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THE RELATIVE HOMOLOGY OF RUNGE PAIRS

~

. 31. INTRODUCTION

The aim of this note 'is to draw attention on the following
fact: the techniques develloped by Hamm in order to studv the
homotopy type of a g-complete space'([Z] and [3]) can aléo
be‘used to sharpen a classical result of Andreotti-Narashimhan
[1; Theorem 1] about the relative homology of Runge pairs.
Their theorem is, in turn, a qeneralization of previous reéults

of Serre [7] and Ramspott-Stein [6]. Namely it will be proved:

" THEOREM 1.1. Let X be a non-degenerate n-dimensional com-
plex space and let YC X be an open, holomorph-convex subspace
containing the degeneracy set A of X. Suppose that the vair

(X,Y) is Runge. Then:

Hr(X,YrZ)=O for Ty

Hn(X,Y;Z) has no torsion.

Recall that given a complex svace X and an open subset
Yo Eheiapaire i %) isuealled a Runge pair if the restriction
map 0{X)——9-§YY) has'dense image. A non-degenerate space is
roughly speaking a proper meditication  of afclkein ispace In-a
discrete set of §oints. The precise definition will abpear in

Section 3. One has to keep in mind that Stein spaces and more .



generally 1-convex spaces are particular cases.

Theorem 1.1 was proved in [1] under the additional assump-
tion that the singular locus of X NA is aiscrete.'

The author wishes to thank dr. M.Coltein for several’help—
bl remarks and pointing out a gap in ‘the first version of the

paper.

§2. A PARTICULAR CASE

All complex spaces are supposed to be reduced and countable
it dndEini by,
Theorem 1.1 will be a standard consequence of the tech-

niques develloped in [1] and:

"'"PROPOSITION 2.1. Let X be a n-dimensicdnal Stein space and
Y:X— R a C2, strongly plurisubharmonic exhaustion "function.
For. Y e¢R define XT ={xeX/\y(x)<3qﬂ. Let XH <7é»be real numbers.

Then:

o

He (@5 S il Eop i pan
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(o] o 1
X 1 Z) has no torsion

rz IXX,] 4

H_
Preof v
By the universal coefficient theorem it is enough to

Verify Ehatk

[e]

o

T ’XW ;1G)=0 for rrn and any abelian group G.
2 1

(1) Hr(X

The proefieof, () is by induetionson nedim=i.MThe case
n=0-is obvieous. Let S be the singular locus of X and f a semi-
=analytic Whitney stratification of (X,5). By Tognoli [8, Theo-

rem 3.4] and Pignoni [5, Theorem 1, Corollary] one may



approximate Y as close as onépwants in C2—topology by a real
analytic, strongly plurisubharmonic exhaustion function q;:X~a R
which is a Morse function on the stratified set (XQ‘V), with dis-
Eineck criticai values. 6

..Using an exhaustion argument one sees that it is enough

to prove:

'(1') H (XU 1 X 76)=0  for ryn and any abelian group G

(F

when Y satisfies these additional assumptions. Here
Xf :gxeX/Y(x)sw}‘ for T €R. By the same reason one may suppose
that K1 ,’rz are regular values for W
Under these hypotheses on X and Y, Hamm [3, Lemmas
4-ii] has proved that XT U S has the homotooy type of a tovo-
3 5 :

logical space obtained from X_,.uU S by attaching cells of dimen-

T

sions ¢ n. The proof uses Morse theory on the singular space X

modulo its singular locus S.

In particular (2) H (X (jS XW(JS =0 for r»>n and any
1
abelian group G. For TeR denote SY Xr\S.
CLEMME 2.2 Hr(X ,XKLJS iG)=0 for r»>n and any abelian .
3 = 1 ,

group G

Proof :

By excision one has (3) (Y uS ,X U S :G) =0

U e e
Jfer €50, Take . €>0.small encugh so that f72,3"2+€] contains
no critical values for Y .. There is a controlled vector field
v on a neighborhood of \y—1(['52,x2+83) such that (dy) (v)= - 3t
Using the trajectorie% df Ve ONe- mayieenstruct» lake = in [3,

Lemma 4] d retractionR:X U'S o X for the inclusion
() 75

[P



X XW(JST ‘s (namely if ¢ is the 1-parameter group generated
: 2 2 .

by v, one may take R(x)=x for xeX and R(x X, ¥ (x) Kz' for

2

From the very definition of R it follows that

S X
W2+5\ Wé)

R(S ) = ;
Tote : I

(XT‘J832+5'X USs

this shows that Hr(X injects into

XS @)
[P P

; e :G) which vanishes by.(3). O D
2 e

The exact sequence of the triple (X ,Xv()S ’XW ) gives
1 1

;G)—afi (X

— H (X vt Uus SG R X X G
ol T b T T2 7@ T T,
H (e ea=x SelniG
o Sk s I

Therefore (4) H’ 1G)YEH (X US.: ,X f0) For: psnsand
lﬁ [P
anv abelian group G, by Lemma 2 2.

H‘
G oy any 1.

M

T 1 :
LEMMA: 25 3. (X us H ((Sh TS dte
T1 7@ T1

Proof:

The pair of semi;analytic sets (X can be triangu-

7f7f1

lated in such a way that it becomes a polyhedral pair. Thérefore

there exists 'a neighborhood T of S SERE X together with a

T (F ‘
-strong deformation retraction R:TxI — T for the inelusion SB,C_QT.
‘ . 1

By excision with. V=X_\ T one has:

T

(5 ' (x us C)Y=EH (TusS

S e

But obviously R extends to a strong defomration retrac-

LG

tion ﬁ:(TuS ) XTI - TuS for the iinclusion S SHREES

i (P T2 Ty

Consequently H_(TvS_ ,T;G)%H (S 8. #46). By By this concludes
. T

Ehe . prooL of Lemmas 2.



The following Lemma will end the proof of Preposition . 254
[e]
[e] o

SLEMMAG 24 Ho(S S, 1G)EH (S .5 . :6) Forrsl and any
& e 12" 0, =l
abelian group G.
[e] [}
Above ST:XUHS‘fO; 'KEEL
Indeed, by the induction hypothesis one obtains

Hr(S[ ’SE ;G)=0 for ryn; this combined with (4) and Lemma 2.3
2 1

proves (1').

PROOF OF LEMMA 2.4. Denote ¢= WIS' Then s is. a real analytie
strongly'plurisubharmonic exhaustion function on the Stein space
5. Moreover ¢ is a Morse function (With respect to the induced
Whitney strat ification on S), itihas distinct critical wvalues
and X1 i X‘z aré aléo regular values for'$ ;

Let We R a regular value for i Then, there exists.
€5 0 small enough and a homeomorphism tf~1((y-i,aj):;%;1(y)X(-s,@
This can be seen from the proof‘of Thom's first Isotopy Lemma.,

By excision one obtains:

o]

6 H (S ;S :6)=0 for rs0
(6) r( prdy ) ,
o
From the exact sequence of the trible (5. .S, . ,5 ) and
) : : 52 'X1 7
(6 one - has: (7). H (S .5 :CVEH (8. 5. :C) 500 >t
ol ol

Finally, from the exact sequence of the triple

[} (o} (e} o o
B .sS g5 ) and:(6) one hass (8) H (5. ,5  :@)=H (= S E)

. 0 U e talo W L

Eoms X 0s

Now (7) together with (8) give the desired isomorphism.

QL E.D.



" COROLLARY 2.5. Under the assumptions of 1.2.:

Hr(X,Xﬁ;Z):O forE£sn and

o
H X,XE;Z) has not torsion, for any real number z‘ 5

=

H ' (o)
This follows from the fact that (X,Xy) can be exhausted

5 [e] o
with pairs of type (XY'XR and the proof .of ‘Theorem 1.2.

REMARK. Proposition 2.1 and Corollary 2.5 can be genera-
lized to the case of g-complete spaces.with the same proof.
The reason is that given X a g-complete space and Y/:X-%IR
a real analytic strongly pseudoconvex exhaustion function
(satisfying the additional assumptions stated in the proof of

Theorem 1.2) then actually Hamm X3X proves that X. ¢S has the

12

homotopy type of a topological space obtained from X, uS by

11

attaching cells of dimensions n+qg. The statements are left to

the reader.

§3. PROOF OF THEOREM 1.1

A complex space X is called non-degenerate if there is
‘an analytic set AcX . (the degeneracy set of X), d Stein space X
and a proper holomorphic map p:X-—;i such-thats: 1) dimXA >0

for any geA; ii) p induces a biholomorphism XsA 246 X\A (where

~ o, .
A=p(A)) and p*C3X: Oi; iii) A is discrete. In particular: such

a space is holomorph-convex. I# A is finite (equivalently A is



gompact) X is calied l=convex aﬂa A is its exceptional set.
This notation will be keot through out this Section.

For the basic properties of Runge pairs we refer to‘:j,

Preliminariesjo
“To prove the theorem it is enough to show that Hr(X,Y;G):O
for ryn and any abelian group G.

The first step ié the féduction to the case when X is Stein
and ¥ is a relatively compact open Stein subset such that the
pair (X,Y) s Runge. |

Since A is discrete one can chéose a -sequence {XV} af
open Stein and Runge subsets of X §uch that %vccl§v+1 ’ g §v:§

~1(§v) and YV=YF)XV. Then er is 1-convex

and 3 %vr\ﬁ;¢. Let X s =P
(with exceptional set AIWXv), ¥y dis an open holomorph—-convex
space, the'pair (XV,YV) is Runge and moreover %(XV'YV)ir exhau§t”
(X,Y). So X may be supposed 1-convex. Now one can choose an in=
creasing sequence g?v} of onen, relétively compact Stein and

Runge subsets of X containing PN (which is now finite) and such
that ‘3§V=p(Y). Consequently Y may be supposed relatively com-
pact. Finally, by excision and the fact p induces a biholomor=~
phism X A% X A one has Hr(X,Y;G)gHr(i,p(Y);G).‘This concluées

the first step. V '

When X is Stein and (X,Y) is a Runge pair, given a compact
'subset K-of Y . oneccansproduce & real analyticlstrongly‘pluri—
subharmonic function ¥ :X — R such that, say, KC{XGX/‘Y(X)<‘1/2}C:Y.
This can be done by slightly modifying the proof that any Stein
space carries a real analytic strongly plurisubharmonic exhaus-
tion function (see e.g. [4}). It is clear now that the pair

(%57 can bé exhausted with pairs of the form (X 2,X

= 7

) corres-—



- : L2 = e .
ponding to triples (%Q'Ov'vv) where q;,x~ﬁ R are (possibly
different) real analytic,; strongly plurisubharmonic exhaustion

functions for X and Kl}pﬁrare real numbers.

Usinc Proposition 2.1 this concludes at once the proof of

Theorem 1.1.

REMARK. The corollaries of Theorem 1 in (1] can be
strenghtened using Theorem 1.1 instead. (However some of these
corollaries follow directly from Hamm's results). Again the

statements are left to the reader.
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