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A REMARK ON A QUESTION OF M.D.  CHOI

-  AND K.R.  DAVIDSON

by

F l o r i - n  P O P '

f n  I  t ] ,  M .D .  Cho i  and  K .R ,  Dav idson  asked  the  fo l l ow ing
L  I '

ques t i on :

" , r ' I f  * .  a n d f l , k  a r e  s i m i l a r  s u b a l g e b r a s  o f  M r .  ( k = 1  , 2 , . . . 1  a n d

d (A^Ak)  tends to  0 ,  does i t  f  o l low that  there are inver t ib le  ope-

ra rors  sk  such rhar -ek=s ;hsu and 
l * t  

l r -su l l=o  ? ' ,

In the present note we prove that a general aff irmativ.e

answer to  the above quest ion is  roughly  equiva lent  wi th  an af f i r -

mat ive answer to  the fo l lowing,  involv ing arb i t rary  subspaces of

the complex n x  n matr i -ces Mr,  ( the prdc ise s tatement  is  i -n  the

remark at  the end of  the present  note) .

" I f  J  is  a  l inear  subspace of  M'  and AOr BO are inver t ib le

ope ia to rs  such  tha t  l im  d (A ;kBk ,S  )=0 ,  does  i t  f o l l ow  tha t .  t he re
k+*

t  
- 1 -

are  i nve r t i b le  ope ra to r=  Xk ,  Yk .such  tha t  
" t  

5Yk=5  and  l im  X , .A ,  =
k+* 

K i<

=l- im Y,  B,  =I  ?"
k + *  

K K

Here the d is tance d (  .  , .  )  between two a lgebras or  subspaces

i s  the  Hausdor f f  d i s tance  be tween  the i r  un i t  ba l I s .



Le t  J t ,  be  a  H i l be r t  space  and$c  E0{ )  be  a  l i nea r  subspace .

We deno te  bV ,A t j l  t he  a lgeb ra  o f  a l l  ope raLors  o f  . t he  fo rm

l r t  s l  l r t  s l
I  l w h e r e l , [ € c , s € S a n d b y { o $ ) ' i t s s u b a l g e b r a  I  I
L o  p r j  [ _ o  ̂ r l

' f f  JL  i s  an  a lgebra ,  i t s .  normal izer  i s  de f inec l  to  be

-\f t.f. l  = {se E('K) invertible; S- 14 s=,,t } " rt 3 is a l inear subspace , let

kerJ  =  f l  ker  r
r e 3

An algebra Ac f3( i / " )  is  said to have property (A) i f  for

ever lz sequence of  invert ib le operators {srr}c ,Btx l  such t .hat

1 i ' " d t s , ' h s , , , . { ) = 0 t h e r e a r e X n e . l , f U l . s u c h t h a t 1 1 m X . S * = I .
n- '6 

! r  l l  r l  
n-+co 

n n

A l i - nea r  subspaceJcs (1 t )  i s  sa id  to  have  p rope r t y  (B )  i f

f o r  eve ry  sequences  o f  i nve r t i b le  ope ra to rs  {a r r } ,  {B r r } c  ,S (X t )  such

tha t  l im  d (A :k  B^ ,3 )=0  the re  a re  X r r r  Y r r ' i n r ze r t i b te  ope ra to rs  such  i : ha
'  n-+co 

n '  n

x -h  v  =4  andn "

2

Whi le we don' t  know wh.at  the answer to  these quest ions is  ,

$ /e hope that  the i r  equiva lence may turn out  to  be nsefu l  in  so lv ing

them.

l i m X A = l i m Y R = l- - - "  - -n - -n  -n "n
n+co . n+oo

P R o P o s r T r o N  1 .  L e t S , j c . f J l t l  b e  1 i n e a r  s u b s p a c e s .

( i i )  r f  ke r {  =  ke rT={o }  andr t "  (S )  and  S .  tT l  a re  s im i la r

( respec t ive ly  JL6t  anA.4( f )  a re  s imi la r )  then every  s imi la r i t y  be t -

ween them has  the  p : :eced ing  fo rm.

( r )  I f  k e r *  = k e r S  o = i o ]  a n a , { o ( $ 1  a n a { ( T )  l r e  s i m i t a r

( r e s p e c t i v e l y J L ( S )  a n d , F t ( T )  a r e  s i m i l a r )  ,  t h e n  k e r T = k e r T o = { O }  a n d

every s imi- lar i ty between them is jmplemented by an operator of  the
-  [ s  x ' l  * 1 .  - 1 ^  ef o r m  l "  

" l  w h e r e S  T r = T ( r e s p e c t i v e t y s - $ r = T a n d X € S . T  ) .
L O  T J
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Proo-f  .  ( i )  

" . .  
u= L'  r :  I' L  s  4 )

" I l r  A l  [ r r n t n A S ,
u - r l  l u = l  

I  J

Lo  r r J  L  r3AS3  t r r

I t  f o l l ows  tha t  T ,ASr=0

I f  F = 0  t h e n  S l T l A S 3 + S 2 T 3 A S r = 0

s 3 t t A S 3 + S 4 T r A S r = u S ,  +  S r = 0 .

h e n c e  R a n g e  S r c  k e r 5  = t O ]  s o

+ T3AS4=T. . 'ASr=0  +  T rASnTn=0

A e {  +  R a n g e  T ! c  k e r $  * = { o i  h
- 1  - 1 . -  p

T 4 = s 4 '  h e n c e  t l  5 s A = J  a n d  k e

( i i )  S i m i l a r l Y  S 3 = 0  a n d

symmetry. Fo:: the algeUras ..A(

r i  r r z  ho l - r rppn  them induces  a  s
!  r  L J  s p  u v Y v e r r

. f lo t { l  ana$ot f )  .  rhe  las t  ass

p I  f o r  some

0 then

3 = o  
f o r  a 1 I

t h a t  S r T r = I

5=o  fo r  a l l

lows that  S

T 3 = 0  f o l l o w

ce that any

thei r  suba

ows  eas i l y .
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C O R O L L A R y .  L e t $ c 6 ( ? C I  b e  a  l i n e a r  s u b s p a c e ,  k e r S = { 0 1 "  T i r e n

an operator  U belongs to  the

Lt -31 I  i f  and  on ly  i f  i r=  [s

s- 1{ r= C -rra x€ s.S) . 
L 0

LEIIMA. Let dim?{<- and 1et S c, f i ( }L) be a.  l j -near  subsPace

normal  izer  o t  *4,o ( {  )  (  respect ive ly

- * 1  - 1^  
|  where  s -  $  t=  I  ( respec t ive ly

T J

€ N

such  tha t  ke r i  =J<er  $  n=  {  O  }  .  I f  {An  }

l i m  d . ( A # B ' , ' 5  ) = 0 ,  t h e n  t h e r e  i s  t o
n-)oo

inve. r t ib le  for  n  greater  than no.

,r) c b31U are such that

^ ' . ^ 1 -  + ] a a +  ^  a n d  B  a l . e5 uUI . t  L - I ro  L  n l l  ,  
n

q

Proo f .  I t  i s  enough  to  p rove  the  asse r t i on fo r  ie r r )  fo r

- . . { E . i  ^ . i ^ h + 1 r ,
D  U !  !  ! V  ! 9 r r  L J J

' l  
=  r a a

r q ! Y v .

\ h 6
.  r v n  v v

v
b a s i s  o r " 8  "  s i n c e  k e r  $  * = { 0 }  i t  f o l l o r v s



4 -

p
that V

- L - l

i :hat  l im
n+co

Range Sr=trfl

A.rTj -  
r r rBrr=s i '

For  each t  < i !p

p
N o w  l i m  d (  V

n-)co i= 1

Let dim1,/, a* and ,{c E(Jt)

(A)  i f  and  on ly  i f  d . ,  
' as

there  is  { r r ,n }nc  {$ ( } t j  such

Range . ArrTi 
, nBn ,Tt- | =o so

l im  d (Range  a r r r J t )  =o  hence  An  a re  i nve r t i b le  fo r  n  su f f i c i en tLy
n+oo

l a r q e .

P R O P O S T T I O N  2 .

n "rnen JL has proper ty

h a s  p r o p e r t y  ( B ) .

P r o o f .  "

= I i - m Y S = f .
n n

n->@

f v i n c r  x - r T  y
n  n n

^  - 1  - 1 ^
- r "L=Yn 'Tn 

WYn.

p rope r t y  (A )  "

in  B( ; i )  s j -nce

" * '> " Assume .rt h.as prope::ty (A)

inver t ib le  op 'erators such that  l in  d  (A
. I1+oo

be a un.atal al.gebra.

a  l i nea r  subspace ,

vert ib le operator= Xrr ,  yn such that xrrhvr.=.r4- and l im X' .S. , . :
n + o o  

l r  l l '

( :  "  Supoose  l im  d tS ] } lS - , , $ )  =0 .  Then  the 'e  a re  i n -
n + @  

r r

Sincb 'A" is uni ta l ,  there are operators T*e, f t .  sat is*
= I ,  h e n i e  T  = : '  - - - 1

n ^nrn ,  so , r . ,n is invert ib le,  x l1=y]1r]1 
"o-1  " - i -  n  ' -n  *n  *n

since T;h.=.f-, Y;14.yr.,=4- and rim y,".,s,.=r r hence rfo iras
n+co  

l l  r r

(Note that  Tne.& impt ies T;L*,  for  T* inverr ibte

J0  i "  f in i te  d imens iona l  anc l  t '& : -s  un i ta l ) .

and le t  {a r . } ,  {e r r }  ne

"ku" 
,Jil = o. Then there a.re

Tn€* '  sat is fy i "n  
: l :  

A-rTrrBr .=r .  wi thout  ross o. f  ge 'erar i ty  we rnay

assume tha t  A -1Tr rB '  a re  j - nve r t i b r -e  so  A -1T .8  =uo  anc l  J - im  u r r= r .
n+co .

Then T'  are inver{- ib le,  T;Le ancl  A-1=urre," , l r l1 so that a,rherr=
'  - 1  - 1  _ 1 .  _ . 1  *  _ 1=u'8, 'rr", 

JIBr,,=u'o,rRu' since ,"S+. *"'" 
l l : 

d (unB;k"Br, *AJ =0 he'ce

] iT 
utn"14e", .A=0 so there are operator* Xrr ,  xrrkxrr=.Aand l im xrrBr. ,=

n + @  n '  
- - n - * - - n  

n _ | ' r

= I .  I t  f o l l o w  
- - 1 -  - 1  

q . . r  l i m  n - l . n . ' - 1 - T  a * r  i r  l= o ; ' r r r=ur re f , ' '  
"o  

l im A] lT*x -1=r  and i t  i s  easy  to
r'I->m 

n n

see that  T X-Jd - .  -  .A.
rl n Jt^rt=fr



PROPosr r roN 3 "  ( i )  r fScE(XO

ana,{ot{1 has property (A) then {

( i i )  I f  d l m l e < * ,  k e r j  = k e r  S

then . . * ,o (5)  has  proper ty  (A) .

s u b s p a c e ,  k e r i  = { O }

( B )  .

has property (B)

is a l inear

has property

* = { o }  a n a  $

n - 1u l
t -
t -

B InJ

^ !

€

prcor. { i )  Ler 
l l*  

u(A;8n,r, f  )=0. rr  ,"= l- :"  :  I  .n."
" Lo "r,J

l i m  d ( s ; k " ( { ) s n , { t - S ) ) = o  s o  t h e r e  i s  a  s e q u e n c e  [ * "  
' " - |  f r o m

n+oo  
I I  e  r l  . ,  

[ o  _ " r . J  1e

rhe normal izer of .Ao t5) such rhar *;kyr,=f . ld 
1T l*"  

' "  
l lo"

r -r 
., n+co [o u"J Lo

l r  0  |=fo 
,J " Hence 

li: 
*"""=l* Y'Br=r so {.r '*" propertv (B) '

[ " c l f r r l
( i i )  I , u r  u -=  1 " , "  

" , "  
|  ,  u ; r -  |  

' r "  

" "  I  be  such  tha rn 
Ltr,. '  tn'J n 

Ltrr, 
tn' J

l im d tu" l4"  (8)  urr ,€o ({ }  )  =0.
n->co

Tak ing  in to  account  tha t  d im Tr# t * r rSd. im-3 . *  i t  fo l lows t "h

**  
U ( t ,  

#Snn, {  )  =O so  r  by  the  preced ing  1emma,  f  o r  su f  f  i c ien t ly

la rge .  n ,  T1r ,  and t4 r ,  a re . j -nver t ib le .  Hence there  are  Ar r ,  B '  in -

ver t ib le  opera tors ,  
" ;kBr r=4  

and l im T . , r ,o r , '= l i *  Br rsnr r=r .

[ , r , . , - ;  o ]  
n ' ] o o  ' * *  

l ] * [ r ' " ; -  
. - r -  1

r  u, l= I  
'_ t " '  

I  .  Nor ice rhar  u;u; l= l  -  
( t t , "  ' t , "  

I
L tr" tn,.J 

-n-n 
Lt J

..,if (4 (4) ) hence (u;) -k" 
({tu;=urrho 6f u" so we may assume

[ , r , . ) - i  o l  [ e -  o - l
u  -  |  ' "  

I  .  F u r t h e r ,  z _ _ = |  "  
l u W t , r t ' € )  )  " on 

L rr,, 
'rn'J 

I o "nl 
:" "' ' -;. 

o I
{ zrrur,) 

-&.o 
(*) zrrur.=u;Lt" ("3) u,, so we may assume u"= | _" | ,rr 

L*" 
*"j

- 1 [ t ; 1  o I
ur . , '=  

|  
" "  

I  where  l im v , . r= I im wr r= I .

| _w- ,x v- , w- ' I n+o n-+o
L  n  n n  n . J

e

*



S i n c e  l i m  d ( U
rl -tco

A.r€{  such that  l im
n-)co

;k"  {S)u, , , , .4 ,o (c)  }  =o rhere

't'h' l:,1 ""=[: :l
are lr.ec and

for  a  g iven SeS"

r t  rol lows 
l i l  

^^=0 and 
*::  " ;1Anx,.=0' "" * l :  

A,.X,r=0' we have

a l s o  l i m  v - 1 a
n+co n 

"W"=S 
hence l- im

n-'oo

L e t  n o w  5 1  , .  .  .  r S n  b e  a e i308 ,XPt .

As above,  there are o. ,  € Bft l" ,&Pl sat isfying

Aar= s

bas i s  o f  {  and .  o=
[ " I
I t z  I
l : l
l ;  I
L  P J

! I

1 im
n+oo

and

I im or . . ,Xr . , ,=0.  S ince ker
n->oo

=o*o 
""d .1iT o*orrXr.=O r

n->oo

conc ludes  the  p roo f "

o = { o } ,  o * o ' € , S ( ] i l  i s

hence l i -m Xrr=0.  f t
n+oo 

l

inver t i_b le and l im o.*o =
rr-+co n n

f  o l l ows  } i -m  Ur r= I ,  wh ich
lf_> co

RFMARKS'  By Proposi - t ions 2 and 3 ( i )  we conclude that  the
fo l lowi-ng sLatements are equj -va lent .

r .  t rvery uni ta l  operator  argebra on a f in i te  d imensional

H i l b e r t  s p a c e  h a s  p r o p e r t y  ( A ) .

.  r I .  Eve ry  ope ra to r  a lgeb ra  o f  t he  fo rm$" ( { )  w i th  ke r {  = {0 }

on  a  f i n i t e  d imens iona l  H lbe r t  space  has  p rope r t y  (A ) .

f r r '  Eve ry  l i nea r  space  o f  ope ia to rs  {  on  a  f i n i t e  d imens iona l

H i l b e r t  s p d c e ,  w i t h  k e r { = { O } ,  h a s  p r o p e r t y  ( B ) .

No te  tha t  P ropos i t i on  3  ( i i i  i p  a  s t rong .e r  ve rs ion  o f  , .

t t l  = q r  I I ;
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