A REMARK ON A QUESTION OF M.D. CHOI
AND K.R. DAVIDSON

by

Florin POP*)

Tuly 1956

) g, S * ‘
4 Undiversity o4 Bucharest, Faculty o4 Mathemaitics, Strn.Academiel 14,

70109 Bucharest, ROMANIA



A REMARK ON A QUESTION OF M.D. CHOI

AND K.R. DAVIDSON

by

Florin POP°

In-[1}, M.D. Choi and K.R. Davidson asked the following

question:

Wif Aoandf. arve similar subalgebras of M_ (k=1,2,...) and
k aiae n
d(ﬁw&k) tends to 0, does it follow that -there are invertible ope-

: = _1 1 AR - 11
rators S, such that#&,=s _AS, and iiﬁllI Bell=0-2

In the present note we prove that a general affirmative
answer to the above question is roughl? equivalent with an éffir~
mative answer to the following, involving arbitrary subspaces of
the complex n x n matrices Mn (the précise statement is in the

remark at the end of the present note).
1! Bk are invertible

krf )=0, does it follow that there

"If § is a linear subspace of M_ and A

operators such that lim d(Ai%ﬁB
koo i

are invertible operators X , 'Y, -such that X;¥§Yk=§ and lim X, A

ke k Faa k:

=lam- Y, Bii=T 2"
o .k k

Here the distance d(.,.) between two algebras or subspaces

is the Hausdorff distance between their unit balls.




While we don't know what the answer to these questions is,

we hope that their equivalence may turn out to be useful in solving

them.

Let ¥ be a Hilbert space and §c B(f) be a linear subspace.

We denote by A(§) the algebra of all operators of the form

AL 58 XI S
where A,neC, Se¢§ and by 4 () its subalgebra
o A :
Orss ik 0.4 XE
Tf A ds an algebra,'its‘normalizer is defined to be
N (R) ={Se B(H) invertible; S As=R}. If £ is a linear subspace, let

ker$ =/ ker T.

Te S
An algebra Ac B(X) is said to have property (A) if for
every sequence of invertible operators {Sn}c: BR) such that

lim d(S;jﬁLSn,-ﬂ )=0 there are X ¢ N ‘such that 1lim xn‘snzl.
n->o : n-o

A linear subspace Sc®(}) is said to have property (B) if
for every sequences of invertible operators {An}, {Bn}C B(K) such

that ldim d(A;l1§ Bn,§)=0‘ there are Xr’ Yn' invertible operators such that

n-—>-o
X 4 Yn=§ and

lim- X A =lim Y B =1
n n nan
n->oco nro

PROPOSITION 1. Let % ,§ « B}) be linear subspaces.

(1)} If ker® sker £ *={0} anda’{o(@) andﬂ,o (3) are similar
(respectively A(§) and A(Y) are similar), then kerT =ker ¥ *={0}) -and
every similarity between them is implemented by an operator of the

S X” "'19 i v “1 iy . g7
form ( } where & €T=§ (respectively S XT=( and Xeg:§ ).
O '

(ii) If ker<% = ker?={0} and J%,o (8) and J%O(S’) are similar
'(respectivelyﬂ,(f) and A (T) are similar) then every similarity bet-

ween them has the preceding form.
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Proof. (i) Let U= and U = . Fox ‘Aé’g,

LS 28 S T e

5y 4 a3 4
L L .kI+T AS SR RS
U 1 U= 3 1iad
_O AL . T3A83 XI+T3AS4

It follows that T3AS3:O and T1AS3=T3AS4=LLI for some pé& C.
If pu=0 then S1T1A€3+SZT3AS =0 .= AS3=O. If p#0 then

S,T AS;+5,T AS,=uS, => S;=0. In both cases, AS;=0 for all ae¥,

hence Range S,c ker$ ={0) so $,=0. It follows that S,T,=I°

I = = — = > KTk =
=> 13AS4 T1AS3 Q== TBAS4 4 =0 = T3A O A T3 Osiforall
AeX =>» Range T"?‘)(‘:ker{? *:{O} hence T3=O. It follows that S;1=T1 :
'I‘4=SZ1 hence S;1§S4=T and ker 3 =kerT *={0]}.

(i) Slmllarly $,=0 and since ker {O}, T,=0 follows by
symmetry. For the algebras A(8) and A(T), notice that any simila-
rity between them induces a similarity betweép their subalgebras -

ﬁo(ﬁ) andﬂ;o (rf) . The last assertion XeS»T follows easily.

COROLLARY. Let ‘fc@m be a llnear subspace, ker £ ={0}. Then
an operator U belongs to the normalizer of J«},O(@) (respectlvely

5 X} where S“]:g) T=® (respectively

AKB)) if and only if U= [
SRR

SMT-S 7=4 and XeS¥).

LEMMA. Let dim¥<e and let §c R(®) be a linear subspace

such that ker® =kerX *={0}. If. {An}, {Bn}c: BR) are such that
“1dm d(ESR ,5 y=0, then there is n (? N such that A_ and B_ are
nY'n e} : n e

n->oo
invertible for n greater than n-

Proof. It is enough to prove the assertion for {An} tor
n suff1c1@ntly large.

Let S H,Sp be a basis of § : Since ker 8 *={0} it follows

1!



P .
that \/ Range Si=}ﬁ. For each 1<i<p there is {Ti n}ﬁCZ&Xﬁ) such
. 4

i=1
: ' P
that TimA Ti,an"Si' Now lim d(}{ Range'AnTi’an,}ﬁ)zo SO
n--oo n--oo i=1

lim d(Range AHJ{)=O hence An are invertible for n sufficiently
-0 :

large.

PROPOSITION 2. Let dim® < and LeB(}f) be a unital algebra.

Then A has property (A) if and only iqu,:as a linear subspace,

has property (B).

Proof, " " Suppose 1lim d(S;LQSn”ﬁ)=O. Then there are in-
— Dty : :

: : . 2 i o : =
vertible operators X » Y such that XngQYn A and lim X B

In—>-co

=Ldm .8 =T Since \R is unital, there are operators Tn§3% satis-
n->c _

: ] - e oy S . £
fying Xn TnYn—I, hence In—XnYn ;. 8O Tn is 1nv§rt1ble, Xn'f%lin SO

S : T ~Tay _ . - ;
f{—Yn anQYn. Since lnj%ﬁﬁJ YngRXn—JE and lim YnSan, hence“ﬂ;has

I—>co
property (A) . - (Note that TnQJ%,implies T;LJ% for Tn invertible

in B(H) since ¥ is finite dimensional and HAis unikEal )

i

= " Assume A has property (A) and let {An}, {Bn} be

invertible operators such that lim d(A;l%Bn,$b=O. Then there are

s Msreo

1

Tnej% éatisfying lim A; TanzI. Without loss of generality we may

I —>co

1 1

Tan are invertible so An Tth:Un and iig Un=I.

assume that An

' ; g e =1 =l ] wilpe
Then I are invertible, T edt and A =0 B T~ so that Anq%Bn

1

G -1, . -1 : ~1 n
= £ = A 1 {'-:w ) = SNe
U B W hn UanJg,Bn since T A=A. Now rllig d(Uan\ABnNQ 0 hence
lim d(B-lQB +A =0 so there are operaters X X_bQX =R and 1im X B =
n n n n n n=n
n--co » ' _ N7 e
{ soO lim A“T
n-+o

— T . = = : "‘1 s B 7_1__A . Sl
=TTk foldlows An Tn~UnBn Tnk =I and it is easy .to

: s oo
see that Tnxnwixn—Jl



PROPOSITION 3. (i) If€e®(¥) is a linear subspace, ker¥ ={0}

andvk (5) has property (A) then § has property (B).
(ii) If dim¥¥ <=, kerX =ker;§*={G} and X has property (B)

then Jlo(ﬁ) has property (A).

: . 5o —1)_ 2 e n
Proof. (i) Let lim d(A KB ,£)=0. If § = then
e | o B
- n —
lim a(s JQ J% $))=0 so there is a sequence |°n ’n| from
n-o : 0 Y
Ko A0

o o

the normalizer of A (%) such that X—¥§Y = and 1im
@] n n A
e L 0B

n n|
£ 20
= . Hence lim X A =1im Y B _=I SO‘S has property (B).
0 I e M. Lol
S S ‘ i 0
(ii) Let Un: o 24 : Un1: 12 gn be such that
S S T T

3n 4n 3n 4n
@ '-1 : £} X e .
L a(u_A_ Eru A~ ) =0,

Taking into account that dim~T1£§S4n§dim‘8<w it follows that

1 imedi T ‘%S ; ) 0 so, by the preceding lemma, for sufflc¢ently
n->co

large n, T and S are invertible. Hence there are Ao , B in-
: n 4n ; n n

vertible operators, AS%@B :S and 1im o, B =1 =1im B 6. =T,

- 7 nw i Tnan e 4n e
() 0 : ST Y
Let U'= n . Notice that U'U_ = o 20 e
Rl s e I
Tan 4n_j
~ I / - -1 x ,_."'T'ﬂ 2 ;
€ qﬁQﬂbcg)) hence (Un) d%o(g}Un—Unvyogd)Un SO we may assume
f(T1n)_? 0 A0
U = . Further, 2 = € NA £)) so
3n 4n : n
o : o
(2,050 o B8F2 U =7 V%o $)U, so we may assume U, = .
. n n
o 9]
U = o where lim V_=1lim W_=1I,
n n

=1 = = n->-o n->o




Since lim d(U;lQOCS)Un ,V%O(g))=0 there are Anac and

N>

S e g :
A€ such that lim U ‘ U7 : for a given Se¥.
nove Bl J 00 |

2 : ; i - -1 = ; e
It follows lim An~0 and lim Vn Aan—O, so lim Aan—O. We have

n-+o >0 n->-o©
ralseii b V~1A W =S hence lim A =8.
: N n n
n--co 100

. S
Let now 81,...,Sp be a basis of € and = Bl € B, 1P .

As above, there are On(gﬁyﬁJE{p) satisfying lim ol and
n->oo

lim 0. %570 Bince ker:o={0}, c*ce-B(H) is invertible and lim Q§0n=
n->co n-*co

=0%0 and lim o*g X =0, hence lim X =0. It follows lim U_=I, which
n--oo 4 n—»>ow n—>oo 1

céncludes the. proof.

REMARKS. By Propositions 2 and 3 (i) we conclude thaf the
following statements are equivalent.
. I. Every unital operator algebra on a finite dimensional
Hilbert space has property (A). l
II. Every operator algebra of the formu%o(ﬁ) with ker<§ ={0}
on a finite dimensional Hlbert space has property (A).
v IIT. Every linear space of operators -§ oh a finite dimensional

Hilbert space, with ker{={0}, has property (B).

Note that Proposition 3 (ii) is a stronger version of

III = II.
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