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PROBLE}-IS,

bli'

Ourai.tru AIAM

II'IIR.ODUCIIOIrL" the ain of this paper, is to construct an

iterative mult,igrid process fol' variational rronsyrnnretric ptror

blems defined by continuous, eln-ip,tie typer, nonsymmetric bili-

near' funct.ionals, such thet the bounds obtained for the rate

of, convergence be independent. of the approximation subspaees*

i.e'  of discret izat icn parameters * and depending only of the

continuity and el l ipt ic i ty constanis* using an natural freme-

work''for the discrete problems, such that the Nieolaides vari.e*

t ional relat ions (1-5 and l . . l7) are fulLf i}eci and using a
Hackbusch type deconposit ion for the twa-grid i terat ion opera*.
tor,  coristrueted with an. adequate relaxation processr w€ obtain
bounds' of sarne type as in urultigrid l"iteratu.r€:o,

$1. Appr:ox-*lgFisn oq, erlbg[ragers_ Let ] be a rea]
b, le l tr i lbert space with (*7.;  inner pr.oduct and [ "  t l  the
ponding norm. Il{e' consider an J{ the, following problemr

separs*

cores*

(9) Given f a boundgd Linear functional

euctl that d,{urv}*f(v} for" every vS}

onH ,  f ind  ue l l

t:

where. a ls e. nCIn$ynmetri.c, btlinesr functional
fie:s; the foLJ-cwing pr:operties,l thene: exist. the

(5 such that.:

on lo  tha 'b  sa t i * : *

eonst ants o( and



! ,  *  ?  *

(1 "1 )  [a (wrv ) l  (  p  l lw t t .  gv t t
( 1 . 2 )  t a ( v r , w ) \ Z  q  r t w l l ?

for  every wrve I .n

By the rvell knowed Lax-L{il_gram lemna, this problern hae
a unique s'olution ue} . IVow, ]ert A be the f.inear operator,. on: 
I , bounded and, ylorrsingular, deftned by Rie$a reBresentation,
unique, determined by;t , .

for everJr wnve I ,

f f^ Ik  is  an f in i te  d inens ion subspace of  I ,  then by}e
we denote the, crthogonal projection operator eorresponding it.
The restr i-ct i .n of the bi l inear funct ionar & at lu defSnes on

)tf, 
"1 

Linear operator At Uy

a (,wu, v*) =<,fl. wn, vk ) *(n ?*wu, ? t"C = ( ( ?nmn ), vrg *,vg I

for every $rk, y]*€ )lk, i:rence

(1"4) 4s =?n.e?*

As l inear operator '  on.1]-,  Ak i$'  bounded and.nonsingurar becau*e
(1,1)  and ( t .a)  ho ld  on ) ik :

I 'et?u be, t j :e f ini te d. imensi"on real srpaee, dim?**dimlk=
=lq, 

.r  
equipped with the Euericrean in*er Trroduct ( ,r*)n the ;"r*=-

ponding norn 11.11 k.  I f  
"Tp: ' [k 

*7 Rk is,  an bi ject ionglerator,  then
we define Jk:Rn--a X U ny

( t .  F )
(1 " t1

; & . {  
,  i o e ,

(dk*l*tQ)n={*urJ*+k} 
, for every wpu11gr?t6 Rt.
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O n  T i -  w o  r l r l f { ? r a i  h f f * r  + 1 - , .  ' t ; - . ^ ^ *  - - , - - - lv* r\k yf,v uurrl.lg ltm{, t,he lirrear Opera,Lor *s},Srerspondin6 tg,tt by

( 1.6) Ak*,fknklk,.

,no,tting that for every ?r'g* ?g6Rtrr

(il.?) < Akik* *nre *ssg(*kGg) ,Jksk>.

with t'hisr e€: c&* construct, the dtserete problems
to- ' ltg 

and Rg subspaces, of the problem (g) .
Let r feJ. be the Riesz representat ion of the

funetionat f:

. - *( t .g) r(v)=<rxrv)r for,every v6ar

and. te,t, 4 o* r.l-e projection or #: ff*?kf4, o*.)lu"
the discrete problem onlg, eo*es'onding o$ the

tPl  is :

(P* ) Tb fjnd WXr. such thar
,d(uo,r1)=f(vk) for every- 1roulr I

and the h,vo follsr,ring c,rcblens-. are equj_valent wlth 190) ,

( t ' )  To  f ind  t r * Ik  such tha t

. 
( 4 Ltt , vo) =(f " a vr ) for every rru}:..

(1"9) ({e t}krvk)*<rf;rvi*;  for gy6qy vge}o.

On Rn we definoi the: disqrete problem correspanding

h that
A*E* =ff, , rvhere. il*n*t

e orrerrponding

bounded linear

prCIhlJ_eni

*t Pkt

f , ,1* SSrna.rE: Tf -$*epk i .s solut ion of (1,f0) then..t \  is
solut ion of (?t),



;,

FTpot" For every

re lat i  ons:

4 *

*ksftl*, we heve the following equivelent

( A k % l F r r , ' t k > k * o

(irkf;kJtrfrrr?krk =.{, frrt , in Rpr anrl
. , --k- 1:-- "t" l-(Ag t'Jt"tig) r.f."vU)*(ftfovk ) , ip )lk,

Eeeause ,fk is an bij 'eeti** operator, ttie rast rel:ation
lent vrit"h (9.,'_),*' K - *

Let the

approximation

By the 1evel or grdcl k, we

ces 'llp 
and Rp an.d vre point

4\

of the: k. For the ulter:lor

valence relsl ieps of the l i k

( t " t t )

unCerstand one ar.both

out this dependence by

est fmat lons we need the

and RU - normsl

is  equiva*

of the, subspa*
'L,he dependence

fol"l-oltrin5i equi*

fol loruing increasing sequence of f ini te dirne*sion
subspaces of ?l l

Tto" l r  * " " " " }k -  
{ . }o .  *  o ,  .  } f

oil rkikfi { fkilfkrt s ( c* tt r\tl ,

for every ?o'uRk, vrherer C1rC, not depend of k,

1o2'' I ' leqaflq" choooi-ng convenail le the Linear opera.bor Jk

I * r l l t " t , r  
a such e:quivalenc* re lat ion aB ( t " t t ) ,  For example,  r_et

t*f i l i*Irngl be the natural. basis of Rk and l i*=span l+$ j* lrr:plo
whero the abor, 'e fannily is o*t,]rono*o*1*lr 'H. Trreno clefining Jk by:
tr"e'f=$; , i-lrokr vre obtain (l"ll"), by {lvrrltk =ll,rkfl_l[ , fcr ever,Tr
?k€Rk" I lence, aJ.vrays hol_ds an relat ion of  the type ( l , l l ) ,  proved
bY this particula:: form"



,tt:;::;::r11:

(  1"L? ),

( 1 "1? )

( 1 . 6 ) , ,

i  * F *

L,1" I*eryq. If (l"j-l) Frolds,, then

tlAr.r\ "* fr*f
rr2

[ aft[ 
"* 

Ft;n I where il. rt u-oenote s

Pfoo{. Beeaueo, fur everTr 6*r}U€ n* we

the spectre} normo

have  (1 .4 ) }  ( l " f )  ,

we obtain f,orr the first es:timatior:l

a {.rk**ra\} = <Arlrn Gp)g*

we observe that.t

l(aglk,wnlr =l a {;kv*o\tl< U rt
\

For'  the second .est imation

,  . +2

i#,,o;l+*tifs-rt
"2

akrpr ttrhdt t,1(t;f
".1

\\Sk[k tt frkttk

Shie estinations: proves. (t.IZ) and,

l{ow, fon every kz} vre define

1'l 3* n iL
f  " k * R k

t A l( r . r 4 )  o 0  
l r : n
. t  

-K

\ lt t*t *-r Rr-r
?*-, trn-,

where,?*In-t are the projections operators onltn andllk_t;
dE' Jt**L are bi jection operat<irs ana.If-I i* th* tnanspose of

s | ( tpat\) u ls tr?sr k * tt *pltnrr u

( 1 . 1 5 )  *

.r%;kk [ *< lu (.rk*;1ik,,r%pt+ul I

the diagran (}* ) t



T. -

6 *

an iniectiolr operator lfr*t:, Rt*l-r Rgr ioe.*i

(1. 15 ) ( rf-rvk, ivn*1) u_, =(?6' tf_, ftr_r)r" e

fo* every fgf Rgr 6k*Lt sk*L" By rtiidt|' w€ deno.be the icientity on 11 "

1o1' thpog.grn . rf the cliagram tDu) is connurtativeo and
(1.11-) hol.ds' ,  then:

(1.16) trr-r%-I_ * rf*ttu"n

(t.l?) Ar-r=rf-tn*tf-,

s .(;1 " 18 ) U r*-uou*f f-ltr u( c5 ,H, 2 .11 nu_rtl u ; cr*afit c!

for every f.inear openator De*t on RU_r"

8lo*s'fr The first' rel"ation is equivalent, with the comutat.i*

v i ty  o : : f  the d iagranr*  IJs ing (1 .4. )$  (1"6)o{} ,16)*  w@: obta in :

Ak* L*Jk _ rx r*:.J 
*- t*u*rpn_ 

r & 
"** r, 

k- l=tf - 1.r_r*| ru.rkrf; * r=
'  *Tk- I^  -k_-!-k *krkit n,

Nonn* by (t"":'n ) r $r€r have;

tt rf ,H*rrft-t1 
". 

,?, tu*%5rnn*rr**\t = {kiil *Ch*_rou_rrl*%ur*,n
0 k  & -

- rfr, a rl l**ru*-no*-r*r-rFe-:.n= eftl ?p ;k*rne-rrr*ell
cfl r.
f ,ff,? 11n._1tr ""tr

Fart*.eularlsr we ob,tain hf the theor$.e 3,?"r.that



* ? *
* .

It if-nrfl*n il *( c, cftIr e"

] , .7,Iegr,+q4* If we n:estrict the diagram Cln) at ' l{gr t,hen

the calaxiirt,atlv:ty is, equi-rralent luith*

? . (1"1-6t) J:*_3rk*r:tf--%

D

and, thie, relati on ho,Ldsr iff ho,Ids

{1*t"6':} ru*r*.k:l*,rkrf,*e

Fop to, prove the equivalen*e) relat ion ( l .L6r) with (1.1.6*),  ret

?a*r*Rro*1, f irst.Sy; then for every r*pellgr by (l"ft), (r-*1r)"

(1* I "6 n )  I

{ pk*tr Jk-I?n-* r,*p * < fr.-* o.J.u- r% - lor ) g* 1 = (fn_ 1 o rf 
-l;u*u 

) }c*l

=<rkrfll?r*r*or )

vd:at prove)s, that, (1.]-6.0) imfllies {3'"}.60''}. Converse13y, :"et un€}p;

thesr fsr everv ?f**f Rk_]., we: h&ve;

( Ju-lPr*Luk, tk*r") k.-* =( ug r Fg-r-*tE*1) *(uu ,+krl*r%-:_ >
*<r**kuqar$e*r) e*r d

ll*4n B9&QS&" The Garlerki& meth*d conducts to a conmutative

diagraua$

llo;q{" Let}=spantsf j*lrnr} , f *k*I;k, where bpth frnnil"i.es
e . a |

arer ll-inear independent inI . BecauseT**r*1t1 therei exists fi:e

rnatr ix t=tt t*: ,  i=],  nh*l ;  j=Iui lk,  unique dcteruinbd by



. i .
? a*n

I1"
t)i.. * r

tJ 
*J:

* 8 *

r  . . ' lta ;$f;.* No:rurt.he *'gt.ifnems',' 0alerkin rnatrf.x
tdl "u'

Al**Io An arw

...k 6"8 * n
Iir*Li*'k-l */ 't\k$

I
t r - :R,  {  ' } t .

u  " g  &

-!r*"n - 1.. L".J, n * r$*_ 
'*J 

*r 
iL fr-'t,

by L*3)* Remark* the

the Galer,:kift matlix

*T.EUt*.

nr*
tF { r!-

r f  - , ,o*  ,*  E & ^J '*k*}"k*t--i$ "i;og '

P { . 7
. l -  e i *S t ,  i * I _nn ,  i  I  =k * luk "

D

by

for i:he: f t / 1 I T f iv Y.r4 aJ

(?'.1.i

(2 "?J

+i)

v i
"t}.

rr tJ

lr-n
I!]

-F\"s

k*k t

crt

of

f* ie the, indentity

the, spec.tral r"adj-us

en li l:ear' o,perntor em RO"

opera.tor Glre I (q{} gi-res the

CIf

O:fr

define.dt by the; sntries -ll-O*-**+rt) * i"n j*lonf u 0 *k*1, k* 3r'e defi,nr

$'?" .Egq:gi"S c.A4y,qqr{eqge* For tc soTve numerica}.ly t}:e
equati^on i1,10) by rouSt,i"grid method, such t}:at the bound of
Lrhe rat.e.' of eonvergenee b,e independent of app:"oximation subspaeeso

we s.uppcrser that". are satisfied the fcr'llovring properdiesl, for. kzzlr

I) 'bhe diag:pairr (l."l4i iei coin:nutat.i,ve

rr) the norms equivar.enc'e re,lat,ion (l*r-l i  holdso,where

g, .ancl.Crare ino'epen<lent of k*

te.t" h b,e fixed.B,y stat.i*nary' it.erativ'e procs:$sr

ti.on (1,10) vie unclerstancT the iterat_isns .seqruencei

;J+t*. '*k '**l* : -.- a .1.

J - J - f 4 g o e c , vrhere
^ - a n\rk*-r_k*JJ

Rr-*  an i j  ! ,_  ie
ll.- l.L

- l - 1 r r :  { * , : : n q * - i  ^ *u I i \ ;  -L L. t t . t 'd  t , i  u i l ,

'fi:enu is a sinrple verifie:at.io,x1 that, for every ?r- .,c Rk*l* oL*11, wG have'

by

vrhat prCIves t.het, (};16"').is \reffified, an#n

cliagr'aN, (s*I, is c;oniriart,€ltive. Sdor*over' be,tween

the,re; exis-b the fol.).owing rela,tior* LO_r=

rate of eonrro'r"fio'ficQ: i:: $(cik) a 3* rf )Jg is eoni;"Lruc'[.ed on];v by ]reJip
the k lcl"eL o. tiren vre rraj:te

k  leveL

'Jhe tlys*grid it,erativo

a sucir proc:ess, os l:elay;at.i$n; proce$s

pr'oee{r{r- i$ clefineci as foll.ov/ri l



.  . i  
* q *

t

{ , ,

iru the: {J+},} nterp we. deterrorine ths ($+r} itoration r},:Ly in{ uv,
* l  q  

f , \  J l

i i !-sweeps: of re].axation on k revel ere efectuar,edr

a*t t * ' *c i * t *  +  akfJ ,  FCI ' .+Gcni* t ;
- ! +

F  
- I  

n  * ' t
r r tJ  t -  ;3t r r . I  "*k *kt

. { 5

Le,t fi;!r' b,e after relaxatioa;

ii) fhe k*levet defect" do=I**a,-ir*rn n ie representated CIn-  t i '  K " tcK , '

coarsr* leveL k*1: dt*l=f[-tda

i i i) sxact, eolution on k*r ]"ever is efectuated; o = -;

.  iv} t .ne coarse correc-. ---  -  -  *K 
"t*-1vk-t*d]t- :

rtion V:.=f**f%*l- is edded a.h. j*itera*

tion f:6r to obtain the (j*ll*iteration:

- . i * , r  - i  - .  .
f 

'=ofi * ulrn

fhe two*grid iterat.ive process defines an. ite,rative stetionary

process, en r?k vrith the iteration oPerat.or \:

tall Mg* (Iu*E#rJ nl, where

(e4) %*rf_r€lrrpt

and we'use the fol l"ovring decompo*it i"on (t?1) of f . tr

(a*F) Lik=(af,n*aul (AkqL)

2"1"' {remilqt* In t}re hypothesfs I}* If)r ws harre the fnll.o*

trtring esti.mations for' every k7rLl

(2*6), ' ltA;I * %fi *.<c5tf,?,

(?,71 ltAkclilb < foee 
I r

*&'
cF = St:"*cr l



whelre the

{4 "8), ors-offiAko o: n*1/tlaklis

* f . * *

relaxat{"on CIperator G, has the form:
ld'

s
j

and g is a inonotone, rleere.cls*ng, funeticm of l :;

(2 .  g l  f f ( )  )

I l {pg{:Fr:om (1"15}, { I"19}r w& obt,ainr

11 a[x-n*u -< tt*;lttu+ flrfi-raillrrfftil *( ftA;lll u*cr$riltll* rF f
j L

& (cn+ r) $. f;tr q

su.p
OtXtL

t {j{ng

;  x{e-xle!l

e

.a

3/ &1+].) *

lfo-w, for the seelond es-bj.mation, we obeenrre that efan b,eing
erb s$ninet'ric, posi-tive linear operatorn his eigenvalues lxg;;*xr*t

e{e posit ives" Tben,

-elllg= || *u-f,) 4 [ ** g eunq"*g: * gtafa*cfi) l=
=g (dpk exn*r,>$afak) a' l* &ex

, L
\ - t

oJ5
lt

- ) ;because "f3orfrSI**/tlAh[$* t* In t]l
ti on, gop -t x ( t*K) sJ < T/L.s( s+:,2211

o-<xs.]"
r / re obtain (?.?) a .

l laekbuseh (t5i)  names the relat ions (?"6) and

tion and snroothing properties*

i* givon the

, I{ence, with

t 1: {r-*fl \}'o :

folLovsi"ng es'bf,ma;

g of the fcr:'m (?"lZ

(e.7) the approrim*



} L *

2 oZ o Tl,e.qfigF,-$,{_gq*Vefifp_&gg* ff the: approximation and
snooth ing prope: : t ies  (? .6)  and (a"T)  ho ldso then in  the hypothe-
s is  r ) ,u  r r )  *  f , , r  every $6(0,1)  there ex i .s ts  i . ,  depending on] .yo
$ such that

(?"re) l t  $' ikl tJc6e(l)sE <I,
" 6 * *5

tqgs :, From (Z,6>' and (A,T} \ire, h&ve "

fin\*rr* { li*fl*Bat;{Asculls { c5(;?"

Because by ( l .L2}

X.i ty in (2.10) * ldov.r* let

where 5 io  f ixer l  in  (0"1)

oecreastng monotony of g,

t r . .  ,  e  + 2rlQk < lp: 
o 

t, we obtain the first inequa*
"1

)o ' the snalest I  such .t ,hat C5e())(T ,
interval* , I ;his Sn there exist.s by the".

IIence

p
; H S*L

,***o'

procesJs convel" f le$ e

incl'ependent cf 'f,?re

r*i'* (r**rh;orfut) c;

g (tian) s lluuils$\"r

fon every I  zio ,  f-"e. th.e two*gr, id i terst j .ve

and the b,ound for the r*te oJ, con.s€rgence is

lcve]  k .

$5'"'l:1111;!rsqi$--gg*ysffg$,gp:o f.:f in rhe step iii) of .i;he tr,*s)*
gridr algori"t i[n instead of exact, sorver we uFe an two*gr,id argor"ithr
(k- l r  k*2)!  lys obtain au 'Lhrec*gr id alg;o ' i thm, erncl  so ono Let

I  zr  2 be f ixed. The nul . t i , -g?id i - tera ' l , j .ve p.rocess correspogdi ,ng at
the  l 'eve ls  " l l *cH1 re  *c11,  i s  car i : c te r ized  by  the  fo l low inp  reou**

sior: (Lrol; :

f P, f \

\ ) . r l
I't,.+r= (rp*.1:rk*t,ro* uflln;]ro*u*.r)*i*r, d-*,k*s*{



].e
where f zr{ is the, nuraber of the nmltigrid iterations Gn interne-

diaqr grid k, $amo for every kzrl, tet ltf.n.n be the twa-grid itera*
I \ " I . L

t ' ion operator corre$ponding at levels (k.* lr t)  as in second pera*
' graph." Then, .,

(1,2) nrr*rlmf*r"rfr*in{4;otf**nn**** , kar.

3.1" &gnq{h* rft the r}, rr} wpothesj-s,r we obtain the fo}k
wing estination for:' the nCIrm of' murtigrid iteration ope.,r,at:$r,

. J L
'  - | i  ( .  r l  , . A(5,5) l lnrr*rl l  

"!on "tolLrtl l* , rvhere

61 *c6s(r ) zrll{f;n\* ,, b}" (a 
"r0)

$ " 4l ['n *cre (tr ) , with cr=crcfcfr"p .

rncieecl,, Irft*llnrfuril n( sSrr*,4;1nnil s , nr.*,*[nilr oo cornmura
t iv i . ty cf tkre diagremVtn'u and by (2,,6) and (A"?) '

I r*"1ndf*roo*r*L, U ,* rr* to ) fl r,{kfi f; .
I{ence irolcl the, estirnal. ione tf .1} }, {T*4) *

5oL"  kg@ rn  the 'hypothee is  r ) - r r ) r
F

if ul+dl 4 f , then for every tr >rr t,here. exists ro cleponding onry f.
such that for e\rrery I ))o,

( , i , i ,  I  i * i ,  I l  s(? (r ,

i 'o'. the $tl i l t igr:icl algor*.thrn convelge'$n whene t is the so1u1io*
of  the equat ion

(5 "6) f (?)s[ott ?2 + 6^o=s,

sol.u"bion which l i .es in (Or:.)  intervaL"



a

l

* L 3

H,go:f-. r,et f}*! be the sequence def, ined by (i f  l l r

(3 -7b tl'.*e* .^ ). **f.r*['".?-t r,,. r..!- " L  f  ,  " " [ c - F J "  ] ' - ] r k f  r 5 ' r . .

Beeause %*[o 4&, 't,]:e $eqLren*e t?*] isr in*reasing mon,otone
anrl boun<led by t.he sol_ution of {3;.6} * },{oreove}a, f (0}. f (r}<Oo. h.ence
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such 'bhert, 

\*\.t ancr it i.s the emErre*it vrith this prope::tyu

3-2. f tg{*prk, rror f ,*r  {v*eycle 
"u**) '  
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w h e r . e  F = F g ,  f , * [ r r , sf sa:lte 'L,ype as in nrul"tigrid Liter"at,une ( t:-Ol')

-co-mment'* By the rernarks 1..2 end 1"4r for eny 'eriationar.
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i terat i i re process s*ch that the bound of  "Lhe, rat .e of  convergen*e
be incepeni lent  of  apprsximat i .orr  nubspaces* eiepending onry of  t ,he
continuS.tSr and. elliptieity constants and of the nu,mber cf rel-ar,*tiorJ

tn
fcl:::

i
+ t :

In tlre syxunetric ea$G: the relslrslion Tlrocess j.s chang*d by I
^ r-_. ,  F*k=lk*#kr i*en by an Riehart lson processF ohtaining. sane iype est i* i

matf.ons. We, Rote that we nCI Ll$e t.he

the continuou,s, sol.utj-on of pr.oblcm

Fdf;&'&trpS

B/l l fK*RoJloT *A cortparison of
no]lsymmetr.i c ancl indefini"[:e

SfAIi cf ,llumer'.linell, lgy'l.g8l.

two mu'}ti*l.eirel.

e l l ip t i c  f in j  te

dj-ncretiz,ati" orl properties far
r ( i ) iL'r  J on approxirnat ion subspaces"

i terat ive netiror ls

e:l"enient e ciuati on$*
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