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| . " ONE SUDIRLCER

by Silviu TELEMAN

0 I £3) m.A.Rieffel and A. ven Daele gave a bounded operator ap-
proach to the Tomita«Takesaki Theory,which has as a startihg frame a
closed real vector subSﬁéce-ﬁ< of the complex Hilbert space 3{, satis
‘{ . fying the "non-degeneracy' conditions
e a) WKy = Lo},

é 5 . and ' : , . '
By REH) = Ao} .

Conditions a) and b) are slightly less rea?rictive than the "gene.
ral position'! condition for a pair of closed vector subspaces 4(,ifc
g c;?@ of the real,or complex,Hilbert space‘}L,all over thersame field
1 scalars,studied by P.R.Halmos in;[i] yfor whiech & "sraph represenﬁa«
tion" was obtained ( sece (1} yTheorem: 3 3 tjl,@heorem 2l

In the present Note we shall give .a similar "graph representation
| Theorem for the case of the closed real vector subspace W of the ol

plex Hilbert space }ﬁgsatisfying the '"‘non-degeneracy" conditions a)

and b).With its help, we hope to satisfy the desire expressed dm el t
0.200) for a geometric characterization of the modular group Dt
P>£fm ;corroéponding 3o N . ‘

Namely,we shall prove that any‘paif,congisting of a strongly con-
tinuous one-parameter unitary group

RO+t +—> ute‘f('l(,),'

"and a conjugation J:?€~>3L,suoh that

Jut = utJ y ’ - ohe i,
deriveg from a closed real vector subspace 1{C1ﬁ,satisfying the non-

I

degeneracy conditions a) and b) above,by the construction given in §

(see,also,{153,39371),ﬁoreover,j{ is uniguely determined by the pai:

Y \ - \



Loe

1.Let W ve any complex Hilbert space.A conjunatzon in 9 i any

anti-linear mapping J1 1@~>¥K»,wuch that

Coxydy) = (ylx), Xeye3C o,
and J2 = 1,1t immediately follows.that.J* = d and,therefore;J is a
symmetry of thelgggg Hilbert Spaoe‘waﬂ;obtained from ¥ by restricti
the scalars to R and by endowing it with the real scalar product

<x\y> =Re (xiy) , Xy ye W 5

i.e., J is an orthogonal self-adjoint continuous linear operator in

I8

‘Q.. :
%§2@ﬁ_} Any conjugation J of ¥, decompnoses uniguely as_the diffe-
rence
() ; J = J+ = J_

of two real vrojections J+ ,Jmeée(?%g,guch that

(2) 1=J, +J_.
Horeover,we have .
(3) Dlesld oy B =g
Proof.lLet us define '
» o , .
(%) J, = =5(1+3), J_= -+ 9 (1 Iy,
It is obvious that conditions (l) and (P) re satisfied. Loreover we'
have
¥ 4
' J+ = J+ and qu = J~’. ‘
: (eltnar Irlqé or in H ) and Jf J, ,Jf = J .From the definition (%)

ik 1mmedlately follows that relations (3) hold too.
Conversely;condifions (1) and (2) uniquly determine the:Operators
J ciEndad . &
Let now'Fleﬁf(ﬂé) be a éomplgx projection;then it is obvious that

PO:J?lJ is also a complex projection.We shall assume that

PP =5
(o | ’

and we shall denote QO =l PO ~vP1.It is obvious that QO is .a com-

plex projection,such that JQOJ = Qo‘
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It immediately follows that Q,=Q J, (=J Q) and Q =QJ (=J Q_
+ Yo + +70 S

it

are real projections,such that
Gor =8 2 0oy 0 Q. =0,

We shall denote 'Mﬁo» P C}C), ‘1&1 = Pl(ﬂé); ﬂ( = Q<(ﬂd) and "I

= Q_(H,) .Then we have the real orthogonal decomposition W = j{:o@ XU
@Y, ,}.@‘M- » ,

From iQ = Q_i and iQ_ = Q+i we immeaiately infer that 11L4_sziw
iU = ‘1{+ send eleo
o {XQQO('S(.)
TP = L e (0 T =

It immediately follows that
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L€, = Gty <x\YS
Xy Y €Y, _ = (xty) = <xiES.
xeH, ;veH _ = Cxl y>= 0.
We shall now consider the reql Hilbert space “}ﬁ @Fjﬁ and we

i

shall define the real linear isometry ; 3 : S

UH=> (U 0N, e (U OY,
.bV the formula

A o
(1) Uz = (P1X+E§ih JZQ Lidr 7m$§O X«‘r;Q )

for xeW .Tt is easy to see that for any pair (X HE x 4x e
(—_(% 1@“1(4»)69( ave @‘3{, ),"bhe corresponding x¢€ ', ,such “bhlat‘Ux =

2z (xi+X; ,Ji;+? “),is given by the formula

ld

(2s % = xi +idoer -—-«2——(x+ +'x;’) - i w§~6x’ = =
which is a proof for-the sUrjectivity'of e e

In the spa.ée ( "JC]‘@W(%)@( %]_Qjéwk,) one can introduce the struc-
-ture of .a complex wvectbor space o by defining the mulfiplication
by i ,byithe férmula
(3) (xi+x;,xi'+xé’) k~;€}j${ »x;',wix1'+x;).

With this defihitidn we have

U(ix) = iU(x) , xe' I



-y,

o

" hence, ‘U becomes € -linear.

In order to ensure that U preserve the scalar product,one has to
define the complex scalar product in the complex vector space
(KoK (X e
by the formulé ‘
o ((xf+x] pXq “+x7 %)\ (31+V » V1 +J”))
(&ﬂylﬁiyl X eyt M%X ”)»d(Xﬂy;W+ i(x] \y i
for any xi,xi’,yi,yi’éjdl and any X +,y+,v' cg{
The corresponding ;égi scalar product is given by the formula
{(y +X ] %] )\( 7‘{]'_;+y")>
*<ﬁyﬁ>+ <Y”Wy e U’>-+<X’Wy &
hence,the real Hilbert space otructure of the space
(% 9U )0 (Yo ),

derived from its complex Hilbert svace structure,coincides with that

‘given by the direct Hilbert sum of dts components,regarded as real

Hilbert spaces.

2.Let nmw1<cg{'be any closed real vector subonace of ‘¥ ,saﬁisfya
ing conditions a) and b),in section O. ’

As in E33 ywe shall denote by P,respectively Q,the real projection
onto K yrespectively onto i'W ,and we shall define

R=P4+ Q, .

&hgrems JT = P-Q ' will stand for the polar decomposition of the diffe
rence P - Q.Then J is a conjugation of ¥ ,R and T are (complex) line

operators in YW(H),related by the equality : :
& L ]
r = (2 - R )2 L2

(We recall that 0L R 2,whereas R and 2-R are injective) .Moreover,we

have that

(bl ao = (1w
hence, JR = (2-R)Jj and JT = TJ, Pi = iQ, Qi = iP.We refer to £3] for
the ﬁroofs of these assertions.

The "modular operator" f\ is introduced by the formuls



“Be

s . &zme-éfz)rfl,

and it is defined on H(A) = R(P).Tt is obvious.thﬁﬁ'we also'havé

[x::,ﬁ"l(zmﬂ) = 2RN1w1, and D;lis a positive injecti&e self-adjoint

operator,which can also be defined by the fﬁnotional caloqlus
LS £1(0,+00)9% w3t 1(2.1), |

In general, N is an gﬂ@gﬁgﬁgﬂ self-adjoint operator,for Which we sha

denote by (EA(}\)) g

AER,
(Axiy) =

spectral scale.We recall that we have

kd(” (X)X\J) y Xe..@(A); yé'q'();

and

xeD(AN) S

i R P easy to prove that we

)\ <\)f“ < + oo 40

ﬁ\/\ ﬁg_/\ Cu

1,:1

INT = @
(see [2‘1 yLemma. 8,13.4).
J«lo order 46 obtain our graph representation Theorem for the Sub-

space K C W

The changes z2reé ne ecessary,due to the fact that the non«degenaraey COn..

0]

shall slightly mddifj the proof of Theorem 2¢4 from (3]

ditions for “K do not imply,in general,that. 'K and i ¥ are in "egenera
position®.
et us denote Foom X R) and P = X~ )
bousdenobe B (1,21(R) o = Xio5,1)(R)
It is obvious that we have
1) T (A, e e
“ (1) 1 X( 1) ‘ L
and,also,that we have PO?l = 03;as above,we define
, = e RS
Qo 1 o] 1 _
Let us denote by (ER(X)) the spectral-scile of R;then,from the equa.
lity JRJ = 2~R’WQ infer. that
103 = = B, . =] - E g e MR .
If we denote by ﬂﬁi the range of the "projection Pi, i = 0,1,then,

from the egualities

Uy = Lol 0% =0 ¥



" and

o e e

Il

we immediately infer that

J(ﬂ(al) :%o and J(j{lo) 3%1
On the other hand,from the .equality
- QO .“:"x’(l\(a) ¥
we immediately infer that

Q,(H) = {xeH;.Rx = x}
and also that |

. = DAY s o '

QO<&) ”l{RC‘@\A) 5 A:\‘“f X} .

I+ 48 obvious that J(Qo(ﬂé)) = QOCEC).
As in section l,we have the canonical decomposition J = J+ il

and we shall denote

M e
B =0
Go=0d =14,

% er(jé) ; e ¥y
{xeQ (H) ; ox =-x }

- Of course, the results obtained in section 1 awply in this situation.
L 3 =

e

and 9= (IK)nK.

(here the orthogonal complement is taknn with respect to the real sc:

R &
i -+

i il
&£ i
i/\ 5
SR
S’ N
i i

lar evroduct ).

ePronQIndeed,for Xejﬁ+ wé have that Rx = x and Q+Xm Y.at fTollows
ﬁhat_?x + 0x = xjhence,Tx = x,and J+x = X,This implies that Px -~ Qx -
= JIx = Jx = x and,therefore, Px = x and Qx= o.It follows that x ¢ K
/\(iT{fL.ConVersely, Tx = and Qx = o obviously imply that xé&7¢+,
The second egquality hﬂﬁ a similér prool., ‘

Let C1 be ‘the restriction of _[31/2 to ‘}Cl vin fact it is easy %
see that ‘3’(.1 CHN o DI Al/g) and,of course,we have that 01(3{1)
CT}C]q.It follows that C, is.a bounded operator in Qf(jﬁl),such tha

osécls’l and both C, and 1 - C. are injective.
1 1 1 1 :

4 4



S
LEmA 3. P(3) = (1 + 36 (K.
froof.Ror xc’?( we have R;‘/:.e‘%l and
P e
B =W e = (R o+ JRl/‘(z - R)l/“)x =
= (1% Jcl)ﬂg é‘(l + Jcl)iﬁﬁm);
We infer that '
P(H,) < (L +3¢)(H4) »

Let now x & (l + JCy (ZC Yithen x = (1 & JGj)“x1 ,where“xléfiﬁl and,

therefore, since 1(36 P ,there exists aﬂ‘Xoéi?C1 ysuch that xi

it

Rx oIt follows that :

x = (1-+ JC))Rx = 2Px_ € B(I)-
We infer that '
(1 + 3¢,)( ZC e *(3C L

and the Lemmz ig ﬁrovcd

_ P(W.,) € 1+ a0, A )
1?001 Por: x (LTQ we ﬁﬂvc Ko B Jxl ,where x. L?C, ,thereforé, Txlé

Qq{ .On the other hand,we have
2Px, = (R-+ I0)x, = (R + J1)Jx; = (RT + T)x, =
(5
(\J(2 o ) + ’f)v (J(Q ot i’{) 4 (p = R)]-/»N}w{]_/?)x

= (J(?-- R 1/2 m-,/c (Q q)']/?R/L% —
e % m ¥
= (1 + 96,)mx) € (1 + 30,) ().
The Lemma is proved. ; : ‘ :
°From,P(jC+) = ﬂt,+ : F(?ﬁ_) m{ca} and from bh@ (r al othogonLL)

decomposition
U - U@, eU_oH,
we. inder that - i .
=200 ~ PO+ BUC ) B0l -« B0
D6+ I ) 2,
where we have takeén into consideration Lemma 33and also we have that

oy Aeliv o ey o

by b?k?ﬂg into account Lemma 4.

()



0
> have the orthogonal decompos 1t Lon

M= (] Jcl)(g<l)éyjé+‘ :

with respect to +the complex scalar product.

l;oof From inclusions (1) and (2) above we infer that we have

wlofo N s

1< o (l 55 JC:{)CZ@J“{“ %ﬁ.c
On the other hand,for X_éﬂ{hh and xdg;ﬂél swe have
((1 +JcC )1{1\}* o= ({1 a0 )xl\"zy ) = ((R + ﬁJchl\x ) =

R+ 2y WOBC e Yol
. ((} + J(2 - ) 1% +)
Since (2 ~R)leléﬂﬁjﬁ,\m have J(2 - R) Clxlé‘?éb an&,theref@re,we have

(1)

that

H

'.‘R)Cl)xl e 9, -

(R + J(2

From

]

' - &
Coo 2
K. catle) - (Y Y
and from (1) we infer that
(@ +3C)x\x) =0, N xmel,, xeW,
and the Lemma is proved.
Remark.Since we have that P, = X ,. N, o i - { x P (N )
S 1 (gl 0
Ax=x } and Q% = Qon yfrom the preceding Lemma and from the defi-
nition of C1 we immedistely infer that the conjugation J snd the m
; : § * 8 o ¥
lar operator ﬁ;_anlquely determines the (real) Hilbert subspace 1{C}Q
Below we shall prove that for any pair (A?JO congisting of an ins
jective positive self-adjoint operator A2 (A)-> and a conjuga-
> = -1 .- iz
tion 31, >Y ,such that IANJ = N ,there exists a (real) Hilbert
subspace KcI ,satisfying the non-degeneracy conditions a)- and b),suct

that [; and J be the modular onerator,and the con jugation, correspon-
H !

ieffel-van Daele conrtruction.Th preceding Lemma
then shows that such a su s;¢cc X s uniguely determined by the pair

(A,J).

4.We shall now use the constructions given in.section 1 for the pr

jections P = B) P el B) , 0]l - B mg dn et
Ject gl 1 x __f ) 3 < XC‘),\)( ) 9 d+ ( < o “\_t =



@ (X l@ﬂﬁ ,) by the formula

w8

e

- ]’-?O - ?17’1)3 «We shall consider the real Hj-].bérfc space j{lﬁﬂﬁ* ant

the comrloh linear isometry

Ustl s (0 &%) i’@ 1@%—&)

defined,as in section 1,by the formula

. b e A ‘
(L) T = (P x+ Aw(l}:%v =%, IP X+ —Q  x- Sy x),
z, s N2 NES
for any VC'}C, O0f course,the results obtained in section 1 amﬂ y to
this particular case.

Basy computations give the following formul&e,by which the opera-

tors on Y»(a yintroduced abmv,ur@ transferred to (% @9% 59(’2% &*";%

(1) (UE;U“]‘)(xidf-:{;,}:i’-;—x;’) =
L o ’ 1 , , - 1 . 7 . ’ ’
= ( m-??_(l?x]+fx e T(}cl-}-xl Ly -——2—-—(‘1“;;14-( 2«-.?.):{1 + "%5"(?(.{’"}54.
- mx%uhwﬁmg): .
i i 1 T By e r r 7 i " E 0 o 4 1 T %Y 4 r
= ( (Lx ~T%] Yot m—w—(y S T e ((2»3)}(1 -Txl)+ s (x+ -x+)

' ""1. L4 I LA ’rr T £ s, Y 4 LA
(URU )(x1+x Xy (%] ) = (Rx +X+,(2~R)Xl i’ I

(3) 4
(4) (UDNU™ ])("C oo ~-A1'_'+X~;') -~ (L&X'&-x", A‘"lx"";-x"),
( ) (U A ..... ])( Xi,4'x4t’) (A]L}(’—F}?’ : A

The conjugation & Ju 3{,(3 trzms;rerreo_ to the space

o hel
@Y e

X
(

&

(6) (UJU*l)(xi+X;,x :

? AT ot ’ I)

'+x;’) = (g{’ p X HE]

i
daBuy 0 = e is the na bUTm‘l symmetry in the space L @"’@Q
(&Y )
We shall now define the operator (\éle‘: f( ‘3(; 1@’Sé+) by the ‘fQ:c‘mula
. T ( X, e e Gy v, xlé%l : ;«:+¢.,"}g+

It is obvious that we have o éClél.

ot

Remark.Since QAx = x,for any xe W, ,we can also define Cy to be %
e " N e y
restriction and corestriction of N / to '}élﬁ?‘}éJr

The following Theorem exhibits the. subspaces K and 1K as graph

of bounded operators and is,therefore.an extension of Theorem 3 from
: ) ]

[13 (see,also, [?1 yTheorem 2.4).
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&

2) U030 = B0 3 b)) 003 - B (0.
Prooi, a)By Lemma 5,any xé K is of the form

: x = J(;‘il)x.1 X
where Xle'qéi and x &% . .We then have

: \ ey 1. 1 i i
Ux = (P(149C))x +Py % + 13 (UJCl) 1+ @«o X+ —éwcz (1430 Yy +

. _.....j,_"‘...(\ X7 bid T- .L 3
ar {2’ <‘2w_4\ Ji (1%«30“) .L )OX++ T () (1%«JC ) \(?“P ‘(I - ‘Tﬁg—ﬂ (:HJ(Y )X
e O = - 3 - -
-W%*_}’Q_} (X ;, s -35«- @ﬁ .f\+ ,(/l(}xl TE"‘E#_))&
e \-\(\"1 § d Xéj{
Conversely,it is easy to 5ﬂé that any7§7e V(Ei)fis the image of an

re W slience VL) = (‘(Cl),

b)For any:xej{,bv taking into account the complex vector gpace
structure of ( I E?M )69( Y 69'% ) introduced in section 1,we get
that

“iw

s
o
£
N’
1
!’Jf
54
|
P“
SEi
><3
+
+
Q
\4
Wf
P4
+
N
H

= (ix jwwx s aiclxl+ T%fx+iiz
= (X~+K+ y ~Cyxq- ;)é P(MEi), ¥ xeXK.
" As above,we infer that U(iK) (;E&), -
5.As in the paper of Rieffel and van Daele,one can consider the
operators 5:D(S)=>H, and F: (F) > ,ziven by

(L) DLy =FLwi®l S(x+iy) - x-iy ; x,7eK,
and ' : ' '
(2) B(F) = J}dfka, ?(X*iv) B hdar - g X,xé Z/AZ
(if'is‘clﬁﬂr that jﬁ{yL - "1( , and Shimh e pair (11( 1( also

satisfies ihc NON =~ 6ewou@rwcv conditions a) and b)).As remarked in [3‘

it is obvious that & and F are clo"oﬂ,uensely defined operators;of

course,they are ”l<o antilinear due to the fact that here we work wit
the particular case ol & compl@x'ﬂllbert space.

It is easy to see that the real projections,corresponding to the
vair'(j.ﬁ<l:1< ),are given by .

1] Q':: l kg I;‘Q



2104
(P’is the real projection one rator onto 134 ,whor,m~ 6 the r@al
projection operator onto 3\ ) .The POTTP%ﬁOﬁdlﬂ operators R,T,J are

then given by the formuﬁlae

¢ - “"’1]; . 1 AL b
whereds A’ = N7".It is easy to see that the corresponding closed co

% are “}(ﬁl’ = ‘j{o 4 F}Cé = %l § V\LC-; o "Ié“;'

re,we have

plex vector subspaces o

"W ="  ,and,theref

rd & <+ ¢ &
o R s Ry 3 B2 0w Qs d ey

with an obvious notation.

‘*"JHD

1

6.Let ve now remark that we have the inclusion 7{,3 cH(N) ansd
that [‘s = Q\%l is an injective positive onnratox‘ in ﬁf(%l), such
that o ét}lsfl.This rcwark,togomhhr with the pr ccoclr alculations ,-
will enable us to give a better presentation 1or the K., l1.5., phenomeno

Remark.It is obvious that 1f-&1 i ralss Anjective in ﬂC].

Indeed,since A is injective and positive,we can ogfwnﬁ the self-
hé@joint densely éefineé gperator h = 1n b,.OL course,we have tﬂﬁt AN
= € ,and we can also consider the norfcn}al[ densely defined operator

'Aiz S o | e

 By taking into account formulae (4) and'(S) from section 5,we infe

tha t by defining L U'AFZU"% SRR A u+ivé§C ,ﬁe have
wg(} H%’ ],,4_:{;,) - ,(Aliuwvxjf_%xm‘:’ ?u+v_x{,.+x_;r> .

for any xi,xl’ejé] e u 4 ’é'g(', ey k{(‘.@ (&ﬁv) ’ Xi’é@ ([_\3’?),‘:’?1“5}1

formula (2) from section 4,we infer that we have

(W, (x1ex 0,30 4x? ")V (g5 51 +77)) =
=S U henath s Tritih T ) Gy @

+1

) - i(x;\y_;’) +
_ oy
4 r s o s , s ’ Fan ’ P R e
for any wie BN, Vo x DA, Fawiin. e gty e T
-~
If we now assume that (&{4&;,xi'+x;'),(yi+y;,yi'+y;') € r‘(cl),apd
~(1/2)g vg '

then we get that

[}

O
o



(wz(xi+xk,h +u: )\ (e +v+,vl di’)) =
(B ™x{tr) + (AT {ix)) +-2(xiy)), |
and this formula immediately yields another pfoof ot Propogition 3.7
from 1k
T.In this section we shall ﬁrove_ﬁhat for any one-parameter gtron,
ly continuous unitary group Rat v uﬁegﬁ?(jﬁ),om the cbmplex.ﬁilbér
space H, yand any couwura ion J '}ﬁ,ag{ ssuch that

) ud, = Jou, ) e R

there exists a closed real Hilbert subspace ’}(O,such'that

B AR o) e ) B mel )

et it :
and such that ( be the modular group ( A )te;Q , COTTEEN0N~
£ i

Al

ding to 1{0 yWhereas JO be the corresponding conjugation.By the Rema:

~Tollowing Lemma 5,the subspace is uniquely determined by the paii

5
((U”'b)t'eiﬁ, p Jg)e
Indeed, by the Stone Repre sentation Theorem,there exists a self-ad-
Jjoint densely defined onerator‘h.££9(kﬂ~éiﬁz ,such that
e e

From the commutation condition 1) we immediately infer th?ﬁ
L4

(2) J 1’1{) == -'},'1;

fo)
1f we denote by Eh the spectral scale of h, from (2) we obtain that

Bbehado) o0 hel

(o
HE
P i
b d
et
By iy
i
b
!
&z

yPoo=d P d_ s h(o), and Q= 1- - P~ P .We can

0 0 ;!
plv the constructions described in section 1l.#We,moreover,. remay

that we have

Y OY D ()

23]
=~
e
2

(x €8 (1) ard n(x) = o )y }:éﬂé‘%@:‘ﬂw
Since the mepping U gjﬁna(fqueyjé, )49 ( 3z1§93£+j is given by
£3) U,x = (“ Kt §§4W e e QWX,J P x+ T 0 e T%MQ“X),

the inverse mapping UO' ig given by the formula



=13

-1 ’ ¢ ! » e 1 o i ¢ ¢
8 " o s ] aed X4+X S B
0 ( i "l §~ £ TR J4 ( ey ) rﬁ (}+X Ve
Of ecoyvrse, 5 =1 OJ OU";”‘ i8 the natural symmetry,given by
A S v gtk i ‘fx:\l'l"“v'lf ‘r_?_’
( r) O( = T 1 TX~%< ) ( Xq B Xl'% },_!*> 9

for any x{,%; C%L’ X4k e o
Let ‘us now rema r; that we have

h
( v

0 <¥1c 1 ,
e Sieyier R Qh' > 1 .

whereas Fqe and 1~11 are injective in %1,

eshall define a bounded IR -linear gperator |

v @Y, > Rey,

~
D

by the formula

e 3 l/hj)h
ul(xl+x+) =

"}’X_L 7 1&%1 $ X+é(:[€+

Of course, we have that 0£€D; €1 in (. @‘“% yand the graph V(D)

~s

of Dy is a c e real subspace of ( '}C]@‘lé+)@( o @%+),a*,r}1ich we
“shall denote by "J{ .By taking into account the el bion of the cor

plex vector space structure of (', @1{, )@("K mé );we can easily
prove that i 7<o = \_(le).

147

i e

(_ﬂ

shall prove that the pair ( 'j{o, i "ﬂ(o) satisfies the non-degenc
racy conditions

a’) e g TR EAT

b (140-#17{0)‘\”:%40} .
.o(l/g)hx: )

Indeed, for X+, 50
(3,47,

ah é"}é] yand an x' /o ‘3{1 'q, ch ﬂ"t
e L(1/2)n

1HE Xq+x ) = (yq47,,

ywe infer that there exists

1/72)h :
...e( /() ylu—y'}‘),..

5 g

whence we infer that X, = 0 and (1/ )ﬂ = 0.1 Halllows that x. = o,
and so relation o) is proved.

In order to prove relation b”),we shall prove that 3<O+i1<o is'deny
i (’Jé16?§é )EQ("}é @73{ )by showing that the comnlex orthogonal
complement of 72 rwjz Tﬁ; é@jﬁ 1ﬁ1671{+) 12 equal to {o}y

Indeed,this iz an immediate consequence of the egqualities
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Favh that 6 2

and of the is injective in ?{1.

If we denote K = V“l 1{ )y then K is a rloJod real - vector subspac

o
=

ysatisfying the non-degeneracy conditions a) ﬁr@ Ym0
o ! : al
“We shall prove that J = Jo.and U, = A K y t€IR ,where J and A

are,respectively,the conjugation and the modular operstor associated

the pair (jZ,i1<),as in (}~l.

7 la ¥
Indeed,let P’ be the real projection onto K = U (D ).Pron
b 0 b 4 0 - O
e : e
Plaiex oxlaw’ e vyt e(“ g
O( e +,+ ) (Jl s I y+)
and

, ¢ , s :]_.‘21'11 ;e ’ ’ ’ l?h/ ,
<= ShP AR I I 21 . ’ >ly1+x = (zl+z+,e( //,) zl+z+)>z 0,
it i eaay to infer that .

e (i+eh)"1(x’+"( /2)h, ")

P
and
it L v 5
v, = (1/2)\A++x+ Y

N
the resl projection onto F(~D1),fr0m
abe Ll
=€ : Jj “J+ )

o

' If we denote by é
£

G~ ‘yf et .:fl ~ A
%O( F‘+’41 +ﬂ+ ) (Jl4a+f

) ¥
<(ii~y£’+x;~y;’,xi’+e(1/2)ﬂyi'+x;’+y;’)\ (zi+z;,

¢ ziéjcl ’ ’Z;e%%‘

(1/7)h_‘w1 e

we es .nlv infer that

< hy~ : 2 Lrtie
yi' = (1+eﬂ) l(X (1/ )b xq e

and
et
If we denote R = P’ + Q7 ,we obtain that
o) o) )
o laNE ol hy—1
; Vo= (2(l4e") xl+x;,2@ (1nie) >i’4x;'),

( 4) Rf(Y{%X' Xy 74X
for any "’,x{?51é3 o Kﬁ'e'3€+ jeimilarly,we obtain that

(5)r (B -Q )(y ;



e P,1/(.(0 T,,) Ulr Lo

Hor =R

(6): “’(X_‘g+,xi’+x;’) =
(j//)'b), ,“fX+ m(j}"O‘ 1 (T/Q)h If.}'_vfr>°

R

(il

4

From formulae (3),(5) and (6) we immediato Ly Jnfer that

4 G s 1 S TRl - ’\I y £
) (7) IO keL)O ; OKO

is the polar decomposition of Pé»@éalf we denote ésé = (2-R

[@ RS

iy

then from formula (4) we get that

<o

':)[ 1 r - } 4 ;i A s
(R ) ( +,x1 Gxl) - (%&iﬁal) 1+x ,%{;q(l h)ﬁ n ).

(f
(O
j o S
o
Lo o
O
Yo
2
3
=
(e
-4
@
U
<t
aE
)
<zt

h 7z ’ “"h s ¢’ &
EU X e gl Cgopd O s
( R 0 A ) ?

¥

and this imm
(8) A,(Xi%“}.f}r] +%x7°) =
G course, o@(/;é) = {( 4\* }"-;»x”_) §y *"é@(gh)/\% }

From relations (7) and (8) it is now easy to infer that Jo = J,where

"'11"{ o . - . . p
UO QOUO is the comjugation in e3e s corresponding to K yWhereas

J

i

-1 . ! : . :
A = UO ﬁ;éUO 15 the modular operator corresponding to the same sub-
space.From (8) we now imm ediately infér that
it - .
u = O 1 _té\Q;

“t)tGWQ is the modular group "‘Jch corresponds to the pair

(1<,j.q<),according to the construction given in E}} .

In this manner,we have proved the following

2.Let M, be anv complex Hilbert space snd Lot L e J)
e : - ' - C L te?

be any pair consigting of a strongly continuous gne=paramneter uniteory

group,and a conjugation J,in I ,such that

utJ = Ju_t . tEiR .

Then there exists a2 unique closed real Hilbert subspace Wc'H ,satis

fying the non-degeneracy conditions a) and b),such that (u,)

T e

the modular group,and J be the conjugation in 3¢ scorrespnonding td K

by the Rieffel-van Daele construction.

Remark.lLet H(jl?(jﬁ).be a von Neumann algebra)having a cyclic sepe

e e

rating vector xoé e sealliciiie o bl Mgﬂ C M be the real vector sub-
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K CH, catisfies the non-degeneracy conditions a) and b) (see f%}

=16

space of the self-adjoint elements in M and define = % Jhen

%4),‘011‘& from &xo s and J}{.O = X, ,We infer that ?C,.% ;:f% o} Sk

4

fact shows that,in this case,Halmos’ Theorem can never be'apnl iedid o
the pair (K i) is not in "ogeneral position®.
8.Let now J 1+ H > be a conjugation and MDA )— Y. ve a
tive i}rljectivics: self-adjoint densely de ncd operator in r}é such that
TRT = N
For the unitary one-parameter group

. Ai't it eiw’;@n& = 1}6“21

‘utJ st €IR ,and,therefore,according to Theore:

)

3

e}

by

we then have that Ju, =
o e . e a1 S 1 p o B ot A ) and o yct
2y there exists a uniquely determined closed real vector subspace 1
satisfying the non-degener e y conditions a) and b),such that J be th

conjugation,and <U*“>1‘6-(Q be the unitary one-parameter group,correspo:
v 7

ding to by the Rieffel~van Daele comstruction.It is then obvicu

that O is the modular operator corresponding to 7< by the same co:

struction.Hence,we have the following

! _o«for any conjugation dJ ¢ 7@ -3 'Jﬁ yaud eny positivesinjectis

joint,densely defined linear operator A'H (A ) &é ysuch tha

there exists a unicuely determined closed real vechor subsnace K%

satisfying the non-degeneracy conditions a) and b),such that J be the

conjusation and /A be the modular overator corres 'womh‘r'* to 'k byl

Rieffel-ven Daele construction.

Remark.One could consider the problem to characterize the closed

PRS-

real wvector subspaces Jec M, yWhich arise from a standard von Neumar

T;ﬂ’m rC L (H), vy

T S s shere s o e
he formula W= M, x_  ,where X, €3, is =2 sep:

Sa
o

roting eyclic vectior for M.
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