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I.IERA.TING TI{g BASTO: 1ONSTRUCTT,)N

by

fl$ihai Pirssner and fi iorin ?opa

fn t ro t luc t i -on

I - ,e t  N  c  ] t l  be  a"  pa . i r  o f  f  in i te  fac to rs .  Jones  de f  ined

in Lll the inrlex l lt. : wl of N in I ' t to be the

coupl ing corrsternt  of  i , l  in his repre$entat ion on f ,2( i , t )  .

I f  th is  index  is  
.  
f  ln i te ,  then the  t ra .ce  oreserv ing  cond. l t io *

n a f  e x n e c t a t i o n  o f  M '  o n t o  N  ,  r e g a r d . e d  a s  a n  o p e r a t o r
.)

on T, ' ( l ; i  )  ,  generates togother v ' ; i th l '5 tL f  in l te factor l lh .

Th is  fac to r  l s  ca l - led  in  Jones t  te rn i -no logy ' the  ex tens j -on

of i rT by 
_N 3r.d 

the construct ion of  % from I{  '  and N ,

the  bas j -c  cons t rucb ion .  The pa i r  T iC l , { t  has  the  rema. rkab}e

pronerty that h,tf : I i ' l l  = h* r Nl r $o thls pro:e-dr.rre may

be i te ra tec l  to  ge t  an  j .nc reas ing  sequence o f  f ln i te  f 'ac to rs

N  c  i i i  C i l ' I ,  C i d o  . . .  a n d "  t o g e t h e r  , ; v i t h  l t  a  s e q u e n c e  o f  p r o -
1 ( t

j e c t i o n s  * i €  H i * l  ,  i  2 r o ,  i n : p l - e n e n t i n g  t h e  c o n d i t i o n a l

e x p e c t a t i o n s  a t  c c $ s e c u t i v e  s t e p s ,

'  lVe  prove 1n  th is  pa .ner  tha t  in  th is  sequence o f  i ' a rc to rs

t h e  b a s j - c  e o n s t r u c t i c n  a r i s e s  p o r i o d l e a ) t v  f r o m  n  t o .  n

s t e p s ,  f o r  a , n 1 r  n .  I n  f a c t  ! ' / e  g i v e  a  f o n n u l a  f o r  a  p r o j e c t i o n

f *  in  M?n+ l -  tha t  inp lements  tne  cond i t i cna . l "  expec ta t ion

of  I {  on to  N r  f  i s  a  sca la r  mu l t in le  o f  the  wcrd .  o f
h nl l  t r

rnaxinal^ length in [* i l  o$i$Zn r  r l i ] is1u

r"., ..r d#:J \ ,f r ,  =  [ l ' t r l ' l J  2  ( e n e n - l . . e o ) ( e n " L € * . " e l ) . " ( * e * . . . € n )



2 .

iYe  ment ion  tha t  th is  rosu- l - t  v ras  ind .epende n t ly  ob ta ined 'b ,o

A.0cneanu tZ l  .  ' r ' l e  epp l ) "  th is  theoren to  shovr  tha t  l f  t i re

logar i thm o f  the  ind .ex  IHI :NJ  equa ls  t ] re  re la t i ve  en"bropy
r t l r t l r r \  BH ( ] ' r t l l \ . )  c o n s r d e r o d  i o  [ : 1  ,  t h e n  e n e  a l s o  h a s  H ( i i " ^ t  N )  =

l1r
-l -^ f r,n . l*1i  ; . L r r L i { r r l r r \ J  f o r  e v e r y  n  S i n c e  t h i s  e e u a l i t S r  c h r l r a e t e r i s e $  . .

an  ex t remal  case f  o r  an  inc lus ion  o f  fac to rs ,  f rom the  ana*

lvs is  o f  such s i tu .q t lo r r  in  [31  v ' ie  deduce severa ] -  n roner t j .esp *  " y

of the inclusicn t$-C i ' ln and of the relative coninutant N'ft i l ,, i ,, .

$1._lrgJ-iry*.narle s

t . ,  
.'Thrcugh.out 

th is pap'er.  Lf  wiLl  be a f in i te factor rry i t l r

n o r m a l i z e d  t r a c e  t  ,  v ( t )  = ' { .  .  t $ e  d . e n o t e  b : l  I l x t t . ,  F
n , / n  

'  I

= T(xox) ' ' '  t  
, .  x€  i r {  u  the  } i iLber t  nor in  g iven  by  E

and"  by  lZ ( l ' ; i ne)  the  l l i l ber t  space comple t ion  o f  L {  in  th is

norm.  The canon ica l  qon iugat ion  o f  f ,2 ( i l i ,U)  j . s '  denoted  b31
r') 

,c* and sat isf i-esJ  , . I t  a c t s  o n  i , l  L , ' ( l , l u z )  b y  J x  =  x *  a n d  s a t i s :

J l {  J = iu l t  .  In fact ,  i f  we rega:"c l  -$? &s act inn b;r  lef t

mult ip l" icat i -on on I ,Z( lu l , t )  t i ren for  x.6 ld i  ,  , IxJ j -s the

ope.rator of  r ight  n iu l t in l ica. t ion b3, *o ?

NAf f  i r i i l ]  denote  a  subfac tor  o f  i \ {  y r i th  { - * ,  *  4* -' *:"" *l l  * "T{

and S*,  wi l l .  be the unique nonnal  'brucn prese::v ing condl*
i\i

t i r :n4. l  expCIotat ion of  i r t  cnto iY .  Note that  .  i i *  is  just

the  res t r i c t  j . :n  t .o  i i i  C .  l2  ( , , , i ,  U)  o f  the  or thogcn i : . ) .  n rc  jec t ,  j .on
. ) D

e n r  o f  T , ' ( i l r u )  o n t o  I . , ' ( N r U )  ( t t r e  c l o s u r e  o f  N  i n
l \ .

l r t  ( , : : , n )  )  .  T h e  c o n d i t i o n a l  s x p e  c t a t i o n E i q  ,  t h r i  n r o  j c c t i o n

*N :rnd the conjugat l rn J are rerr , i te i r ]  bJ, '  t i re pronert ies



1

( i )  i r

( i i )

(  i i i )

e ntX

T
U

6 l ! {  t h e n  x d N

€ * ,  =  8 , , ( x ) e . . "
r \  t \ .  I ' i

con;r;utes rolith

uNx = *uN

? d"enotes the rrni.qrne .

t h  n  t f  n Y 1 . l  e  -  - - - - i  - -e  r , * . . - e r v l n g  c o n -

i {  . ,  then

/ \
E  \ e N x i  =

1 I I

r  x €

cl

1\

lYt

- \
rf t i ie index of N 1n ' i!: 

i-r: f ini"te then froni the nair

N4 l i l  one  ean cons t ruc t  a  ne& '  Da i r  o f '  f  in i 'be  fac to rs  } l  c  l io
I

vr i th the sa,1l ie incex fHn r l , {J *  [ r ,g:rg1 .  fhe ionstruct lcn of

E  ls  ca l led  the  bas ic  cons t ruc t ion  i : .nd  the .  fac to r

is  ca l led .  the  ex tens ion  o f  I , f  by  N r

T ie  : 'eca l l  f ron  [ l J  the  de f in i t lon  .snr ]  mn. in  n rn461p{ js6

1 . 1  ? r o p o s i t i o n ,  I e f  i n e $ la  =  J  NrJ  "  Then  we  he i ve l

10 1cl = (tt q"r tul i l  )" ;

zo ft'tn rirll * [:r:rltl ancl if

lfr-o f

and Ei,t

lrln ont o Ils( e* ) =

,[i,ii: nl *a'u( 
* )

b e  r n a . d e  m o r e  n r e c i s e :

el-einent in l ' j i- i  s a
" ' 1 ,  + v

f  n rm  a -a  r r  
'

^ '-l{il t X t ,1i {t i{T

abstract ly  a ls  the unlq.ue

i ' ,hich c cntains i ' i

f i . r ' r . J T  t  ' {
r . a ' , . r , {  r  U C r } J =  O

n n A  r i r i  * h  + 1 ^
t  * { & ! /  r r  4  u r r  r r . 0  I . F t i C e

; rormal ized trace on l i l [

r l i t l ona l  exnec ta t ion  o f .

t':'r ' ^rl -L '!= [i; ' [  i \J 
"j,1 

Or efiui.va.1ent11'

for evcr). ' x € i l i  .

Far t  10  o f  th is  p ropos i " t ion  ean

by [3 ]  , .  i f  n+,1- ] ,  [ i i l : i 'TJ then any

sum of at inost ..r? monorni:.1-ri of the

N,cte tha. t  l r in cah el lso be cl .escr ibed

(up to  i :+or , ' c t rnh i i 'm)  f in i te  fac to r  l i l n

and a nro j  \ t  ct  ion.  0 $o that f l , i *  I  l i l

f o T  - ' r g l l  
r  c x e  =  i l * ( x ) e  f o r  x € T , i
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U sat is fy ing,  f ,  (ex. )  =  lmn rC 
*L 

t (x)  ,  x€ t l l  .  In  f :

f t i c t  one o f  the  conc l j . t ions  j . s  red i . rndant  :  the  nex t  p ropo*

,$i t icn g1ves t lvo equivalent v, 'a.y$ of  character is ing I l , {  .

P

'  1-r2 P{guo.g+t j .on Let NC } i ,1 be a peir  of  f in i te f ,ac-

tcrs ' , * i i th f  in i te ind.ex-and r l l { "  the extension of  I {  by N.

r ,et  f , '  be & f in i te factor that  ccntains L, l  and v, , i th nor-

mal ized .  t ra .ee  f  ,  .Ern l  the  i  - " "nserv in*g  conr l  j_ t iona l  exr rec-
' l t a ,

tat ion of .  l , [  onto I rT an.d e C i , ,1 an ort l rogonal .  "pro ject ion.

'  Then the fol l ,orv ing eondi t ions ere eqr j iva. lent  I

' lc 
There exists an isomor.phj-sin S of % onto f ,q

such  tha t  S ( * )  =  x  fo r  x6  1T  anc t  
$  

( * * )  =  I  .
A

2 "  ( i )  [ e r ] r ] =  o  r  , : , ' € i {  i

( i i )  E, i (e) = ! f :u]- t  { i r  = f i ,s:NJ-t  t i , r  ,

3 0  ( i )  u l *  =  E * ( x ) e  ,  x €  T l  a n d  e  I  0  ;

( i i )  e and i r f  gener, , r"be tr  as a von Neu:: iann

i l l g e b r a .

tq? , i f  :  10  inp l ies  20  Lry  the  knou;n  nrone: : t ies  o f

a
" N  o

'  n  ^  t ^ . ll i unnose 2"  hc l_ds"  T 'hen b1 i  : l_ .8  o f  [ ] l  \4 ,e  ge t  tha t

t r  is  the extension of  t r i  b]r  ? where F = te! ,n i l :  .  But

( i )  i n n l l e s  t h e t  N € p  a n d  s i n c e  [ , r ' l : p 3  =  l f r : i ; r J  =  l l , ' ' : l { l
p r e c o n c l u r l e t h a t  N = p , T h u s  e . a n d  t d  g e n e r a t e  f r  a s

a von Neu:nann ar lgelbra re,nd again by l .E cf  [3J *e set

S6(x)  =  exe  ,  fo r  every  xd  i r i  o
I\
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Assume that Jo holr1s,  usi .ng the "othonormal basis, l

o f  t ,3 l  1 t  i s  easy  to  see tha t  the  map $ : l , rn - - l r  f r

that  sends r  - ,4  * i . W l i  t o  L  * i u y i  i s  a  w e l l  d e f i n e d

x-homonorph is rn .  t / to reover  +  sa t ls f les  o r  + (x )  =  $  ( *x )

f o r  e v e r y  m 6 I r T  x € h T [  .  T h i s  s h o w s  t h a t  { t t l  i s

e .  p ro  jee t lon  tha t  conmutes .  w; i th  e  and .  r r r i th  every .  .n€  Ig .

By  ( i i )  we ccnc luce  tha t  Sr l l  i s  cen t ra l  and"  s lnce  
'

e  I  o  a n d  M  i s  a  f a c t o r  4 ( l )  =  l -  t h i s  i m p l i e s  n o u ,
t -

that  4(* )  =  $( in lL)  =  
"  S( t ) '=  m and.  s ince obv i .ous ly

d ( e * )  =  e lYe get  10 .

q . e , d .

The.pair  I ' f  (  ! ' i t  having f in i te ind.ex one can corrstruct

1 ts  ex tens ion  i r inC t1 l ,  and in  fac t  . the  who le  p rocedure  mav

be i te ra ted .  to  ge l  an  inc rees ing  se ;quCInce o f  f in l te  fac to rs

N C i "d l  C I ,T . "  l i52  c  . . .  ,  and  orbhogona l  .p ro  jec t ions  * i4  i * i *L  ,

i )  o (nf  = l I_1,  } f i  = iso) in rnrhich i tTi* l_ is the extension

of irt. bv Hi__{- or in other worrls ir{i*t and *i are
.1  "  1- ' I

obta . incd  by  the  b i+s ic  cens t ruc t icn  f : 'o ;n  the .  pa i r  t { i - tC  H i  4

Thus i f  T c ienotes'-bhe unic lL ie not ' : i ta, l ized tr-r :ce on 
?, ' , t r -

Fnd i l , ,n  'b t re  E  -p reserv in .T  cor rd i t ionr ,L l  e rnec ta t ion  o f, r ,  ._ t

i d : -  c n t o  i l i - ! _  ,  i l o  ,  t h o n :

( a )  f e ' i ' 3  =  o  f c r  ] ' € l i i - t  ;

( n )  e i x e i  -  u , , r .  
" ( x ) e ,  

1  x € i ' .  ;
J . -  J ,

(c )  f l i l . *0 . : l , l r1  :  

- [ , i : r t I  
and"  E ; , , ;  (e r )  =  [ i { :NJ* t  L

. t
.  In  nery-b i "cu ln . r  i t  fo l - l ,o t ' is  thot  the sequence of  pro iec*

t i o n s  * i  s a t i s f i e s . I u i - , u r j J  o  , t + - j 1 1  a  ,  e i e i + { _ n ] i =



!

t

= [ i i : i i J - ' " ' - e " .  a n d .  T ( e! f " l

' i n  4  a  ar r l  * t " o r e 1 r " t e i * l _

( t h e r e  & r e  n + l - , p r o d r r . c t s  o f

thes is  the  proc luc t  o f  n+ t

c lecreas ing  or .aer ) .  ,Te  nu t fk

for everr')," wordi f i  )

$2 ,  n -s ten  ex tens j .ons

In th is sect ion v;e prove the; maln resul . t  of  the pa,per :

r i rs srho$/ th&"b i f  i , [d i {  C]: i {C , . ,  is  the sequence of  f in i te

fac to rs  ob ta inec l  by  i te ra t ing  the  bas ic  cons t ruc t ion  as  in

$1.  then,  fo r  eaeh n t  o  ,  H2n+ l -  i s  the  ex tens ion  o f  r { r ,

b y  N .  r n  f a c t  l v e  g i v e  f i n  e x p i i c l t  f o . r m u r a  f o r  a  p r o j e c t l o n

fr ,  € iu l2rr*{ .  r ' rh ich lnp1-enents the cond j - t ional  bx: :ectat ion of

I ' ln onto l t  and genera. tes ur i th l ln 
]n* 

factor '  i {zool-  :

f 'n wi l " l  be e scalar r : :u l . t ip le of  the , ; ' ;ord of  ma,xirna.r  length

1n eo ,  e .1 ,  .  .  .  ,  o2n  'whore  u i  G l f i * !_  a re  as ,  in  $1 .

i ' , Je  c ie f lne  fc r  each nr l r )  o  the  e lement

( e n u k e n * k * t ' '  e o )  (  e n + k + l e n + . k ' '  6 ] r + l  ) ' '  ( e z n + k e a n + k * l - .  .  € n + k )
-rl

"n

'paranthesis and in each

c o n s e c u t i v e  p r o  j e c t i o n s

paran*

e .  i n
I

UT'o'2n+k.+'{-

n f  n + f i  )
=. Ir:ruJ*-?P*'gf €

a n d  f  = f o d i {* n  * n  s  " ' 2 n + 1  '

.  To  nrove tha t  the  above r ie f ined.  f . ,  i i nn1ements  the

bas j "c  cons t ruc t ion  in  the  ex tens ion  c l f  t { r ,  b ; r  N  r  wc  on t } r

have to shovi  that  fo j -s an ort l icgcnal  pro ject i "on,  that

fn€ i{ 'n i ' , i t jn+t and tirat i l1,, i (frr) = f i l ir. l l , i3-i l = [],Tzr.+l: i., i ,J 
-t

""n
( s e e  T l r o r o s i t i . r n  1 . 4 ) .  . t { o t e  t h a t  s i n c e  f l : r o a : i , i r l  =  [ ] , : : l t J ,

hy  the  rnu l t ip l i ca t l ve  n roper t ; , '  o f  the  lndex  v re  do  have

f i l ' : r . , rNJ  =  [ : r l rNJ"* [  =  [ l i ; r r * t : i ; i r J .  To  prove -bhe o ther  p roDer -

t ies ,  J -e i t  us  f i . r i , t  rec l , r , l . l .  scme fac 'bs  about  the  a lgebra  ge*  
\

n i : r a te r : .  by  t * r l r > ,o  ( c t ' .  t t l ) .



..i ,riffid"!

Fl

l o

. ' i  A  f i n l t e  ' c roduc t  0 f  * i t o  i s  ca l l -ed

cal led a reducecl  v , ;ord i f  i t  is  o f  nr in imal

grameticel r l -r les eiei t l -ei  e--,  ui  r  *1.***,
^ a

en, e. ie i  t 'or  l i -  j tp 2 Note th; : , t  a.ny v;ord
t t -

t in le  o f  a .  r .educed r ruord . .  Jones  .  po in teC out

that red"uced" l* ;ords can be uniquely v, i r i t ten

I  Orm

j i -o l  >  j i  ,

prove the theoreni  vre f j - r$t

e lemen 'cs .  Th is  1 , , i l }  bo  an

J e nnmr,L s

a  word  ,  f t  le

l .ength for  the

and.  e . {e .  c " ,+
* J

is a sce-lar mul-

(  i n  [ r ]  ,  4  . 1 . 4 )

in  the  o rde red

that

y + L '

i+{-

( x ) ( * i r * i r * l . ' * o n )  (  e i z * i r * u " '  * o r  
1  
"  t * i o * i o - L . ' * u n )

prhere i l ) k:. , k i* l  > k l  '

i ; ' rom th is  descr lp t ion  o f  . reduced lvords  i t  fo l lo r , , rs

i f  a  re r juced l . rc rd  w is  rn ; r i - t ten  r , - r i th  the  le t te rs  € r . r€

.  .  .  ;  € - .

t imes i .n

t l l n

. : A  i n i q { -c r l .  J  v  t l t  u

next t 'r ' lc

( s  >  r )  t h e n  o r + i  a n d "  ' e s - i  a p p e a r  a t  m o s t

W .

2.1 temrag g:  is  the unlque recluceci  v.rord of  n ia.x inral
' L

r e n g r n  ] - n  0 o r € r l r . . . r e 2 n

P r o o f  r '  $ i n c o  b y  i i e f i n i t i o . n  g :  i s
. *"n

i t  i s  a  reduced r .u io rd"  J \s  no ter i  be fore  i f

re rJ ,uced wcr r l  in  €o ,  € rJ - ,  .  .  .  ,  e2n  then eo ,  CIAn a .ppear  a t  mor i ; t

once in wi  ,  eI ,  e;2n_i '  at  most t l . ; ice ancl  i l lore generel ly

ekre ' .n . - ln  n t  rnoet  k+ l  "b i ines .  Thus  the  length  o f  w is

a t  moE; t  eqr " ra l  to  1 -+2+.  .  n r r ] * (n+1- )+n+,  .  "+ ! l *1  and.  by  inspec-

show tha t  4  a re  se l f -

easy  consequence o f  the

d l \tne r orni \ 1r I

1s  an  arb i t ra ry

n f

w



n

t in .g  the  cond j . t i .ons

it follor';s th.. 'rt t1e

o t r ta ined uhen i i  r

i r l r - i, J j . ? * t i  '  J i . + l - )  J i  ,

o :n l1 '  rec luced v, rord w

n r i  ,  k u  3  i  ,  i . e .*

k l * , '  )  k n  o f  ( x )* '  -  *tr i
v;ithY-l.en,:=lth is

1'/ = ,rO

q , e . d .

2 :2. Lqrn$q.

then the  red .uced

I f w i s

for.m of

P r o o f : Inrle ed. , vr,x

N T anr l  s ince  ( r i x ;x  =

T n

rrg have

.Lf gUne nt

?..3, Iterl i8a 0 t
8r ,  =  \e

a reducec ' l  word  in  €o ,  o f l - ,  .  .  r  ,  e1n

1'\r '" has the same length as w .

ha.s I  e ln,qth n t  most enua. j"  to that

u /  ,  t h e  s t e t e n e n t  f  o l l o v i s .

f r ' ^ A
r { r 1 7 r l } o

1 - O
n e n + - l - "  * z n j g r r * L (  * a r r * a " ' ' * r r ) '

fo l lc t rys b] '  nushing *Zn t ,o the

s e e m  t o  b n  o f  i n t e : r e s t  a r e

l  - ,  ,  2 ,  \= \  *nsn- l ! - ,  .  eo  )g ; ' r - te  4e?, ,  * r rJ

n Y ' / 1  r r a  * h q : , *  6 - 01. , r r  v  vE r r r ! r : *  r  g ' ;  e re  sca lAr  mUl t ip l -es  Of  p rc  jeCt iOnS

4 - n  ^ ^ , n h i l + - ^  t  O '  2r ,u  uur ruuLe \g ; )  .  To  i l .o  th :Ls  l re  use  an  induc t ion

baser l  on  the  fo rnu la :

"pq,o-?.f i
left s"s much

: lhe eQuir l i t3r

a.s  i ros$i .b l .e  ,

Q . € " t t .

2.4  i len l rk  sone o ther '  ' L i . ;oe#u i , . . l . i t i es  th i l t  can  1 : *  0b*

tEr ined.  in  a  s i :n : i1 ; ; . r  f ' ash ion  i , ind

n ng i  =  g " - r ( o a r . "  .  . € n { ^ l - )  ( e o .  .  . u n )



To shovr '  "bhat g:  pro ject*  cn f l  scal .ar  ln . l , t^  r , - {e nrove:* f t  
n  Y '

?:? r,gryfig Hi,r^ (si) = [rn:l;I-(n+1-)*]*o . t{ore s*our*.:-ry
" ' 2 n  1 4  r r * . L

Ei{2rr*ir{e}l = fn:rd 
*(n+l-)*fi:t 

,

i?roof. :  r t  is enoush to prove that Et, t^ {si)  = A**ts}_1,

where I  = gl; i : ;vJ-q-, bec.ause the r 'est of *n* '3**t*,n*rrt  fol lor, ;s

by s tar t ing the $eql lence of  
' fa .c tors  

f "on,  Mk- tg  Hi ,  ,  lns ter ld

of N = I {_{-€lr1o = i1 i

rVe f j . rst  sholq that  f ,or  j  > p;1c+{.  ! - r , -e have r :

( * x )  ( e * e *  r  F  ) / , .  a  . € , , . , . )  =  A  ( e.  J , r * a ' ' u i . ) ( * p u p - l " * k n L )  
=  I  ( e o - e ' . ' ' e n )  ( e i . .  . e k * t ) .

. . , .  . .  , . . .  .  . - .  . , , * i t iq$tJr ' ; "

Q . e . d .



.." .,x

'1 
n

lTe can novY Drove the th.eor.em.

2 ,6  Theore rn  l e t  N  C  i i f  be  a r )a i r  o f  f in i te  fac to rs

w i t h  [ t ! 1 t ; $ l J  4  o o  ,  L € t  N q  t f  a \ .  . .  "  b e  t h e  s e q u e n c e

o f  f i n i t e  f a c t o r s  o b t a i n e d  b y  i t e r a t i n g  t h e . b a s l c  c o n $ t r u c *

t ion  anr l  * i€  i f iuL .  the  pro iec t i rn  im l r le rnent ing  the  cond i -

t lona l .  oxpec ta t ion  o f  .  l l f ,  op to  t { r *U a t  each s tep  o f  the

bas ic  cons t ruc t ion  as  in  $1 .  fo r  j - ;  o  ( } * *U =  N ,  1 {o  *  l . { )  .
sLq*4 )

I ,e t  f r ,  *  [ f ' { :N l -? - * ' ( * r ru r r -L . . *o , )  ( * . r * t tn . .€1) . .  ( *2 r r *z r r * iL .  * * r r )
,  n t rG r,l 'n+L . Then i{Ar.*l- ls the extensicn of l ir. by N anil

f r r€  $? . r * t  1s  the  pro i *c t ion  tha t  imn ' lements :  the  cona l t iona . l

exirgctat ion of  l r in onto N ,  . i .e.  f r r€ Ntn I - I r r r*U ,  f r rxfr ,  =

t l ru (x ) r r ,  ,  x6 l r i r ,  ,  E i , , , . ^ ( f r r )  =  [ r tn : t \ i ] - t  and  H2r r * t  =  ( ru r ru f  f r r j  ) , , ." 'n

?roof:  i lntg r ,v i11 Tl rove  the  theorem by  jnd ,uc t ion  over

" ) : ,  
I f  n

A;,:gugte the

a.nd. e =
n

v io rd  i n  e  re
.  ( )  4 t r a '

fo l lo ls thet  f r ,  €

i{2"*t 'f l  I '12"*L '

= o then f '
0 5 * o

stateinent is '  t ru.e uj l
-n( n+-l- )

A  t  . S l n c e  f ^

and ne have noth ing * .1 '  prove.

to 
. :r*t  let A = [r , i :  N] 

- t

- , . O , _ l o= .rrs* a.nci g; ]-s e

,  e 'n ,  rorhich a. l l  comrnute vr i th N ,  i t

i \  |  f i  mpn+t .  i ' lote aLso t i r "a, t  s ince e2n

*Zr,  cornmutes with gf i - f  e TJZ._I_ .  To

$ee that 's ;  is  seLfad jo lnt  r ,v€ Lrs€ . l ,eraina z.? to okrta. in

that t ;  "  has the s* i lne length as gl  and thus by lemma

g; = (Al l *  .  i iur t l rer  lernma 4.3 imnt ies that  t* f l lZ : :  g;

= (  enen*3- '  ' *an- l )  * i * t  (  *?.r*2 n- ,1.  '  '  t 'n* tenen+t '  .  *an*t*zr ,  )g3-t
( . ' . r - t . .  . ,  e. r , )  = ' . \n(  err*ool .  "  *2rr*L )  g l_t*errg l - . t (  uar, - -0 .  .  .  en)

: =  A n ( € n e n + l - . . u 2 . , ) ( n [ - 1 ) 2 ( *  ? - n - L .  .  " * n )  =

2 . 1

X O
'*n



i"+s*s!il
;. ,.i*!i*ii"r

1 ] .

-  n  - 1  . , ^ 0  t ^  ^  \  1 I 1 ^ - t  - Ox  A ' ^ " o ] r ( e n e n r { _ .  . u 2 r r ) g " * t ( * z r r - I - .  . o r . , )  =  } ' c r r * 1 8 -  =

Thus f  . ^  =  c .E :  i s  a  s< ; l fe :d .  jo in t  p ro  jec t lon  in
n l1"n

i r lext  lse a,pply recursivoly lemraa 2.5 to Set

4 oc ^  S -
I  T  J " I

1\T | r'r }il
t \  r .  t r t / ) - , O  o

Eiri*(frr) * tos,nr,(gl) = tnfir,lrrEi,irn(*f,) - c* An+tsurr(a[**.)

; cr, trn*t'H*'l,Trrr*a(*1-r) *

= . r ,  A( *+1)+ 'n+  " ' v2  n , ,n - (s f ; )

n  1  
(n+r ' * *guo( *1 - r )  =  . . ,  s

* n  1 ( n + t ) + n + . , + ?  { J 1 o r r ( e o )  a

. n+{- a
A -l'1

n n

( i , ,e  usec l  that  g ;  =  ur r )  .

l , l ioreover by [ :-1 ,  [ i ' l 'nur:t : l rr1

f r , i ,N1I1+l '  =  T- i  [ l l r *n : ; , :11 = t l t r r : t t ]  .L ; j : ' r {  
o * i t n

TT ^ ltor*t: l f i11 =
n s 1  * z n

tl .ia

4 1

us lng

i { v  n ro " !3os i t i cn  1 .?  the  res t  c f  t he  n rope r . t . i - es  o f  f -  f o l l on '
. . r , 1  v *  q  i )

automa,t icr :" l }y .

q . e . d ,

2. "7 i le ;sark lTe coul - i i  inc" l "u*e l the proof  'o f
L?6

I I

i n  t he  i n i l uc 'b ion  a rgunen t  .  Tn r leeC $y  l e in rn i l  2 .3  and

e l i - 1  * ( , u l * n ) n  a n d  [ * r o , s l , * r 1  = C I  v ' ' i e s e t

t sf ) " ,* ene*+r-' " *zrr( f;r1-r ) 
**?rr*1* 

zn-,,

;  e n e n * l ' '  e 2 o $ ! r * t c l n * l '  o  " f ; r ,

. e  : :
n

o
{T

lTe nrel'ere cl ho', ' , ' 'ev€]r the cleriuci ive argu.ment of I etnma's 2 " 1



J- --i$t ::

l * 2 .

: i nd "  2  "2  f i s  i t  1 l : . t i n t s  , l L i t  soxne  p ropo r t te$  o f  f *  o  .. r t

$ :1 .  $ .one  l l n l i c i r t i c ,ns

In  th is  sec t ion  r ' ,e  de : : i ve  scme con*qequence$ on  the  in -

:  c l -usion l I  CHo 
"?e 

coirs ic ler  the ca$e r . ,uhen t fae rel* i t ive
-  r . . . - .  - - \e n t r c l y  I I ( l ' 1 t i ' i )  c o l l s j c l e r e d  i n  [ 3 X  s a t j . s f i e s  ] f ( I r i I N )  =

-  e , , ,  * , != lnU : l \  l  ,  / i t ]  i rnncr tn.nt  .ca.se r ' ;hen th ls  enui , i l i ty  oceu-rs  is

w h e u  i , t r t f l l i  =  S  ( c f .  t 3 ? .  i l i p s f  i , , : s  c c r l . n u t e  t h e  r e l . a t i . v e

e n t r c ' p v  f r o r n  n  t o  n  s t e p s ,  .

J" l_ ' i t leqqq,q f  f  n( i : ' : t1{) = :"n[; : :wJ then H(iuir . .nL\ i ,T**tr)  =.

= t-nf i i rr*o: lr i , .*11 ,  for.  ever},  rr ,k b o " In part icular

U(irl,.I l"l) = rn[i ' initl l ,rnd. H(i{klr,{o*4 ) * ln[i:l,.ri{u*fJ o fior

e v e r ; y  k l o  ,

. .  : -*a

q.  {qo .o f :  i l e  f i r s t  p rove  tha t  H( i?Tn l ] l { )  ^ i  rn f r in l ru " l  .  BJn '

"  4 ,4  in  L3 ' !  and t i : .eorem 2 ,6  n  i t  i s  enough to  r rove  th .e . t

^ Fi l  (  t '  \  *  On+l-*  c. l - i  nn-,  l . [ r  a l i i  ^ .  i r i t t  a.  l ' , i-. l lT16:,r \ ' , .  /  A rrn * Sinc.: l ; ' i l  n I ' lzn.ut ( I{ l-On i j i2rr.u{., C' n : ' " ' l ] n + { ^  L L  " 2 n + a

e c ,r l . tnl l l l?nuir_ r-. 'e ]rnve El1;,*,. : ,rn"o = ff i , , ;ur,, ,rrn*u .

'X i r i 1  
"n i . 4^  -  ,  

'  s  '  ' l i l T , r r l ,T^  '  f i  j ' ncu  oo  apnea ls  on l y  once' "n -1 " '  ' 2n+ t  '  - -  "2n+3_

/ \
l n  r - r "  e n r l  i , l - .  ( p  )  -  t t  n . n r J  e . f  

' . t  i { -  { ' , ) J _ l - O i , - i i
r:'fi -1. ll! r]" \ " ^ ,t .j , , r . n + *  . - o '  . , t - . -  c i r r ( r  t j _ s ' - i - { -  ,  L U  r c

u ! l ( , { .  u



J7- -' .::'*- l---:r:ffi

t <
* J  a

i i r ,  , n i ' r z r , * - t ( i r l )  -  ( * n ' ' " * t  l i i , , , * i , r z r r * { - ( e o )  ) ( * r . ^ r l . n . ' ' ( } { . ) .  '  '

s .  o  (  * r .no ln-{ - .  .  * r r )  .  I Is in .c  Rci " , ,  t ,he ses}e c . t rnputat ions iL$ in

the r r roof  c f  2 .6  1t  fo i - - io l rs  thr+t  i l l i , * i ,Zn.nLts l l  '=  
.1 tu{s} ._ tv . r ! u  l l !  \ / v | J r

l ) . r  i  n , : l r r n . l - ' i  r nD;,' rrruuL: Laur ii fo.l-lorvs il 'at 8,,:;n,,irr*"0(*l) = .A**18.',,;r,l, izr,..r{-ts}_ol

= I  
t* l t l i ' , , , ; f t i ' ' izn+[It  

j ini . ier,*r.{s}-n) = ^n+1 A*. i tn;n],r2rr*,r  ts?;-r) =

*  . ! . .  7  x( r i+ ,  )+ ' * . ,+1-  r  lnd th 'us El ,p i , , t r r r *o(* r r )  *  r *+{X" ,  ,

F'ron the equir: l . j . t i^c'  i l (Urrtnt) y tnf l i , t rr : t ' l ]  *  1" o€U{i ir ;1t. ,-n,J
3= [, rn t*.'- : tir-fl , b,,, q3. , nnri 4 .1. in [,: ] ,,ve ci e duce

o 4 1 { n

$ f l  l .n f  ' :  .  : l l i * i l  "  Thu.s  e1 l .  these inequD. ] i t  j -es  e re  e i tux - .-  
o t i s r i

l . j . t  j ,es en,L i ' rorn 1{( i i i t tn i - - t )  g 1"Lr, '  .  : t r , i .  * {1 i t  fo l lorvs " i ;h; i 'b

i n f ' a c t  I i ( l , l . l ] i i  , . )  =  t n f : ' , 1 . : -  
' !

' ' \ ' ' - i r " i * r . .  r n  1 l { i - . " 1 1  f ' c : :  a l l  i } o

The p-;ener i : - l  i "or :nul i i '  i { (1 i1.^ I  r .  \  -  1" ' f - ' r  ' r ' {  1.  r l r u  a . : , v i ! ! r  r . . , i  . .  . , , , n + l t  t , , k _ t  /  .  - r r L , r , i l + k . . t r k * l . J

i l ro  c f  ,  s r inc e

, r i e  have  l { ( i l l r - l i i k *4 - )  = .  f n [ - , ; , - i i i r , . *11  an r l .  s i . n . cc ' , - re  can  $ba r t

.  thc $e( lu .ence f ' rorn thr :  j .nc lu : ; ior ,  i .T  c  } , '  inste i ic l  o f  l l  C j ; ii l  ' " t ]<-11- - 
"- i , ;  ,

r ! - a ^ 't . i a v a $ a

-l ,i_."Qoru_1.!Lru f:rit tU 4rrr he ii.$ 1n throreu 3.{ l,et

J*  be  t l i e  c i i ncn i . c ; -1  c :>n  j u , . l n t i on  on  i , 21 : l , : n  ,  f  )  .  i i i r r : ncsc

E ln f i ' i r : i1 , . * , ,  1  = r - i ( i ; , .1 r ' r )  S  [ .  i { ( ] , r i1 ; i i rn )  n4c$r -sn  os j  &  n



1

i t l?r . r r  i r r  r :e , r rese.nted on : :2  i i , : , r ,  T)  r . ic  that  to  co:L1c j , je  i , * . i th

the ] :as ic  eonstr*c t io*  c f  r \ i  c i ' r l  ,  Then lve hEive r

( i )  i l c r  c : v r ) l ^ i ,  p rc  j cc t  j - on  f  €  l { r  6  1 { :  f  l i r i  r  , : 19 , . , "1  : :

[ i " l r r : i { J E ( r ' ) 2 ,  

- ' ' ' *  t  l l t t i n / t ; t t 1 ' l

(  i i  )  Tr i r :  a l r t i isoncrn j i r -s j rn '  j . f  r  n  r , , r rg  *  h*-?, I r ,xJr r  €  ; r  r  f r  i r2n"L

i s  t race  n rose rv i -ng  ;

( j . i . j . )  l r o : :  eve r ) '  k l o  t he re  ex j - s l1 ; s  e  . l ; r a , ce  i r re i l eyv inE

isonioi"nhii .r ir i  i ' i t  n l , i i  $ x r-**1 x' e l t t_*Ln i, ik Eio thi,: t  for every

i n i n j . r n a - L p r o j < + c t i o n  f e ; ; r n i , l ,  f l : . ,  " e  ? r . ,  ' ! l ; ,  \  T, , i .  j ' t l \ f . J  =  L ( j , i i t i , t 8 ( r ' , . ( . - { . ) f ,  J  "

i _ rq€ :  By  4  "5  i n  [  3  1  the  cond . i t i o ru  : i ( i ; i - l i { )  =' 
Jl r

.  0 "  -  . . . ! t=  l n f i r r r i j l  j - s  e q u j . v n r e n t  t o  t l i e  i i b o v e  c c n r r . i t j . o r r s  ( r )  a n d

(  j . i  )  .  ' l t ] ' rer ]  ( i  l i  )  rc t  lows b;1,  ( i  )  ,  ( i i  )  and by tho farc t

tnn . t  n ; i ven  i : : n r i  ' b rnce  
n rese rv i i l g  i t f l t i r r ; t l r r c roh j . sn  be1 ;1 , ; . c i . r  t i r o

f i n j ' i ; c  r j i : i r e r i s i on ; f  ; :  1 .gcb r .a , r  t h t . . : , e l  e : : i s , ; , r , s  { : "  t r ; r . ce  p rcse : r v ing

i s c ' : r o r i r i r i s ; q  b e t r  e e r n  t h o i i i  i ; h r c i r  n c t s  o n  t h e  c e n t e r s  i n  t h e

rjame i: i i j - , , ;  'bhe airt i  j -s,:ncrirr j .sn i i  oitr: t  _

"l- 4f .

e . o " t l  .

iJ |l i.il l,r i.i i,l l'.; / 1 il "r)
1 L , . J  r  i J  i ( U L .  \ / , i J . - J

F t ' tLr J , - f  , ) r les r  v"  ' f  rnd c;q f r : : '  surr f i r .cto*s, '  r : ive nt  " i r ia*h .75(1gd3 )  , l . *25,
I t f  1  C c n c r , i , i l l t r g  n i j i , ; ] e r "  j - n  n i . e n i i r , a . [ i o n c

[ :  T  
.  

l i . l i r : i r + : ] t r i  "  1 i ) o n a r S "  , , E n t r o p 1 , . ,  a n c i  1 n d e x  f , o r  s u h l l e c . L o ] : s n r

. {nn .  : j c  .  I ' i o r : r r .  S  i lD  ;  L ' j  j5  a  .


