends only .on cl(x),uﬁal,&o, the decomposition

Ehrz QMLH:[‘{¥]:ET] and.deg:- P,

2 72 let us take snE as above. By the varistion of X .and
> in (4) we would like to ohtain c,(E)=c,.One has:
. Z
e ?_T\ /e o Jt\ o w7 L 7"} ?r7/ Q
G (E Ok )=(c, (F@L )"}'(J}("’\)) S s Sl \(‘Z)t

B 2
e e e calt el t+(":.,(:".)-'=

N

<D

O

2 3 /

=(6ht+h+CW(X))( +2( o+ @)hz)WZ(?Q(OT)+cXEI+ﬁ§(5 +1)).

=

By. cpeguiving czﬂ

{

=& cane finds an equation in d'and/é.,

which must Ye solved. Due to the integrality condition

(h+C1(K))C2§aCE (mod 2 ),we can divide by 2 and:write this
equation like-
S0 e R
" o , el
where \(t):%hstwhﬁwhzc1(x)m & and P(t)udhﬁtJ+ lower terms

(which depend only on c](x),c],cﬁ,c? and the fisedacurve T},
iz = 4 )

G
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reverae the. sense of the argument. Thus

©

lative prime numbers hiBrce for t = U it ig

to finmd a decomposition
{ ! 5 /] 7 \ 2 ol
b - 5 e 2\ 5 ,xf”w,:
{ L) 3 'f'/\“ { B2 1_'( \\ L9 .i> ‘
vher o re- positive dntegerg. Lidce
{8 i' 15 s
S N )
PLE)=(0c o B JALE]-BL0 ],
brsaiat
; : T £ ! “ 2 i
we szmjfotlﬁﬂilv fing & a»ﬂ&f\J;"t s INuUS
2 e e 5
N O T B :
tht+L)~aq(&n~w)»ap4 +fR )~ 5 t.for t 5> 0.Conseguently,!
£ U { o)
are igtegers to4,, sufficiently large such thet =Rl 5} can
expressed as above and the number t(3t+l)nko(kc-l)~?(o/
J
shold:be positive. Take d to be half of this numper. Ore
¥ one constructs F, then Z associated to o and ﬁ -

e

one obtains lesired bundle E.

proof of: Theorem 3

éﬂ. The

4ol

Let consider a tonclogical bundle F of rank 2

algebraic Chern classes Cy and Cpe We like to come

dligetradc bundle B of ‘rank 2 enciuien the same Chern

We beqin as in 3.1l. By succesive convenient twistings

wi.th hundles , we

o

algebraic line assume

-

CUrVes:,

may hat ¢y

where | is line bundle,and Co

and Y. . disjoint connected smooth et aonate
i

e thosa components whose

classe

of

ocefficient n..

Possi!

there

,with

LlEUct an

o
2 e

E

:cl(L),
Y’l ultﬂ.niz,S

h=c, (L)-

s Sonerons

S e 2 ' ¢ {
vle choose an even integer m=» 0,50 tnhat m h“:&Yij Pl e Yi] +

where U is smooth and A1<301nt of the

We also choose an even inteqger tmssc ()
vith [lemooth andiodisgjoint of all Yj. Accordimqu)

other components,

gee 1.3

~auch *Hat n'w‘w[U} +(z]
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I - DR =t .

LY, }+,,ﬂ+[Yi ]m(m ~-n)h +(MJ, Further we tensorize once more
1 Sl =

- Clis s e e 2
F with L. QOne qets_c?(r yL*):cQ(r)+ gbael -« T vwe take o> O,

then the new bundle F® LT has (with new coefficients and new
components Y .} ec.= P LY_Jaz[ZJ,where RnosalEEY e ande 7 iare
i i i : i i :
smooth connected and pairwisely disjoint. The néw cq is still
the first:Chern.class of an anple line hundle; we keen the
same notation=l for dt, and h for cl(L). After these normaliza-
biomss oftnthe T teal tonological'data,we can loolk for extensions.
Let -us choose, as. in é»B,a l.c.i. curve Y supported by the unien
of the curves s and satisfying {Y]:Zi ni[Yi],ﬁherefore
e =p livlsalal,
2 - u 2
We seek for integers kiand for lic.i. . clurves T which give

rise to extensions

\ ,_ | : - =
0 > > E ~w—~€>ITLlI<*-9 o
with E loeally free. One has cl(E)zcl(L):hzcl and CZ(E)=

et ;
=k(1-k)h“+[T]. If we shall show that for k»0O, one can choose T
: : o 2
so that there exist extensions with k(l-k)h +[T]zc?, then the
proof will be over. We shall take T to be a disjoimt union of
a-convenient doublesstructuresY on Y , of a troiplesstructure
72% on 2 and of Yktlk-1) double structures C° supperted on
pairwise disjoint curves of the form C=HNH"’ ,where H° and H"°
< Ted ‘O
are general elements of H (X,L)],

9 fit o
Eirer of allinotice taat H"(‘w(,L?“'< l):O for k=>>0. We have to

~ o, 12K

accomnlish Serre’s condition: dat N, =L ET; For an arbitrary
I oc.i. ocurve .S (read X .or the previously deseribed curves )

one finds, for large values of k, epimorphisms

=0 e .
B oA e e e e B S
5. < 5 !
= o X o pue s PG s e e :
hence Gouble strictures 8. with det MS’ s =L ’\b. Since,
for >0 the restrictionimap Pie S = Bic 5l i ectave s one
S : : : : ~ 1-2k > :

chrains exnctly the desired pelation det B . Al Sk




bn Za-Bysenlapging 1f neﬂedqarv ko; it follows the isomorphisms

o

remains: tornrove that ,again for k=0, ithere ageininle

: iapey - : e
Struchliree e 0n Zoavndithtdet N7,, A \ 7~ . Recause
~J 7% 2
=3 N e % ..) '<\ : \ o = ) 2 ¢ = 1w
det N @ Z\)(CQ/./) 3 IZ] c, (r.od 2) and deg QDZwMO (mod 2),
: ‘ 2k~ 5
we get that the degree of dﬁt.N7M . Z has the same parlt;

1

~vith (cl+c](x)}c0, therefore it is even by the integrality

condition. Consequently, for every k, one finds a line bundle P

2 Ll L . :
on Z, se-that PZ = det N, &L"7 Z. There exist an integer k

< . 7 o

with ‘the following property: if P.is & dine bundle om Z dand

ottt ; : T gl
deng;sz, then there is an epimorphism 17/12 a2 0
: T o : :
and a retract 17,/1717, —_ P for the inclusion

B == =P s T Lo ,where Z° is the associated

double structure. This ‘retract defines a triple structure Z°°

3 S e 2 Dlds o5
Pic 7 i Bl oSl e R and con‘@qu9ntly det MA”:: 1 3
e tmke'P:Pk for k> 0 and thus we get the needed curve Z°:

A2 et FoHe o rank 2:-ctooologic 31 bund19 with Chern classes

St and an addition,c]ggcl(x)(mod 2 - )uAs described above,we

may assume after a normalization of Besthigt clxc}(L),with L

- / G = <. > f) \G ‘ . } s H 7 £
ample on X and €5 20 LY ] + X ] where ni/iO and Yi’é ahQ

connected,pairwise disjoint smooth curves. The condition : .

cl+c (X)=0(mod 2) implies, by the exponential anot sequence,

the existence of an algebraic line bundle A on X, with the

property L& kx1~u AQ,

we have already seen that extensions like
: k % o 1=k
0 —> L s E —s I.L —> 0
give rise to algebraic sundles E-of rapk 2 wWish prescrioed

Chern classes C, and e tloreover, det st Hegiee for
A5 Ca

E L=e @A~ one gets det(E V& K, .We shall show how to
norm - norm’ X ,

7

iary the extension paramaters in order to obtadnsior the



S| e

G G ] 2  esy
B e ot (EA A )k (E A ) (mod
both amd - Tes This wil e coneluge

values 0O

part of Theorem 3.For ,let us come back

presenteadan 4, ThReitEiple structure

integer k>0 and an epimorohism I.

by B a line bundle - on.Z with P

7

extension . the exaet sequences

e R e e el

and taking care in choosing a sufficien

2)

‘the proof of the &

to the . comstrhuction
&°F an-Z imiolves g
—— P 50, denoting

o
§§L“l l\Z. By being the

2

__—--—-—-;) o PERCRon
QZ” > OZ’ e

tly bigh vellue wof -k (which

depdnds only on the given data Y ,Z and A) in order to have

vanishing terms in computations, ore ge

e e
1~ l{Y,
l_l k@A iZ

Bk (k-1

1

Lz e b

(\J 7 - 17 r = - ’-
= det I7Q;K>\L Sﬁu7, hence O is a e
.we modify the gurve T by changing the t
precisely we start with an Dowmornhlam
20 P

where R"::U7 If T s the new curve . and
: ~ SR

> E w C E e el SR Ee in)
them of (E ) ol norm) CZ, ) (

norm

takes both values O and 1 when the

see [l] for the precise result,we can m
andl the - proof is complets.

case of rational manifolds

e ‘prove here Theorem 4. Let X be a

is simoly

P

rathonal. threefolds Since 2

and H2 G2 ) nas no torsion. By v([ﬁ],

tonoblogical classification of

2-bupndles 18

ts

(el

colesia ] ole

L e e

2
ave &

Now

characteristicion Z.
riple structure on Z, more

POR

.
17/1 5 =0,

£ is the new

hundle,

: 1
mR). Because h™ (mod 2)
@«charabteristic changes,
alue ol(E e

o
odity the v S

comnlex projectiVﬂ,umonth

connected ,Hl(x ) ~-H (X,,_ Y =0

thol,or’§ 2 abhoves ) cthe

given by the

~-symplec

Zdet N, @(LOA™) |z

Eakie
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= o

Chern classes and,when c]+ol(x)50 (mod 2) (in which case we can

normalize so that CWZC](KV)), by the Atiyah-Rees invariant o .

N

Moreover, the analytical invariant o distinguishes between the

tonalogicel “typag,

Bv using these facts and Theorems 2 and 3,it remains to prove

2 4

thatievery cononology class dn H (X, Zyver H (X, Z) iefalgebraic.
- , .

For H (4, 2) this is:clear by the exponential ‘exac ecalience,

Because we have not found a reference for the analogous statement

T ,'4\'- | 1 3 ; '-'" V + - :
for H (X,2),ve sketch bhelow a proof otEt. As it.is well known,

there exists a rational threefold Z together with ‘two morphisms

= ; 51 } ’ e =

Z ——> X, Z ——>P” ,which are both compositions of monoidal

transformations with smooth center. Thus we are reduced to prove
: s t : : e

thies fol lowimg fact TEX - o Y is a monoidel CEagonormation

of 3-folds with smooth center,then every cohomology class in

4’ = > ' i . . e : : i
HE(X ,72) 1s algebraic if and only if the came property is TrUS

»
B
Bor: the proof if X has the property ,then Y hass it too,as

. .':“ be l Yy 43
Flf =id. both fnsgohonology or din toe: term A o f Chiow wring.

Aestine  thae Y has the: property and ler T be an:elcment of

A o3 N e : L}»/“ : > Ar | 2 &
HEEC 2 ) hen ClE o isYthe form 4 (7)) ik VeH (E,z),
. E denoting the exceotionel divisor and i:E —= X the inclusion.

But 07 is: algebraic in witius of HQ(E,O)zo, which concludes the

D OO



LN e

References

I Atiynh,m,f.:wipmmnm aurféces and Spin structures.Ann.Ecole
Morm.Sup.4,47-62 (1971)

2. Atiyvab,M.E. Hirzebruch, F.:Vector burwileé and ¥NNWOanWPOU“
spaces.Proceadings of Symposia of A.M.S5.,vol.I1I,20-104(1960)

= .,Rees ,E.:Vector bundles on projective 3~spacég
Inventiones Mﬂthe35,131~153(19?6)

4y Rﬁnicﬁ;Cy,Forater,O,:Hultiniicity structures on space curves.
(to aonear) .

5. oBaniichat s boanda JatE e tcnce of -rank 3 vector bundles with
given Chern fluSé on homogeneous rational 3-folds.Manuscripta

)

6. Panlca Lo Putipardl i0n conplel veotrer hundles on rational

Ul

Math, 5la12l-143(1098

threefolds.lMath. ”FOC,‘ﬂwb,Phii.Soc.,97,?79»288(1995)
T Ferrnﬁd,ﬂg:Courﬁos qqycheslet fibrés de.rang >.C.R.Acad.Sci.
Paris,23l,A,345-347 (1975)
8. Griffiths,P.A.Adams,J. :Topigs “in algebraig and analytic
geometry(Princeton University Press,1974)

9. Har horn(,\a._mu1vw19nco relations on algebraic cycles and

subvarieties of small codimension,in Algebraic Geometry,Arcata

O

WQ/A,Pxoc.uynn,{xre Math.of AQM.S.{Q 129-164(1975).

10. Worroc&q,JQ:A cohstruction for locally free sheaves.Topology
117-120(1968)

11.Husemoller,N.:Fibre HunHWL MeGraw-Hill, (1966)

lﬁeaﬂmos,I}H‘,Thomas,Fp:Xm approach to the eﬁumeration Drobiem

for non-stable vector bundles.J.Math.and Méch.14,485~506(1965)

A lnors, ]f,Staﬁﬁmff,ﬁorGharacteristic classes . \mn.Math.Studigs
'76,Princeton University Press,ﬁriwceton (1974)

lA.Wkonﬁk,C,,ﬂ\hnvider,ﬂ¢,Snimdlor,H,:V90tor Slrmciles ionconblex

snpadeetive spaces . .Nirkhiuser (1930)



D

)

15. Schwarzenherger,R.L.E.:Vector bundles on algebraic surfaces.

Proc.london Math.Soc.11,601-622(1961)

16, Serre ;J.P.ibur-1es modulea nrojectifs.5ém.Dubreil-Pisot
1960/196) exvnose 2

T2 Switzer, RasPosinikoy tOwers associated with complex 2-plane
and: symplectic line Bundles.Math.Z.168,87-103 (1979)

18. Vogelaar J.A.:Constructing vector bundles from codimension

two subvarieties.Thesis,lLeiden(1973)

«

v

C.83anica=M,Putinar

e

INCREST ,Department of !Mathematics
Sk Baeia 220 Jucharest

Romania



