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THE RELATIVE HO]4O.LOGY OF' RUNGE PAIRS

s i .  TNTRQpUCTTON

The a im of  th is  note ' j -s  to  draw at tent ion on the fo l lowing

fact :  the techniques devel looed b1r  Hamm in order  to  s tudv the

homotopy type of  a  q-complete space (  t2 l  and [ : ]  l  can a lso

be  used  to  sha rpen  a  c lass i ca l  resu l t  o f  Andreo t t i -Na rash imhan

I t ,  T h e o r e m  1 ]  a b o u t  t h e  r e l a t i v e  h o m o l o q v  o f  R u n g e . p a i r s .

The i r  t heo rem j - s ,  i n  t u rn ,  a  genera l i za t i on  o f  p rev ious  resu l t s
1 1  ' t

o f  se r re  l t j  and .  Ramspo t t - s te in  [u ] .  Name lv  i t  w i r r  be  o roved :

"  THEORET'4 1.1.  Let  X be a non- .d.egenerate n-d j -mensional  com-

prex sDace and le t  Ycx be an open,  ho lomorph-convex qubspace

conta in ing the degeneracv set  A of  X.  suopose that  the oai r

( X r Y )  i s  R u n g ' e .  T h e n :

H  ( X ,  Y  . , K I  = O
r '

H n  ( X  , Y  i  Z l  h a s

t : r  ' r ) n

n o  t o r s i o n . "

Recal l  that  g iven a complex space X and an open subset

y ,  t he  pa i r  (X ,Y )  i s  ca l l ec l  a  Runge  pa i - r  i f  t he  res t r i c t i on
^ (

map  O(x )  - - -+  f r t v l  has  dense  image .  A  non -degenera te  space  i s

rough lv  speak ing  a  Droper  mod i f i ca t i on  o f  a  s te in  space  i n  a

d i sc re te  se t  o f  po in t s .  The  p rec j - se  de f i n i t i on  w i l l  aDpear  i n

Sec t i on  3 .  One  has  to  keep  i n  m ind  tha t  S te i -n  sDaces  and  more
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genera l l y  1 -conve .x  spaces  a re  ; i a r t i cu la r  cases .

Theorem 1 .1  was  p roved  i n  l f l  unde r  the  add i t i ona l  assump-

t i on  tha t  t he  s ingu la r  l ocus  o f  X  \  A  i s  d i sc re te .

The author  wishes to  Lhank dr .  I i I .Col to iu  for  severa l  he lo-

fur  remarks and point ing out  a  gap 1n the f i rs t  vers ion of  the

paper

s2.  A PARTTCULAR CASE

A1l-  complex sDaces are supposed to be reduced and countable

a t  i n f i n i t y

Theorem 1 ,1  w i l r  be  a  s tandard  consequence  o f  t he  tech -

n iques  deve l l oped  j -n  t l ]  and :

' ' rPRoPosr r roN  
2 .1 .  Le t  X  be  a  n -d imens iona l  s te in  space  and

)
V  tX -+  lR  a  C ' ,  s t ronq l - v  p lu r i subharmon ic  exhaus t i on ' f unc t i on .

F o r  t r 6 R  d e f i n e  * . -  = I x e x l { ( x r r t ! .  L e t  " { l r ^ [ 2 . b "  r e a t  n u m b e r s .t .

Then :

o

H r ( X y  , X f  ; Z ) = 0  f o r  r > n!  0 2  0 1

o o r l

H n ( X ? ^  , X r  , Z )  h a s  n o  t o r s i o n
o 2  o 1

Proof

By the uni -versar  coef f ic i -ent  theorem i t  is  enouqh to

ve r i f y  t ha t  :

o o
( 1 ) '  H r ( x r  r X . r ; G )  = 0  f o r  r > n  a n d  a n y  a b e l i a n  g r o u o  G .'  0 2  a

The  p roo f  o f  (1 )  i s  by  i nduc t i on  on  .n=d im X .  The  case

n=0  i s  obv ious .  Le t  s  be  . t he  s ingu la r  l ocus  o f  X  and  y  a  semi -

- a n a l y t i c  l i h i t n e y  s t r a t i f i c a t i o n  o f  ( x , s ) .  B y  T o g n o l i  I a ,  T h e o -
'1 r

rem 3 .4  )  and  p ignon i  I  S  ,  Theorem 1  ,  co ro l J .a ryJ  one  mav
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approx imate V as c lose as one 'u: 'wants in  c2- toporogy by a real

ana lv t l c ,  sL rong ly  p ru r i subharmon ic  exhaus t i on  func t i on  V  , x - r  lR

wh ich  i s  a  t l o rse  f  unc t i on  on  the  s t ra t i f  i ed  se t  ( x ,  V  , )  
,  w i th  d i s -

t i n c t  c r i t i c a l  v a l u e s .  .

. . . . . - us ing  an  exhaus t j -on  a rgumen t  one  sees  tha t  i t  i s  enouqh

to prove:

( 1  ' )  H r  ( X  
f  ̂ , X r  ; G )  = 0  f o r  r > n  a n d  a n l z  a b e l i a n  g r o u p  Gr  0 z  d 1 '

when  f  sa t i s f i es  these  add i t i ona l  assumpt ions .  Here

X x  = { x e x l y ( x ) < 1 }  f o r  t r . F ' .  B v  t h e  s a m e  r e a s o n  o n e  m a y  s u p p o s e

that  T l  ,  TZ a le regular  va lues for  y  .

A--LL] rras proved that x? u s has the homotooy type of a tooo-'  0 2  .
l og i ca l  space  ob ta ined  f rom 

" f f  
t  by  a t tach inq  ce l r s  o f  d imen-

s ions (  n .  The proof  uses l {orse theor lz  on the s ingular  space X

modulo j - ts  s ingular  locus S.

I n  p a r t i c u l a r  ( 2 1  H ,  ( X " u  S ,  X ,  u  S ; G ) = O  f o r  r > n  a n d  a n y
0 2  o 1

abe l i an  g roup  G .  Fo r  t r€R  deno te  S r=Xr f )S .

" L E ] { , Y A  2 . 2 .  H - ( x - ^  , X - g  S -  ; G ) = 0  f o r  r > n  a n d  a n v  a b e l i a n
. ,  

'  i Z  0 l  0 Z
group G.

Proof  :

B y  e x c i s i o n  o n e  h a s  ( 3 )  H -  ( X r  U  S -  _ .  , X -  U  S - -  ,  - ; G ) = 0-  o  2  02 . *E  
' *T , ' " r rn t

f o r  € > 0 .  T a k e  € > 0  s m a l l  e n o u g h  s o  t h a t  L T T , T Z * t J  c o n t a i n s

no c r i t i ca l  va lues  fo r  f  .  There  is  a  cont ro l ted  vec tor  f ie ld

v  o n  a  n e i g h b o r h o o d  o f  y  
- 1  

t L T r , [ z * t )  )  s u c h  t h a r  ( d y )  ( v )  =  -  
k

I I s ' i  n o  i - h a  i - r , a - i a r . l - n r i  o ?  n F  f  S t f U C t ,  l i k e  i n  [ : ,
v o r r r y  L r l s  L T c t J C U L \ J r - l c b  L - . , L  V ,  O n e  t n a v  C O I

Lemma 4 )  a  re t rac t j - on  R :Xr ,u  s *  * c  e  X*  fo r  t he  i nc lus ion
u 2  0 2 ' '  0 2



* \ r * " t f  tT r * ,  (namely  i f  a  i s  the  1-parameter  g roup genera ted

b y  v ,  o n e  m a y  t a k e  R ( x ) = 1  f o r  x e X n ,  . r U  R ( x )  = d ( x , y ( x ) - t r 2 )  f o r

xe S.r"  -u".  X* )  .  F ' rom the very def in iL ion of  R i t  fo l - Iows that
u 2  "  a 2

* , t t r r * g  ) c ' T r ,  t h i s  s h o w s  t h a t  H r ( x  
t r , * T , r t T r , " ,  

i n j e c t s  i n t o

u '  ( X F z r t ' r *  
, , x T 1 t O r * ,  , " ,  w h i c h  v a n i s h e s  b y  ( 3 )  .  Q . E . D .

' * r r 'Xt  
|  "Tr '*Tr)  s ivesThe exact  sequence of  the t r ip le

4 Hr*1 ,*Tr,*" f f  'Tr;G) + H, (xtr1u' [r ,*T,;G) -+ t t r(x.Tz,xr, ;Gl->

-  H r ' * T r ' * T , u  
" T r ; c )  

: e ,

\ Therefore (4 ) 
", 

{xtrz ,rtr.,  rc) 3Hr ,*ff ,^{r,*tr.,  r") f  or rzn and

a n v  a b e l i a n  g r o u o  G ,  b v  L e m m a  2 . 2 .

"  LE} ,L.4A 2.3.  Hr ' * r f  
"T r ' *T , ;G)dur  

$Tr ' tT . ,  t " ) f o r  any  r .

.  
P r o o f :

The  pa i r  o f  semi -ana ly t i c  se ts  (X .  ,S ,  )  can  be  t r i angu -'  0 1  o t

la ted j -n  such a way that  i t  becomes a polyhedra l  pa l - r .  therefore

the re  ex i s t s  a  ne ighborhood  T  o f  Sy  i n  X*  toge the r  w i th  a
0 1  0 1

st rong deformat ion ret ract io t ,  f , :Txr  - i  T  for  the inc lus ion so <--aT.
0 1

B y  e x c i s j - . o n  w i t h  V = X *  I  T ' o n e  h a s :
u 1

( s )
" ,  

( " t r ,  r t r ,  , " t r1 ;G) gH, ( r rsTz,r ;G)

But  obv ious ly  i .  extends to  a s t rong defomrat ion ret rac-
A

t i o n  R :  ( T u S " -  )  x I - r  T U S *  f  o r  t h e  i n c l - u s i o n  S n ,  - +  T U  S . \' [z 
0z 

' [z Tz
C o n s e q u e n t l y  F I . ' ^  ( T u S ,  , T ; G ) ! H ' .  ( S ,  , S -  ; G )  .  B v  ( 5 )  t h i s  c o n c l u d e s-  0 2  -  0 2  0 1

+ } r a  h r ^ ^ €  ^ €  L e m m a  2 .I r r  v v  r  ! 9 r t r r r r q  L  .
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The  fo l ] ow ing  Lemma w i l l _  end  the  p roo f  o f  p ropos i t i on  2 .1 .
o

O O' I LEMMA 2.  4 .  F ]

abe l ian  group.  G.  "

Above Sr=Xo6S fo* r  11^  € tRt u

"  
I n d e e d ,  b y  t h e  i n d u c t i o n  h y p o t h e s i s  o n e  o b t a i n s

H r  ( s r  , s r  ; G ) = 0  f o r  r ) n ;  t h i s  c o m b i n e d  w i t h  ( 4 ' )  a n d  L e m m a  2 . 3'  u 2  u 1
p r o v e s  ( 1  ' ) .

PRooF oF  LEMMA 2 .4 .  Deno te  y=  y l s .  Then  . f  i s  a  rea l  ana ly t i c

s t rongly  p lur isubharmonic exhaust ion funct ion on the Ste in space

s.  Moreover  f  r "  a  l , lorse funct ion (wi th  respect  to  the induced

wh i tney  s t ra t i f i ca t i on  on  s )  ,  i t  has  d i s t i nc t  c r i t i ca l  va lues

and 
Tf  ,  f ,  ,  are a lso regular  va lues for  f  .

Let  
Te 

tR a regular  va lue for  , f  .  Then,  there ex is ts

s  7  g  sma l l  enough  and  a  homeomorph ism f  
- t  

t (T - t , t r1 )g  T t  r1 l x ( - r ,0J

Th is  can  be  seen  f rom the  p roo f  o f  Thom's  f i r s t  r so topy  Lemma.

By  exc i s ion  one  ob ta ins :

( 6 )  H r  ( s 1 , 3 t r  i G )  = o  f o r  r > o

From the exact  sequence of  the t r io l -e  ( -sr  ,sy ,s ,  )  and

o  
0 2  a 1  o 1

( 6 )  o n e  h a s :  ( 7 )  H ,  ( S r ^  , s r . i G ) t H .  ( S r  , s t '  ; G )  f o r  r > 1  .-  r r 2  0 1  -  . 4 2  0 1

F ina l l y ,  f r om the  exac t  sequence  o f  t he  t r i p le
o o o

( S * - , S * - , S ,  )  a n d  ( 6 )  o n e  h a s :  ( 8 )  H . ( S * -  r S ,  ; G ) = H . , . ( S , '  , S _  ; G )0 2  o z  o 1  L .  l z  f t  r  u 2  a 1
f o r  r > 0 .

Now (7 )  t oge the r  w i th  (B )  g i ve  the  des i red  i somorph ism.

a .  E . D .

r ( s f , z ' " [ r ' c ) g H r ' " T r , t t r . ,  t t ,  f o r  r > 1  a n d  a n y
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"  coRoLLARY 2 .s .

o

H _  ( X  l X n i % \  = 0
- 0

Hn(x  , i1 iz )  has  no t  to rs ion ,  fo r  any  rea l  number  
f  

r ,

f r om the  fac t  t ha t  (X ,X+)  can  be  exhaus ted
o o o

( X n , X J  a n d  t h e  p r o o f  o f  T h e o r e m  1 . 2 .
{ 0

U n d e r  t h e  a s s u n p t i o n s  o f  1 . 2 . 2

fo r  r>n and

This fo l lows

wi th pai rs  of  type

REMARI ( .  P ropos i t i on  2 .1  and  Coro l l a ry  2 .5  can  be  genera -

l j -zed to  the case of  q-c .omprete spaces.  wi th  the same proof  .

The  reason  i s  t ha t  g i ven  X  a  q -comp le te  space  and  f  :X+ lR

a real  anal lz t ic  s t rongly  pseudoconvex exhaust ion funct ion

(sat is fy ing the addi t ional  assumpt ions s tated in  the proof  o f

T h e o r e m  1 . 2 1  t h e n  a c t u a l l y  H a m m  l r l  p r o v e s  t h a t  X r U S  h a s  t h e
t 2

homotony type of  a  topologica l  space obta ined f rom X. .  U S by
0 1

a t tach ing  ce l lF  o f  d imens ions  n+ { .  The  s ta temen ts  a re  te i t  t o

the reader .

S f .  P R o o F  o F  T H E O R E M  1 . 1

A complex space X is  ca l led non-degenerate i f  there is

an anal lz t ic  set  AcX ( the d.egeneracy set  o f  X)  ,  d  Ste in space

and  a  p rope r  ho lomorph ic 'map  p :x -+ i  such  tha t :  i )  d im*A  )  0

fo r  any  geeA l  i i )  p  i nduces  a '  b iho lomorph ism x rAsa i .6  (where

X=p(A)  )  and  n *  9 *=  gX ;  i i i )  i  i "  d j - sc re te .  I n  pa r t i cu la r  such

a  space  i s  ho lomorph -convex .  I #  X  i s  f i n i t e  (equ iva len t l y  A  i s
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:':

compac t )  X  i s  ca l l ed  1 -convex  and  A  i s  i t s  excep t i ona l  se t .

Th i s  no ta t i on  w i l l  be  keo t  t h : : ough  ou t  t h j . s  Sec t i on .

Fo r  t he  bas i c  p rope r t i es  o f  Runqe  pa i r s  we  re fe r  t o  f  J ,

P r e l i m i n a r i e s J .

- -To  
p rove  th .e  theo rem i . t  i . s  enough  to  show tha t  F I  (X ,Y ;G)=0

r '

f o r  r>n  and  any  abe l i an  q roup  G .

'  
The  f i r s t  s tep  i s  t he  reduc t i on  to  the  case  when  X  i s  S te in

and Y is  a re la t ive lv  compact  open Ste in subset  such that  the

p a i r  ( X , Y )  i s  R u n g e

u

Since A is  d isc re te  one can choose a  sequence {  xo}  o f

open Ste in  and Runge subsets  o f  X  
luch  

tha t  XU, , lXo* ,  ,  
V  

Xu= i
' .  i  p  *  - 1  {

a n d  )  X o n  A = 0 .  L e t  X . f  = p  ' ( X U )  a n d  Y ' = Y O  X . f .  T h e n  X O  i s  1 - c o u r r e x

(w i th  excep l i ona l  se t  A  nX f ) ,  Y r )  i s  an  open  ho lomorph -convex

space ,  t he  pa i r  (Xu ,Yu)  i s  Ruuge  and  moreove r  I t *O , "o  ) ] . '  exhaus t

(X rY) .  So  X  may  be  supposed  i - convex .  Now one  can  choose  an  i n *

c reas inq  sequence  lV " i  o f  oDen ,  re la t i ve l v  compac t  S te in  .and

Runge  subse ts  o f  i  con ta in ing  ;  (wh ich  i s  now f i n i t e )  and  such

tha t  UV^ ,=p (Y) .  Consequen t l y  Y  may  be  supposed  re la t i ve l y  com-
^ J ' v -

pac t .  F ina l l y ,  by  exc i s ion  and  the  fac t  p  i nduces  a  b iho lomor -

p h i s m  X r A : i X . f r ,  o r r e  h a s  H r  ( x , i ; G ) g H r  ( f  , p ( Y )  ; G )  -  T h i s  c o n c l u d e s .

the  f i r s t  s tep

t r {hen x is  s te in  and (xrY)  is  a  Runge pai r ,  g iven a compact

subse t  K  o f  Y  one  can  p roduce  a  rea l  ana ly t i c  s t rong lv  p lu r i -

s u b h a r m o n i c  f u n c t i o n  { : X - r  t r .  s u c h  t h a t ,  s a Y ,  K c { x e  X /  V ( x )  <  l / Z \ C V .

Th is  can  be  done  by  s l i gh t l y  mod i f y ing  the  p roo f  t ha t  any  S te in

space  ca r r j - es  a  rea l  ana ly t i c  s t rong ly  p lu r i subharmon j "c  exhaus -

t i o n  f u n c t . i o n  ( s e e  e . E . .  t a l l .  I t  i s  c l e a r  n o w  t h a L  t h e  p a i r

( X , y )  c a n  b e  e x h a u s t e d  w i t h  p a i r s  o f  t h e  f o r m  ( x r 2 r X * 1  )  , c o r r e s -
o r  o Y
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p o n d i n g  t o  t r i p l e s  t V - , i , f l  w h e r e  r f l _ : X * +  R  a r e  ( p o s s i b l y
I 1 l '  u y '  U p '  l y - -

d i f f e ren t )  rea l  ana ly t i c ;  s t rong ly  o lu r i subharmon ic  exhaus t i on

func t i ons  fo r  X  and  X1 .  r#  a re  rea l -  numbers .u u  - v f

usinc Pror:osit ion2.1 Lhis concludes at once the proof of

T h e o r e m  1 . 1 .

REI4ARK.  The  co ro l l a r i _es  o f  Theorem 1  i n - [1 ]  can  be

q , - ron r rh tanod  us inq  Theorem 1 .1  i ns tead .  ( I rowever  some o f  t heseq r  ! r r Y  r  r r L v r  v r l l

c o r o l l a r i e s  f o l 1 o w .  d i r e c t l y  f r o m  H a m m r s  r e s u l t s ) .  A g a i n  t h e

s ta temen ts  a re  l e f t  t o  t he  reader .
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