INSTITUTUL INSTITUTUL NATIONAL

DE : : - PENTRU CREATIE
MATEMATICA ‘ STIINTIFICA SI TEHNICA

ISSN 0250 3638

(>

ON THE JACOBIAN CRITERION OF NAGATA-GROYHENDIECK
by : :
A.BREZULEANU, N. RADU
PREPRINT SERIES IN MATHEMATICS
N0.36/1985 ;

- BUCURESTI /uu(ﬁ 2366(



>

ON THE JACOBIAN CRH‘EREON OF NAGATA—GROYHENDIECK

by
#*
A. BREZULEANU, N. RADU "

June 1986

*)Institute of- Mathematics, str.Academiei 14, 70109 Bucharest

Faculty of Mathematics, str.Academiei 14, 70109 Bucharest



St

s

0

[ g
e
5
A
&
et
i
i
o
bt
&
61
£

egandry

4 eriterion of formal smeothnsss for a local,

] w0 - B 1 T L g 2 R Seh
er a field k of characteristic 2uno

+tha -' J a0
cae q.,‘Of« vaCO~

The aln-of this nete 15 5

aDe¥ve CRIEer]on

<

o T Do gt T Sl s SO T BN = A e i s ; 2 e g L
srothendieck of formal smoothness and to prove it as a regularity

s VI
R

¢riterion. (see theorsm 2), via ERi] (d@c lenmna

one f“] £

first version of this proof were

d
1

o . :
[%:5* <eo , let R be a formally ~vcouhq local .comp]

lot B=R | ¥] with Y=(Y;,v..,Y ) indede

b) there exist the derivations Dl,,u‘,D € Der, (M,o) snd the sle~
(e snanyt 8
( 19 7 m p

exigts @& field

=

ove

8&lso equivalent %o:

-
AN




S P
In order to prove the theorem, we need the following
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i) Tf there eviad Dl,a,.,@‘EEDGT(B,B) and fl""?fmé:I such tha
ian«(uﬁ,,..,L /d .ubu dct(D £ );é ben (B/I).P is & regular ring
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u')ﬁég is a regular rin
b') there exist DiyesayDIE€Der(8,31) and fl"’“’fﬁi I such that
= — ¥ 4 ik Ly oesneivernct
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c*) there exists a. subfield H! of &Y suclk that h’EZ;hﬂ [K‘ghi]<
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Proof. We have Aé,ﬁﬁayéakr’, Heﬁce a) and a') are eguiv&leﬁt by
ER{Z LIt suffices to prove tagt c)»and c*) ara'equivaleﬁt, since the
équivalence eL b)) mnd b1 has an easier similar proof. 2 is a for-
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Leuma 3 reduces the proof of theorem 1 %o prove:

Theoren 2. 16l R be o local, noetherian, complete, regular

ring which containg a field of characteristic p# 0, S:ﬁ[ﬁ] with Y=

=(Yi400e,Y ) indeterminates IC?P ideals in 8 with ® orime and S=A/T.
x Ty ? - '
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&) Ap ig regular rinegs

bl there exist Dl,,,«meE?Der(ﬂ,$) and the elements fl,‘a.,: el
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ii) &gﬁ KESQK be subfields in R "uﬂb that ﬁpCfn and R ig a for-

mally smooth K~algebra in the l-adic topology, wneﬁﬁ M is the maxi-

mal ideal of R, and the residue field L=R/M i a finite extension of

K (eege if K iy zcoefficient field of R). Then a) and b) are also
&) s S s

gguivelent to:

sy B sy

c) there exists a subfield H of K such that KPEQH, [K:ﬁ]< =0

and [ﬁ‘:(ﬁ/\ﬁ‘iﬂ<oo y There exist the derivations Dl,,..,DmEZDerq(S,

f 7

S) and the elements fl,@.sgf €71 sugh that isii(fl,.ﬁ,,L )@ﬁ and

At (D.P N2
dw(pil.j)gflo
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Proof. b)=ya) follows by ku*mai a)=>b) is & conseque or

[ ;] Ln.l), Under assumptions of 1ﬁ),-1t iq obvious that c)=3b),
fact, the proof 01 a)=>¢) bellow gives, as a particulér tase,a -
new pro ef for d)~J>b)

Ledia) be fhlfilled, K ——xpi 1g ¢ Pm&¢1j udoomn, henc

R/K

/ projective R-module. (in the M-adic topology).For any
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Singe ﬁr'fs regular, 44 results thet
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By leume 1,43 ), iv order to prove &) = e ), i éufficas b0 £ind =
subfield H as ib e) such that L1 becqme equality. Then we can take
=P in o),

Denote Jl=max rank(D.g J>’ when Dysese, é?)el (3,4) and Gisees
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The ceanonical exact sequence
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We can extend it to a system of paraméters RyseeesX,, of R and cons-

truct the morphism u:R? >R with this system.let B’ [~“l?.».,ﬂra

and u':B3'—>B the morphism of K~algebrag aeilned:by nbC R ):Xi’
i j S 4

with i=l,...,7%; u' is injective and finite. Put zi:v(Yi)mod P 4y
Erom.zl,.ge,zn choose a ﬂc{ludl get, say zl,¢°.,zn9,algebc@1cxlly
independent over the field of quotienty of B'., Put A'"B?[?l,ean,Lﬁ}

and let v':A'—>4 be the morphism which extends u! by’v’(Yi)xzig

with i=l,...,n'. The field U is finite over the field of quotients
5 e ) o) e e S
Ut or Ale Pud A %L[ i,a@.,ﬁ ]JZjilgeeo,Lp’}§;{“5éﬁ is contained

R Ghe image of 8" in A, by the choice of Xqsees3X o Hence

(R

r
rank uar1“(usn)<irank Der;”(ﬂ,A). Lenma 2 gives a subfield H of K
such that [K:H|<es, kP H [f'cuimyvg}<@ofnd

dimT,AQNTf/T” :dimﬁlzmjmw, randk DerA”(A,A)zdimugzu/unzdimU,£7Ug/ﬁw

wWhere UM ds Che Field of gliotients of Al Butding~£2T,/Tﬁ.xr+n+g
and dﬂﬁupgztw/uﬂ :rf+m'+q, where qlis the 1ength of a pebasis of K
over H, Hence Jl=r-r'+n-n'=htQ+n-n', But‘ht?}zht Q+n~-n" ([@],th.zﬁ
of B@I, 10.18). Hence Jﬁxbt Q+nwn’:bt.P.

Theorem 1 give tne OllOWlﬂ géneralizations of the '“”Qlu ol

[ﬁi{(see al [ﬁ{z 15.12).

Corollary 1. Lot k be a field of characteristic p;>0 such that

A < AT

[k:kpj<:ao, R be _a formally smooth,local, noztherian, comnlete k-

alzebra and uﬁx,["i,...,i « Then every prime ideal P of S, such
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that the L‘lu Swquy 18 seperable over &, 15 potl E=differcntial.
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Corollary 2., Let k be a field of gngre

[;$1§{]‘<00 y A be a logal nosther:
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guch fthat iln, Q‘P/k<<'cw (where
guch vasty K

of K over k)e SUppose ;moreover, thal

Japanege ), _§2 /) :5 a formally projective A=-module

& prime ideal P of 4 ”th‘E'*L A Enis formally smooth k-sa
Jﬁgﬁﬁ, P MA:; ,{:Wa?q) 5727) /12 S5
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complete local ring.

e N R . S e e e e s = 3 » x
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The afore proof works egually for 11) and i2) and becoues much
simpler (lemma 2 is not necegsary). i

S

proved in

N7 Tl o v Y8 SN 8 P . SRR >
lmgj 25 & consequence of the Jacobian criterion Oﬁ.ﬁL)cudo Usin

rnlsnes new, gimpler unitary proofs. f the

corems : a noetherian complete local rine e

ey

property Reg ~23 the- N agata rir

vergally japanese) and the reg-ring gtable under extensions of
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Appendix

We give here

its proof, viewing its role in

THEOREM(EGA,01y,22.5.8 and [{i]) Let k be

.teristic exponent p

lowing assertions are
: fasua §

ﬁad A a

s o

the principal result fronm Ri) and e-gkeboh--of

reducing th.h to th, 2.

fas}
Ca

field of charac-

noetherian local k-algebra, Glie ol

Then

equivalent

g) A ds

a smooth k-alzebra;
b) A is a geometricelly repular K~algebras
b').for any finite fiela extention k' of k with k‘pg;k; the
ringe B k! 19 rasulars
_L.ln‘;} «.“a@kb. 3_ Be Lclu[

o) dhe rine A@l,kl’p is local,
i K

DOCLJV>‘1un, reg

Proof. Let M be the maximal ideal of -4, BE=0/N. L—klép,
~Aé§ L and N the maxiwal ideal of B. Then B=1lim AQ?kk where k' runs
i
over all the finite extension of k in L; hence B is .a local domain.

b)) implies ¢) Lot

: ; A gt kel
congider the ring C=A /Q;

then

K be the field of quotients of A.. In KL/D

C is isom ¢paic To &,

For any finite extension k' of k L Lt e canonical morphism v:
:369kk*-*4><ﬁzis flat. The canonical Mu““thm g8 ——s e the inductive
limit of all suc h v'g; gce bois Tlets Then B is noetherian and regu~—

Q )

e (R, WITE Be),
(Remark. Under
noe bh’ JAN _‘ﬂ;

the canonical

Lpp™=L,

morphism

and. (0
B/k

=
kD i

&, min

uaﬁo“ﬂn, the ring B is always

a gmooth L-algsbra with respect to k. Lunc

o ~—e>:§1,1 is left invertible. But
nP.

inee BE-k fng poC +he

ce « Hence

cano-~ |

nical morphism h': EPI 6§ZJJ>~¥“%;§2ﬁ 15 left invertible, Let P be the
prime field of k. Then B is a smooth L-algebra with respect %o P(FGA,’
Ui . But Biis reghular, hence a f nally smooth P«ulr@o>w(ﬁu;, ’
IV e IV
19.6.1). Hence B is a foramally smooth L-algebra *n the N-adic topology.
Sinc Pg; Ay the R-adic und iB=adi ¢ topologies coincides on B. Now
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conclude by the following

mal smoothness). Let k—> 4 and k—-s 1L

B:A@?kL noetherian rings, Let P be
< : e e

a ST . (e : ]{.. A x
A with PAC M. Buppose that Torl(A,L):

=0 and (at least) one of the followinz conditions is fulfilled:l) M

is maximal and MBZ B; 2) L=k/P. If L,—>B is formally swmooth <n the
MB-adio‘topology 70&mm]ﬂ-<>/?:gg\_wél%ﬁw«uﬁ/4%Mofﬁ?wuﬁﬁ.ﬁ/f5é£f§é§%?

Proof, Let C be a k-algebra of 0olyroA¢A13, Wel =>4 & surjec=

tive morphism of KkK-algebras and..»ael ve Let M' be a finitely gene-

rated ideal of C with u(M')=M. O C we take the M'-adic topology.ie

shall prove theat anonical mO”“hlsm <;-1/I ->j?/, A is for-
W@_,Q l?,yée/ /‘Mf?/\/'t:(_/g"e@_) A.‘/f V-ﬂ @ > Véﬂx),—-

mally swooth ( GA O*V,zo.q). The wing J/I ig nowthe Iian; hence the

r"
»‘
GF
57
l¢))
C 0
C

induced topology of I/1% is M-adic (e.g.’ BR],4.11). Put C'=C @, L,
L'=u®1:iC' —> 3 and I'=1®, L. Since To¢i(u,L): 0, then I' is an

ideal of 0F and B=0'7/ 7' . Hence the induced topology of I'/I'2 4g

MB~adic{e.g..éﬁz, 4,11),+ Since L—>B i3 formelly swooth in the NB—

adic topology, the canonical morph 5~L‘/I‘ e ﬂ?/Lé§ B 15 Lor-

mally left invertible in the same tonoloﬁj. Hence gMC£;§.ﬁ is Jeft
/ -

invertible. We have glzérébAB. Let 1) be fulfilled and put E=4A/1,

Then g is injective and g:(aiﬁiﬂ)eaF B/iB. Hence zyé@;@ is injectives

Then gfis formally left invertible. Let 2) be fulfilled. Then B=Ai/Pi

andéyza?ﬁ(ﬂ/g), hsm,,giﬁ formally left invertible.

(Remark Case 2) furnishes a simple proof for the Lifting part in 2GA,

0 197005

1L
Zﬁj Radu N., Inele locale Ed.Acad.R.S.Romanig Bucuresti,vol.I(19¢f

I

[ﬁd}ﬁadu N., Noetherianitatea unor inele, 19864
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of Nagata
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A.Brezuleanu, N.Radu.

The localization of formal smoothness (i.e.gtability of geo-
. . : : : = 5 : 2
metric regularity by localization),proved in [A@] bsing Andre N

Jacobian Criterion (see 1.1). This idea works also to prove in & simg
ler and unitary way the followi 5 classical results: the complete
noetherian local rings are quasi-szcellent (see 1

\J

type (see 1.5,
reSpel B, a8 corcllari@s of l.3). Lemma 1.3 needs the Jacobian Crite-

) the reg-rings,
resp.Vagata rings, are stable by extensions of Tdndte

g___.

rion for polynowials over forual power geries with coefficients in a
field K or in a Cohen p-ring W(in this case for prime ideals which do
not contain p). '

0.1 LEMMA ([1{] B or [?E{I‘t ‘1 ) L“' k be a rine and B

& noetherian k-algebra, let P be a prime ideal in B s.t.BP is a regu-

lar ring and its residual field k(P) is perfect.Let lw(ij,.,,i ) be

indeterminates and CéB[@] o SUppose there exist Jl,..,D éZDnr (D,D
and fl,...,fm € g ‘“(fl"°’*m>3f and QnL(D o )?é*. Tben for an:

vrime deal O dn0 wit f\ﬁ*P there exist f Syl £ Vgl N
J‘) (e .Li‘vci:] : ,-E. (4 v h })-J fl, O,Lm, rﬂ"f"l,& ’fxn"i"sé %

Cl’lg‘. D]'-9 s e ,D[;I, L)’l;;—%‘l, LA B ,:{)"‘(S é Dvr] ( l, J)C‘:otq 9 _(fl, L , )G ’:Qtﬁ(j

m-+g

0.2 LEMMA (cf [mi] th ,(d)) Let R be a B-alsebra and-3GI

<P . ddeals

and I C P ideals of R with P primé and I finitely generated, s.t. R

s e -
— = e e e o 5 R s
and Rs, where R=R/I and P=P/I, are noetherian reguler rings. Stupposge
PRt l') 3 P i / phsey § ()

thers exisgt D1,..,D EFDerE(a,H) and Xq,e.,3

RS )u, and det(D 3 )¢— ’(hence n=h(P). Then there exist Di,,..,D’
i :

— — —

Derﬁ(d,g-) and Jl,..,XEGEE a.t..Pdé~:(y1,...,yr)ﬂ3-WnJ dut(D'J )ﬁéi’

t00. . :
0.3 PROPOSITION ([1] [iL],th 15, mj.zl] hhel ) Tet B be o
local complete iwulb rian regnler. ring of residus ficld L,Y:(Il,.~,3h'

indeterminstes, 33ﬁ[?] 2 ICP ideals in S with P ,ﬂlmb“nd A=D1

- e s ik
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If char L=o and X is a coefficient field in R, then the following

conditions are equivalent:

a) Ap ig & reguler rings

b) (resp.c) therc exisgt DjgessDy € Der(5,3) (resp. € Dery 7(5:5))
80d £ise0e,f €T 5,4, 1 Sy %(flgetgi )mg and det(J T ) ng

s,

@0

We indicate a simplified proof for &) 1m01103 ¢)«By 0.1 we cal

Suppose- =0, ience S=R=X [[kg,w*,x?]CY with Xi indeterninates. Then
/\ oo
(lQQ/ ) ig a free R=-module of rank r. Put J(P)= max raﬁk(Difj nod P).

where 1)1‘9..”,9,E & De L(R,R):HomR((JQﬁ/KSZ'R) gﬂd Fyeee,f. & Po Hence
J(P)S ht P and it suffices to show +vhat J(P)> ht B. Ia the proof of
[;R %], th 2, tuke 3=R, hence 4=B, A’=R’and replace 5" by K. They
dbtain, ag there ﬁhat-J(P)rg’(P)ﬁiuf+ﬁﬁn cank JQIK(A A), where A'=

=dim A, The morphisms K——e>AC——§>A give the exact seguence Q~%>D£(A9

A

\ 1
zx)»~—>D3_r. ( ,A)~—~—>Dvl“k(A sh)Ye - But 4 dg uapurqble over A , hence

: -~
Derff(A,A)z Os Then rank D@rK(AyA)SQ rank D@ry(A/ A)=rank Hoiﬁaﬂzﬁzﬂﬁ
1 : : ; - ] e e

“A)enl, Hemse JMCRY Dot B,

0s4 Lot 2,0,3,I4Py4 be as in o.5._Suppose char L=pf oy char R=0
a Cohen p-rinz incliuded in R.

1) ([52 :g:gg 801 @) 1 p§é P, fthen the conditions a),b),c)

(‘ﬁ
L..,J
o
@
cg.
©

from 0.5 with K revlsced by W, ars eguivalent.

2

ii) If p&P, then &) doos unot imply b)
Iﬂdced, ﬁ. J.b..(? 1{.‘ Yy [[dgssogls j Bl R.x z"'[[\ylﬁ""i“fj] /(/T‘) mli/.l

dim R=r (gee e.gs BR 45.6)s By 042, it suffices to consider the first

trize « Since p§§£, wWe can suppose D=0, by 0.l. The
is free of rank r~l. As in the proof of 0.3, we.ob=
tain J'(P)=ht P 4f'=l=-rank Der.(i,4), since rank Dﬂ“”(R,A)zrwlu_Thez

go-om-as in 0. 3,
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139 The dden] I=pS is prime and differential. Congider firstly I=b:

. then a) i1s true, but b) is false. The Flhg S/ i gveculor, Tet 16T
then a) ig true, bt b) is false, by the first case and s known len
me (see e.g. [BRE], lemma 1,i1)).
©0e> Remarks i) Let B be a noetherian A~algebra, complete in a J-
adic topology. Let H< J be an A~differential ideal of B,If g i
a formally projective B-module (in the J-adic topology), then the

canonical merphism Der,(B,B) >Der (B/H, B/0) G oy rjective.(In
; ! AT

order to prove this, use e.g..the formal smoothness of the B-alg

10

SB( ﬁ/i

b:

[©)

ii) Let be the situation from 044 ii),with psf P; Then S/pS=
_L[["]JZIX nd P/pSté o. By the Jacobian Criterion of Nagata (see £
[B2 gj, 2
veeslt € DerH(S/pS, S/yﬁ), and Jl,a..,x e P S P(g/pu)fh(fl,e,.?
ee oy )(8/D8); and_de‘t(fj’)‘f )¢ P/pS. If bl,...,bh is a p-basis of T

» there exists & cofinite subfield h of L, and Hl,,.»,

over H, then Derq S/p8, S/p8) is a free 8/p3-module with the basgig
&

D/Dbl,.‘,?/a by s ?/5;;:]‘,..¢, 2/ o e D/E*fn. Hence ,

r

i) for Z——=> W, we find ul,...,b é?uar(g,o) St lgwp(p i

l,.‘.

...,Qn) p ond det Dilj);?.%. However condition ¢) from 0.3 is false.

1.0 Let usA——=3B be a local worphism of noetherien local rings
If u isregular, then u is formally swooth. The conve sge, Lnder the

s L

hypotbesi@ that A is a reg-ring-i.e the localisatio of formal swmo-

othhness- was conjectured in BGA,IV, 7.56. It became theorem 1.1 bel-

et

low, "one of the most brilliant theoremg about complete local rings"

(] p.1ss).,

i T ES SR TR a8 Gie) = Bt
1.1l THIOREM A-R-3 (il.4dndre, Jeitad, HoeBeydi). If a loczal morphisn

btd——2b i85 flat, the amecial fibre of 0 i9 seopbtrice L1y pepplar

30 R e e 4 s I e i o 45 Jrages
and the Cdﬂ‘7éoluﬂ morphlsnm Vid-=—h s Pegilaeasoben a1l the T
bres of u are peometrically regular, dies bodig o iiiler,




el

A.Grothendieck proved l.1 when the residue field of B is

finite Gver vhe rvegidie field k of A. In [ﬁﬁi] y1.1 was proved when

k is finite over p’ where p dis the characteristic exponeﬁt of k,henc
for char k=0 too; also the general case was reduced to 4 and B formal
power se?ies rings. Using the homology of algebras from “Aih M.André
eroved 131 in.general ClAZ 1) . 1n 1976 N.Radu gave another g”oat,cxln“
the good separability of the module of differentials ([SR é}). Imlﬁj}
see also [é] y Hedeydi proved 1.1 using only the Jacobian Criterion
of Nagata. In [‘51 the new idea is to reduce the proof of theorem 1;1

7 v 4 A 3
A;ki}le U8y A 38

y
D

to the cage when A and B are ¢

O
@
j@)
Q
=Y
Pk
o))
}_P
B
o
3
o,
bt
G
4]
o
)
5
2
Q
o)
(03]

} Loy oy L i -
to show that the fibre o

<
5
22
i
(6]
I
O
}J
6]

i

;...;
&
R

s
=Y
O
(s
35
o
O
&
b

d

N
0
o,
3

el
| J
1$)
H

gular ') via [Ni} « Namely, §;§pose A'comualns a field. By Cohen stru

ture thecrem and JGH,OIV, 19.7.23 there exigts a fofaally smooth lo-

cal @u rphism ViR ——> 8 of comple te reguler local rings and P€ Spec R

4 u=v &, 4. The field Aplis a regulaxn ping; hence, Q][ﬁﬂ

&P and D],.ﬁf,D
v -

n€Der 1 (R,R) s.t det(D, La>§f1.

o

1) 18 an R-module of finite type- and con
quently EGA, OlV’ 20.7.18 is valid and allows to extend Di TO some

A o - cua )t Bh6) o ™ A N & o
13l1Vd.JEJ.Oﬁg .D- \,Llf,(.,g J) ‘k.L“ (3 .l.\]:i .{.OL ,[.‘l,oo,..\.rﬂ LJJd Dlgsa,.)hl

it follows that the fibre of w in P(which is the fibre of u in Z210)

S & e ——
is regular,

]

L & doen not .contain a field, then (see [Bﬁ], D72 inate sl
of the above reduction, we can reduce l.l1 to the case when A and B

are complete 'and regular and we have to prove that the fibre of & in

AR B e ey sl L e eE > i ma e : AT i e s & 4
zero ig ﬁcumﬁiﬂlCdllJ regular. Since A does not comtain & field, then

S N p e P T ok o el I o o T = ¥y
enar A=U, Hepce the ning u§§ n(z.) whicn ig8 regular, is also geome-
> _
trically regular over G(A). [Sj],uncqua characieristic cage is
- a9 PR N N e Fa ol A a4 P |2 Vi - b
gsolved replecing the residue fiesld of A with a Qohen p-ring W; the

roof. works as in the case " k containg a field", but needs a variant

helds only if p#f‘, by ok i




e

Theorem 1.1 on the localization of formal smoothness is essen-

tial in the pngef ol a 1ot of significant regulles s a.o.: localine-
tion theorems for geometric B; lif4¥ing theorem for reg-rings or for
other P-rings in the Semimloc&l c&se;lliitih? theorems for excellent
rings or for other B-lent rings; excellentness of the rings with
Artin appf021ﬁatiom property (fov blbLlOb“uphJ see e. m.[@ﬂ] Vs

o2 n EGA"OIV’ 2255°§(gf%&ﬁ“in*“ﬁ%~%{

was proved that

pbrime ideal of

n morphisn BQ-«->(BQ) ig repu-

lar,i.e. B ig a reg-ring. We prove '%J[ﬁi] as follows It suffices to

show that for B a domain, the formal fibre of B in zero ig geome tri-—
cally repgular. If cher B=0, the proof i5 .simple (see e;gu[ﬁ],

sStep LIL or Zu@},/,

s

Let char BAO and K a finite field extension’ of a8 .

—

8}
finite B-algsbra E with BCE CK and Q(E ) nce B is a locsl domain

@ A
Let Q' be a prime ideal of %, lying over Q. Then =, s (By) .
: % g T
(‘{“

40

Hence K*“%'KQQBCng\COiHCidOS witth—~*»I£6§?(EO,f\eﬁvpla01nJ B,q
with E,Q', it suffices to ghow that the formal fibre Q(B) ————
Q(B)QQQ(BH) of BQ int zero ig regular..Let k be & field af coeffi-=
By g . e ;
cients in B; by the Cohen structure theorem, thers are tha‘undet§rw
minates X:(Zl,a..,X Jis umk/[f]] and & surjective morphism of k~a1gé~
bres hil—>B, P:Aer b dsg a prime i eal, since B is a dom nain. If P=0,
then(B.) is regular. Let PAO. °1~V(E) is regular,heﬂcenby [ﬁi} thers
(1) '“i,...,i‘méf’ Sete PR=(fy,00,8) )i (1) D,.0,D € Den(R,
R) s.t. (111) det (Dyf) & P. The trace Q' of @ in R includes P. De-
AN

nots S:(KQ'> and wvaR. ,—>8, u.Sa——§ CB ) the completion morphisms.

7N e Aoy o ~ . - 2 k3 : Q
Then S ig regular and (JQ) =3/P5e By fractiong and ¢'-cdic comple-

,,,,, : Bl %y : = - il
tion, every D ¢i~*>i{extends to 2 aerlvatlon Dot =00 el P o

Spec 3 1ying pver P. Then Faw,_(fl,cg.,i )uP, by (11) and det D j)

géP' by (iii). Hence o/iJ)g, i g reghlar ring, by [}Vi} Hence the



e st

L

fibre of u in Q ig regular (The case char B=0 can be solved as
0!

pSV)
(4]
O
Sl
D
-
S
il

B# 0, replacing [ﬁl] «+s DY 0.3 and Bﬁjl,th 2 85 dn 1.5) ot

)
ol LN?] it was proved that evVery complete noetherian ring
el

=t

A Gl e
. e .
Reg A ig open by Emﬁ]}T;the apply [ﬂéﬁ sUsing E%I 15, 3 cre

sults directly that Ree 4 ig open for every B-algebra A of finite

B has the property Reg-2. Nam a finite B-algebra,then

c\

iet & be & complete noetherian lgeal e, Y:(Yl,.ﬁ.;

ag.,Yr) indeterminates B=A [Y] y & maximal ideal of B and

AL
Tﬁen the completion i gorphism usC—a_ ig Teonlae,

Proof. Let P be a prime ideal of B included in

(S

. We have 1o

brove that the Tibre mor rphism v=u&k(P). k(D)*-eyk(})GE C is regu-

1ar.Leﬁ Pt be the Utace of P in a, Replacing 4,B with AP, B/RIB the
fibte ¥ docs vot change, A becomes a domain “ﬁd B remaing A [IJ, Let
L be a finite field extension of k(P). Let D be a finite B~algsbra
in L,including B and with (D)= L. Then IA@CC:L(Xbﬁxand we have to
'show that this ring is regular, Le"w:(Tj,..w,T ) be indeterminates

~

in a mayximal ideal, we car Ubboge. D 45 local.

’D

T8 iy equigharﬁctaris”io, then A containsg a coefficient field

3~ 1o ~ 4 ATy = 2 Iy e A4 e
>%1gtjﬂ tnen char 4=0, char 4/li=

g (K,pK,A/i).In both cases, there

are the indsterminates R:(kl,..,XﬁJ and a prime ideal I of R= n[[ﬁ]
b AR T G:K{?T,Y] and J, resp.y', the trace of J' resps.of
Tthe maximal ideal of Dy cang, ihea Q' dncludes J and T8 and D:(SjJ)AYu
Ll J=0, bhen B is rezgular. Let J£0. If char A:O, then also p?fJ.TLe
£ e DJ 15 ragulur,.Lenoe by Eﬁ]‘ﬂilﬁ and 0.4 thers are fj,‘,“,f

€u with J)[J,:‘(L?l,/\...,’g‘.])\;‘j- and ;\)1;.-;nﬂ)[ﬁ@i)@l’(?ﬂ,j) Bt Ue "(Dfa)ﬁ{ Jo




P

tions and Q'- srivation

adic conpletion,D, ,’t\nds to a D{:E-%nE with

dxlyeneylie Let N €3pec B with NNB=Js Then Jwa(L 9°.O,NF)&N and

i o~
J“t(J*£J)§f Hence (u/dE)E ig regular, by 111 Hence Lébﬁﬂ ig ro-
sular.
Remark . Agother proof of 1.2 and 1.5, 8lso ditterent from A£G,
+But all these three ;"oojf are basgsed on the same
(see L.U,£;] s 40.0,t0-9, p.Z’ or E}i
A homological oroof of 1.2 and 1.5 d1g given in [BR 2] .

loes
locek-vring

morphisns

.77
[SRE

al noetherian

. has 1P;

ey

o

el

C_L s

m

IJ.I::-»

stable by base

yIV,7.4.4) Let P be
33 e

e
£ oe

conditioﬂ
et 10 Bt 5

1t morphisms;

finite type.

change

();A
s

property
Very reghlix

iii)the =

1f A ig a noetherianh P-ring, then any A-algebra B of Tir
ig a P=ring 100. :
Proof.1lt puliices 40 take B=A [Y], with ¥ an indterminate. Let
HE€ llax B and We have to prove that the completion morphism
u:ﬁ >( iu resular. EV is localization of A“LXY; nence , re-
$ A Y il
Dluc¢;g 4 by AW, we can suppose that A,M is local. The morphism g3

:B—>B1'=B & “-A(ij , induced
Secmie s e e A e e e s s A et S
iii), and faltfully flat, Let
of canonical wmorpnisas gN,:

£ 579

=l al s

regul
faithfully
16D

gl et

Pelbeth Trom
L<b

g, ) 5
realice

£1g
Take JP=
d . ({Ter iii) see e.gn[?

P

e lt-Lfellows th

cegnl ap

Rl Y G i ¢
BGA,IV.

sSowme

other propext

d9D0ur“1 (d

, c

s (U;I>

, . “N
DYy A—-s A 15

e Nax B with W'/ B, The

~—%>"*l{, and u':B'yy — (¥

A
and (g ?')°

T

,,,,, },‘

<
4 ij

The

is a P-morphism, by i), Since
t u ls algo a P-morphien, b

U

in 1.45 then the eonditdens 1) ,00) 1i15) ar

o

Then 1.4 hec

],~I)4 5k

omple te hen-

bsd 1360/

still a IP-morphi

ome

G i o Tron

Lad

S, by

sm u' is
/\.

(5&?) dg

s

o

“LLI"O e

Lot

Ly

caulay,
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" Gorenstein,etc.
G ’
1.7 Remember that & noetherian ring 4 is called a Nagaet
(universally japanese in EGA) if A/P is japanese for any P& Bpee A,

The ring A is called Nor-2 if for every A-algebre B of finite type

verify'tbe openosa of Nor B for every finite‘Awalgebra By which d9
a domain). The following local-global pri ﬂciple LOg huﬁ“ﬁu ring

oy w

and its proof are 1m>1101twm included in T%é]

TOODOATMTAN o+ P DS N e o S R e IR P e e
PROPOSITION, A ﬁoenhc’lw ving A48 Neecaba iff A 18 Nor-2 and
A s BT ol e - 77 i
AM is Nagata for every mbﬂlm@l ideal U Qf A.

(Use e.ge. the leumata 3 ~ﬂd 4 from [_] D08 )

1

.8 Another corollary of 2.3 is the following proof of the theo

Pe (lﬁé}), If 4 is & noetherian Nagata ring, then every A=nloel

B of finite type is a B

(J

1t suffices to take B=A XK » with ¥ an indeterminute .Apply
1.7 Bvery B-algebra C of finite type is also an A-algebra of finite

(0%

type; hence Nor ¢ is open (1. 7)5 By Zarigki-Nagata theorem ([ﬁé},s@

D

L eage BGA, IV, 7.6:4 or [_] th.70,71), A is a red-ring. Hence B 1e-
mains a red-ring, by l.6. Again by Zariski-Nagata theorem and 1.7
follows that B is a Magate ring.

lag? .}J\:t }\:

>3 be as in Z%H 5| ,thel. Then the get flis(k,8) =

g<{Pé?5pec S k-—~5gSP g f@rmally smootb} 15 open dn

results from Ya) equivalent b)" in [@H ﬁ], thels
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