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4,ep*$e*qa*g?$""-!"qrys*Si"q{&e}*y*s,$s--$}'esg-p-8
irreducible matr.tsels

-*.ffi
A$ggi$gg* ffioKaykabad preuent in [:lu usef,u] cri.ter*nn njbnut the

tnverttbillty of positj,ve rnatrj"ces" l?'e provs i"n this ps,per e

generaliaation' of th*s csiterlon for erb*trary ifred,ueLble

matriaes e.urd appJ.y tbe reeult on provlng the furvertiiri itty *f

mstr*ces wh:ich sppear *"n problenrs sf *nterpolation u"afng

Ee:nrs t*ln*3er*er curyee { tal} o We ebtsin also }*ke a corre lary

the *lassieal eriterion foy the invertibS,l*ty of real Lme&u*J,b}

&iagonnlly dominant nnatr*lces (see [ i l u t4]] G

1 o Notei; ions. end d.ef ini t i -ons.

I ,e t  A *  ( * , * r ) f rJ*  g  s  (b : . j ) r r j  sqt rere matr ices of  ord.er

n>)e q, t th  rea l  e lerentsn We.wr i te l  A>/B ( resp.  A > B)  * f  * * . j ) rb l ,

f resp.  **J)b i j )  tVt  l r f  e  le"e o er lg  A )  o  ( rosp 'A > o)  * ' f  a**  ) r  n

( resp,  a13)o)  
n  tV)  l r i  s  Ie .o"eno 'W€ use 'ehe s f f I ie  nota*Lons for

vectsre & a (a*) iu  b  *  (u*) ,  a  g t r l .  sy  lA lwe tmderstand '  the

matr i .x  wl th  e lernente laXS! ,  i . r i  s  le . .op&o I f  a  s  (e*)  o  b  *  (b*)

ere two v.ectsrs in &f we note by (arU)tne soalar prod.uct of &
. . s . .

and br  1"e,  (aob)= #f  * ib i

Def,lnl t l on A n x n real or conplex matri.x A Ls redue*ble i.f

there is a permutati on matir*Je r su

l.*n otnl
-  

L*  ornj

eh thsfit

p A p * l (r).

l"rreduciblqwhere ArU and An* ars squere matriceg" A matrix A ls

tf  1t is not reducLble*
)  fne ldat lonal  fnst i tu te
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T " t -  . l  ^  . -^n 3 r*  - - - -a'r rs wel"l knom. the followlng ossecteclpat*nn *f

Lmedr.rci"bl"e rnstriee* (*ee for ex" [+1, [f l),
F'*nnsgf  i - t j .nn I '  A n x  nu reeL CIr  complex m&tr ix  A:e (* - . - , ) * - ,

hJ. b,t

s  :  a  f  t  I  . 'rEJ E trn*'*'sJ, t4gqs +5 q_qqqqe_qcg o{ 4Brgggo ej.er.tffi?:tp_.S$. fi. $A
D

the fn:nn

e g u * g r  * i J . u s f i u s o 0 s  e f " * u $

rnl:r *f At is *rrerlurci"ble
ffitrffi
. t l i(where A* is the trenepcee of A) o

' lex-n x n ryqlg4$ A * (ao oln 4m=s*ffiE :;;;- -- . *1";. 
*, n

is iLi.ej$snally qoninent i.f I
r r . \ \ l

l * * " * l>  f u lu * ;1 ,  
*  *  l eo * *s f f i '

f p )

T J J

The me,trfx *e irredt:cib}-y &i-a6gonnlly dnmS-nant i.f gt is i.mscl.r.lcsblc;

dlagonpli.y d.or:einsrt and etrJ"ot.J":eequal*ty kolds l"n (3) fsr *t

least  one *" ,

fJe know the follorving ::eeult

Pvoposj.tj"oa ?. rf A is {meducibly dfagonally dor*inant thmr A

Ls invert ible"

2 " M
rn [:J*e proved. tlee follorving

t lf t reoreq (par t ia l  s ta tement) "  $uppose thet  i l  *  ( **o)*  o)z  s ,
& d  t t q '

a * a )  o u  j .  o  l e ' . n s t t e  $  =  ( U * ) . ,  ) o o  I f  $ r e  h s v e t
& e  *  *

b.{- t / T #  * i J f f i  
1 .  L e l e o c o e r r .  ( + )

thnn A is l lnvert ible.

lYer11 nske e Serxerel{zation of thts thesron for lrredncible

nstrl"ces with arbitrary real eler*ents. The mnin result of the

paper te



.?hcisr:em l"* Lret A * (noo)* * be a real n J( s $"rreducfble mntrfx.'sss:*r;He-*- eJ I*.j .--:---.*.* '**-*;*;;J

'  w i t l : ,  e i + . {  #  o e  f  *  l e * * o e l x o  { f -  - a  g e c t o r  b  *  ( n o ) " r  € t l t * u  t r ) e u.tL

Y:tt! 9P lryg*qYssw,
K 1  l ^  I

bi ) ,  &13ui l*  "  u* ^ Nl $ * lecn'et l
i $ f t & n l *  d  1 \ '

i

d 3 *

( 5 )

nne_e trJ"ct j"nqqBtlLly_holgs_ i*a (5) ff_q qgJeeg q*g tue [r e * * *pl ,
then A ts l"nvertL'ble*

g o J n  l e t  D  o  d i a g , { * r r s { o o r * o o }  u  B  *  A  D * 1 *  r o  A I  *  t & 1 ,

nI &' &i.es fl*f lt pss i, i%*li e*a S, * arnfl-n twhere I i.s ure un:i l,

a tr n, metrLxi * Yfe hn$e sl * [s]- rut 3f * $(n*) tne speetrni

rasius .of B* and s !s (l*Bl).b € Rao Accordingly to (F) vre ]esve

s ) o" JtI Lrred"ucible lmptrj.es a[ i .meducib]e (corrstary tr]* so
r n r y

Bi i"s l"med"ueible. $ut Bi)r oe 'bhen by Peron*Fyobeni"us theorem

t[ : - l  ,  p .1950 tho3u,5]  there exLet  s .  vector  d  *  (ds]*> o euc i r  tha 'h

rfo * fru
Then iva have

(dc  e )  * (d ,  ( r  -  % ib ) *  { r  * f r )  (d ,b ) }  s

whieh fuup}*eo f1( f " T,et suppCIss that 9* = ln
f -  r n

Then Bid, * (3., so (f*Bl)*d * o e,nd. we hsve

c !  =  ( t r *n r ) too  b )  *  (a r ( r *B t )u ;  *
n qf  r -  r  \a  la*  * l* ** dri(bs* #1k* " bJ) 7d*o(oeo- C* iJg, "*^.,) > 0

" 
-* 

l"l i  | 
. c, v v JFiolar, t

&bsurdl (u'here *uelf  7,o" 1rr l  ie eJr lndex for whlcb etrLct

inequal i ty  ho lde in  (5) )o  fhsn $(nr)<1.  But  f r f  *  ! {B)  is  the

spestral" ra&ius *f  the matr ix B we know that tL5] r  F*}og) r

$es l  * I r t n t  )  =  S (81 )< r .
1

$ l ren  $<  1 ,  so  I  +  B  1e  lnve r t i b le  (  [ 5 ] ,  p "26 ) .  Bn t  I  +  B  *  An- ]

by the d.efi.nitfon of matr*.x B, so thslt A Ls invert{bLe"W

lTe may obtaln the t i t ransposett statement of the theorem ln



\ y l t h  *g * ,  S  6p  * ,  *  Seoee  p I I+ f f  n  ve* tsv 13 ( t ) * ) f  €  f f i o *  b l s ,
ffi*-lgg a. **.! A * {**j}g*j FS_g_gSe&

* 4 *

m n *rrer3ncd"hl* rnat:*ts,

{, b/

c -

o € t . l e o s 0 r R l o

of sn ln$ex

X}€CSSS&fSe

( 1 0 * t r r l u * I D  i o i e s [ 1

( 5) ?ro1cls , then

t o  see  tha t

that rne of th*

.u.

eris !* yri,tb t'be.**-*ryt 
i *.,* I

r -  \  l - - - l  ' - - s l * * " 6 0  
1 : L  a  I p n * u e l i' i "  / /  J&L l6l l t  *  /

and. strlct **eqr,raltty hold"s i"n (6) fol' at }east one *

tlren J.l i.s i.nverti"bl"er {Zl

We have aleo

ggs$*gg 3*
sucli that A

b) The cond,itf,on ir! theorern I about tlte extstence

ioe lr ,  G a e un] euch thst (5) holds str l"ct ly is realy

Ind.eed for tire sietrl.x"

A &

Tf A +.sj_gggl o o n 4gJr:!S qJJg *:.i f nlt * 3.e n" * eE
ryl

or A' *s *rueqlg*!}. .d4ggo4e1"lg-4gqi&eq.L' $bffiA {,4

i.nvgrti'blero 
ss r

Prouf"  i \ re Bpply theorerr t  1for the n ' ratr ix CI *X4 r  r  and'hh*
: *€  *JJ  eg . i

v e e t r : r  b € R n u  b *  ( t o l e o s o r : r j . V f f i

$sses[tu
ai CorJ:olery 3 *s elcact ly propos*tLon ?.  f*v the esss * f  resl

sratr ic€s e

s  - l
I

*  ' , l, , b l
1  3 lz  4 i
* a|J

o;*rere x* *

suah tlret

be s tric *.

i . t  ls eney

we supp0se

1'n'
a,

I
ffi
d.

L
4
f't

tw,
I
T
0

whleh is not invertible (&x* * 0 s

prsve

none

that Nt

of th*se

Ind.e ec1,

b a * b 3

$  x  ( b i ) g  € R 4 ,  b ) o

ine qual lt ies earmo t

t " f  b  sa t i s f i es  (5 )

s b4 = c( ) s" 'Ih*n J''ful *



S.nequalttiee fr*,r {5}

i * fo wer},l. haver

q d

l

satiefLsd for exmmple wt*hl"s s trictly

t
I r . '

(s &et e )z ? and. un r

bo arbl.trary sorls tants "

ord.er n+L t

la*t)

&r

o

l b t
o

0

A s

B *

a !*o

bi

ai
o s

0 0

where

o f*1

s O

= [ * ) .- n

o

&o ?

,

= l t
'cL

r| t

a!
--( ,*i-

J

&i  o  (1 -  i * ) ( t -  u * )? i i**t ' I

o{' > 
A 

2*i.nx"4* roffiu *toj n e * .} z 6/, .&bsurcf

3,  ApplJ"eat iun*

We consid.er

e i 0

bh cfi

oo

Gn

ei

I l r . ' " 0 l o

the fol}owfng

€  ( s r t )

matr i .ees of

1 \ t * " " *  
\ o r

eo

0  o  
"  

n  6  o  a  *  c  r  o  e  c  +  .  a  n O

O a  t  o  c  a  o  r  3  r  o  I  c  
"  

e .  o O

t o  s  t  a . ,  f  3 c  t d  a  5  e  r . Q 3  c  r I  e

a o

e{ O  o  i  o  r  6  s  S r  i  e  S

a S i o r t i o c

0 o o c i o c e .

i  a  o  |  !  l  a  o  a t  I  r  o ,  o  e  I t

a  e 8  1 4 1v e . e . * o * n * l  _ n _ I

";

*n*3

1,r*n

r t l*a

a f*s*1

h t

b1

g  6 c o e c G c o * o 6  S

S  c e  o r r * r 6 * o t  C

C 4  Q o e  
" 6 o € o q  

O
6.

eg

o o 0 6  & 3  t  c e n r 6 c o a e 6 c r c S 4 o c t o c s e  6 * ,  s  r { i $

-1

b*
{.

CI

a

s ' c ' o & n * L  b n - L

O . . o . c s S  * n

0  0  o r s c o t o o o o

and.

b 5 . *  l  a  { e r + c r } n  i  *  o l c r e  e &

t X l " , e e l l * }
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r ! *  n  ' t  *  X  -  . . " ! TE t " 6  / t + * - ' l  I  &  ' r ' t s r f  e 9 * &

. i ,  & r *

*  *  s e o o e * 3 3 \ ' \
v

"A

b i - L * t a { + * ; }

she*e matrices 8ppeatr 5"n problennm conce::nj,ng tJre *.nterpolatipn

yf:tth Eertlste'in*Bezier surves (eee fnr ex* [ 2l] ' Uslng tir'eorem ]

*rer11 prove tira.t A and B are lnvert*ble so thttt the J.nterpolati-c

problern hae unaque solutiun* :

For example for matri.x A wetll Put

P *  *  &  .  b t  o . i  *  s e * . u e r [

where F1 *** paetr tit"e nusbere vrhJ"eh satisfj"es s

To*a }n

f .r1
\ t t

k ' *g '&-# i8 )i a * s t K - * T r y

We tlren h.ave 13, ) n r^ I = oe"' ' e31 end'e

; ,  # :  
u * ' i ,  # * f r l r  

s  - f o ' { i * ' \ r ) * r o b o  # F o

p Jr-k=*-w.* + p**, *ffi*.r+-
I-g-ffi-- bruz

s Fr{r * }'r*r) {r * * **u} 
t * f,*n, }**, 'R ?*r !'

* [*u, ]r** (r * ,rr*r)a o f*** (r * ]*nr) olor s

e frn, L *-,r- ]r*r) (l- *i**)a * I*+a ui+r + (1- ur+*)2'of***:

*  | } r * *  , f * * ,  o t + '  ( 1 - u * " r , r " ) 4  F r u r . ,  1 * s t r o c " e l 3 * Z

and. 1

p*-, . 
\$ 

= fo*l(r.* )n) * f,o Io = fobo = po

$o the raatrix A (whictr is lrre&rcible, [n] pag'lo5] and t]re

vector  tb  
z  ( ,Po9€.g *  P, , )  

q le f iaed *n t?)* (8)  vr : r i f l "es

condi.tion*: of theorem .1. fhen A ie fnvertihl.e* For the rnatrix
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vrs observe f*rs t tbnt the essi **'e'te&

*CI&nected ss B f,s *rredl*ei"hle {see

u*f ,ng,  the ss.m€ ve*t*r  f4* i  Pss*ees,

tss sbtminru*i:l$ theeirer* ltthet ales

S$sssssgs
3. As-n{nitr*:3 gu * A:re3$se nl;ffidrf.gue ma'bricie}}e ([.,es l]x'esses

&e lrUniv, ,  dc Mcrn*r*n}e 19?e)
r . l  - . ^  * ^ + ! - ^ r 1

2- .{g}glggo*qr*4$igg g" * A i'nterpo}ation method of Bernstein;

BesiErr type;-r p1-tt i r*g *otu*u (Communlcat ion hetd srt '  th*

Symposlum:u,t l re ?5*th birthd*y of A"Myl ler seminar" r 'Univ* 'of

Ieg i  s?4*26 oct  "1 ,985 )  ( in  roumanian)

graph tht m trm:161Y

[ f ]  I  B. ] .*5u 6of *dl ]  u f f i 'esa

Fo) }*ke fer th.e matri"x

S :ls $*rvertibfe*

* PssitLve sc)lu1i ion of pa*5"t*ve l ineelr syeter*s' '

( lol ,near algn anel *ppl*u 64{19s5) ? }33*144}

* Ntmerlcal analysi.s (in rpumani^arr)

( sd "Acad . "  R"$oRur  L9?4)

I{umericaL analys$"o (a seconcl course}

(Aea&.Fress, I{ew York * &*ndono 39Te} '
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