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$gti0"ii*tY I}iOi$J}}lA AIi$ Sfn$i{Sfg

lag?tclA3, S&s,S;iE$ s3" sF$trr"$,rsRs

: $m Srdsr truge. ' .., , .'-

0. Xptreilxes$*a5 uu sk r*,&!fra{l

bed &y *lie author
19SS fur R $laglsr elfrsu3ate* s"s sn fiIglifitt preprln€ {ps*prg*t Seriee Hlath.

xI{cRJsr 6a ( t!}ss), publlrhed. as [rg], [tt]l " oue sf gts rltrl?$ses eas sa grrovi$e

en usi'f$ed fvaaeuosk for the proof of *lrs nesults *a tho esrrslo of *de&s r*hi.eb

afoxrse w$-$r tho iloilce * Frosr-f$ sheoreru r recai!.l that tn tg?g, sn Eodds and rloi{.
Fveo"ll-n publ3's;red * [r] tirelr feuous cres"l}l"t ausertlng tiu}t gf ]rln$ are sarracir Ia*
ttLees such tbst'Iie aad, F li^ava order eontinuous norrts ana gg ury:H *) r s.re ri-

. nsar opera*ore sueh thet A4U{v, tben t}re e*rapaeit3r-.*f y *,m$:}$es the eeepacsty

Its of tbrs tyg:o bave been gtvcn *or o**o*"-or**u*u 
'

of, operetors; theS'r ecafloll pur?oss uae to prove thatg uncer esrtatn aesunptions,

e 6tven class of linenr oponrtors lras sn eirtler f.GeaJ' * tspe pro3;erty (l,eo 6(U<V

e$S V S* ttr* el"ass fu*plg II te ilie 
.elass) 

o As examplos, the followi.rw Bl&l*s€s be_

elde c*rnpect cperator;s twvo beee fave*;t!.5ated, fros. thss poing $f vtew : kernel
---operators 

(A.Ro $eieeF [t*Ji o the elosed aLgebnric s*.ea] 6enera*ed by e rer*uLes

operafor (li' Lernfelcer fsJ" c.n. A.tipa'ant*s and 0. surkinah*w f*], u. de pagter
? T f - 1 f ' f

Lxz.J' D" vuzaLa:J,ler)|, operarors d,eftsed by $i * tenssn produets (u. vua*[a*J,

t-+, iiiii:ford - -'fe"r;tts epcrators trg"{, ti"s,}ion brut p. SaaU fAl} "
ttrc ti:oc'v* of lrrinctFar uodules ([rl]-itul, [nt]l sffers an r,mrfretr ue-

th*sl' f,'lv tne proef qrf ali" above nentlonetl reeul**, tire ffial.{r tooi}. b*ing provide<}

by ther f,o3]'ouigg pesssa&enes thesrem r*krleir, ru'&6 gs"oved for the ftss* tfure,gs* rg*g
t " 1 . t - ' atri lrtJ t see atso Lrol - [rrJt 3

3ti$t\ii;;t.i 0ut. r,ot'E be a prfuictpaL A*nrodrrle a;ul let F bs ffr ordon cojjli)3ste
pr!.nclp::.r'ii-noculc rrirch tiult !.ts topola8y ls order contlnuous, shen tho sp*ce

r'${$rr'} *f ai}'*wJer h*ttnded llcr*;rr opcr,-*,torar firsln E tn 3r wlth con*l.nuous rno<iu}uu
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ts a Fr{n'clgat *@f*ruo*ule for the eolfui $trosg topology.

(See 
$ t for the notatlons aa,S deflnS.t*.sse ueed trn thte etatesentl.

$. *osson f,eatune of, ttr+srew Oot and of ssst of the above slen*1on@d re*

su,I-ts ts that crder coatlnulty of ttre topology of, the &tess spaes F gs needed;r

. uherr thts as{il.tmgttoe ie <iroppedo tboore* 0"f fal to be true nnd so happens wj"th

nr*et of, the *i?esren*s ef Dod,de - FreralLn type, aa $,t u&* sho$n bgr exa.nples b3r va-
D

r*sas sutilsrs. $svertbolesss s vari,ent ef tlieorea S. t hold.s eves! !.n anch a $L*ue!-

t3.os1 provide* lf t.e replaee ttre targe spaee Ir;{ErF} by certal.n sffialler elass€s

of operatorsF ono ls.lch exaroplo i.s offelrad by ths ctaee of oru-eoupaet oXreratoruo

as f,t tnas pointed out by th.o autb.or fn l-afl. ilowever, there are sya.nlr other €p.&nr*
t J l

ples of sueh cl"a'eees; Lt ls tbe lrurpoge of the present paper to glve r syeterna*

t*c approach of thes by develuplng the theoryr of tire scbeallerl etrou$ty l.attlc&*

aL cla$ses of operutorso : ;

dnur* l.s o,nother ad,vecrtage uhlch e*n be takea frcrs the 3.sBr+du*tion *f .

rstrongl3r latt5clal ctrassesn In 6eaeru3, {l'.eno u}ran.F !E not asiler c$gptet€}, ths

sp*,se L*($rir) of ell regular oporatotss froxs fi to F Ls not a 8lese spe.egE r!6veri

theieso, any strengly ]"att$"elaL elass ts a RLess sile.s€ and therof,arel our ttreory

prov*-Ses scm6 luettlods for prsduetns &,1ess spasss cf oBeratosa astip& lretwees

R'iess r;;]aees whl*h e,re not sscessas&-Lp *rder eamplete, In f,erct tsee $4)r,& rrdr&
J

ber sf, el":r$sicel Sarraeh lattfe*e of, aperators aetjn{{ betseelr Sanaclr Sattises

virich trrenot ncCes$ar*I.y order coupleten mre otro*gt"y lattl-elal classes,

flro paper' {s dtvr.dacl tato f,lve seettons, A,ftsr s pre}i.raf.nr*r1es seetl'oun

$ 2 provtdea thei r,uriule theorc*tic backg:round fot, the wirolo study;,, the r:e.tg"otxs
J

o'f ,&-Br5"nelpa1; el"ernens end *,*pr1"trc1.$al. euboperee &s olr S-wsdnLe are {s,trsduse&

ttrenan tlie&r e**$y S.* mctisated by th.e fbst ttiet thero Le a'tlgh$ eryn*eat*sx {srs

shess *n $3) hr{:sees &-prtne*.pa3.*ty s$rt sg}sygtors wlth etrcng racdul$; cs}ssaqnslt',

t13r, tbo thoclrgp of rurdules svilr f*a1g*bras turs,s to bo a urief,u} $"nstrumqnt for

ti:e !.nvestlrgat*,ca of strangly moriu3ar and sts.onglgr latt$cla't cLasess qhLgh $s 
I

unrler:tn!:t;c. *.* f 5, ,+ft*r flstroiluegndl t,be notl.ou og

rator, *'&roeq;i.y m*dulas elassoe are ri*f,j.ne$ as soetor 6$*,ces o.f operltors having

str*n&" :r*d"ulf;: etro*6lgr 3e*tfc{a}. slasees are *trcp€ly unod*3.ar ola,ss€s s:.os**

$tyseg nod$1rr6 of ac ogs*
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em& stron$ly tet*su*.al citassss {s ts'*i.cate{tg *sl part}eu1e3"r *.t $.e proved tbat
auxsnsl strong:Ly nod:rla:r elapeee aso LntfS.cIaJ." $he estonel"$u of, th*osrule CI.1
t* ths erems of s*rongJ"3n Lat*$.el"aL c3-assoa ons wetl es 6 nirpnotens app*,ox*"mmt$on

tbeosors sr{* pn"oved"

xtt j4e'r* SLrat *f ceneret* exnmpS.ee of, mtron€ly rsoriuler agd strnngx.y

r'attses""*'1 elgt's*e$ 3* preeerlt*d a^nd a grar&ta} ffrsser to *hs f,ol}otrlng qn**tter*

&e g$veur r&en the wtro.te speera S,r{*rp} t"$ & stro*g3gr lst.t*el"Bl. e}ass? It {e sh.**

w ths*'t s3'"des'r:ont*r:u$.ty r:f th.o t'bPo&ogy qf g ts a noeessnry aa?d e$fff.e{snt s{r&.q
dstlcs wirert $ ss arbitl'.'rr3r, but tlrero &rs soss upaci,al IH f,or wil,leh r,r(snp) rs
rtroegS..y lettfci€,l eseu i,f F rioea not sintisfy the ebcrne eondlttoe.

FklaLlo"-f I affers s ffoilp erf 
.app3,leettons ef th.e gencr*L theaty by

pro?*'!ts tlleos*ss of j}sdde r- Fr*e].s$ type for ssne elss$es of, operatsrs alreadgr

repeti'sned est tire beglnn{$6 ef the t*.tr*rluettsn $s tire afltaatj-s&, $hen we drogi

the ontor ccnt5-nulty i:ypo'tiresi.e o$ s trut snstead lre confi"no oursel"ves to spsftrF

tons eo&taSrre'cl *a 6.,g:{ven *trong}y Lattt"E$.rx.l" *l.eus" fire eect$.on lrln$ers wfth a

Feru&uceee of prtnctfrallty tbaorea for i,{ L tensor produetb.

t '

$. FreLl,m$,n*p*.se

e,) sag.&tg,ssg.

F r tnn closur* os trle euhsst s of a tcparrogS..,er. spaes,

t? ls r the vastrieti$n of, a nxrp ffi:n *p r to a s*h$et &

fE : tire i-Ccat1ty E&Ii sn a se$ $*

B* I tlre.s:r$.t bsI"l of tlie n*rued seeta3g" ap*,ea Eoil

E, *, the dunl, of, the tcpol*g1,ea3. vc*tor epae* Eo

$he rrotats.one (frx) *orl {{x} ryj.}^}. asternat$vs}.y be ueies

a f a 1"Lr:ca:. f*rn f an I* at s€S,.

g). f,ixna "sitls$.s.
[,et I bs a B,i.e$s str]as*6 rrar ee3r seg w shslr. ste**te by &*

ordcs lcleaL 6o:leraf e* bS s". ftxe seraf,n*o* il llo o* H* W r**f,t*ed. hy

f l l ' l l
. tl o 11*.

S$ Se e &*tra *ra ease,F *,s

* s*r fa [ <e R* , ly{4ei.lsl 3 s

of, S"

for tbe value

Arelr1:rc$oils$n It Lniluees n ner* or* flre qlrots.*nt

tf.le prtrne$.g:a3"

RLs.ex



:  * 4 q

;
$s sa.&i'!*spn*o ni.th etress srss$r reffigt drtoh offi.n b* desro*ed by Q* *u eh*I"L **ffis+

e!'ertr F* eu top*3"ogtzscl by tire..nore 1l llu, u tielng tide canostc<rt f.rntllge erf f x|"
g *s e*Lle& relatfs'ely u*sfenntJ ****r**e $f *,s ss &s,sh$&sdqam sn$ e&*

ergr pri**ipsl" o:xl-er S.CcaI S S,s cor;plete frls ll li*X, 
-  l t  r l :E

i,ert f he a p**i.ti.va r{.ee-*n fomn o& lTn she nemgn$tr$ s ts+f{fxl} ,*r*i,}*.

6€s & tKlrss nn the ciu*t$"ent Rsesz spsiss sllif, $tielre t{* t"s *he etr}} sp*.s& *f .thl,s
semLrismt: ttre n+ft$ corupj-u*$en ef, s/S* S,e m fls*spe€ts wtrteir wtLx be denuted by

{ x , g } ,

f,o ev*ry s€h+ rse s,*,*a*,h fire.s*t $*(x) {er ei#F3g S{s! Sf ae caeg$e:[.*t}

can &rLse) fer:'r:r.*tt by a3.l cSretenls (a*r,r"nxf (w ge rnsrygss everlt{} €*tll gbs
Bpnopert$es thst *e6H* far f 4 i (n arxr X, &e * &. she foi.low$sg grre*rder .

. .  * ,=t -'rcL*rtion 
ts deft*ed .'n s{x} r {Ntr.o.as*}<{fu.;.,oogo} S,f therCI f,s w ffi^rt$.$i-oq

f i )  \  ^ .p ( -  " )  -  r ( -t '$. ' f3;Sgei os trtr" 'ettJ -q$eir that xf, *
* 

$€?g
t{en properf3r €-a$ure*} that $tx} $.r upwar$s dl.re"+ted. for *he preorder;nel,attoca

so defisodn

gile.&*ess sFaes *f s"&], *!*der bauRd.e* 3*.$e.rir f,erna Es F w*.*^3 bs den*terel
t - , -  * l \ l  

r r t '

p $ 1 5 o

hihenevsr If is areiifuuerlc*an, f **r be !.ts sodekind ertsnej.en.

& maieir$r,Ltr55 &3.esa subopaeo of s s"e a Rlesa nub*paee g t+$..gtr *h* grnopertyr

that f,or every x6i} th.*re $.s ggF s".rcb, *trat f :rl4.S.

e) $simls;s.iqfre i;;sse *ff.srig,ffi"

The pbs"*r:o at*po1*gi5,aa} Itgssil epaee* wtll be em,;rXegta$ tr desfu_-rn ta trtgs*a

spsee esd*wsd. w{.th a }oeaL}gr sol*.d topoleggs

Let i{ tra * Risss sF$*8 *srel 3et F he a m.Jor:l.**ng lt$.osu sub*paee* os $

eer3o"d#d sith. a S.oealLg eolj.d t*poLogy f" f$y th canoni.*a3 extesel.os* orf f to S

w slf"arr n*ho to;:elo#*r o& $ lulrrfurg the s$t*d bru3"}r* of tlie .t'*neSghkorlr$*ds of. $

ba*ie f*r'so 3n gas*gcuSaro sllescrier fi $c s,$.1 Areiliundea.n toF*1"*E$-eal trls.*sn,

s$lees' so *hall a3v*.p* eonsrld*r u* S *lu* t*,p*1"ei6y ebt*&ned by e nsn$.es,j. ex**u*ag*n.

A sutrset l{ 5*q * teipalo6l*el }l$.ess $paes E i,e cal"letl on.d,es pree*aa.p**fe $:fl"

f$r a^ny netr"gi:rbcrir*o$'# e,:fl O i.n I{ t,ncx"s *.;s y6 lln.lruAh ti:.a* {f rsl* $}+6.ct id}?er1*s1fl*g"

x S.Fl.

f,'ii{sJ?ilrtl t,f'ff] * r:ilas** of en Ah*rlpaee s^s r*la'ss.vE*l.g r*c*kly epispoct
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&fS S* $s er*er pree*wpacto i. l

fi p*sit$ve, slsxsat ta $n tlre *opa)"o61cal HLesju spee@ * $s eal"l.ed $is,qg.

$ntes$*r S.f E- Ss dencs t:r &. :'
t$ 

'''t'

Scr €,*iresy s,iese etrbspac* & Ss f$rds lCttnrg! w$"L3. be tbs teppls€ffir ss S

def$.nod by th+ scri$norms s, F-*), S{lxf } gor $dS+ o
'i & locp-}]-g' ool"f.& topoLo6;p aB L Sl.esu spee@ $s *etrLed qadee csrrt*.nwolrri

*f evoqr sct deer"e**1ng t* CI scnwevges te #$; s Sanach }rltt$*e ts e*$d. tm have

erdes ee*tt'*u{p;z* nsr$ &f s.ts sCI}ro: t'eg:+}^ary *,e crder esrrttmrors, l{e strel}" rn*ks

use af *hs fo}leqlllg *lr^srael;er!.eatlon of, Banash 3a*ts,sa$ sltb ersler e*n*$n,utraa

nsr*tt ' "

*,) & rr*e ortlsr eonttnuous &olrls *.ff B5r i.s sdes slesssrsx!$rct for ldl{rrrru;"

*) $n*m.e rg eim*s eustrB&.sgeo
For &nlr nsr&e*'veetcr $rgeess B and p, &{}-{"F}

conti.nuoua L1.i:ear ope,rators from S to S *squ$.pped wtth

Xf U€L{I*F}, *non uoe X,{Ff ,Sc} $il"I" be Sts traas*pq,se.

rat sr&' be R$a*s sFae&$o a lfuisar eperator tll$ --FF $,e eal}ed, regpllar

iS gt cen be written es a d.tfferen€G of, *rr,CI posltlvo Xlnarar opegla*grsn The onrle*

re4 seeter sglass ef, 433 s*ffi3.ar epea"aters f:'sfi; 13 ts s g'$.13 be dotrote* bg xr*{sns}p

\ r ' E
" - + ' l d * +  e

3s e{!ss li a*d S' ere toiro}egfeaL Rgoca $Ir{}.tres, L${Srp) {r*ep*act$.ve}"g

f'${S'F}} *r*.m be *hs sr*bspaee cf &u{SrF} gep*ra*ed bg al} pes*t3.ve e*,,*snuetas

}$sear oSrs?t'"taxs {rospeet$vnly er31 p**$t*ne l"Lnoar *peeatst.s: w}fi.sh a.:re e*ns*.r.lu*

$i*s on evarg erser trni*sri,cd subset of Hi -

&*t ?* bs, s Rj.ess cpnses lst F b+ a topolo6&ex;3. &i"esa ssi&**E f"$* U$ X*

a c$l:"eet*'on *f subsetCI cf .E- and,3s* & be a d.trec*eS eub*pae* of g,*{*oy} eueir

tlra* IJ{Fj} *c +opoL*gt*4L}.g b$u*rd$d lliu}nevs}* $J€r. ,eaird i'I eJ{r, ffiie s*tf.ct u$***trn<r-

Iag$ on L has f-4.",., lrt lf ntl3"gt'rborhood" of 0 $,s F Q rucl s lra*ts f*s. CIu
a f z'vi,rrni be:Ln6E tlre set ef tlio*o 1j6l,,f,r'n vnleti ttiers *s y6L ciucir thns tlef*vrvJ

s"::d v{l+}CF" Tt ptt'ticu.iaro tak!.:t6; LlL *. t-3 lrr*0.1 
s#o ob*l*,J.& *he mol-i.ci etror.rg

t*polcg;r en xr*{*og}t tskira*i J/r** h* *he e*t.lectl-** af a3L csqlor.p1*eerr$,?€}.e* ,gt"ifu*

w5.31 b,s $h@ spcrss *f s]-l

tha msusS opee*aton g&st*e ,
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eets of ge {U Ae*"ng sleo s topologtm} S$,esm sl}F-so} se sbtwlm thw sol$d ar$sr"

Slre#*$pixat *op*I.*gy $n f,${H"f} 6
' '' -'' * be a nt+sl $liaq€l zur{ F be si:r Areirineclsas R$.esa &pag&o rrnr anSi

h** S.

{f€r'st}'ir}',} rus€ m?F'' a4is* uo lratre ${!{n} *{,*3 g s6n$sq$e&*r.g, s $mdue** e r+du}.*r
tpetator frsrra. .i*:.r/l** l"srto $n a* $ s*l eex$*tr*ge)"p lenf.srru1;g eomplet*s *h*"* $psffi.*
toe srx$ htl unLque}$ ex**sse$ to s resular op*r":+toe f,rnm E] *.ot* S, *o*or, ws.lt. tre

f l r r i l  .  * f r r . " - l t  { ,  . " P  " 1  
' }

, ll ui6 s t*r !lv{l | * e [-v-v] !
w*.ere ii tl ,tenctae tire $Fees*op rrorso

Sor nagr Fanach i.atttea B, # {nospoet*vely $i ryg}f he the oo.dec, 1dea3
g*nem,te* by il $:a Ea {respe*tive35r ths nerm cr$srere.er X i.e fi*}. rf 3, *s *n#*i,*p
Banaefr ia*tf,ee a-*c gf $€[,e(;;or'], then il'en*i#ri{} dresBeetsvesy $ea*if,rF$
s3^Ll be tbs o3perater* defl"neS bg ttre cerrrecporlds.ng restr*.o*{.s*.e &f sB*

e) f*fu#uarc,
Rees-l}' ti:.a'b erlt f*.*l$obra Ls a Rtrass sps,es a ends$ed witlr e stx$eture

ef aL€ebra silslr tltat A*A*Ceo atul ee6b e s€dr$ *rS q#liexevsg, n"bre4&* ap6 a.4b *
* *" 3:t tbi* paper, hr*t*evero tlao esr6 f*aigebre w*13. be sssSresgveSgr enp3osre* *o
d**3'gn tm firchtrl+i1e*'n f*nl8obru -& atj-w1ttg*g an eLemeiat @ €&. $s &R ri.?-gehna$er- +
*nS.? ss we3"1. Erc *a otrong order unltg, st**h am f**.3geh-*a wi.Il al*m.ye be esn*r*.deu.ed.
ae nox"*€.* ay il llo , tin* snrhs*ri.pt e lref.rtg ilrerofr:ra onstteso

3$y's:? f*{it}ba}'g*brel of & tre strta}.3 ms&ft e fr$.ees suhopaee of, & o.}.oersg usq*
tlee m:Itf.p1,*e*tteln ayr* cou.f;clfeJ.ng e..

s'* exaerplee $f f*a3g*b*as wtls.eb r+$.].r. ho used sn th*
$3.un r

e(ft) I *ho oorrt*nucus roa.L funstlons ss tb6 esi*pq$* spaqs Xo
iStx) t tho hreuan,l*d reell $a{rs ftmctioc}.s 6s th$ e*&paet sp.**s so
;l{ii} t t':rCI'cci:ter of tho Av*ii1ruq:il**n l{!.ocy" ripilss 14 (ttl.tt $.** the ue$

all  ss.3.3. sF*rc?ti lrs rJ€f,.-, i-rr. i)  suetr th$t '{s€f-dg* 
ou{tu)eoo **eeu d,€Ro }"

flr$clulrh+u,* tl::* Fa$c:;r", tr:+ lettclr* A a;rd S wtf'l rto::*rte g**:"i*tr*g,

T.** .  :4 ,  rO, l . i  u -^  r r ,

rlen*ted .b3r 0o .

regular sslrr etl Io*{En}"} fs gf.rren *S

ErF we l:ave.Irr(!:re.) * ei(E"F), fllre

follcw*gg $di stst-r*
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def*sod by {a*Strr}tw*@a*i * ar*u$hnb* } " 
ghe t6$sor Be"oduct a,6m $.n tho s$$r$e

sf .$"Iin' FreE-Lis [*J le' a iiiesa r*paes costal.:ri,rig A€S e$ $" rre*ten mub*p*so" $p,
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rr(r *J.r.cri tiino::{iic {*l"*c:,,:u l0 f.ru eb* fr .,g [-ttf] $:.ij:lg.e* tyr:"-* f Al*lrf,U s 0
. d .
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w*x. - r r +  {' s t  * t

*g
Fi  *  ) -  d*$J{**)
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f*p tlr* i,*.u*li sf the n*xt tl+ry pro;:o+r3.tt&*s vs $hc.3l" need tho f*ltadng
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eoriroquently, V{x} *Kf$(x*}14W ,,"ir1*h ehewn that V(x}
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fhan fox', any lIe &r(ffirr.)

es slrri&r rg -LiF untr $vron.g m*{*L{}l{s oS X!*
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thsrg U Gs,rr(noB;.

i:'ftf0!," tj'npposo ttrat, U d$l,i(SrF),

g f if {t " f* 3rrcv* the i"ev{irsa f.nequa}$.ty,

€ &,{>:) ve }iave
IJ

$B tl:.e lis*rx".lillnra.ele tirro+r,e;*, f otr nnp

*usir tha* tful{f :*r:t t  (r, lu,{$*}$}*

ae rr( [*tul ,lt]il tt f$t]ows rr:a*
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-d* h;rvr: ttie f,o13owd.*g ctrc,rrg d$sJnintnese thecvon for ff*{Ur"r} X* sgr#s
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& Rl"s#H apfi,cs ts s-r ul.*m,*:lt $$.*$o*nt fr"*n'r *c,'ffry etCI$*.fl e}*nsnt, ttt* lwttmr bo*
E* . .-r

Sn6 *hcg* H ri*ch *ha{; lnrlxf [**nt,u*-n.,t nsa'}rl,r nu["lf,p]em *f lxl onty"
b --,3

H?fr*nfli{ 4"1* i}uFFors F top*'}s€;$*rr].:1";r s*mp}"*'beo Shq*m sv'ery Rgsrim h*m**

mor;ri:f,ir* #:ffi *-ple $-* rtg"*rtg.[p dts3i:$.ryb fx'*in sver]r $eP#i$rir]o S br$xrg tirr* b*iir]

sf *,].1 dtffue,a r:}ei,r*nts 3;:t $idu

S,$0,lilo fi}r grr'*p*ui**r:r+ 5,tt$ $* st;rff$,*Eps $CI strcw *hiat f $m s*ron#3,S'd*.tc*

jo*"rrb fi:oni *r.ia;p T.ie,jfi,(Urf). ilt*nrl.y* *t ;trl$lf$e$s ts! ecnit$.tlo'r" the'e$es U.* fffi$r

witb f6ffi" ar:,"l g&F*.r ftet x€S* and let H lre m sol-tct nof,ghborheod *f fi Se F;- * * - +

there Ss;.ql *{ir,Fr:tr* slr}c6 S n.n{ an Order $,**rnorph*;*nr fl$**+ S{fil *ucir thnt S{s} *

= € {t}res filr*eti.+n f,}rlnti*ra3-1y onq eR X}n T,*:t I * ('ye3*t{f*) e,rrd 3etfl, t,u {:tre

Red*a $s*#urs *tl I n$slrl*J.eated. wf.th Sid $* er.n*t n*** #{[*]] 
ul # f*v *ng s€He

ettresw*"ms, M.i{ t,r{}i,rgr{. f$.n.* {b r}*rrs{r:'s H,-rr-r*rirc hetn*r**rtriiti"r:m brff{X} T*} ffi *u*h t}rre&

lr{g" 3f, Fl}it-gnQ C.*n,ltos tirp e*.n,rnfcie} rmr.p e}.ns S;f k * {5:p}!{}i} t}aen k {s

# R$Erez b*uoin*rpfil.sr& ,?n E* nuelr tlr** !x( tl#u 
" 

l{s ex{rul4 lt te S hy d*f,*.n*n$

istu) *,eraq k{ur\ux} u u*€S+ E*at '"
the sefin$ttsn *s esra"eet hee$rrss u(wAexld.S(tsAnxlCftwln k $,e & $sc!,sess

a

Rt*s* troixeinorphter:r e:'*ch thelt k{:{g; $n faetp k Sm steim$.er bsssusa $.f },eLOrmJ

tben

! r . (u)  l ( r t l  u \ )  4  r : {  l t l l }  * '  I  k (u} [  *  o

ffiy ra€S sueh trra* k{u} e,S, wh*.ch Swp}tes that & * d.li f,os someo(€'R 
"

f, be$"ng eli.f,fur+eo we sust have kr\f ""00 leadl"xtg thr*s $o a e*ntrw&$,e$:!.i]mo

uo 
f 

$r aX"ffusoo tFrere fl.m a B,erti.t*ou (iu*.}tqg{r, f,nto Sere}. eubrsts .$:f

S suci, ttras fa.{}.18i6€/}, e>S befng e}rene*n s* thre,t f,y&H, Let X4* bs w eLsse$

auhilot *f I{* uucti t t ,rrt  f l  
(U*uS*}g€/f ir rm$ !.CIt (f*}tgtE*Cg{iI*/SE} b* a s*qti iss}ss

of g:osltf.ve p.$t,vv$$re tt*c3o*nt fune*ture sueit ttrat g{g,} * S /f r'*ns S o( 
n) sm l f*r

**r;e* $.s p", eornsequeu$@ sf, Stqp f, i"x. tiie! Sroof of thel*rs* *oU, *

[A53]o Sf edni;hcu*t*.o{x wo h$*ne *-ite *fr'tt}{& fF:,'* betu:$ a E$'esn tlcmo::tntrp}rirm'
rdrF I

ss !$ay ft.n4 a f1r*{tr.}-snr}s {uu},t{gd*r6Er* Of, Fn.gc"lriss '3J"s$$3.nt oi*u*lr*W sLtth th*t
3i

!  '  a. ' i  u*6f**{.  Fra*:t*u *.H *#-*tu o t i i*n {xrr"*"uosu*#s{s} e- ' i*gPq ; * * )  * ' f , *  r i t
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Bli $r '

fttxr)Ar( xo)r 4 frtxl) Af( *rb+ r( *n*r), *
{ = { '  &  T - C  I

.  
- - t  I l r I

. .  B.
= V.J(srln f(rr)y + f(x&+tly 4. ' , i ; t }

n.  . , : : . .  -' , l . : . . . . ] . : . . , . ' , ' . . ; < \ 1 . r t x , ) r + f ( x ; , } y *

1 - l  
-  l Y r

,  . , .  :  i  : : :  , .  ,  
'  

,  E  t l  ' i ;

* V*(g')tr + s(e -iq.)y( €y:  -  
' : i t .  . .  t :  i  * ; ,  t r t

r - l  l , t r l  j .

as the 'r(xr) 0s are poilvlso dlqprntS eoneoquentryp tho J.oftsost melDbsr beLougs
to.H and the proof ls_ eouplste.

as a eofisequoaes of the precedt'g ibeoren and propo'ltton Srgr f€ sce
for tnstance that O$b(r) + B*(rrr) *s a stroagly retticlal elaas streuever r !,s
topologtcallSr coraplete and 0 le the band of a]'l dlffusE slenente ttr pt

o) R-firA$fes.

Ehe notlon of an fi-moauro vaa tntroducod by. H.u. $ehvars tn [re]. 1o
-)
t('codule ts n class I of eonttnuoue llnear operators bstneen Banacb lattl.oos
eo that, tf ona.denotes Uy 3(S,F) tr.e.set of thoao U tBS *fon aet betrmren
the Baaaeh lattless g and F, tbe follortng-are supposed to holdr

1)  g (s ,n )  c8(e  , r1 .
u)"8(nrr) ts a vector epaca of operatore..

111) Rs? e$(sorFo) wbenever B€L"(un,n) , T€$(n,r) anil R€Lr(r,tr').
lforaed ft-modules ar6 deflned as,(-moaufee .fr f,or uhieh the sBacec

3{rrr1 ave encowecr uith a aor'a oatlefylng eerrtaln roqulrenents (f16J, eh. rrrr

t :r. 
fhe elosure ot $(v,v'l rith respect to the norn ot8 (e,r) t,s d,enotect by

.fl"(grq), It ls proved (fre]. ch. Irrr5!3) thot, und,etr certaia assuirptlonal

Go(grr) ts a san&ch tattLce of operatotre, Aetua].ly, lt follorrs tba,t$o(grr)
ls contnlned l,n the elosure of $-(erfl for the regular norn (see th.e proof of
gatz I rn froJ, eb. 

'rrrr-5! 
?), bence it ls * otrongly rattlclal cJ.ass.

tl Shs ql,eg? &r(B,r,l.

t'or any Banaeh lattlees ErF, let ll(ErF)

tors U for whieh U(BE) ts a relati.vol3r unl,formly

& noro ts ln'broduc+d oa !{(SrP} ny,

llud6 = ll etrp u(EB) ll .

Ob$ lovJnp  *hn *  l f f f  n  ? l r ' T .  f  n  n l  Ana  6dn  aao { l s  o } ras  +ho+  M(n  f l  . l n  a  n * rns r s lw

drsnote tbs cl&,es of thoeE ogef,e,-

totaLlg bounded subsst of p3
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lattlelal- elrigg.

s) ses sln$s A(n'r') '
3'or anJp Sanach 1dttless firFrlLetd{nrf) denote ths class of tno*e oiro-

ratora UrS *p 1' ropresentabl.o ae IJrlI, rnhese [I, ie e.pooltlvo oXrorator frorn S

ltrto sn A$-rrp&cs S aad.lJ, le a com,&rgot o5lerator fr.os S into f .

Tho claesee $I(BrFi andA(grf! rser€ Lntrod,uerd aud, studleC b3p iI. Chanoy
F - 1

lb L4J ln ecn-nectlen wlth tbo operatorlal repreeontatl,on of, l{-teasor prod,usts.

fo prove trrat.{(}irF) le a otrongly lattlclal eta6s we need the f,o}lo-

vLng resulltr

PfiO}ofjrflcl{ 4. f .

r )  I f ,  t f  €E{ErF) tnen uf  € sM(r. |  rsf  ) .

f f i )  I f  u6r , (g , r )  a^ad ure${ r r rs ' )  then IJ4s{ (Er r ) .

PR00F.

tl pV ttreorsn'2;{ ln CAlr 9v(grF) is rloneo tu Ft(SrS} f,or tfro no56 li l l*;

aa llufl"(llull* for u€ H($,r)r tt foLLone that $l(8,F) ts contataod, in ttro etseure

of P(grr) with reepeet to l t  l l ,  "  thq result  fol lows nor from proposl i ien 3. l l

taking l,nto rtccoust tlre cortlauJ-ty of thE uap U F-+ Uf r*i.th respoct to re6ular

nornE.

tX) By propoeltl.on 5.6, we treve to ehow tbet lUf l Le conthruous for

d ( f , rF) anr l  d(ntrs) ;  thr ls t r .s equi .valent to lUrf  f  (B)CF. By the snee. proposl t lono

I  g t l f  * , lus l .  l tow uo6 $ i t (EFrFn)  bJr  t )  above and u ' r (En lcF ae  u  i s  eor ipac t i  con-

.  soquenrty,  f  .u" l (BlC lu" l (s*)CI. .

Returnlng to tho trrroof of au,r aesertlon, $,t was ohserreit fu f +l tnat

$€A(urx ' )  r rg s!€ l { (FnrEt} t :  tbereforer proBostt lou 4. t  lmpt iosr that .7\(Errr)  te

stron4L.v noduLar.  t {ow t f  ueA(8,} ' }o propustt ion 3.6 gi .vas lu l ,  =,  lu, l€ l . t (Frrs!}s

henqo lUlg.A("n,v) whtcb Fro'r6s that/\(grF) io otron8tJr tatttelal.

rr) .Qlngrse gS .c&.Q.[:r}ses .as fr$slqji$i .cS qsrt-t{"t1*oie? f;.gptl,pne .

Irot XrX bo compnct epaees and lct trlC(X) -+ C(y) bo a grosJ-tlve operaton.

For an;r f€e(xxg) dof*ne tho operertor fSII ap followe: (*@u)(c) tro the funstl-

oe t p**p U{f*tf)(*} ru:hers f,* tr tho fr:neti.cs e F,+ f(*,t)o

she e** o * 
lf€s lr-e ctxxY)] J.s e stro]$ly Latt*ci"al er.arss and *hs

uaF'f ,  p-+ f&U Xs a Rlesg hononoruh{gm- ?o ao$ th{rs^ le* T,-  ta r .r  rnnvtmnt rs*ynn-
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615r lattleLal" cl.aaE contelnLng.ll" SO le a, C(X)@C(l)-su\:mo.iule of, Ir*(C(X)rC(y))n
heneo e c(x)dC(T)-nooul-o.  tet  U:C(X)dCty) -? C(XXf)  be t i rq ouronlaet Rtees ho*
s}oraorphftrmo i{e eloarly i:nve eU *,h(c}SU for any g€C(X)6BC(T), hEnco

c{J ,* h( o) Eu t a€c( x6c( r)

by theden 's t t yo fc {X }sc (Y)h0 tx )6 .c tY ) .Conseq ,uen t l y ,

l u (c )Su l  *  f  cu l  *  le lu  *  h {  le [ ]Eu *  lh (c ) t@u .
Ae the

aru &0

= t sl6u

Eap f, }-} SSII te eentinuoue for ths nora
'is clc.sed f,on the rogirlar ncm, so obtate

for arryr f€g(xxI). The proof la complete.

og C(XXX) anct the re6ul{Lr norm

that f&tl€&o and lsetil *

1) U-4r,e ts LF(Err) e $tton6,Jy'tawredal claqs?

hen s ls arblttPary and F ls flxecl, &n snsnor Lo pnovldoil by ths f,oLLn-
H{ng result:

niili0RijH 4o2. rf s le ordsr eonpleto and ite topology f,o order conttnu-

ous, thon lrr($rF) ts a strongrr latti.elnl class for overg Rtoss space s. c6sver-
ool5ru lf, F le teBolo6,gtcally conpJ.ote and r,*(f,(forrl)rr) {s e etrorgl.y lettLclrul. ,.
eX.aeo, then ths topology of F le order contlnuous.

PRoOtr. If F 1s o:."der eompl-ete anrl l.ts topoto6y r,s ordor eonttnuous.

then every order bounded eubfuot of, F has a etrong 'uprsffisrr;

l,s a a'trongly lattlciaL elassn

eossequontlyl &*(s1f)

converselgr ley F be topoLo6tca3.ly conpLote and lst &f(srr) be a otrs*-
'g]'y latti'ctal el'a'ss for E *r&o([orl]). $uppose that the topo]ogy of, F ie not cr*
der eonttnuou&r. fhen thers are by proposltlon 24!1 ln[r]qgF* and a dlsJotnt
soqusnce (5)C[OruJ not eonver6ont to 0. Def,lue U'T:S -+ p by

?g ttlu(r) *4 l)o*"#*,** , :
' **3, vv

v(r) o, t (t ro.*)o
r/o

":l** 
u'* 1e tire s-th liadsuaeher furictLon (r*(t) * olgn otn an t). The f,aet t*a*

f l

Jo 
*#* *) 0 as a *ico ferr f'd',s wnd tho topotcrgicar ceimpJ.otenoee ef !oonsuu'o

tint U ls uc.l l" dofl.ned.

" 
lot &fi(r'r(tofl ** a nax$.ma.L rtron$ly Lstttctot cLas$ eontnfnl.&# x,*(.$oF)"
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B3p theorees ).3 entl .3.6, Lo ls e.. princlpr'J u (sld z{il-no,i.uJ.CI ilor the soltd stro$g.
F t r

topolo6y. &e U$f*TrVJ tt fol. lows,thslt U belon$s tc ths cLosure for.i lrf lr *rolj"rl

etroug tcpology of the eubmbduls gencrat;ed, by V (taXe fnto aceount lomrrr t.p);

as Y(f*'*J)*s i;otalLy bov.nrted (e beJ.ne tire fuuetion ldontl.eerlty one 0n forr])

se obtain t tur t  t l { [ -*r{}  ts aLer total ,3.y bounded. But xo *U(rn)€{t( f -sr{} ; . , ru '

any totally'bnunded dlrJotnt s*,quflnoe must coovsrse to 0, r6e have arrlved at a

cogtradictiono fhe prr:of is cornpleta.

Fron the ebove th.eerem wo see wtry $${(Srf) ts genoraLlSr not eloseil under
:

edd{tionl othsrvlse., wo reculd havs tfiat I,*(S1F) = Irr(fjrft+ _ f,r(SrF)+ i*.nLwa;re

a l  - ' totrongly Latttetal. ,
' fhe nc';xt theoren Slrovlded'nn answetr Ln the case vhen $ ls a fixod Bansch,

lattLee s.nd F 1n erbitrary.

IIIr0REi"l 4.7n het E be a dlscrete Banaeh lattl.ea ryl-th oyJer conttnuoug

nor80. tben L-(.urf) crqiral!"s l^ru(nrf) fcr ury reLatlvelf,  rmiforrnly comple*e to5roLo-r o r

alsnl Rlees siia.co F, honce it l"s a stron6ly Lat-bt:Lal cLase n 
'

Ccnvorsel.3l, $f, E is a Banaeh Lattlce sriclr that tr(Srt) is a st"ongly

l"attlci-ai class, then $ i.s dj-serete and l*-ns orcler eoR,tlnuous notrT1,

FR00y. By theoron 3.5 ru f+] , l&€!o*{srs} wt"renevsr s i,e a dls*r'ete

Banuch lattieo r'rl'bh order eonttnuous norrrrs consequentlyo Lr(nrPl * Lo*(ErF) f,or

eversr relattve-1.3' rrniformi.p conp&etei topolo,3;i.cal R!.rse$ spaco p,

8or tho proof of the conve?eo we shall" need a lornma.

Ll$'f'I,& 4'o1'. I,et E be el Banach Bpaee end lot M bo a gubset of S wlth tho

fo3-lovtng prrl.rerty: for every E > 0 and every ,$oquenees (xo)c tt, (fnlc $ur there
' ts a con-sraet e$$vex set ECri such that Lnf f,*(*o - x)4€ for &^ny nrlso Theo f4

l;CI reLatlvely eompaet. 
wr"

,, I'ROOF" Supgroso ths.t H le not rel-ativoly conpact" then there fo !> Ci

and a $oc,ri ,*31ss (: irnlCI.[ Fuch tha.i;  i l  srs * ,"o[]t l  for m f.n" Choose a doub]e nequonee
t . a  1  = ntf,*l*n*r7t Cile, sr-rch that f,r*(ri* - oo))t , Deflne the.seru*norm ir on s b3r

B * n

p(;1) r:- r,:r,rp ' 
I f,,*(:,:) l

no9)zf 
c44

ovuS lst trr *,tl/F-ttfc,Jt ue firo'in*frfi*g *p**e assocl"&ted, wltlr Fo saeh f** slvou rise
to so,ju€&s,o 3 rle'nobtng byll l l* tr,* &$ra sn 1'$e havo
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l l r{11 ='1P.- f  sr*(r) l  ,'  nnnn) l
n  # , r t

I,et JIX .;+ Id bo the cp;nonlcnL mrSr anil trot y, oJ(xolo Sy tho cholce of the
f, f e $e hav6 lf F* * s*fll )-1 for ru f n" tJe she,Ll dss,l"ve ar contradtctlon by nho-
wlng thrrt (y-r) j.s a totnlly btiunced sequonco fur F" ThJ.s nl.Ll be done by Brovlng
that for every t> 0 th'erel !.s a eonpa,ct subset IrCF sueh that the dlstanee from
eaeh y* *o & ts leesr than [. $s 10t t >0 be gl.ven. f,hs relatlon (t] $trose tha.$
co[34oal  ntro ]1 '  m.f-nJ f ,s or(Fcrf ]^denoe J.n &3,r  s consequont]y,  there r ,s e
seque'nee (bo) r'rirleh ts d(trtrF)-cense ny! Fur; Br h-vpothesls tlrers *,s s eoepaet
oonvex sot KCE sflreh tlmt snf (r '(h*)n** - x)4€/3 fa* &'nJr mrbo Fut r,=J(K) and
&ssrune theit for sone $ * ffiT" gl_li sn - yllr>t a fhen r*&n atBp ;: as the
latter fs a closedeonvex *ut trr5*or" Ior" euen that flhll* I antl eup h(r+€g{,}<
4 bt%). B*t

i r te) +tsup b(Bfl  * eup n{l}  + t  I

b;(s) I ,  el t  6nd f h(yo) - h*(yo) |  < t /3,

v € r  , (  r )

coneoquently, tnf
3:€s

\n, e ttiere l.s m

Xt followe ttult

sup h(t + f,sr) * oup

t lyn -  y l ) tg .  As I ,

such ttrat $up ln{f} -
$€r,

pnoof of the/
'rJo r*tuart' to the theorera" Ilet E be e Banach lettl,ce suctr

ls eitrongly' latti.cialn 'rrie shal1 ;lrove that each al-clar furternal Sn

a thoo'en of I3. r'ialeh fn*] rsi1l th+n reed to the eonoruston.

E/3{ r:g rr*(vo - s} u* rnf" <J'(%},x!tr - x> < e lZ .
Y€It 

4 
,{eK

Ttro eoril;r'adfetlon so obtalnad shotrar ths,t lnf llg* * v{1, ( e and ilre proof ts caru-
pleteo s6L

a*(n,g)

eoapactg

We rsnarli first ttrat lf, Lp(Erb) ta ertrongtS, lattf,ctal, thew so j.s

r,o(or5) fcre any cto.sed orqie$ tdeal s $,:r. Iil (as oach l,I€r,r(er6) tir ths reetyictfon

of eorue Y63r*{IirL})o Tlxrs, ws rre.y i:l,ir$urse vlthor:.t Lo*ntng genoraltty grat S has

e quu'sl fn*srior elenet:t;, thls guarantee*r *lu*t E is a Br*ne'pal B{E}-noduX.e"

constrtcv an orcter- rntervar ford *n il l,as fortu& trs dense M fOr{,
t13'1 we need tn chow lii i;hat f0rtolx ts velattvely corupnci;. 1,Is sitnLl trss lomi,,**

4" l i  so iet  €> 0,  t . t .*)cforr* l  l rnd ( f*r)CiJoo Lro givon. Dsnote hy F tho $an:rr :h

l-attl.ee of Erl-'J. bounrlecl dtiub}CI $equenee$ $f $*&l$ire ( tire norm bcinff ttro aup n*rnn)

that

B l s



snd consldes th6 opor,.Btors U,V€Lr(nrf) deft"ned by :

t t(Jr) * ( l fel (*o(r) \ )r,npr

E a u g  r ,  
:

s i's an f-algetrra for po*ntwloe nr.lltiplteatlonrhencs & prlnexpal module over tt*
ne}f,. As F is topologrr,car"rgr anrl order r.eomorphte to ruo , r,r(ErF) rs etrongrgr )-at-
tleLaL;: thersfore, theonom 3,A imlil"tes that tT(E,F) ls e BrtnetBal Z(E)6.F-modu_l

}e for the sollld'strong topoLogy' rn partlcurer, nw 0(u-(v, tt followe that thore
ln oGfO,togo] (e hoi.rrg the unlt of r) eueh that

l l  lu  -  cv l (x l l l  <g.  s : (  r )
by r.erama 1,-2, c cen be taken of the fom* tr*al utth Br€forr*] a.na
( u t ' r . . , r r b 7 6 D ( e ) "  s - 4

Nos we : 'cnark that i f  S€lr{$rf.) J.s gJ.,ren by

l - - l  t  t  l l

)  L b l . r .  * h a n  l q l . r , -  ^ , r - - - * -  r . - -wtth (c*n) e0t,  then f  s I  ta 6iven try

'  

I  c lI  s[  (v) :  (  le*r l  (y) )r ,*>r
I

.$akl$g this lnto aecotant and tho faet thet lcof I  * lcl ' l f l  fcr c ez&,) e*,d f€

€Bo,  r ro  der i . re  f ror*  ( l )

B u 4  l r * l ( l a * ( x )  - * * * * u . ( * l l )  1 t ,
mrn)l B tr 

T;?, 
- xrJl L' ' t '  -

the scalrrrs g( in trol*€ determtnod.by ( d t . E

r  Gr :  eo [n . {x}  r  .1 t<kr  then 

' rnn"m'B7l  F s- -  n  conseqt tent ly '  l f  K *

L a  J

$nr r*{a*{x} * sr} si $nr I rJ ( f n*(n) _ rU < C
yEH s€x 

6t a

and tha proof .'l,u elo:apleto.

#tlitCIlL,,i-RY 4." tin ].set f be tnpoj-ogLeal1.$ eo:nplste eed d*$rder complete,

let E bt: a $s'nach lat'ti*o antii l*uppos{r that t*(u,r} $'s stx,erryg}y latt$.cier.l. $hen

e,t lc'a$t ci:rer of flle foJ.lowing condJ.tr*ne hor.d$!

1) tlrei topoLogy of S ls arder c$ntLnuous"

$t) u J.s tilscreto anri hs{, order con.bi.nuous norsro



3Ri]Oir. rf thc topol,u6;y of'F iu not os,d,er c:.r:r-ruoun t,ren Il contalns fr

Rlosa su'tts;:acc orSer and 'bopologiealtg J,eoruorpirlc to J.* T app1y tireorem 4.Sn

t'ho r+sder l,o esked to ccirnl:are';iro ebove yesult wlth theqre$ i0.? lrl

f'f aJ wq*clr chs'u,'**rLses dl:ses'ete S$"n,*ch l*ttiess wlth cr..ql.,*r enntLnru)ps gonn as

hei"n8 thoso llanncii tattj.ees h. wlflr tho prop'*rt.l. th.srt l,r(Hrl.) $e a jl:Lesg sp&ce

for any tssinach Inttlco fl tire dt*tLnet:ton'is 65i.r"en by ii:o fact thrrt, lrirorle,/e:r, F

ts orci.el: ec::tplste, ls(firl') 1r$ alkreys sr, Riesz'space shile not aLways a stron,g:Iy

I.attlcial" class"

S" Appllcatlons to operators olr

Ssnaeh Lattiees

Throughout the sectlon, It *nrt f wiLl" be Baneoh t*turou".

llo begjl wttb a, prlnclpelfty theorem for etrongly latttclnl, cl"aeseg of

operato: 's bet,,reon Eanac:h l-att lcoe"

Call an oBerator froru a Danach sFee6 G tnto F order compact if l.t nape

B* onto an orrier precorupaei srlbeet of F.

PR0?0$Iff0i{ 5.1. lst o bo a nanacrr spacoi For svory U€Ir(FrG) the fol l ,o-

wlng are eo.ulvalentt

1) Ut fR order conpact.

r l )  ror  every €)0 rhere ts f ,€I* f  eucrr  rbfr r  i lu(x) l l4gclx l )  +6i lx l r ror

x € F .

Pa00F,

. 
1)-+ 3r) ge u't86.r) ie ordor lrf,oaompa+t thero n,E f€Hi such that

l l ( iu ' te) l  -  f ln l l4E wire,nevsrF g€s&! ,  consequont ly,
:

6 ( u ( x ) )  = -  ( u , ( & ) , "  )  4 . < t i J ' ( i s ) l , l x  I  )  a

S  ( t t u ' ( e ) l  * f l n , l  s D  + r ( l x t ) ( g 1 1 x l i  + r ( t x l )

f-or a.ny 6€B6r , Frorrce

fi u( x) ll ," nup s(u{:(} 
' l 4 il i xli + f t l x l} .

fr?G,

E$^)=*#r) t,*t fgs{ bo sue}r rtr*r l lu{x}i ld*(lxl} + **bti xl l  for E€r$, t irere

( ( t l ' t r )  *  iT ) *nx)  * ' f yp  (  uo(e)  -  r , s r )4  q"n  f i i l y (y l l l  -  r {y } te€ /a
0C1'43 

' 
*l 'vax



f,cr arry 6 6SC,

rsplacln6 e by

:

to I ' ,

t r s a

' - 5 s -

ctnd s€r,uflEo ; $rus, l[(Ut(e) - f)*ll *t /a . fhe es,ss J.s .brue

1gi irenge

.

:  11 ( lu ' (e l l  -  r )+ l l  * l i (u ' (e)  *  f l ;v  (u ' ( -s)  *  r )+ l l4  €,  .

Tiln0Rblf 5,1" T,$t I, tre a strorr6ly lattlcial- clnss of operators fron

Suppos* ttrat IJ 1o a prlnctpal A-m.oC.uLer ln is a prtnctpel B-nroduJ.e arr$

subritoduLe of the A@$-mn<lu1e L*(S'S)" Th..qn tiro f,o}J.o,al-n€ are true:

E

3,

t) I fs * prfnctp'* afrB*nodul"o for the soL1ct order preco$pact topoLogtr.

11,l liuppooo thst sr has order conttnuous norfl and that tir ts order comBaet

for every U€Ir" f'norr I ie a prlnclpa.l AffiB-morlul.s for the regula,r norn.

pR00ir"

1) 5s a er:nsoqirence of coroLlary )"4 observlng that L"(frrF) = Ii(nrf ) "
rr) 'vts sLalL ver'lfy tlrat for every t)0 and svery u€L+ there is y6]E*

such thet f iU((t - $)+)ilgerdtenever rtF'i an a.pgrllcntton of coroltL*t'J,3,4 v:L1,1

then conclucle ttre proof.

Indeed_. by propositlon g. f tb.ert

+ 2=lLl l  x l l  fc , r  x €At bir  thecre& t .?,  there

f,or x gBS" Conseqr.r.r:ntly,

xs f€s;  such thr ; t  l lu (x l l l  Eg(1r : l )  . r

ls  y€S* *uch t t rs . t  f ( t r  -  r )+) ( t lZ

l /  u((" * r)*) l l< f((x * n)*l  + a"Li l(x * p,;o i l  < t

f,or:' x€ SU .

Sha ffr*t u*ppJ"Lcatlon Ls an extenslon of theorenn 4"3 t:r-[no]on {de*l[

propertlos of tlrnse c'pcrators ,,lhlctr can lrer eipBroxtnatecl wlth f,lnfter ranb r:por&*

tor8 ou evory conpaet set.

lllre conp*ct t*pnlogJi on tr(nr$,) IG glven .ily tho semtnorms U [*.}

t*.} su! f t$(r ') l l  f ior every cornpnct sutlset E of E. ?he notati"on cA(i irF) (respecti*
rceK

vetrg eA+{rl,p)} ri ':s u.":ed xn[nnJ for the e]o$uro of F(nrf] (respect$-veryPt$,F]]

wi.t lr  ruspr:et tc' t ire eompa.*t topolcrgy {@(nrf ')  r ienotes the coae tn f,o(nr} '} gesx*-

re.)ed b3r 'blre ope:r:a.r,."rl"r: r@Jr w$.th :tf f nf arrd y€ f+).

ifilii0R.li;"1 5,2. ]lor cj,f(rry'stronp;I;n lattlcJ-al clasc L of openatossr fronr

I  to I / ,  c*, .( , . lnir ;nL nml. [uIue r, ,  lut€c$-+(:r, i , r ]3 *.yo erdsr i .c loal 's in x,n

siiocF. ciearly i l&.cA(irr3') (rospectivelSr t i f ;  0A+(arr)) #if  l te rostr iatJ.$n
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tlvoly CA,+(SErtr))f thus, rr€ rn&y &srluws that B end f have quaot lntorXor elementen

Conslder r I ,YG[ such thst  tUl  e IVl  ond V€CA(Urf ]  ( reepesrtvoly IVIg
l

6CA+(E'F))" Let LO be a naxlmaL ntrorqlSr tattlcla} eJ-ass eontai.nl"ng Ir. 8y thsoreru

5.t t)  nppLied to Lo an* Ienme* i"?r there ar"o nets (er),  (d5)cz(E)&u(s) euah

that **rc * U, d5[vl *+ lfiffor t]rs sollcl order pr@com3im,ct topo3.o6y nnd eaeb
o D $

rl.. $s aR element of ths f,om t 
u*.€o* wttb ir4f 7"{E}* , Fi€ u (}"}+ 

" Xt follows
E 

f={ 
J.' l

th,at e.-v --.> ii aad drlvl --+l i.Ilfer the compact topa].ogg3r thus, IJ€OA(H'F) (rree*
E

pecttvely I  u[  €cA+( n, ] ]  ]  c
t .

. Tho next appll,catJ.on concerng ths rsl"atlon betireen th.e ordor ldeal. and

the cl-osed, operntor f.]oal generateci by a .regul"ar operatonS tt ariseE &sr a gens-

rallsatlon of theorem 3.? m faaJ, der sha.ll need the concopt of an oporator tdo*

al as cieflneC bf A. Plotseh $n p3J t

A *la.gs QL of eontlnuous linear operil,rors heteeon Banacn spa.ess $d

calLod an opc$.'.tor scleal. ff tiro eomponento ,Qf,(ern) *ql-n t{GrH} satlofy the

foLiowlng condltlosst

r) t{1,{t ' ,} l) ts & rrector aubspace of n(Golt} for uny sanach spaceo orgo

i i l  r f  ' rEr,{G0nG), f i€q/(G,r i }  and R€r,( i - i , r {0)  then R$T€q[tG0or-ro).

An olrerator' X-deal 1,s calLed elosed tf, hLl J.ts conpone;lts are clor:ed fot'

tkre Oper, l iotr  nor ino

Fo.r ev'.rry S€Ir(t],,U) thore ls a snaLltist eloaocl operetor J.d.eal glg

eotrtaitr ir lr{. i ;  i tn cornponr:r i t ;  nfol( inrfr.) i"n t iro ciosed vector uubspncc of Ir($0r}I0)

. Se,leraterl by tha. operal;ors ]t$t vlt ir  tgi,{%r$) agd i{g r,(t"trU'),

tire notatlrrn JU $111 brc used for tbe carnoni.ca3. enbesdtn6 of F l"nto F"

3he n*tation Xt slll r'eftis' ta tiis duaL of $ ecnsi-rie:'ed as a r:orne8 sub.rperee @f Ftsu

fl i i i0i i$l i t  5"5. Lot ES'F' be "Sanneh $p'nes&i and..r-rst i l ,3*b* Seruielr la'bt leos

roleJ"ch aro principr.rl. :noouleer ovsr' thetr *ente:
. 

;clpr.rJ. rroGuJ$frr ovsr Enarr ssnrorso rshen the following af6 tr.u€i

tr) i ,ert UrVll l  *+ f be order boundclr l  operst*rs sueir t irai;  tJF$t 4l, lUV{

and le t  s€t t I jCI r l i ) ,  RGt(r ' r I '$)  be auch t imt 'X e.nd Rt  &T@ otrdeix 'eo1rpsct"  The*
A t

frrft e'LL,, ,

**i t*t i., 1:* a etr*ngl"y latti.etnl ciarss of eipora'i;ora fr.*rn S ta f e let

t l 'T( ;&'be ruelr  tha. 'h tut4 lv l  {1- td ]"et  fat t$f ig$) Be ordc:n eompa*t ,  strsn t .g6ql ,v.
Pnil{'r'1,r
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f )  gy theoren ?.? ap$l*ed to.Fr *t$(f  r f f i )r .1t fol lows that P0 is s

pr5.notpn]" [($)-n:odule fer lo'l (rtorli opplyins o$o$ s,6nin th1s thooyem ts Y *

c'.&$($oriR) (tirs t$pology.on $'r boM# lo'i rf trF))rwe f,J,nd tlrat F lo a pr{.ncfpral

Z(F)*aaduto for iCl t$,nr). Ae iflt$,f r) ts order eonrtnuous, eoroX.tary 5"4 appt**
, v -

ed to i,;(a'Fi $holg$ that there is a net (qlC ?"tg)Bz(r) euclr rha,r lcot( is@f*

aad eUf*V.** OUU for tlre eolLd ord.or pr€e$sl$)sat topclagy 6yi L;(pr$) gaeused

from ia'l(V,r). $y l*eruso !'"?r w$ aa.}r $ssr.lrus that cr6z(E)@z(F) asd ttreref,ore

has the form,

tet

clearly

l;f ve sliow, tlrat &tI, f

tineu,

' 
llc

e  * L  4 , . . € R
i*-f 

-lE* -gs o

V *
t *tson*g i

RV- fE cfro rrB * eU oIrV,Fttt Y' * t ! t5

#
S*1

'$"'; o 
"6utrtof,1lT 

u5 * t - *5 t tne $)rootr n11,1 be concLuded

*+ S for the operator $otrrt. Ao f{S* } 18 orden preconpact,-0

the proof w11L

y e p

be

, l +

K ,

wlL1 sufftree to ohow that sup ll \tx)ll 
*+ 0 for ar\y order prsesdlpa.ct eet

X C E
Let L) 0 be gtven. Es proposltlon go f wo f rnd r $i. such that

t tn(y l t t  <  f ( ly l  )  +  (? l { ) - t i l s ' i l ,

rstrere ffi a'sug ll lJrvltisll l l e Obsenla rixer
x6K

t rprs\( l tuot + l , r rvr l  '= l ju$[  + l -u l l rpvl  d al , ruvlr

(  r )

l lurtxll l  * ' l{r*uftx)fl{ l l  tregl( lsl }l l< a i l lrr,vltt *D t(
for any seE. Thsroforo, (l) !. irp}leo

sur,  l l f tur(x) l l4 srry c([$r(x) l ]  + g .
: r e K b r ' 4 I { b ' Y

sr:* f( lu5(s) l) *,(f nu%(x)i,*);;  m* d*U, *+ 0 for rhs e$ud order preeompa*r

topotrosyu l"t foLlowu that sup f( lUr(x)l) *+0. Conaroquenu-y, ls.mrous 
Xir# 

ttu%(;r)llz
< e mnd *he Lrroof L* *o*pffif*. ''

l"X) i,+lt LO b* a ruaxtrn.aL otrongetry tatti"ctsl.cLags oonts:tnj.ngi L, tr$y cor.,$*

Llary 5'4 arppl"$.srt to LO anct lerim{,r t;n8r thoc"B 1s a nst (cn}C g($)&g{r} sr.lctr that



,  R +  
-

.  6  r r l  *

i

s,,V , + U for the eoll$ or$.or prsco$peet topologg. Then S"'[IT -+ llt for tho
b l

oSrer*,tor &orla nnrl erYT AUnfi honce U'f €ffg .

lrfe presCInt n$w s versl.on of tbsorem g.$ obtalned by replac*.ng flCn Uy

ths eflslLent re;3ilarly elosed .R*modul.e Q.n ,oooalnlng a x"eigular oporetor

V:$ **pF l ttri* 1* try Seftutlti.on tha fi *r*oriute wlroee eomponont Rn(g*oFCI)

(nO and FO bolng erlrltrary Sanmeh Lattlsss) fs tho closure for the ro6ul*r nol'ffi

ef tho subr*pnco of T,*{e*rP*} $oneraterl. bythe oper-atoro RVT rs*th f €IJs(S'rS} snd

n€l*(gr$*)o ldo neeei. bef*re a Lommn;

trlll{q}, 5*'t'o 88, *e desse 1n $;f gs,r Ls,l($rf,).

PftCI09. $ie provta f, i-rst the fsllorclng: for every'x€B$, @very f€Sfsntr;

and ever3r ' t> A theve Xs y€Ir  eueh that 4, lx -  y l r f ) .46 d*d f ( l  Sl l  61.  Indeed,

ttre eano.ulcal map fr} '*-9' (Frf) iu-ts norm <, t, and (prg), betng an AL-space, te a

band ln (Frf , )n i  consequent ly,  T"(x)€sqr,r)  ,  A6 f(P) {s dsnse tn (Frf} ,  there *s

y6F sucrr  t r . is , t  f ( ly l )4 t  ana i lT ' (x)  -  y l l4t ' .  Ae f ,  I r reser"f l 'e$ orden tntervats,

fn is a Rleea homornorph$"sm;: hence we frave for every eeg"

l { f " ( u ) l f  ! E :  ( [ r " ( m ] l , e )  * ' 4 b * 1 l n l ) , s )  o , ( l a l r T , ( s ] )  , *  ( t r l u f , )
i

whors g€( f  r f ) t  te  dsf lnsc l  by t , (S; )  * - f .  f ,huse

{ lx *  pf  ,g> *,  l l  t "{s -  r) l l  ,

$et Q:Fg -+ $o clenots thel rnap f l-+

l.t f,ollows tii&tr Q ts a ll$.esa tror*omorphisn end

t*sn on thLr banri beJ"ng equal.. to Q"I* c

t{ow'suFirs$s *}rat S* ie nst d.*nso *" SF ; then there fe xGS6 an* g*$ *6
.  r l

-*+ tR tinenr rwd eonrj.ausur) for tf i l  4:'F,F') euctr rhat nup e(%){ t<g(x}n tr,et

f e 1,3$({.T}!" ax f.€.ir'rnf; n lt fo}J.or+* b3r ths flrst p*rt of the proof tfrat for

evsry 6>0 there $* ydlr  sueh t t l * , ! t  { l : r  -  yt , f  >S6 snr}  g( lyt) .St .  TrrE oonttnrr i . ty
v

of g l"urpl"lnn tho existenee of h€Ff sueh tixet lgt<t6. eon,+oquentlpr, S -,QJ'1(S)

n$d lg l  * .  e{  lJ" l (d}  l )  * .  }"  i t *n**

t 4 e ; ( x ) {  I  $ l (  t x l } d  I  * l (  l r l  )  $  l s l (  l *  *  s l )  *

* , : i ( l r l )  *  { i i r  *  s r ' {  , f>4  I  +g  .

! &  l t t " ( x )  * $ l {  4 E  o

{, n, Q 1s posltlve and .I$Q * tgo o

Q(r ' f  )  [m a,band rn $0, the prf lJso*

Ae b Ls {r.rbltyii,rn $$ irnve nrrivuC nt a contm}dlctlo:rg th.uoo S* t.n Sensa $* SY 
"



' $ilt0RlJH S,4" Let SO'FO

eoe viiieh are prinelp;rl ruoclules

1 ' )  f ,e t  'U,Y€ Lr{  E,F}  be

bo Sanaeh lstttcsg and. let gr$ bc Saneeh lsttj,-

over theJ:r contera. ffru* tho Sollowfng aro truel

euch that f ;Eul( lJrvl ane let fo€ss(Es,E)* n

Xl) Let L he a mtno*6Ly

U,V€ b tro sl.rch tirat tU la I V I arrO

hae

the proof sf $) fn theorerc F"}g atl we must

Filgbr{F,Fg}* bo sucir that'trg ancl R$ are order eonnpaet, Thon Rl}s€@v for alry
R n f-ao,&n] aarr t€ Fsa,gJ*

e Rv for ans r€ t-forroJ"
*,S.1) I,et LrU and Y ba as fn fi) end euXrpoetr thst Sr

l"ett{c$eL el"u,es of opordtor.s fros S to S, lot

L*t $O€&r($'rE)+ be order compaet" Shou IIg€

order eontl"nuous
: 'rlsf,Er, a"r:d lYlc *.o ord.er eompact. Sher U43.V .

pR00s'.

t) Repeat

to shors thet ffiIrs -+ 0 for the regular notrEr. He travs

t,ru nu, rp & I fuuri, rf < Xu tr*u, lro . (  r )
By propoaltlon $.t ', the restriet,l,on of RO to BU ts contlnucus fcr h,l(FrFr) e,,d
the norni topolo$y on Foi; benee, by Lemmw 5.lo we obtain the Lnelu"ro* X{f}CFo

anri the faet tlurt for overy €)0 ttrere i* f€Fj verlf,yj.ng

.J

I t  H o ( E ) [ t  6 4 . l s l , f )  + i t r s l l  ,  a e 6 .

doasequontlgn by tlre cams argunents as ln tho pneof of f] ix th*nregc 5.5 we fj.nd
v

that ft0lJru6'lr0 -' 0 for tho op+rrator norrn; *u Holtuofl fn takor* J.rs v€ltues grl

F6, we obtnl.n f,ronr (1) thnt RUST *-9 0 f,or tho rs6Eutetr nsrmo

i$) nepent th* proof of il) fn tlreorem gn5 alrd obsorvo the,t

| (crvr * us)a lcrv * ulf ' .
lsf) &ot $o bo a s&xfuneL *trangLy lat**cial. cJ.aes ecntatnl,ng 5,.and let

[t bo'r;he orttrer ldea]" fu [o for*sd by thooe II for wntetr (ulr is ord,er eompasto

?hsn the e,ssertlon fol"Lower f,rom tireorem $.! l"l) app)"ted to L1o'

Applyf"ng the abol-e th*orencs to the crr$Js wltsn v J"s eo$pnct ve f,tnd ttril"b

the weu. kno*rn re$url.ts of, $otids.- I'ronltur [5] rantl Artprr:rntls * I]urlsx.nstraw f l-l

r*h1*h i:*vr: beern p-r*ved for *ire *ir,ge wlreg $' h,a#' frrri*l. r:o*tLnuouie tlor$ r*mal"n

tnue prov*sed t"f, ve repl*ee r,.;( n,n) 
bF a *i;rongJ'3' rntti"cl"ettr' sres{'l

do fa ad&Xt{os J.s
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f*A$"lT,is'Y.,9"1* Let }l he a *tron6;Lp Lntt*elal eL$,r$s of oBert'"''uovs from

l  t , t  t

H $o $' anil l.ot SnY€trr he such. *hsrt T S,s eoep&et e$d [Utg lVl, Ttron *he Snl]-owtqg
i i

etr€ tYu.''J t i

t) 1j$.' $.$ eonpftet for,any CIFSer compaet oparatnr S frCIm a,$nnaeh $gli{e6

tnts ft.

S{.} Sf Er bsisi order centl.nusus Hstrm and f Yf s i.n *rtter eompr*et thevr S

So eornpilct* -..

. $n00$'. O$r:enre that 1I (respoetlve}.y Uf) 1s eompaot gff i.ts raetrtctlon

, 
. ta tlra. closur* of. sv6ry prlnclpaX ond6r Sdee1 tn S (reepeet$voly to tbe preS-uuge

by I sf tlro cloeure of ever"y pnlnclpal or*en lctoal 1& g) ie compa,ctX thue; w*
:,

$taf assuis€ thet F snd 3 havo queibi" J.ntertor ele$ents end the proof follo$e fros

tbeorems 5.? an$ 9.4.

Ae csnceraa f) ln theoc'em 5.4c Lt !.s an lraproventent of theorom 4.10 Sn
-

Itgl(as, f,or lnntaneel ts€ do not rerlulro the operatoro UrY to be posJ"'t iveln "
L."J '

We eontlrure otrr ser{.es of app}lcations by eonctderlng $dea1 propor$l.on

of Dunford - Pettts operatoron In [gJ, tq.J. Kralton end P. Snab have proved the

foLloulng theol'ems:

$r*ppoee tbat F has order csntlnuous norcl and lst $r$lE-*'f be euch

tbat t is a Dunford * Pett*e ogrerator and $ / fitTo {hen $ i"s a $unfsrd - PettJ.s

operator. \

$upBono tlrat E l.s all Al-apaeo and that S Ls weakly sequerrttal"ly ccmpLo-

^ too then thp Dunfov& - Fot$le operatone foxnn surd ordor tdeal $a t(Eu$') (* n*(nrtr) "

tn thte ana,o),
4 . .  

"  

. '

Ho ehull. eee that the a'bove resul-ta remal"n true foe an arbitsary ISanaelr

lett$ee F pr*v$"rl*S i,f rse acl3E $ and T to belong to the e*me etrongly Lxttlol"re3"

cJ.asrlo Por tho prclof of ouv theorer* wa ehEctl noed the f,oli.owlng lemma5; St Lp

the sarse ss le;ru,rei 4.2 ln f*J Uut *ire ltroof ws pr$$snt !,n slmpLen.

Llfl"i:{A 5,p'n $ot MCg go tlie soltrl truJ.I of a relntlrrelp woakl-y contr:act

set K, If  (x*) gs a dtuJoint sequencs ln i{n$- thon x- *.} 0 woa}i ly.n ' . , + r x

.PR$S$" &*t f6E|.be Sl.*/eR s+JrC 3.*t f l$*g tnrg) he *hel cansnieal uu*gru

Ae S(K) t* relati,v*l-y reoakty *ampaet, tlroorem 1..1 glves, f,er sv6ry 6) 0, a$

s 4 ( f t - f )  n r r n h  * h g r *  l l (  l f { : r } l  *  v }  f i 4 F  f r r r  n n . , r  x ( v ^ . A l r  s  { r l  a  l l : l a n n  h n r n o *
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elorphl.frxn, tho saels rals.tlou hol"de for s€$1, thoreforer:ff (xJC l$lflfls t,m dLs*

Jo:imt, tiio reLatlon

f,(x*) * l lr(:"*)l l  -" it{t(x*} - y)+ll + l(r(x*)npl{n-  s - ' '  -  n '

eb6wn tiiat

LLm st lp r(x*)( € + f , in l l  r(xo)nnl l  e f ,  ,
r* *F"O &' 

D n.@'oo

As t Is s.rbi"tr€ryu f(xo) -+0"

. : fl{U$nl$,g 5.5, S'or any etron6ty lettleial elaee ef operatore from E to F
' j

ttre f,ollotal$g are tme: l

f) Let $n'X€L bo sr. lch that T l .s a Dunford - Pett ls operaton and 0<$<t.

$iion S *s s Dunford * Fettis operator.

tf) ff E 1s ari Al-spaee, thon tire eet of aIl. Dunforil - Pott$e oBerrutono

ln L i.s3 eu crder itleat in &"

pe0OF" In the beglnngng ve renark thatrae Xn our prevlous results,

Ks nalr conftne oursslvoe to tba e*ss when E and F have quael lntertor elemCIntso

&et SnTGIl be eush thet S in a l lunford - Pett le apenltor anqt 0cS€fr

.J.n case s.)o l l l t  d. l f  l  *$ eamo l$)n $upBose tbat E$eE und x* * '  0 we*kly s,n* l"et

f{ be the soLLrt'trull of {-**i "bt3 " 
let I,* be n' maxJ"rns,l otrongly lattte$aL e}wss

-ccntainlstg ir and let Il,, be the orclerr i.dsnl of thoee U€fr0 wL.th ths JioLlowlx4g

proupertyr fon €vrlT€)o th*re f.r g$S* e$eh that l l  l6l{ ix * S)+}l l(g whenever

x(i, l" By eo:rol l-ary 3u4, L, $o a prlneS.gr*L U(n)6g(tr!-.moctuLe for the soLtd ul{, * '
t I

topology, t{$ consts'tlng of the c1n6Le erl-ement SRE+ .l{e stla}l eecl thst f€I]t g

l.n earss 1S), ttrt,s f,o}lows from tiieCIreiu I'ntl fn eaee $,)e thlo follorrs f,rou thoe*

rem tS m [fJ apFr].lerl to 8,1 and to S0(B"r] prnvlde* $.f, se ehow that

i3*! t-r$g) _ lf(S..-)l * * for evsfy <l!oJa$.nt soquoneo (3i*) iy! M/'lE+ . Btlt
n - ? o o  f Q o l t ( B f u ) : '

l3p*",* .l f(Fnll -, tl t 't:. 'ull l and y*--p Q wealely b3n lemin* s.2r, lreitesn i{$(yo}il*+ 0
f ,6  g.e (&" ,  )  

F &o '

as,f J.s a ilran.fcrd * Pettts sp*rn*oro

sup l l  ls  *  er f  (x i l i  <A e
xg;,1

by ler:rma 1',8 u+r mfty &ssu$e t].tnt cS'Atll)Euig')n trien +S is a Dunfr::*rl - bett$.rs

It fqlLaiEs thsrt for every g>0 the:re fs c€fi(;i)@'g(Xe) $ri*lr thsrt



a , g $ *

gpsret$r'e$d B€ havs

1*:n sup t ls(on)f f  {  eup $l  l$ * er l ( [x* l t l ln t t  l l  es(ao]t$&
ta *+)o $Pt' -'5 

n *$lo

.  t f  !  A4 f l [ 4  l l l $ * e f f l ( x ] l f  4 t '  '

A g € * * e , r 1 r 1 t r a r y , l | $ ( K e ) f l * + 0 e s d ' t h e p r o o f t s c o u p ] . e t e o

ifo t:t,irelud,e thln seetlon rrlttr .sr atudy of ldosL and. prlncipaS"$"ty Xiroport*

$oe of tlie cl-ns* i't{noF}, F$F any obder td,eal C'C$0 we straLl denote hy fis(Seg) ths

. elosuse or ffi(x,,ra) for ll flr* . ,

riifi0nl$'i 5.6n tot G be an or,ier i.ooal !.u E0 eueh thet E* Ls orrlor pre*
t$

eomSraet f,or Hl{u,tl}" Si:e:r th.s f,ol,lewf.ng ar.e tnres

f) $5r'(E'Y}fJIo $s sn.orrler ieleal fn L for €very etrongly ].attlclal" elass-  
l d "  

-  - - s

It of oBCIr'Rtor$ f,ron S to I', In partfcular, Fl,'(HrF) 1e aa order lde;* gn M(Sr$')o

ftl fifi(BrF:) i.s a prtnctpa.l. trffis-nortuLe for il llo nuonever E $"s a pr*nc$*

p*L A*moduler for'ldf(grg) and la Le a prtncipal S-rsoc}uJ.e for ths $orm topo1o.Ey.

FROsIr" Shqr proof, wiLl- be dtrvxded t^nto several etofs. Fefors pro*eodin8

to $t, ?rs rerc{a.rk tha* th* eiaee el(SoP} eaa be d.eftnetl for every nos'ined Latt$ce E

not neeeeeiari"ly norrd coelpletsi: the rrxal"n trrroperti"es of $,* reneS..s ess$nti.s,115r ttre

s&"me, Frs sn$ can $o€ by ldontlfytng ${(Bof) with el(Frf), whore F donotenr the nor&

.conrpletion 
of So t'hLs romrerk wL}l enabLe ue to c:ons!.dor m(ffrf') 

"
S?Jis 1) ttrer solld ntrong topoJ"o66y rend ths torrol,ogff rleftned Uyi& l{irl

e6trss cn th* errder tnt*rval FfUl ,fufJ nf I{i$,F} for an3.. II€iF:S(S,F}"

!i100F, $et lI denote the set of, tbsee Ueg4(ArF) $r,&tb the proporty thr*t

ths eottd otrcn"6 togrology and tho. topolagy def;tnod ty lf l l fA e8gs6 s$ FlUl , lUll;

lrSr lenma 1'"2 !n F*J, $ ts an ordor tdoal Sn stgr][') closod gor ll llO . C**streus*

ntlyr tt wll*1" $uffXee to prove that f@gf;ll uhonever $(S urad y€F+. fo thie

Fuspos6, $.t oufflces to show ttrat f,or svery €,) 0 these ts x €S* uueli that

il ui{, ( t + llrtx}ll wbenever rC[-ar's€Jiln Ar: Eu ie orrter pr$eo'ffpslct for

ldf {g,g} u "c}rere *s x€}!* *uctr that f( (u * x}+} { tt p't l*tE $rrenever urS F*. lre::ee

u ( u ) { 1 I ( ( u  *  x } + )  +  $ ( x } € f ( ( u  *  x ) + } r  +  U ( x }  6  1 1 r l l * 1 g  p  +  r l ( x )

for any u@.i3,"; t l ieraforcln

lJ ; i l l l  * ,  i !  r ;up ut ; ,* ) { l  (  U i i : , l i * te y + $te) l l (  E + i l  u(x} l l  . . .
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stsp E) r,er E ba e n0rmod latttee eryi e pal,ns'psL A-moclule for F,(nrg)(*'holns as tn tlie statemeRt er rhe rlrar*irem,), r b; ;;;--* r.arti.ce amu m prdris**sml H*nodulq f,or' {he norm topo}ogy. Then es{$rp}{J rr ts au ordqp *dea' sn f fornnp st;r*ngJ'y J'mtttetn]- c3.ase & of, *p*ratoss s**m s to f , tr*{Frpi *s an opftepf,sl$al tn I"f{HrF} aqrd e prtnc:!"pat &ffs*modu
Fji'*F" &c,j; *E%(gorlnI and ,_"*'*;fi: 

'*:; 

_
a max'rs;r' srr{!r"gl"y r,etttoi r".-: 

t-- s*eh ttrat iul( lvl" censi*s'}'
:. fi'L cJ"asst r'o eonte.intng i and r.et s, ho the osrdclr $dea*k &o go*eratetl by \"o As tii* resttrtctlon of lvl to order u"ui-a** ***" ** eolxtf*alrous for idi(:ire+) nnd ths noru tog:o].ogy ef ts, theorem 3.g impltes thntpriaei"Pat A&*l]-i,:odui'o for *rs sorr.a ;*; teBorogs,; honee, taklng turto :J.::;leinina' f '3' thore ls a not(er)c*&3 sucir that loa-vl <lvland erv-* $ for *iroeol*d e'tron5 topo'ogy' ny st"p l) tt folr-orvr* trret (erv) rs a carrch$ net for. (  .  t

* r/s ' 4s r-i(s'pl i* *o*pLero for ir rJ* ttheprem u", 1.o rtlr, ** no**;;;;; _-€tt6$'p1 anrs erv*' {J.sqr i i  f i* r **uu, iJ€%(x,r, .- -iru;_,;,;;. 'ra4 
ur

fn psr*tcuJ.sr, te trave obtalned. that I"3S(E,F) *u * oydor *dea1 fm, fS(iBr$,)fthei f&ot that tt *n a prlnetpar Affs*rnoctur"o f,or'0we from.theorem 3.? appn,.od. toI't*(nrn) and fron step t).

S f a P  3 )  L , r r  i l  *  S y  t  .  . . ^ t  V
1tt lggGJ. fhea d ss.an orr ter  fdeal-  i . r ,  H, sueh thetF;: :*s es-{ter preeompaet far iO,ff #,d.

FR00F" If q:gr *+ $, denot*re ?hs m.ap f pg X trrn* Q Ls s ons-ts*on6Itgess hoaonrrrpltl'sm nnd a(ng) ls a band m ffo {sea tho gix,oof, of r"ci}urme g.t}g henee#* r?(e') ie nn ordor i.<le*r r-r, fo" ** ****g H ** *no.,.t$nuaus fcr ro,r{},rso}, theacseftiorl. follovs from lerarils b.l"

. $T$$ 4) ?rio proof ef f).

t s t  v * {G(Hr t r } f i r ,  a i id  *€ r ,  ue  such * ra t  ru r ( rv l "  ny  eoror ra ry  }o?*Y * 
1x 1 s er,J ts s. str*egts r.a*tlst&,,. cr.ans of operrat*re f,r$m .$ to sF and .rh*urap s h+ Y {l je l} {$ a Rle,j.r h+:**merprit*m* fhe rnag: s S-F$ ($€.M(nrF}} ls r*nfsometry of I ' :{g'F) into I 'f(X,r} l ho*eo, i* t*kee ;*G($rr} i.*to }f i{ry,n,). am s am* iI'st' bei'txg order cornplote' n*re pr$nclpal rceid.ur*s over theJ"r eer*ten*, riteps €) r,urrs ;5) sl'{r;Er titat i;x{frp'tt1n,il *;* ein .r"crer. ariont ftr 

y . v, n, 
"'-."":t tr'sl}* a; i

\ ,  " 
_.,**.:. :"-- - ' : :  

":" '* tn I,.  ae lul { l ,r l  i ic obrrrln th:rru 6 j d ( c T , r * ; ; 1 a 5 ; i r t i c u } a r , u € i , f ( i l , F ) . r t r e i n a i n n t o s l t * t y t I r s l t a c t u t 1 3 y , I , | {

€ FI#( jjrF) 
" To tlrl,: iru;,I)${ro, rer:arls thn.B ,.r r.*

Isars tha* ivl(se) ds cr-rnt'*lrre{i iri" u'r:[nelpsi]. sr* ^

: !

t
:

J
j



dor tdoal of F; we urgy thuCI aseunno thrat $ rres & qun$. lntop$.CIr $Lemsrtt. let S,n o*

-"fH Ise r,, $tfflc uJ n Lo ie tr Rlesp *ubspaco ogY, ]renco a'strongly ]attlci.a]

*lass of, operators rrom X tu r" o* Veuugtt rt4n* , #e r'o nnd i$l<t$l ' stopn

Lcn B&p from M(X,3') 'bo F'{{arF} bsgns

conttnucun, l t  fol l-aus thtct U€H*($'F) . ' :  .

swo partl'cular eanes of ttreorom 5'6 er'6 €specJ'a}ly lmportant' f,he'fl'vst

im provkled hy tire sf.tu3tlo$ whsn Ec hae order contlnuous nornls ,

CCIROL,I,ARV 9.4. SgpSrose that Er l:as ordor eonttnucus noro. Shon &l(Sr$)fiL

lp an org*r $deaL in L for sv€ry eitrongl5r La'tt$,ctaL cJ"ass L of opera'toro'from

B to $,. If moreover E is a princfpal A-module a.nd F ls e'princtpal S-rgoduLer

theu ffi(lt,F) ls a prlnctpal A@u-no*ule f,or ll lh .

* & T  *

, , pR00$'. !3y thoorom t.? ntr nnay talto 0 e fit fui

that Ho(EiI ')  o,M(s'f) by tbeoren 2.1 rrr f4J.

The eeeonrl aa.sertlon ln the abova corollary

aketch of Froof) rn fa+].
por the ssccnd corol,.lary we usre" the foLLowlng notatlon fron fa]: fet

!{*(S!rl l}  t lenote tho eubepaas of t{(Fltrf} conslntttrg of thooe U fon wirteb U'(F}C

CEi  by p: ,oposl t tsn 4nl ,  I4*(StrF)  !s  a  Rloea oubspace of  H(EtrS)r 'hence e l  s t ron-

SLyr latticlal eli-aes.

C0p.OLLAny 5.J. tiupBooe tha,t S has order eontlnuor.ls norm. enen ti[*(E'rF) /1

fil Se an order ldsa]" tn T,, for'ever1r etronfl,i$ lattJ.elsl cla*le L of operators

frcm Er to Fn If moreover S is a prtr*ctpsl 6-nodulo and F le a prtnclpal S-*todtl*

leo then !{x(Er rP) Ls * prl"ncipa} t6'e-nnoaul,e fo:e tl ll${ o

pnggf . As E hes order conttnuous no!"rur tlre eanonleal map takos 1t onto

an order tdeal S ts llnl: &')rocvslr, theorom loff nayo that Sgr ts ovrlr*r proeortpaet

for  ld l (n,rc)"  Fy r i reoyern 5n3, Ho t$ R pr lneipal  A*modutr*  for  ld l tn ' ,G)" s l i '

thsor'r l  1o3 t:t"[rf l ,  motgtr?] *f4GtUtrF]; henc6 se m&y a]xpty t lreorem 5.6 to ffet

the resul.t .

It trs wor,nch'rxile to restste a part fron the abbvo corol.Iary 1$ tbe langu-

nga of tc,nsor prt;duet$ as e p€'fmane$eo thsorem f'or prlnclpallty. Tlocail.l tltnt

tho i{-noriu on Il@}' lo doflne<1 by

theoren 5.5 and obeorve

rrag &nnousced (wlttr onf.y e

r t  qc l i . -  * .  r i r r5f i , *  i i  s , l iv"{ l  in)  t ,  x ,€ s,  $"4F' .  r  s  *  *  *"&g- ' t  c
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-4 f!. e l t { } *

tho coraSrlstlon of EEf for tirs Fl-&orsr i.s c{*L}e(tr 156 $-ten$or Broduct of $ an*

n
S.and, Ln *enoted by E@n!;, tt i"e a $anaeh luttice whosepss$tlvs eoils t"s th6

eloeuYs of,

$ : *  
:

1 * *r$f,r[ n] rn xr€ E+' Yt€ *n3 .
L 

lo:l 
-

F ^ ' - l

trt ia kno$,t {rou f4;[ that tire sanonlea,]- rn*p from E@F ln*o frtr{$crf} ext*ncle tei
' 4  

- ^ .^^^^ . . ^ * * " . -
a ngrs and or*er X,soaorphlss of E$$f onto S*(Et rF) ;:; scnssquest}yr eorol"l-ar$ 9'5

' gtv@s

' 'f:lltgiljfi4 5"?" $uppoee tbat S lraw or-tter eontlnuous notr$, f"s tr prlnctpaL A-

: uodu1e and I, lo a prlnclBal S-module. fuen n6*f ls a pr*ncipal *6$-nooul"e
,,

b

(tner etructuro of a&S-!ro,Cule' i,s glven by te;@pl(x$y) o ex6by and prlncfparf,S.ty

fuiered *itn r"opeet te nor"u topol"o8les) c

a
4-



* 4 9 . *

. n$vltftflfisss

t" C,il" A;;IFllA${3$ a*zd 0s ffiIRKII{SIIAH, Peel,tf.vs coepe€t oli€r{rtor€'CIs 3l*ae#h

latttree*u !{&tkanl[o 1T4 ( tgs$] e asg * f98n

Fn C"Dn A[3I1]l,Uq.fIfl an$ CI" ttiiRKSS{$}1&1d, $h.o eompononts of a Pos$tj.vo oporator,

ffis,'i;hnfi, ts4 (t$$)) s 2&5 * 25?o

3o Au fiX&Afip, E, K}$$riHIr et S, tJ0ltrifttsfslffi, $ScUSree @t annsens rst$.suls$0 I'lqlg 6CIsc

&erLfm * lle$delboeg o l{ew Yevk t9??"

4, Ju Clii,sfry, $s{$neb }att$cero of eorapae$ $e$sc t{atb"&c fleg ( 19w} e f - $9n

' 
5, f e $ODD$ arrcl D.Hc F1tiil{tl$o CouBaet operetors gn S&nacb latttaoso Israel J'

-,. l{ath, Sofe 4 (1g?g) e }ifl - 520"
:

6. D.I{n f$nilll$, tenson products of &re}rinrdean vsetor lottlceo, Asortcon Jn

slatlro 94 ( tg?e) , 7'17 - ?98*

f. F"So FRiii$t,$q, topoS.a6teal Rless €Eg,aees s"nd ssaeure theoryr Cerobrl$go? Shs

$ni'rsrelty Prees, t9?4.

. 
$" ll.t, IiAIrTCIil ex!"4 p. $AAl1, 3des1 Broper*lee of ss6iulsJr olloratorn between $anach

Lattleec, f,lli.nois Jo !,tath. ag ( f ge* t 3gZ * 400n

' go n. Ir$S$!'SIrDitR, A rernark o& e. papsr of, IroD" gl.t?e Bayneu'8b Math. $ebrn $t tfg$a)"

10. tri,J!";, Luxfil.1$iiiiti and,.&,,0. U&Algill{, R{,ooe $Bueeo Iu l{ortb i{o}larld Plsbl,' $elrBo,

.fr.nstorders. * Loiido$r tYTte

$taseaehusst*s, * Tsroste * SrOnetrOn, f966,

- t'P" &" D$ SAGfnR, tbe eoiaponents of a Fos$,tl"ve op#s%*or, Xndeg. l{a'tb" 45 ( t 9fi3) s

. '  ?19 *  ?4tq
:

fT" An PI$S$Cit, OSleraton Srl*afs, Seu*$chsr ?erln& elee tf$esenechafton, Sorltno

19?S'

t4n A*c" qAit s$sl.$, llh.en do tho regular operators tletween two Rlesa's$)e8es f,orw

a SJLesz npccs ?, Cn?h'on-S"e {inl'v. of Soor*oo$vcl}do F'CIpcrt 84tr00 f?s4n

tS. A.Ro f50llll3e Sernol *p*r"utor*1, Ind.rr4;. l&l*ir' 41 (19?9) a 39 - 53.

tS. !{',1t, $fi}Jl'f$.RX, I$}rer einlge lt}assen baneirrigx}ktor Ofperatopsn txr $anaehverb#;*den,

f g*i:'f su J€rtrs'' , 19?t).

t?". So WilA, S;qt*cis$-s:s ttrs,$rsrus fCIr *:tyortgqlg latt$.$s * srdsrsd modu,}ee urxl ei3igr3"S*

a.."u*.&yrr*  r )o+so.{n 'F ! i+v*{r*cr  t t f t4}r  -  
. l " {S0$?l l5;S- 

Bt :nrrr"g ' r r rq*4--  tCI{} ,  -  ^ . -  -a
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1&o Dn lf*rlp&s $trengty Lsttsee * sr$sc"*$l modulss 6vsr f,tcneti.sn eXsebrss Io Aso

l ln iv.  srniorra t l  ( ru8:)r  52 *6$"

tgo Dn VUZAa $trongiy }.$.'rt$es - CIrd$r6* rssdules over functterr algebrau EI, Mn

tlnLs" Cr;.rlorr*, ta ( 1984), l' * 9*

2go n" YUf,fl, 'flro prlrfeot XS - f;ensotr pro&$st of, perfoct Surrsch lattieose Proeeorlln-

6s of the Fly*t R.ou:an1as * {JI}R Semlnnre L.l{i,l 99t, Bertln * llei.do}borg * lisw

York - Tol:yo tg$ir ?77 * E!5,

3,1," $" g{i[,Ee 5tef,u]e pssto gneLe ordo$ete esrm]tativss theef.o, Bueureptl, 19S]"

eg. p. Wf,A, Fr{nclpaL uoduLes of, l.{.n*a.c' naps rrntl thel,r. $i.p$ll.setEonsr Proeeed*.n*

go of tbo $oeoscl, Internet$-onsil. C*sfore$eo on 0peretor.S,l.gebrssr Idoals *..ttd

ttrelr /tppJ.S,*atlons ln Sb.eoretlesl Fhynleo, Seubner - fexte Hath" 6?r T,e$.Faf,gn

19S4, A1?, * t|g"

23o fi" W'tA, Ideale and b&$Ser $n prtnelpal, nodulos, Anch. S{ath. 45 ( 1SSS} r 5S6 -

.32t"

34" D. Wh, $ur l"es trell-Lls vestcrLsls, en tant quo msdule$ prlnsl.peux sul u&a
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