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A note on the invartibility of a class of

irreducible matrices

Popa Constantin

H.Kaykobad present in [3]& useful criterion about the

inve:tibility of positive matrices. We prove in this paper a
‘generalization-of this criterion for arbitrary ftreducible
matrices and apply the result on proving the inv@rtibiiity of

ma trices which épp@af in problems of interpolatiocn aéiﬂg
Berngtein-Bezier curves {([2)). We obtain also like a corrolary
the classical criterion fér the invertibility of real irreducibl

diagonally dominant matrices (see [1), (4]).

1. Notations end definitions.

Let A = <&ij)i9j” B = (ﬁij)iﬁj square matrices of order

" nYy2 with real elements. We write: AYB (resp. A> B) if &ij>bij
freap . aij>bij)(ﬁ5 1,3 = l,eeesn} A0 (resp.A>o) if 84%0

(resp, aij>0}@ Vy1isd ® ly00e,n. ‘We use the same notations for

vectors a = (a;),, b = (bi)j e RY, By |Alwe understand the

matrix with elements '\ai Ayl 2l eela I 3= (ai), b = (bi}

b
% g n s ; %
are two vectors in R~ we note by {a,bythe scalar product of a

n.
and b, .84 L{a,h= fti 'aibi“

Definition., A n X n real or complex matrix A is reducible if
there is a permutation matrix P such fthat:

p A P 1 A | =
P = ; ]
o B A : .

where Ali and A22 are square matrices. A matrix A is irreducible

if 14t is not reducible.
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It is well known the following caracterization of
irreducible matrices (see for ex. [4], [5]).

Propogition 1. A n x n, real or complex matrix A =

f%@‘} 1}%2

ig irredacible if and only i2,.for any two distinct indices

93€:{39@eagnﬁ there 18 a sequence of nonszero elements of & of

B

the form
&i’ily 'ai}_ﬁi;}“”g &iEi’j = , (2}

Gafﬁalufy lo "4 is irreducible if and only if AT is irreducible

o o e
Pl ooiyesteneinsssiats

(where A 48 ibe trenspose of A).

-

Definition. & r al or complex a x 1 mat%xa A = (a }i j

<t

ig diegonally dominent if

£

J
lay 233l » 2= Lyeeesn . (3)
8

The metrix is irreducibly diagonally dominant if it is irreduclible

;%z:z

diagonally Qaminant and strict inéqualiﬁy holds in (3) for at
least one 1. - , : 5
Ve know the following result .

Pfopoéition 2e E§ A is irf@ducibly dlagonally dominant then A

is dnvertible.

2. The main theorem

In [3]}is proved the follcwinq

Theor en (pa?tidl statement). Suppose that A = (a.j) 3,05

e e TG

8,570, 1 3 1oocogny b = (bi) Soe. If we h&v&s

by >Z;
‘:;t.

then A is invertible.

Jj 3‘ i= 196@@9}1 (4)

We'll make a generalization of this theorem for irreducible
matrices with arbitrary real elements. The main result of the

paper is



L

~ Proof. Let D = diag{allgwo,}a

L

Theorem 1. Let A = (a,,); , be a real n x n Lirreducible matrix,
= == 1374, = '

e 0, B = Y ity If 8 veotor b = {bi}i &.&3$ b>o,

exist with the property:

bi b2 Zlﬁi?i . b
) St i+ P
JAL|ag 4

and strict inequality holds in (5) for at less one gg{lgg@@mﬁg

- LV) i = lgqeagn {5)

then A is invertible.

on} s B ERIEE T A =l
D, =" diag i%&illgaeogianﬁi}Aanﬁ By = A4D WIQI (where I is the unit
n xn matrix). We have By =|B].Let %1 ?(B ) the spectral
radius of By and ¢ = szﬁl)'b e RE, Accordingly to (5) we have
C YO Al irreducible implies ﬁg irreducible (corrolary i)@ S0
B§ is irreducible. But Bgz,g; then by Peron-Frobenius theorem
([1) ', pe195, th.3.5) there exist a vector d = (dy); 7 o such that
B1d = §4 '

Then we have :
{a, e>=dd, (I - 3= (1 -H) {4,by20 -
which implies ?zérle Let suppose that §i =
Then Bid = d, 80 (ImBl)ﬁd = 0 and we have

= ((1-B))"a; b) = (4,(I-B)b) = ‘

n : 5 ‘
z'% d, (b, - %5QQ .By) ¥4, (by - Z,l 103\ .bg) > 0

%37 | T

Absurd! (where :&oe{l,ma,n} is en index for which strict
inequality holds in (5)). Then §(B;)<1. But 1£5= §(B) is the
spectral radius of the matrix B we‘know that ([85] , p.lo9):
S@ < SaBl re NI, |
Then Q41,80 I + B is invertible ( [5), p.26). But I + B = ap~*
by the definition of matrix B, so that A is invertible.VA

We may obtain the "{ranspose" statement of the theorem 1.
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i b R

y 2. Let A = {aij)i . be & real n x n irreducible matrix,

' sd
P BRC, w4 i 2 - » 1“'{«!
,Eiiﬁ_ 24 #0512 1,000,m0 If B vector b = (b)y € Ry B0,
exist with the property: :
oL WG o (8
e g 2 A :“:W’ $ A B Lgesnoyll
i J&£i \aagl 4.0 ,

and strict inscaeliby holds in (6) for at least one ié&{lgagagmggi

then A is ;nvvraib1e°§%

We have also

GﬁrfﬁiﬁwV 3, If A is a resl n x n matrix with a;, £ 0,1 = lician

is
such that A or A" is irreducibly diagonally dominant, theni ig

invertible.
Proof. We apply theorem 1 for the matrix C =g== , 3 and the
e o B

V@Ci!ﬁq b éﬁng bﬂ' <1g190@w91)04

Remarks.

a) Corrolary 3 is exactly proposition 2 for the case of reel
matrices,

b) The condition in theorem 1 about the existence of an index

3, {l,eoe,n}such that (5) holds strictly is vealy NeCesSarye

Indeed for fthe matriﬁo

s 7]

A 1 ik : s
[ 2 4 i
o 1 e o
P Z !
T 1
P e 8

which is not invertible (&xg = 0, vhere x = (l,wl,lgmlf)wefll
prove that V) b = (b;); eR*, byo such that (5) holds, then
none of these &ncqua?itlgs'cannot be strict.

Indeed, 1if ® SaiiSfLGS (5) it is easy to see that

bl = b, = bB = 4 = ol > 6o Then if we suppose that one of the
] :



e

inegualities from (5) isg girie tly satisfied for example with

o D 2 g 3 = 2ol %«/ g 4 0= 2 A %« = 4  Absurdl
2 ¢ . y‘nsaa

3¢ Application.

‘:. 2 £l
o Let n2»2 and Uys Uppeess HI: }‘lgwwkn € (o,l1)
be arbitrary constants. We cgns;ﬂer the following matrices of
order n+l:
bi) @30 0 O ¢neossonees O o
&'\% bl Q} a G % 68 O e Ge s o Q Q
o 8 b, Cs Occcoesse O O
A =
ooe‘saaqennveaaeeceeeumecnceaeéeés-ﬁwn&
Gﬁecease’ev@@a@'ea;} Q@GGG&E 1 nml c,‘ﬁ-&l
&-Q$¢60006¢*0¢§@@8.030 E}_ﬁ@l@@ﬁ an bn
i
e =
b:} ‘ Gé O O @eeecodoc 0 8] aé
e:g bi c::i 0 avieebevee D o
o] &é é C’z'é Qsooveovoos ] (5]
:B:S: @0690§¢0606Q009Bb@ﬁ’ﬁelblb.ea@@i'fiﬁéﬁ
? 5 ¢
o o e 9 auwfaanwl by 3 n«l
Gz:i O ¢ o o ¢ oo 0s 0 00 a’x'). .'bja
‘where
- ; 6 = A
a, 0 3 .
a = 1 - 5 G :
- s )\n > n N
1 s 5 o Pt ° . 2 ® ¢ T3 e
ay (1 )1_1)(1 ) ¢y uy )1-%3. s b =loaey
- . : : b:i, =z 1, o {&i‘i“gi)g i = D,ooegm

and



al = (L=); ) 1~ u 2y e . Z)W
a = (1)1 - u)® 50

2 ;{ 5
P70 % Ao e L
bi =1 (&i > a:%} $ 4= O e'e»@g;:;ﬂ:‘"“

These matrices appear in problems concerning the znﬁezpaxmtian
with Bernstein-Bezier curves (see for eXo [2])» Using theorem 1
we'll prove that A and B are invertible so that the interpolatic
problem has unique solutlon. |

For example for matrix A we'll put

Pi = 5}. e bi 5. i= g’@&egm (?}
where E’i are pogltive mzm‘z:;e rg which satisfles
?:g = }‘1. : E < ?‘?« o i%:;% W}ﬁ (8)
hmm.,, ® = =4 $ @O &Y - 3 =X "i.’“
5] ‘E‘"ils,_'hﬁz et - fn +=An :

We then have P,>0 , i = 04es.,n endi

2l
P, Ei{}w ¥y T <Yy Ay = B @GR Y=F b = Py
5 | » 342
- F,a- )@ - ) h XM:ME A g =
2 Ffwl A - uy)° * Vg a "114—2) By

2 20
) “’1‘%*1

bl

+1 El (1~ ] él){l ui+l) :'\:w" ui+l - (3" e

=] Pi+1 bl 2 5\"““‘1 .i. (l J«.§‘-I«) < Izi+1 9 i = 0900593&"’2
and : '
3.k
i - = =
-Pnal ¢ Wé;ml = anl(lm ln) i {n )\n 5 K&nbn = Pn

So the matrix A (which is irreducible, [5] pag.lo5) and the
vector b = ( nge.ag P,) defined in (7)=(8) verifies

conditiong of theorem 1. Then A is 4mve;"t1.’olez@ Tor the matrix



.

)

we obsevve first thet the asscciated graph is strongly
connected so B is irreducible (see f§}§ pelo5, 6.2.,4)« Then
using the same veetor P= ( Piieees ﬁ ) like for the matrix A

e @bn&"nﬁusing theorem ljthat also B ig invertible.
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