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0 .

nroach

cl-o s e d.

fying

s 4
Jr r  F)  t 'g .A .1 l j .e f fe1  and A.  van Dae le  gave

to the Toni ta.*Ta.kesaki- ' Iheoryr l 'vhich- has

rea l l -  vec tor  subspae"  {  o f  the  conp lex

a bouncLecl olerator aP-

a$ a starting frarne a

I { i lber t  space Xt , ,  sa t i r

generacyt t  cond" i t  ions

* )  {  A ( i ( )  =  \ o }  ,

and"

b) ( ld +i ' l ( ) t  = {  
" t [  

c

.  Cond i t ions  a)  anr l  b )  a re  s l igh t ly  less  res t r i c t i ve  ihan the  "6J .ene '

ra1  r :o r i i - t ion , t  cond. i t ion  fo r  a  nzr i r  o f  c losed.  vec tor  subs i races  1{ rY  C

Ct { ,  o f  the  rea l ro r  comp}ex , l { i lber t  space& ra l l  over  the  same f ie ld  1

scalarsrstudieC by T,. I t . i " la l inog in f f l  , for  l t 'h i -ch a ' tgraph representa'-

t ion , r  ! i& f :  ob ta ined (  se"  [ f l  ,Theorem 3  ;  [3 ] ,Theorem 2 ' .4 )  I

fn the preqent Note \1/ 'e sh.al l -  g ive a.s imj. lar  "gra.ph representat ion

Theorern for  the ca.se of  the c losed I9g],  vector subspa'ee X of  t i re co

p}.g} Ll i lber: t  space )4 rsat isfy ing the t 'non*degeneracy" condi t ions a)

a1c1 b) . ! ' i i th  i . ' i ; s ,  hc l ,n r  wo hope to  sa"b is fy  the  des i re  cxpressed l .n  (  [

p.2oo) fqr  a g5oometr. ic charact  ex. tzat j .on.  of  the modular grour l  . f , l  3 th ' -

*+A"t t  ,corrcspondi .n i j , - -  to T{ -

l ia-tnelyr.,";e sha:.l l  prove that any pairrconsisting of a strongly corr-

t j ,nuous ol ie*paramoter ur-ni tary Sroup

ur s r F-+ rt € Vtf{l ,

the ' fnon-de

and it" eonjr-rgatj.on I {*(+ftrsuc}r 't}ra"b

Jr"t*

der ives f rom a c losecL

d.egeneracy concl i t  j -ons

(  s e e ,  a l s o ,  f . 2 1 ,  r .  3 7 1 )

t ' t , ,  \  r \

* * t J , t  € ln ,

real-  vector subslace 1{cT0 rsn. t i .sfy l 'ng th 'e non-

a) and" b) aho' , re ' ,by the cons'bruc-Lion given i 'n t

. i i o r e o v e r ,  {  i s  u n i a u e l y  d e t e r m i n e d  b y  t h e  n * i :
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!g$Sg=1.A4y-csnissatiq4 J qt Vd _

( r )  J  =  J n  -  J _

gg-!yrg,.I"cjl l T,Io jecti on$ J* ,J_€ Y. (A),:sgch,. lhatr. Ft
( e ) ;  1  *  J *  +  J *  ,

I&regr,,es, we ha-rre

J * i = i J * r  J _ i = i J * .

Froo f  .1 ,e t  us  de f ine

(* ' )  J*  = f  r l+J) , ,  J_ = '$ t  1*J)  ,
f  t  l s  obv ious  tha t  cond i t ions  (  f  )  anr l  (  Z )  a re  sa t is f  iec l . l \ {o reover .we.

have

** *+, *  =  , *  A n C t  t J _  =  J _ ,

(e i ther  in  TLnor  in  VL )  anc t .  . r f  =  . f *  , J2  :  J_ .From the  de f in i t ion  ( * )

i t  lnuned ia te ly  fo l lo r rs  tha t  re la t rons  ( : )  ] ro l r l  too .

Converse ly ,  cond i t ions  (  f  )  end (2 ) ,  un lqu ly  c le te rmine  the  opera tors

J , a n d J .
f

Le t  now F r -€Y tW)  be  &  comp lex  p ro  j ec t i on ; then  i t  i s  obv ious  tha t

Po=JFtJ is  a lso a comnlex pro iect ion. , r ' /e  shaLl  assume that

P o P l  =  o t

.and lve  sha l l  r leno te  Qo =  1  Po F1. I t  i s  obv ious  tha t  Qo is  a  cor i r *

p l e x  p r o  j e c t i . o n , s u c h  t h a t  J Q . J  =  Q o ,

( : )

j

) anti- ' l inear mappi.ng J z' tL+ZL, such that

( J x \ J y )  t  ( y t x ) ,

l .Let X{, be any complex Hi lbert space,A ggSLgSgUSn in,}( is a.ny

a\

and.  J t  *  l . I t  i rnmet l ia te ly  fo l lows.  that  J*  - "  J  andr thqreforerJ  is  a
sJSlmqSTY of the r-9a1 l{i}bert strrace W^ rr:b"bainecl from*XL by restrictir- rfl.'
the scalars to R and by enpowing it v.i i th the re-:.]- scalar procluct

( x\ y) =Re ( xt v) r x sy;.flL i
i .e . ,  J  i s  an  or thogona l  ' se l f -ad jo in t  con t inuous  l inear  opera tor  in

rence
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Jt immediately fo l lov.rs that  Q**QoJo (= Jn-Qo) anci  Q* *  QoJ- (*  J_Qo

are rea.] .  Fro j  ect lons, such that

Q o = Q * + Q * r  Q * Q _ * o "

@w n@*tr{,*.

and, vse

e( ' I (  reV[* )  @ ( ' {L t@%n ) , the  cor r iesponc l ing  xeYL ,such tha t  ux  =
f a r t= ( xf +xj r  xi '+;r* ' )  

,  j -s given by the f  orrnu-la

( z )  x  =  x i  +  J * i '  . 9 , , . ;  +  x j ' )
t t h i c h  i s  a  i r r o o f  f o r . t h e  s u r j c c t i . v i t y  o f  U ,

rn the spe,ce ( X6:^@%*)@ ( gdl@*o) one can introduce ths struc-

' t u r e ' o f  a  c o m p l c x  v e c t o r  s p a c e by de f in lng  t l re  mu l t ip l  j . ca t i .on

by i  ,b;r  the formula

( 3 ) ( xi+x{, x{ '+xj '  ) t-} _( ix; -x*', - i*i '+xi ) .

\ ' ' i i th thio d.efini.t ion rnre have

Y f e s h a l - l  r l e n o t e  1 1 o *  p o ( Y { ) ,  V l " =  p t ( ' J { ) ,  ' A * * Q + $ L )  
a n d  V * ,

*  Q-( '1{ " ) 'Then we have the rea l  or thogonal  d"ecomposi t ion XL* %o@ Y0.

From iQ* = 8* j"  and. j -Q = Q*i  we i rnmed. iately infer that  j "W* ='1d *
j'tr{ = tL+  ;and arso

a L *  =  { " e Q o ( I { , )  ;  . r x  =  x  } ,
, ! 1 -  =  {  "6A ' (XC)  ;  

Jx  * -x ' }  .

I t  immeCiately fo l lov*s that  .

x , y € { +  +  ( x \ v )  =  ( x l y >  ,
x r Y € X -  = +  ( * t v )  =  ( x l y . )  ,

* E " X d + , . v ' € Y { -  +  ( x l y ) =  o ,
' t ' ie  shal l  no\ i /  consi tJ er the {eal  Hirbert  spac e "& tW *

sha1l  def ine the real  l inear i -soinetry

u -""[L+ ( Y& 1@ 
.rgo )@ (W r@W n )

by the forrnula

4 ^  L( r ) ux = ( n., x+}.Q ,x+fc_x, J),nx+.}Q**- #q_*)
4 r .  L

{ : '+-" ' { : ' ' - " ' " '  o ' - ' .JZ*-t- , -  u '*-*"
fo r  x  e '11  . I t  i s  ee .sy  to  see . tha t  fo r  any  p i r . i r  (x . j+x  r ' . ,u , r t \

' , r  +  t o l -  * ^ +  I: l * * *  , x '  + x * -  ) €

u( ix)  .= iu(  x)  , x e w t
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h a v r n o  . T T  l r a n n  6
- - * v l ] lCS  Q-  - l l _ne& f  .

In ord.ei lbo ensul:e that U T)resbrve the sc{t lar productrone har: to

d"ef ine the cpjnpl ,e4 scaLar rrrod.uct  in the coaplex veetor $nace

( ' L t '@%n)&(%rg ,&n )
by the formnla

|  1 . . . ,  - - ,  - - ? , ,  _ _ .  r \  |  |  |  ,  ? .  , , ,

(  +),  
(  (  xt+xi  '  x i '+x* ' )  [  (  rr+y; ,  y i  

.*yn')  ) ,  *

= 1x i \ r i )+(v i ' t  r i ' \+ (xu l  rn) '+( " i ' t  y ; ' ) *  i (x j - tv j ' )+  i ( " i1  v* ) ,
for  any 

" i , " i ' ,y ' i  rv .1 '€K1 ancl  any x i  r "* ivarv 'n 'QWo ,

The corresnontling ::e4.1 sc;alar procluct is glven by the formula,

( ( xr+:t ir" i 'o"; ') ' t  ( yi*yi t,={i '+y" ) >
= ( x i l y i ) *  ( " i ' l r i ' )  +  ( " * l y i )  +  < " ; ' ; t y o ' >  i

hencerthe r-eal  } { i lbert  s i lace structure of  the space

( *JG .,o V*) I ( X41@Y{ o),
d.er ived from i ts coinnl-e.T I { i lbert  spa,ce structurercoinc: ld,es wi t } r  t } rat

given by the c l i rect  i l j - lbert  sum of i ts componentsrregarded. as real

H i l b e r t  s p a c e s o

, ?. let  nor;  KC.K i :e i ) . r11"r  c losed rea, l -  r rector subspaee o f  ' ! t "  
,  sa t i s fy -

.  ing  cond. i t ions  a)  ? . ,n r l  b ) , in "  sec t ion  0 .

A s  l n  f 3 ] , u v e  s h a l l  d e t : o t e  b y  P r r e s p e c - b i v e l y  Q r t h e  r e a l  p r o j e c t i o n

onto Sd rrosnect ivcl ;g onto '  i1{  ,and r . re shal l  c lef i .ne

_ _ _ _  R = p + Q ,

whereas JT = P-Q i ' ' ' r i11 stanr i  for  the polar d-ecomposi 'b ion of  the di . f fe

rence T  *  Q.Then J  i s  &  con jugat ion  o t  VL,R and T  f r . re  (comp3-ex)  t ine

oper"ators  an V,$U r re la ted by the ecual i ty

T *  ( z  * R  ) r l z n r / z  
'

( i ' l e  reca l l  t ha . i  o  (  Rg i  2  r v rhe re : r . s  R  anc l  2 *n  a re  i n jec t i ve )  . h1o reove r r l ve

hir.ve that

J p =  ( r - q ) . 1  ,  J Q  =  ( r - p ) . r ;

h e n c c ,  J R  =  ( e * n ) . 1 ;  n n r l  J T  =  T J r  F i  =  j Q r  Q j -  =  i p . i i e  r e f e r  t o  f 3 l  f o r

t h c  r r r o o f  s  o f  t h e e  e  a s s c r t i . o n s .

The ' t rnodular operator '  A is i .ntror iu.cerJ by the fomr:- l r



A
and i t  is def ined on S

^ 1

N = R - - r ( e - n ) = 2 R - 1 * r ,

opera' torrv ih ich ca:r  a lso

A = f (1?)

rn  gener "a l ,  A  is

d e n o t e  b y  ( $ ^  ( \ )
r \ f

(

and-

x € & ( \ ) s l \ ? a u
I t  is  ea,sy to  Rrove that  #n*v,

JAJ = N,

. -. r,rrJ{it

* 6 -/ .

{ o n \ - , - 1
\ . r * J l l r { r

(e )  *  j t ( r ) , t t  i s  obv ious  tha-L  we a t -so  h : *ve
. Ai rnc i  A  is  a  pos i t i ve  in jec t i ve  se l f , *a .d jo in t

b n  r S n f i - n a " t  L , ,vu uurr r lq ju .  uy t i re  funct j -onal -  ca lcu l .un
q "  l ^  ,  \  " l
r  - .  ( o r *  a o  I  3 t  F )  t - ' ( 2 _ t ) .

an uf . !qg$.*r :$ sel f . .ar l jo int  operatorufor which we sha

\^/e ha;rre
)^nR the  snec t ra l  sc i l le " i7e  reca , l l  tha t
A * t v )  = ^ \  t r c l ( E a ( \ ) * i y ) ,  x € @ ( A ) ,

rQ v e w ,

t f 4(  $ e e  L Z  J  , l e m m a .  8 . 1 3  , 4 )  .

J . fn  o rder  to  ob ta in .  our  g r i i ,ph  represent * . t ion  Thcore in  fo r  the  su .b*
sFace x  '  rn  e  sha11 s11ght1 .y  mod i fy  the  proo f  o f  Theorem 2"4  f : :om t :JThe cha'n51es are necessaryrdue to the fact  that  the non*clegener&ey con*
dj t ions for  T( c1o not implyr i_r i  general . r that  T( a. : :e1 iK are 1n *Eiene*a
pos i t  j -on t f  .

L e t  u s  d e n o t "  F l  =  ' , r r 2 l ( ] ? )  a n o  P . ,  =  x r ^  - , r ( i ? ) "
I t  i s  obr , r i .ous  t5 l - t  \ rc  h*ve  

y  Lor 'L / '

( r l  ? r  i  x ( o , 1 ) ( a ) ,
and, al .so,  that  we hi lve popl  = o;  as abor, ,e r . , .*e def ine

Qo = l. po pt

r - 'e t  L ls  r leno te  by  ( ' i l f t ( r ) \a ,^  *n*  sne c t ra - l -  sca le  o f  R; thenr f ron  the  equ i i .
l i . ty  JRJ * 2* j i ,  we inf  e r  that .

JilR(h ).,r ." 
"'Jru(tr ) * E2*R(tr )

r , r . ( t r ) " l l  2 <  * a s ,  .
A

.

s 1  s n ( z _ I _ c ) ,  t r ( t Q " .
o f  t h e ' p r o j . e c t i o n  

" 1 ,  
i  _  o r l r t h e n ,

r f

frorn

' ,Ye ccnotc by V, the rangc
* h r :  ^ ^ , r - ' l  - 1 , L . :  ̂u l r u  L : L r  L t i i a l  L 1 L } s

Y { l  ;  . { " n T d ;  r n ( \ ) x  =  o  , V \ < 1 }
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' a n d

( r * o ) * * " \  t{ * *

infer

q,{, 
o =

lee i.mrne cl. "i"a.t ely

and also that

X{r
tha

t  (YLt) ='K, n*d. J ( W o )  =  W r  G

0n the o 'Lher" h.ancl . r f rom the equal i ty

Q 0  * X t t \ ( R )  ,

we imrnecli;:,telv i nf er *hn.t

A o ( K )  =  { " n W ; " R x  =  
" }

, a o ( N C )  =  { x e € ( A )  ;  A x  =  * } ' .

I t  i s  obv ious  tha t  J (A ' ( :X { ) )  =  Qo f&)  -

A s i n s e c t i . o n 1 ' w e h a v e t h e c a r r o n i c a 1 d . e c o r n p o s i t i C J n J = J *

and i"le sha.l l r lenoic

Q+ * QoJ* = J*Qo ,

a -  =  Q o J -  -  t * Q o  ,

YL*  a+( '14)  =  { *uao(T( , )  ;  r ;  =  * } ,
'U- = a_('14) :* {"€ U'(YL) ;  Jx *-x } ,

0f  co l l rse ,  the  resu l . ts  ob ta lner l  in .eec t ion  l -  a fF ly  in  th le  s i tuEr t j -on ,

&gSS$-3 . V* = KA( i()r "r,g 
*1t * * ( iK) n K1

( l re re the  or thogor :a ] -  comnlemcnt  i s  taken lv i th  reer -oec t  to  the  rea l  s r i
. \

r_er  Froc iuc l ;  J  .

. i ' "pg- { . Indeec i , : fo r  xGl0*  v re  have tha t  Rx  =  x  and Q-* -  x . I t  fo l . lo . , ^ rs
-f

t h a t  ? x  +  Q x  =  x l h e n c e e T x  =  x r a n d  J * *  =  x . T h i s  i m p l i . e s  t h a t  F x  Q x .

= JTx * Jx = x ai ' r r l r thcrefore,  ?x = x and {)x= o, I t  fo l l -ovrs that  x g T{
I

n( iV)-.Converse1.y, L-x * x nnd Qx * o obviousS-"r;  i rnply that xe'Jt*.

The se concl eciu"al-itir y1;'u." a slmilar proof .
"t /r"

I r e t  c : -  ] : e  t h e  r e s t r i c t j . o n  o f  E " L t '  t o  * L r ;  i n  f a c t r i t  i s  e a e y  - b

s iee t l la t  Wrcg (  A )  c  & (  N/ ' )  a .nd,of  cour$e,we hErve thp. t  c r  (5dt )

a t  
a  .Tt  fo l - l -orv : ;  that  Ct  is .a  boundecl  oner :a . tor  in

o  (Cr (  ,U^  anc l  bo th  C t .  an r i  , n rC t  a r .e  i n jec t i ve .

Yt\tr.) ,  surch 'blr. ir
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IEHSA*J ,  p ( I { " r )  =  ( r  + ;c r ) (W) .
3{g oI, For x e% t r,ve hnve Rx G Yd , ane.

3x *  (n  +  J , r )x  *  (n  *  mr /2 (z  -  * j t /21^  *
t r  ( : r . ' +  Jc t ) *T  €  ( r  +  JC ' ) (T&1) .

P(Kr)  c  ( r  +  . lc r )  ( I { r )  .
l e t  norv  x  6  ( t  

:  
' r c r )  (wt . ) ; 'bhen x  =  ( r  +  JC. ,  )x ,  ,where  * r€ ( r  and. ,

therefor .e ,  s lnee n(X, f  )

= R"o.f t  fol lolvs tha.t

N  =  ( r

T/e infer that

'K 
I  ,  there exist s an. xo€ tJd, 

1 ,  such that xl

+ JCr)Rxo = 2Pxo e P{XL.'I,

(r  + rct)  dLr l  c p(1[r) ,

. r  ( r  +  J c l ) T x ,  €  ( 1  +  J c l ) ( " f q ) .

is proved 
"

' F r o m  y ( Y )  = V L  * ,  
p ( K * l  * {  o }

decompos i t ion

Fre infer that

vlh.ere Yre have

/  o \
\ ( - l

by te.k ing into

We infer *hat

and the lerruna is prove'd, .

l$gg*=4.' P(T(o) c (r + dcl)t ' [Lr).
4{gor '  For *oe Ko vre f ta.ru *o ='  Jx, ,  w-here *teb t  l . theref ore ,  Tx, 6

eYfl-, .on the other hanclrr,'ro have

2 k o  =  ( n  *  J T ) x o  =  ( n  +  J T ) J x ,  *  ( n ;  +  T ) x '  =

n y 1,1ror /2 ) *t

t a :

=  ( J ( 2  *  n )  +  r ) x r  =  ( J ( 2  -  n )  +  ( z

*  (J(z *  R)t /zo- t i i  n  t ) (a -a1t . /zplu

o . fhe lemmi:,

and- froni the ( rea l  o r thogona l )

'#" = %rwYL* @T{* ylL o

( r )  
'1 {= P( '1{ ' )  =  P( !Lo) ' r -p( rg*)  +  } (X{ , - )  +  p( f to) :

3 ( 1  +  r c l ) ( W )  
" * t o  ,

te lkdn  in to  cons i rJera-b ion  Lenma 3 ;and.

accou-nt  Lemm* 4.

. (  c ( r  +  JC1 ) (W. : . )  *  K *  ,

also we have that



LEUIi$*5. hilve the oy'th.ogon,:. l r. lecorirr 'osit iorr

n + 1

o1 {=  ( r  *  JC l . ) ( I ( } }@,&+

wltlr .rjr i,.Lc ct *t.o -*!hs--egsl1pi:"isill--lrgggg!
I roo f  "From i : - rc lu r * i  ons  ( : " ) a.rd (2) nbove lve i.nfer tha,t v,re have

.ld * (r *- JC')CT6,,)+ ?6;,
0n the other hancl, f or *.EYL -, and- *f € S{ f r w€ }iave

( r . )
( ( 1  +  Jc l ) x r l xn )  =  ( ( r  +  JC r ) x r l nx * )  *  ( ( n  +  nJc f x r i

s  ( ( R  + . J ( t  *  1 1 ) C t * . 1 1 * * ) .

s lnce (z  -n)Crxre Kr  , ! ' , /e  have J(2 -  1 ,1)Cr*r6 T{o anc l , therc fore, ive havc

that

( n  +  J ( ? -  -  R ) c r ) x ,  e 1 { o 9 V t .
Fronr

S4, t. c Qo$6 ) = ( $C oofrr 1r
anr- l  f r .nm f r  \  tve inf  Cr that( J . l r L 4  !  t r  V l r r  

L -  ,

( ( 1  + ; c l ) x r \ x * )  =  o  ,  V  * re " t r dp  x+€U( *  ,
anrl the lerirma is proved n '

IS . [ , ! fE .S jnce  v re  have t ] ra , t  ] t  =  X  (O, t ) (A  ) ,  eo( f f " )  =  {  *  eE (A ,  ) ;
r l

.  l- \  x = x I rrnd Q4. = QoJ-'- , fro:n the nrece<l. ini4 leri l i le. a. i ld. f : :orn thc r icf i-

n' i  * i  nr n.P r '  r ie i i t i i : tet l intcrly i t : f  e r t l :rat thc con jugation J arr.d thc nodu.".r ] . *  u r . v r r  v r  - - l

l -ar"  oner ' " ' i 'bor fu.  unic luely d-e*e:"nin.cs t i re (rea1) ni l ler t  subs'rrace kCTd

I3c; lor ' ;  .v ie s i ra l . l  r ' rove that for .  ?r lx r :a i r  (  A rJ)  rcons; i* ; t ing of  er .n j .n:

jec 'b lve posi t ivc se. l - f -a.d.  jo i i r t  oncrr : . tor  Al .9 (  A )  4X4 anr l  n.  con j t r .6, ; i ' . . *

t ion  J :Y [+ ! [C ,suc l t  
'bha t  JAJ  5  A- f "  , there  ex i ' s ts  a  ( rea t )  ] I i l ber t

^  s t t  , q nsubs.rrace Kcl{  r  : ;a i is fy i .n,g 1h" non-degenera.c; , ,  condi t ions a) a.nc1 b) r  su.c i

that  A, nud J bc the modurlr , r r  o ' ,cra ' l ,orrnnd. the conjugat i .on,coi . re l i i lor l - -

t i i .ng 'bo 1( b: '  :bne ' i i "cf ' f * l -*- ! i ;n Daele construct i .on.The preced. ing Le:; i ,nr . i

th.en shotr ' ,s 'bhc. t  sucir .  r , l  subspace V is uniquel ; r  i ic ter .mj-nccl  i :y 'bhe palr

(  N , . l ; .

{ ' r ' /e  she l - l  no l i ' t  use> the  cons t ruc t j .ons  g ivcn  j .n .sec t ion  1  fo r  t } re  p r ,

j e c t i o n s t ' "  = X , .  - ( R )  ,  F  = X - . ( t ? ) ,  a = ( 1  p * l l ) ; r  r Q  = ( f
I (trZl ( ' 1o,l) * e 1 -r '



Yl -rr \ 'r
J l ^  . f ' - r  / r J

V J

'bhe cornnlcx

*9 *

"r#e shal. l  consi.der
' l  

i  n t : l " n  " i  c * r , r n o *J  r i ru  { - i J  r  t : r  v r r iu  U I '$

tlLe real Hj.lbe::t $pa.ce tJ{, 
,WTd * an(

rt ', V{ - ( $d 'erg{*) @ tW ,w(4 ; ,
d.ef ine i l res j .n  se c t ion J" rb;y  the fornu. la

( r )  ux *  (Prx+ * , . ] ,nu-  
; * r ' ,  v  ,u ,  . - .  4  , \  !  ^  . , . \

r.or eny x rxi'.;:"."H::-,.-E;;r-,,';;-,,,H*;,""-Hl;"] appL1" Lq
th is  pa: : i icn lar  case.

llas;r cornFutatioris Eil '? the folrorving formulae ,L,y r,rlricrr the opera;
iors ovr" W , j-nt: :odircei l-  above, e.re transf erred to t"K" ,Wq.n )S ( ?d ,WrE
,_ \  ( r i , r ,u- : - )  (x i+x,  r> : . i . , - t -x* '  )  =( r )

t  * f :?xf+rxf . ' ) *  $(x i+x i ' ) ,  f t rxr+(e_n)xr ,+ $f  x*+xi ,
( c\ i uqu*l) ( xi+xj , x.i '+-:<j ' ) *
\ r - l  

,  1  r ^  
' 1; :  (  i (nxr*rx i ' )*  4-(xo-xn') ,  $r  (e-n)x i ' - rx i ) -  +(*o ' -* ; )

T]:e conjug;n-t ion J j .n tG i* tra::sferr"ed to the $p{j.ce ( */dreg.r) 
@

I t " {Lr€%*) by the fo l :nula

(  6 )  Er , l . lu - l )  (x j_+x* ,x i ,+x* ' )  =  (x i '+x* , ,x {+xn- )  ;
i . e ' , $ * U J U - ] - i . s t h e 1 1 a - M i i r t h e . s p a c e ( w r @ ' { 4 * ) @

e  

L  
- - _

@ (.[4- rgw) .
i i ie shnl-- i -  nor, ' /  def : i -ne ' the 

.opcr i , r tor t . , 'c  Y t t l { - ,@nft*)  by .Lhe fo 'mr" i . la

? - ( x - + x  )  =  o  R_ J, _.1 , -"{-, . j}*l + *n r }r1€X( 1 , x+€ Ail ,
I t  is obvious t i ra.t  ,rye have o < % < l"

i t '  rq"r] : . l i j -nce Ax * xrfor any xeXln-

restr ict ion a:,nd cor:e$i l ,3i .ctr-cr i  of Al/e to ?-ts.$ln
l i 'he fo l lorv ing: 'Jhco.cem exhibi . 'bs thr : .  sub*. i r""es Y4

of bor;nd o<1 ol :cra. tors r .nd is r ' l ,her.e f  ore,  nn ex-Lens j -orr

L t  J  (  s ; c  c ,  a l s o ,  [ : l  ,  T h e o r c ] ] l  2  "  4 )  .

(  i )

( 4 )

( : )

(unu*]") (xf+x* oxi '+xi,)  *
( i i  Nu*l) (xi+x. i ,  xr '+xj,  )
(u Ai tu-- l )  {"1n* i ,* i 'o.* ;

( i tx i+x i ,  (  z-n)  x i '+x* ' )  ,
= ( &xi+x*, A*r-xi ' -rxi ' )  

,
)  *  ( [ j ' t " i+x i ,  Aj - t * i ,+x i , ) ,  t€ .4.  "

I .\i'

, ! ve  can  a l so  d ,e f i ne  C .  i ; o  be  t
J.

3

and

^.{'

i v n fl crr-n rrh
t j 4  ( ,  r - i ; r

3 fromTheoren i



*-Lo-

Irsg.{. n.) Bv

nlT.l1,)ni? t.ll\{ '1
! I r . i t r v ' I r i . / l r f ,  l - . a,) u( 5{) g

L€tt l i l ] f i ,  5uany xe

FlEr) ;
1{ i* of

b )

tho

rT( itr{) = r (;r.) "
f o::ur

b)For  any  x  e !  rh1r  tak ing  in to  i : . ccoun-L  the  complex  vec tor  snace

st ructure of  (  %t@'K*)  s  (  3{ r@Y1*)  r in t ror ru .cec l  in  se c t ion 1. , rve get

that

u( ix) = it l>i = i(xr+ 
1|"* ,ct*l n 

1S*n) 
=

= 

(ixr- 
#"n- , *i-cr>:lu 

tr$*n) 
=

(x i+xo ,  *c r * i - x i )e  f  ( ; r ) ,
A s  a b o v e r \ i , ' e  j r r f e r  t h a t  u ( t K )  =  f  ( # . ' ) .

5 '  As i r r  the 'Di lper of  Rief fe l  and vnn Daer-.erone ci i ] ,n

op*r:ators f r"-g (*  )  "+ Y{ anrt  F 1 &(r)  + ?C ,6; lveir  t ry

( 1 )  P ( s )  = X d + : Y { t ' f  .  \; r \ X + l y l  =  X * l y  ,

l r

(  z )  I  ( r )  *  k -+ i . 'K -  , F( x+iy)  s *x+i ; r

( : . t  is  c lear  thr r t  ( iV) t  =  iT<r ,anc i  f l ra t  t i re  na i r  ( : .1( t ,  " l< t )  a tso

s l r t i s f ies  thc  non*d .egenera ,cy  cond_ i t :Lons  a)  anc l  i : )  ) . .qs

i t  i .s  obviou,s t i ta ' t  S r .ncl  F are c losec,t . ,  t1ence1.. ,1 d ef  ined

cou: ' r ;or they are n, lso an.t i l j_r :e: : r . r  d. l re to t i re fa,ct  that

t l re ' i rar t icu- lar  case of  a comnlex l { i lbe:" t  E;ne,ee.

r t  j - n  e a s y  t o  $ e c  ' b h a t  t h e  r e a l  p r o j o c t i o n s r c o r r e { r r r o n d i n g

ns.ir .( j T<: T* , *r"* 51ive n rry

d x € 1 { .

co ] .1$ lde r  t he

I

:

L

x r Y C Y { ,

and

x r x &  K t .

rema,r'ked in f:_l

oT:erators-;  g of

here v.Ie worli vsi.t

t o  t h e

x *  ( r  + Jcr-)x,  + *n ,
a /

l. 'rJr.cre x'e '&Q and x+&W + .3e then. have

( f ( f+; Cr- ) xr+*a,rx*.r. 
tFq

T

I

T

,  J '?o (t+JC, )xr+J'Pox*+

= ( x.,,.r #"* , C]*

Conve rse l ; ' ,  i t  i s  easy  .Lo  see

x e k  g h e n c e ,  u ( 1 / )  : :  f ( E t ) ,

,-( l*J!r )xr+ 
$o*"n* #a-( r+;c , )irr.+

3F0.(t*,1c., )xr+ #**"n- ga.-(:.+rcr)x

Jb"*) = (x1+ 
#"o ,?r{*rn $x*))e

e [ " ( d r )  ,  d  x € 1 { .
that urry?e fttsr) i* the image oJ' &x:

Q ' =  1  p .



. . 1

*11*

(? ' i s  the  rea l  p ro  jec t j -on  oper r * to r

pro  jcc t ion  ooere tor  on to  * t ' )  .The

{;hcn given, b}' the fo::mulae

'wherer,',s 
N'

p l e x  v e c t o r

V ' = t J 4

I
A t +

o n t o  i K  , u r h e r e e l n  8 ' ' i , s  t h e  r e a l

cor resnond. in$  oner i r . to rs  iL rTrJ  a , r .e

I l o * - 2 - i l ,

.  J "  
' =  

; J  ,  T ,  E  T  r
-l

= b- " * . I t  i s  easy  to  $ee tha ' l ;  the  cor responc l in ;1  c losed.  co

c'ubspil,ces of -$6 
arc

,  anc1,  the re f  ore,  v /e

F i = I o , P ; 5 I 1 t

W i  =  ' K o , * & ( ; * W  

" J d ;  
i :  W , o

ha.ve

r a ; = Q + i Q ' * a

r ' ; i th an obvictu.s notat i -on.

6.le-L tr-s ]1o\,/ remark that 1,/e ha.ve the incl-usion K.l c-9 (&) e.nd

t h a t  N l  =  A l  5 { 1 i s  a n  i r i j e c t i v e  l o s i t i v e  o p e r a t o r  i n  f t { . ,  ) ,  s n c h

tha t  o  (  A1€ l .Th j -s  remerku togethcr  r ; i th  the  preced ing . l  ca lcLr . la . t io r :s ,

w i l l  ena 'b l .e  L1s  to  g ive  a  be t tc r , r l re r len ' i ;a t ion  fo r  the  X.1 :1 ,9 .  phenomeno

Eql ' , :e, f l j . IU is obvious that , - -  s, f  is  o- ' lL i ia i .n ject j .ve . i t r '  
f t :1. .  .

f  r r .d.ccr:1,  s i -nce A i .s.  i r ' :  ject- ive nnc' l .  posi t i -ve,  rve cn.r i  d.ef  ine the scl f -

a i l . jo in 'L <i-entely def ined olcrator h * .  l - r ' r  A.0f  col l rserv.re hp,ve tha"b h,

= et' ,f;-nd- ',nie ca":r. also con$ider the ggi$l clcnsely de fined. ope ra'i:or

o i z '  =  * i z ' i r  ?  z € c  !

By ts.k ing j .n ' to nccoun'b fo: : r : iu lae (4) ancl '  (  5)  f rorn sect ion Srvre jnf*

thatrb ' , r  def i i r inf i  l f r  == U &'"U*1 nfor z s u-+iv4 (  , i , . re have

i t r (z i+>; i , . i  '+xi ' )  = (  A r ' - l l *Yxi .r-x j ,  A i t t* toi  
'+r:o ')  ,

f o r  a n y  . x i , * i ' € & t  , - < * , t : * ' e . X d  + , j . f  x . , e g ( N ; v )  ,  * i . ' € 9  ( A r i ) . i y i t h
- rn r 'mr r ' l  n  (  2  \  o ron  : ;ec t ion  4  r l ' re  1 i : f c r  tha t  l ye  ha t rel .  v J  r r r u + ( r .  \  a -  , f  . i -

, t  a

rf

) r * /  r

t  . l ' l
T

e r

x . * ' l  y ; ' )

+t (x . , . l t
a  a a '

t x +  t 7 i + , : f  i ' eY l  ,'t" '1

(F-, ) n,,,r,:,

for  i :n ; r  xr .  e .g (  A i " ) ,  >r i 'e  g (A{) ,  u i ,v i  ek, t
f f  r r ic i le\r /  i : t f : rs, :L) l i lo thc,t  (x{+x*,

* ( l / z )<  . rg  o , t l i c : : .  r ' , ' c  gc 'L  -bhn. t

"  ) ,  (  : , ' inY i ,v i '  + j I  ; '  )



I

r i [ - t t  l - . 4 . . , r  - , f / , - - . r \  |  l - - r(  J z ( * j - * * * , x { ' + x j ' )  I  ( V i + 1 r ' r S { " + y { ' )  ;  *

(  N . , - i ' *1 . tv r )  +  (  t \ , " * t1 ,1 (x r )  +"a(x j l v * ) ,
anC. th. js: l lor ' i i ru ln.  j .n i inr : r i : i ; , r te i11 l r is1-6* i , ,nother proof of  l l roposj- t ion 3, ,7

frorn [: l  .

7" r r r th is  sec-b ion  tve  sh .a l l -  p rove  tha t  fo r  e ,ny  one*n i : r . rame1er : ; -b ron ,

l ) i  continuous un"i tary grol?.r,1 lQst h+ *+ €Y(EC)ror-,  the cornnler_. l l i ] -bcr

snace VL ,r-rrtd ii.nlr coi-rjurgr:.tion JolK+*{

o t J o * J o o t ,  t G R "

t l rere exists a.  c loseci . ' real"  Hi . Ibe: : t  sr ; rbs 4 r' p a c e  K o r s u c h  t h a . - i ;

e r )  T { o n ( i V o )  * ' { o }  a n c t  h )  ( T { o * j 1 ( n ) ! = { " }  ,
and such.  tha- ' .  |  . -  \u- i ;  (Lt t ) t€ iR t3 the nod.ul i : r  group (  A. i t ) . ru, .e ,corues.Don-

dirrgl 1o K o , ' ' ' , ' irereas Jo be the 
'co:"res;nond-i.ngi 

conjugat:i-on.B], f lre i leri irr.:

. following Lemlila 5rthe subs,lacc Ko is uri iquel-3r cleterrnin,ed. bl,, -blre. pa.i i
( ( r .  \  r  \r r . - t / t g r R , ,  J o ) .

Indeed,by  the  $ tone Rer rc ,sen-ba. t ion  Theorem, there  ex is ts  a ,  se l f *a r i -

jo int  C.cns<; ly t1cf  jned opc: 'ator h :  € ( i r ) .+ ?d, ,  sr . lch thei

u t  *  * i t h  r  t €  r q ,  ( g  (  n )  c & . )  .
Fron t l : re cormutat ion cor:cLj . 'b io i r  ( : . )  \ , ie intnediatc l l ,  infe: :  that

JohrJo = -h;

i - f  r ' ;e deirote b3, i I " ' i ;he srect l :a l  scale of  h,  f rorn (z)  i le o1:tain tha. t

L o t  F t  * . E h ( - o ) , r o  r j  J o F r J o  =  1  -  I l n ( o ) r a n d .  Q o  * . 1 . *  p o  F r - . . t y e  c a . n .

no \1  a .pp l . ; r  th .b  cone^br i l c t i .ons  descr ibed j .n  sec t ion  l . r l le rmor .eover , r . r 'emi r .1
'bh:l.t rrri hr,Lve

Td n@*Jd *c g ( h)
and

(x  e9 (h)  and h(x)  x  o  )  <+ xe(4 ,pW _ .
since t l :er i*air i r i -ng uo,"T4.+ f l {L6l l"u)@ (Krwlq*y j .s gi .ven }:y

(:)  l lor = (  i : r>r-r--$t**n" 'y i t* t , ,Jolox+ 
#t*"* #, ,**) ,

thc j.r:Lvorsc raay,pi":r;,; I i f,1 j; gi-vcn. hy i lre foi,nul-a

f r )
,  sl lch that

,

(  r \

?\4 Q. .



u; i  (x. j+xi ,  x{ '+x* ' )  = x i+Joxi  ,n 
#(xi+xi  

,  )  -  
F( 

x i -x{ ' )  "
0f coursou $* *  i loJou; l  j .er  the np.tura. l  symme'r ; ry,given b.rr

( 4) t io( xi+x*, 
" ' '*x-i 

'  ) :: ( xi '+xn ' 
, xr*x* ) ,

for an1,r :ri*:rr '€.*{t.L, xirx":* "eV{ +, .
let t'us nq:y,' reitr;rll thiet vle have

o <::reh < -ll, i
tnrheren*: Fl*O and ,r?r-Pr*h o"* i r : ject ive j-n W,

r i i 'e , 'shal l  t l , t f ine a bouni led.  lR* l inear onerator

;1 W@V1* € Vtsg(,o

a

l

of  courere,  we harre that  o  <- ! ,<  r  in  Kr@rK * ,a*d-1; i re  graph f  ( ; l )

o f  D - ,  i s  a  c t -oscd  i : eEr t  subspacc  o f  (  $d )g$n)@ (K ,e ,y4* ) , v rh i ch  r ve
shal l  c l ,cno" i ;e  b .v  Uo.Bl -ba lc ing in to  r : ,ccouJr t  the c le f in i t ion of  the cor j

i r lex  vector  sr r i? ,cc s ; 'bructu: :e  o f  (Y&:gK 
o)@ r .74 

tWn); rve ca,n <: : rs i -1 ; r
p : "oYe  tha t  l , n )  F r  ?  \

\ o  =  r  1 * j - , t 1  / .

Tr ( x r+x * ) '  =  n t { e ) , t * r * *o  I  x  t e&  l ,  x+  * }1+ ,

I (o  n (  iV" )  =  {  o } ;

t Y,/ Fl ,/ * f t
\  5 o + l  K o )  = < o l .

I n c L e e d , f ' o : :  ( x - + . x  ^ ^ ( S - / p  ) n * - * *  )  e  - i  1 l  . w e  j - n . f e r  t h a b  t l r c r c  e x i s t ;I  
,  , ' +  t  .  ^ : 1 . - - t +  /  -  , .  QO 1  rYe  J_ I J . J -  t i l -  l . , l l ? J  i

i ic  sh'- ' "11- l ro l ' re ' thst  t l re t ra j . r  (  ?on j .  1/o) sat isf ies thc nor i*c le i ienc

an x{ a..tfi r ard nn x{ e ldo i sucir that

(  xr . - rx* ,  
" ( l ' /z)h* '**n)  

= ( r r*r* ,  -*( t / t )hrr* ] r*  )  n
v ' . 'hencc  lyo  in fe r  th .a t  x* . *  o  and * ( t /Z )n* ,  =  < ; .J t  fo l ]oy rs  tha t  x t  =  o ,

and. $o ::elat ion i :", , t) i .s pror/ed.

In ord.er to nrove v'el.r: it j .on b'.) ,vve shal.l. irrove thlr.t (oni(o i.s rJ.cnL:
j"n ( ldte 5(* ) @ ( 

-11$ 
VQ ,t v siro',r:ins tlr.ar the ,c,o:rqlgr orthosional.

coriir:lome nt ot (o+i Y/^ i.ri t '& ,.etq ) 
g (. W t@-ll ) :r tu- eqtral to { o[ .

- t by the for:nu.la

Y i t n l /  r , n r e r : l i - l ' i nr  w v  J  v  v r ^ ! r .  - ,  ,  - r  v l 1 $

t \

p-l,i: il

i ' t \

0 )

rnc-tec11, i ;1r . i .s  j .s i1r-r  j . r : r ined. iate conse ciLrence of  the ecuel i .b ie s



.:l
-,!

: ; i
.ri
1. . 1  '

d \r,

f l r r i \  * r ? z  r r ? \r  \ 1 , 1  /  '  r r a o  =  t  i * u 1 / r{<o

. I

rj

i

,1

I t
]

/  r  / n ) . 6

and.  o f ,  th .e  fac t  tha t  e  \  t , / t / t t  i *  in jec t i ve  j .n  X( r ,
-  J f  , , , , , ie  denote W* uJt(Kr)nf l : len 1{  iu a c losed real .vector  subspac

of  Vt ,s* t is fy ing f l .e  non-degcneracy cond- i t ions a)  and b)  rn  X{ , .
t .We sha,l l  prove that i I  *  Jo ancl u* = Ait  ,  t€tf t  ,where J and A

arerresnect iveryrthe conjugat ion and" the moelular .opt*rator ers$ocia$ed

the pair  (V, i  3{)  ,  as in f :  I  .

rndeed, l r : t  F ;  be the rea. l -  pro ject ion onto Ko ? [ -  t io) .From

ro (x i+x i , * i ' nx i ' )  =  ( r f+y r , " ( t / z )no iou ; )
and

{ ( xi-r i*xj-r{,*{ '** (t:/z)oo1**; , -y; l  I  ( zi+ ni, e0/z)n"inzi) } = o,

V  * i e ( y  , '  , u e $  o  r
i t  j -s easy to infer that

v i  =  ( l+eh) -11* ; * * ( t / z ' r r x i ' ) ,

and- 
:

v ;  *  ( t / z ) ( x j+xn ' ) .

Tf ' ,ve denotu i ,ry Qo the Isn.]  pro jee.bion onto f  (- i - ,  )  r frcrn

ao(x i+xo, r i '+xn ' )  x  {v i+y; i  -eQ/2 lhvr ,  -y ; .  )
and

<(xr -v i  '+ r rn -v i '  , * i , ' n * ( t / z )ny i ' * * ;  '+y ; ' )  I  (  z i+z* , * " ( t / z )n r ; *^ ; )  )  =  o ,

lvn en qi ' l  
rr  i  rr f l rr^ * l ,r  rJrv w r J + 4 r r  r r r J  v t r  u i r c L  u

\ r t '
J ' I

.L

q r r A

g' zieXQ , *ie%* ,

= ( i*"h) * l t  *g*u 0/2")h*g') n

y ; '  *  ( t / 2 ) ( x i * x j ' ) .

f f  rve denot* n;  = p;  + a;  , , i , rc obtain that

(  4 )  no (x .1  +x * r " i ' + x i ' )  =  ( e ( r * *L ) * l * i o  xu . t z . h ( t * . nh ) - l - * i , +x i , ) ,

for a.ny xf ,>:i 'eILl ,x*rxi. '6aLn ;sj-r i i lar"lyrrve obta.in t lrat
( 5 )  ( F ; - a ; )  ( x { + x * , x r ' + x * ' )  =

=  (  a ( : - * r h )  - l n  ?  / z )hx i ' +x j , ,  2 (1+ "? r ;  * 1 *  ( t / z )h *1 * " ; )  
.
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For, tr. i  = n;1/2(2*R; )L/z .r\,e ser t^at

( 6 )  t ' o ( x { + x * , * i ' + x . i ' )  =

= (  a(  : -+eh) - l ' *  ( t /z)h*; r"* ; ,  
2q l -nul '  )  

*1"  ( t  /21r.* i '+. t i .  )  .

Fron:  fo rmul l -ae  ( : ) r ( r )  
" ' : ,nc l  (5 )  rve  in r rned i l : . te l -y  in fe r .bhat

( r),  I , ;  a; x s;s;
j . s  the  , ro la r  r i .ecorapor i t ion  o f  po* t f ; " f f

then froia .f or:rrlrl,* ( 4) ,,ve ge t thr.t

\ 4e  r t eno te  e ;  *  ( a *n ; ) ( n ; ) - 10

) ,

Jo - Jrv.rh.ey'e

K ,1,,,i:e t'er:,s

-Lhe saae r.:ub*

(R; )*1{o1*** , * i  +x* ' )  ;s  (  
f  

( r+e l t ) r , ,1+r , ; ,  
t * *h(L, r -eh)x i '+x j

and thj-s inmed"jately i i i i r l j .ec that

(  S )  A  i ( > r r+x  u ,n i ; r . * i ' )  =  ( ehx r+x * ,  u -h " i ' +x { ,  )  i
o f  cou - r se ,  

" 9 (A , ; )  
=  {  ( r , i r - * ; , x i ' . r - x . i ' )  ,  x1 ,€& ( "h )AV6 r }  .

Fron rel-a, t lors ( l )  a i rd (B) i t  is  no, ,v crs;r  f ,e i r l fer  tha, t
.  " ' -1- ,  "J  =  uo- l iouo  is  -bhc  eon ju-g ;a t ion  in  

'14  
,cor re  rnonr i f r rg  to

& = U:: l '&: t I^  1s the rnodu- l -ar  oper. ! , tor  corre.$pond. ing too o

s'Dace.l}i 'on ( S) l,re fio1:; -lr i i 'n,edi.a-te1y j.t i f e r that
: J -

L r t  =  & t u  ,  . t € i R ,
, f \' l  , rr I 11 |r ' evo  '  t ' " t / t e iR  t -$  the  moCuL : i r  g roL ln  ' i ; i r i ch  co r responr j s  1 ,o  the  p l . j . : :

(  1{  , i  Y{ )on,ccor i i . i .n61 to  thc const ruct ior :  g iven i r ,  f3 l  o

fn th. j ,s marinerrwe he;ve proved, t i :e fol l^or"l ing

Ii:ijgit5il*!.1,e 1; XL lX_*gLc.grlJ3.g* I'j.lhS",:.I_ F.jr*. ( ( r,t, ),,6,9u J )
l:e ai'i.y lrn.1r c o:l$ j_ r,rt irr of c. s'Lrcnf;:l,y cor:tinu-o Lls oi-l.e-pilrl.met er u.i-^,j-.b{:,1..'

,sPotl.1l' 391-f, *gg$illf*i-gl. J, ].{'[1 r g.!ra]Ll4r,t

r t J  =  J u t  ,  t € | R . .

ll".gq ill"q.tg g.#,,*"bi:--..9_Jli.l,sjr* Sl-.9g9.**:.,lll- il+],!SJ! .jjrr'!,tljL"* VcV ,Sj,l!ii
f r r j 7 r . . *  

' i ;  
l r . - -  - I n l r - r l r . 1  ' ] . O i r { ) . - - i a 1 i .  n n i t r l i - h - i  r r r r . . ,  . . ' \  r  r  \

. j+3' ; : - ;* i l : - - ' ; - ; '# ' : - : - : : -" . ' ,* t i , - :u:r- : i - - i - r-- ' - ' ,y j1y- " /  ar ldt  b)rs.r tgh-LI} , :L (u*)4-, , , .^ i :e
U  l , e l K  *

thc r*_ojlt]--r,r lroul,J,$,-J b+: the con;lur*--i; ion j_n.n /'JL 
, C O r'.r (r s rronrl i ir j i t o K

bl, '  thc .: i : i .cl l f  r , : l_*\r i :).rr .Di:.eL.e constl:Lrc.b j .ot:r,

i t?;ri:,r 'J!"I,ct I l C .g 6il U, r, i vot't i ieLu;ri.r.r: ln i l .1..g:ebr..ir l.r ir.vi-nig a cyclic sc pe

rat ing;  vr :c-bo..  xo e '1( .  r  l l  r "n l l  , ,  l . . l ,e"b l ,Tu,, '  C l t  be .Lhe real  ye ctor sul :*
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tu

sra.co of  'hhe sc ' l  f *nr l io ' i  i i ' l ;  e- . l .c rnen ' ts  in  l i l  and r le f i -ne (  = l " ' l  -  . l l -nen\ . / r . v r r ! u J . +  u U  r r *  * j r  c r r  j . u l -  \ . 1  u ,  J _ ] r v  "  " f : l  
3 " _ o

d  
"  

. . v |  , /'K C'&U i l i r , "b i"r : f ie s i ;hc nc' t :*c l .cgencr,r .c l /  cot i .d. j " t lo:rs a) and. b) (sec 
[ : ]I

{ * .
$4) rt ut frorn N *^ = x^ r.nd. J:c^ '= x^ ,,v1/e iyrfer:. th.r.r.t u4r' t I t

u u o o , v€ :t.ntel:. th.r.r.i; -dL 
4- i { of "Thj.

f i i c t  s r l tous ;  t lL l , i t r in  th i - r i  casrer l ia l "nor - - i 'Thcorem cEn n .cver  bc  app l . i s6 i_1 i * ,
.  t 4 /  . 4 / t ,

t n e  p x . t . l :  (  K , 1 K  )  i s  n o t  i n t f g e n e r a l  p o s i t i o n n .

8"1-,et i low cJ. ""*{.+ft  b,:  i i r .  conjur.ga-bion +nC- r\ : .s(& )+ +& t;e i l .  po*

t i ve  i : r  jec t i v r ' ;  sc l . f * r .d  jo in t  r l cnsc l .y  r l c f  inec l  o 'per ; : to r  , .n  W,  s i i ch  tha t

J ' \ J  s  N l  ,

I 'or -bh,e uni-tary oyrc-paliameter rgroup
, , f r  A

Dt '= At"  ;  e l i 'X 'n ' \  ,  1 6, t  ,

l^ , 'e t i : Ien ha-v 'e tha: t  Ju"* = ' r1.bJ 
, t  € i8.  ,andrthereforera.ccorr l ing to Tireorer

?  * 1 r  r : r - o  a f  i  G +{ .e  r r - r rvJ - rJ  u ; ' ju r ,s  a  un iqu ie ly  cLeter in ined c losed.  rea l  vec tor  subspace KCI

cr r r t i  c r f r r i r ro "  * ' ! r -s  non, *de i rn?1r ! r ;1gy  COl t l i t lCnS e . )  n r rd .  t r ) ,  SUCh tha t  J  ] :e  t l r rx ) . - J r V  L P L  u Y . ! r r | t r  U . i l V  L L V L )  -  
\ . , - V C _ , , \ . I . ! v l

n n n i r r . r . ' - l - - i  ^ , "  ^ t r r r l  ( r r  \  i r C  * h O  r t r f i * n r r r  a , l n r \ - n , . . . , . r r n o * ru u r t J u - g i . t U - L U l . l . r . i i . r . j U  \  U t l t g i Q  , i :  t / i t u  u l i r U G - L J  v ' t v - , , , . . ; r . . , . r , ' . * u e f  L q f O U p r C C ) l r l l : ' e S p O :

J t
Cing -bo  ' r< ,  by  ihc  R ie f fc l *vc r l  )ae1e cons ' i ; r l l c t ion . I t  1s  ther :  obv j -ous

thaL A i .s thc r t tot i t r - -Lar b;rerator corresiponding; to K by the sr. ; r l lc  eol

n t r .uc t io l t " l ie r i r :e ,  \ , ' re  hnvc : 'bhc  fo11or . . r inS

i t ' I IH0i?i i i ' , i  3," i ior en\r coi": iu,- i i : t j  on J :
= : = : j = : : = = ' _ - 4  . # V( + 7{ , eil-4 r: l?y_ Jlo s,* j :iS, *!3iq-q._t jJ

9.rgqgy-?i &1 -E ( a ) "'4'11, gi-rcffi 3J
J A J  -  A - r  ,

tLqqc-i::i,q-ts ilJijlrq-q.gJ,J-t.qlsgnlpej' glgs'$ iq-?"]-,-llg-.glj{*s:tlbpr:.gg. x{c Tr
q . . : | - i c r ' f r r i  r r , r  * 1 r ^  r . n . r  n l  r , r n : r - ! ^ ^ ^ A r :  n n - , 1  - i + . . i n .

*:';v,,i*d",',:i,Ji,--'',19 Ioir:!:q.r3'qg?-rQc"1l*-9gl'gq!Jq4F i:.) a!i,l b) r.'!i"rcb-.!S:.t- J !r'. .LlI

gpfliJilj,?]j.93 j:iit A, !'q- birq llgdr:]'r.I- oi,qttjq.l*SojleFegryh.r;.& ,q YdJy*$

ufSj;;r}. t;-* it**.e S ,

nsplglt ,0ne could co:rsic1cy"

re*.- l- rrecto:r f :u-bs: ' i l i tci ts 5{C t}C

"Lhr t  l rob lem to  ch .arq .c te r ize  the  c losec l

-  r , , l r - i  eh r r - i - i . r r .  f ro : ; r  i - r1 s t i i r r t ln . : r ,C,  von i i i  cuf i t : l . lt  
s r r r " L ! J i - r  ( . i . !  - r - u , \ " '

i:f:l.geh.rii, 
-iit 

C- { 1${) ri':,i i,hc llor':nu.1-rr, '1{= t,',*,xo ,where xo€EC j.s; lr ,lc}t:;.
o

rnt j . i r f ;  cycl j "c vec-bor . for  i i , i ,
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