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ABSTRASI

!{e gir,,e a nei^/ dulity approach (based on the gene}:al t!*ty

of Lf l] I io conbinatorial mjn-n'ax r:elations, i:sing couplilg fYt"-

tiois bn the cartesian prociuct of the pri:nal anC dual consil:aint

sets. We give sone applications to "all-cardhality" min'-nax '

theoreris 6f "covuring-pacl<ing" t14>e , for which rve jntrccl'ce the

unified frameviork Of "incidenCe liiples", "A-co\rers" 'lnC "R-pack-

*I";;l-tf." *i" coupling function bel-ng "the nunber of incide:^tces".

9r-JNSg--qcII9N
The ntj-n-rnx relati.ons jn combjnatorial optimization assert

that the nr-i:i-i:r.um of a function on a collection of . subsets of a fi-

n.ite set is equal to t6e naximum of apother fupciion Qn a collec-

t-i-on of su]:sei-s of anottrer finlte set'

pol.yfrcdr:al ncif iocs (sce e.g. [B], [9] ,  LrJ,.:-[10]) '  a different du-

ality approar:h to comlrjrratcrial lnin-max relations, which leaves



..: ,

both collections of se1:s unchanged, dI^Id uses a "coupling" of them,

with the aid of a "couphrtg function" clefj-ned on their Cartesian

prduct. This approach is based on [11] , where a general theory of

dUaI optimization problems has been developed, which encon{>asses,

theoretically, both the contirruous ancl the discrete case' We thj-nl<

t}at this nethd nri-ght. ultinatefy lead. to an answer e.g. to the

following remark, nade by lov"Asz (16], p.147'), in cronnection with

.some combilatorial- mjl-nrax relations: "It is my iipresston that

the crcnnron riature of these results is not yet Gon"pletely rlnder-

stood, especially in terms of discrete progranrrui-:tg"''

Thus, in the seguel, for each con''Jcjnatorjal rain-nax eguality,

we shall regard the ninj-nnrm sicle as the optfural value of a prj:nal

(or, of a dual) rninjmization problem, and the naxim.m side as the

optinal value of a dual (respectively, of a pri:nal) niaxjrnizatj-on

problem; then, the rnin-nax equality asserts that, for this prirnal-

dual pair of optimization problems, veak (and henc9, bY finite-

ness of the constrajnt sets, also strong) clualiQz hords, jn the'

general sense of [t t ] . tn'e shalt def ine and study some coupli'ng

fgnctions on the cartesian product of the constraint sets of a pr:i-

rnal*duat pair of optimization probler'ls': especially iI connection

with .Iagrar-rgian dr-nlity, in tjee general sense of [11] , and \^'e slnll

give applications to varicus knor^nr "al1-cardjxality" nrjn-nex equa-.

liLies of "coverirg-packing" type (i.e., jn vdrich both the primal

andtheduatobiect ivefunct ionsaret .hecard inal i ty funct ion,and

the elenrerrts of the constraint sets are "coveri:lgs" and "packings" '

jn some sense). In order to give a unifierl.framework for such aSr

p}ications' Ide slrall introdupe the concepts of ,'i-rrciderrce tr:iple,'

(ArBrp) , "A-cover" and "B-packing" (whi.ch n'ay also ]rave sOme j11-

teresl- for other applications) and we shall use h1'1:ergrarphs; irt

vj.ew of furlher developir,ents (jn subsequenb papers) ,'v"'e shall du-

fine and study coupling f'unci-ions on the carLesj-an product of lar-

ger collectiotrs than necessaly hcfe, nalrely,. coupling fr.rrrctions

O,ZAXZ"+1.r=(-arr+co) (where 2M clenotbs tl1e collectjon of all subsets

of the sct It{)

' )



In 51 , from thc rrnny LagJrangian 
'dual 

problems (in the sense

of [f f ] t , assc€iat-e.d to a prinnl o5.rtimization problerl' a dual ob- .

.jective seL arrd a coupling function sabisfying the "boundirrg ine* 
,

qu;rtities", w€ shall choose (rniguely) a convenient "si-nple Ia- 
i

gr*gi* c1ual probleJrl". we shall show that, fo:: any pri-rnl-dual 
.

pair of coni:jnatori.rl optiriri zaLion problems, there exists a coupl-

ing function on the .cartesian product of their constrajnt sets , ;

drr^h {-h^J- +ho rtual problem cojlcicles withr the (sinple) Lagrangian
J L t U l t  u r q L

dual problem (r,vhence the nrirr-nax ecluality cojncides with the ,

Lagrangian duality equarity). Furtherrmre, we shall shov; thatt if

the rni-n-max equality holdsl.then, for arry coup}ing function satis-

fyjng the bounding and "d.ual boun'ding" ilequalities, the Lagran-

gian duality equatity also holds; however, the converse is not

t:re. Also, 'v;e shail give some other related results'

A R ,

nrantioned above, and three rnai:r coupting functions Qrz2"Xz"-'n

(i=1 ,2,3) for them. Afso, we shall defjne ' for inciclence triples

(ArBrO) r the "A-covers" and "B-packings" nentioued above' anC we

shal} give scine dmtity results for them, where the prirnal and"

dual objectirre functions are the cardirnlily function, and where

the couplinE functions are Q', r 0, and' Q3' these resuJ-ts will show

the usefu-l-r'ress of 0, (def jned as "Lhe number of incicences") , on

which v;e slnll concentrate jn the secluel; r,';e shall l:e espccially

jnterested ill the jnciclences betrteen nr-jnimuncar:dinality A-covels

and nexirnum carclinalily B-packings Finally, we shall give soire

examplesof j r rc ic ]encetr ip les,us inghypergrapl rs ,andsorreresul ts

on the coupling fr-r-nction 03 for them'

Inss3 - l0 ,wesha l l app ly t } : . i - sapp ranch tova r ious }q . Io \ . ^ I r l

mjn-nra.x eguah.ties (Konig's.natchinq and covering Lltecrems for:

bipa.rtite graphs, Dilworth's theorem an'f its polar for fjnite :

posets, l,Ienc1e;: ,s theorem arrcl rbl]<erson's polar to iL, }4cnge::ts

theQrefir.,lertelx for:m, and t]re Lucchesi-Younger theorern, for direc-

ted graPhs).

ccrrbi,natorial nrirr_nra:< relatiotrs, w]riclr }r.itve

jj

Sone f'urt-her



iotf.ur ipfit*f or dual or both) objective functj'ons (i:rvolving

v,ieights, capacities, etc'), will be studied' jntrodqcjng other

cbupl-ing fr.rrrctions, jrr a sr:bsequent iraper' AIso' it renairs an

ajm for further study, to obtain suitable general duality theo-

r e m s ( j n t h e s e n s e o f [ f f ] t r w h i c h y i e l d . v a r i o u s k n o w n c o n i : j n a t o -

. r ia}nr in-nu.xre la i : ionsaspar t icu larcasesancl lv l r ichalso}eadto
i  : - 1  - ! r  ^ . ^'l new conil:i:rato::'ial ndn-max relations
I 

rtjne z-Legaz f or his stirimtating
: We wish to tlnnk J'-tr' Ma

:interest in orrr duality approach to conrbinatorial rnin-max results

:and for valr-iable re:narks, and to I' Tomescu for renrark 3'1 to

. ?

lo* corollarl '  3.1 b)'

1. SOI4B RF'J-AT

AID LAGI?,A]i3r.\'{ DU.\LTIY Ep"tJAl',rTrEs

Fors l rp l i c i t y , r vesha l l assume 'w i l -hou tanyspec ia lmen t ion '

that the sbts G and I{, occurring jn the sequer, are non-e]q)ty'

D € n i t - i o n l . l . G i v e n a f j n i t e ' s e i G a r i d a f r : n c t i o n h : G + R r

the (qg!g1r1C!gil3f) nrinjm'i-:ration pro-blem asscriated to the pair

(Grh) we shall n,ean the p::oblem of finding
l 4  , t \
\ t r  l l

:
anv s eG such that

( 1 . 2 1

(P) nri-n h (Gi ,

iand we shall call bptj-rnal elan:nt of (P) '

h (Vo) =mjl h (G) ;

,the (combinatori.al-) Taxjmization pr:oblem associated to (G'h) ' and

tr:Yrts g eG are defjned sinri-larly' rep-lacing nrin by
its cP!rratglg'---_ -,_, \:!!reu J!(.**'.*4r

.*", ,-; (1.1) and (1.2t. Any (combinatorial) mj,inrj-zation or maxr--

rnization problem is called tso"uifieft"Ll gp!i*tge!t"!-T3*^-

h a v e h : G + M , w h e r e l 4 c R ( e " g . , M = R - , , Z , Z o , { 0 , 1 } , e t c . ) . A 1 s o ,

o f t e n G a n c l , h i r a v e a d c l i t i o n a l . s t r u c t - r ' : r e s ( e . g . , p a r : t i a l o r d e r , '

nrcnotorrlzr nodularii:yr etc')' I'{e shall not explicit these facts 
l

nere.
rr^rinil-irrn t.Z. Civen trvc finit'e scts G and IV and tvoc l:rlnc-
l - r : i l - l t r ! L - L v r I

t l

by

t ions  h :GnR anC P: i { 'R ,  sa t is fYbg
p r . ^  n l , 1 - I  i . i - r r  i n c r n r a I  i  l - i  e s t t
Ul-e  ( t t id l . J .LY r r r ' - - r . tqcL ! - " i : : :

t
4+

.L
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I h(g) lP (w) (9€G' w€trnl) '  ( i '  3)

a  |  1 - l

or, equavalencfy,

ndn h (St) )nux u, (W) , (1 ' 4)

by the clual_ pr.oblem to (P) of (1.1), associated to Lhe guadruple

(Grhrl{,U) , we slull mean the'naxj-nr-ization problem associabed to

the pair (W,LL), ttrat is, theDproblern of findlng

(O) nux p (W) ;
jn this conto<t, we shall call (P) the prjnal problem.

The dr.n1 problem to a (combj:ratorial) maxjmization problem is

defjned sirrLitarlyr. mutatis nrutandis; rranrely, the dual problem to

the prl-n'el Problem

(p ' )  nnx h (G) ,  
(1  '  6)

associated'to the quadruple (G,hrW,p) , satisfying (jnstead of

(1.:) ) the "cluality lnequ4lities"

h(g)) r I  (v t )

by definition, the ndnimization

mjrr P (Inl) .

( 1 . s )

(geG,  weW)  ,  (1 .7 )

problem
( 1  . 8 )

dua l  (1 .5 )  '

the drnlitY

this case) , ls

is ,

( Q ' )

Renark 1.2. aJ In parbicul-ar, the dual to the

associated to the qua<lruple (I{,prG,h) and again to

inequalities (1.3) (obtajned by ap1:lying {1'71 to

nothing el-se tlnn the primal problem (P) of (1' 1) '

b ) I f l v e c o n s i c e r t h a t I / J a n d p ' ' c l e p e n d o n ' ' G a n d h , v i a

(1  .3 )  ,  ( 1 .4 ) ,  t hen  (1 .5 )  i sa "dua l  p rob lem"  to  (1 '1 ) '  i n  t he  sense

of t1 1 I (see 11 1l ,  formula (1 '4) ) '

Deflrit-ion 1=3. l-lnder the assunplions of defjnition 1'2, the

. (combj:ratorial) min-rylx ec,Frality corrcsponcling to the quadruple

(Grhrtnl,p) is, i:Y definitiont the eg'nlity

I nrj-n h(G)=nnx p(1,() ;

the (combinatorial) max-inin cquality- corresponding

ple (G,h,l"J,p) is, by d'efj:riLion, the equality

i trax h(G)=nui-n P(I^l) .

!*BIli:1.3. a) Forirmla (1'9) nny be regarded as the nrirt-nt'-:x

equalil-y corl:espollding to (G,ir,!rirp) , or as the nrax-nrin e-q':ali-ty

corl:esponding to (t^lrirrGrh) '

( 1 . e )

to the quadru-

( 1 "  1 0 )

I



' :  ' i . ; '  " , :  '

b) For: nnny knov,arr mjn-nrax egualities, the duality ineguality

(1.4) is easy to prove (the "hard part" is the ol4osite inequali-

L y r .

l,et us recall no\'i one of the concepts of l-agrangian dual pro-

bf*F, in a slightl-y nore general form than needed here (jn view

of lnssiJrle applicati-ons ln subsequent developmerrts)

b*finiti-on 1.4.'Given ti','o (not necessarily finj-te) sets F,

X, a rnapping u:F+X, a set QcX with u(F)AQt'L' a set W, a "coupl-

i .nn frmntinntr +:XXW+R, and a function h:F+R, *- the Il l Y  l u r v L l v r r  \  
_  

: - -  
, , .

Lagrangian dual probl em to the infj:nization proLri.em .

(P )  j : r f  h (y )  ,  ( t  -  11 )  :
y€F

u(y )e  Q

associatecl to (F,,r- i  (f l)  ,hrx,W,O) is, bry defj:r i t ion [11], the

problem of finding

(0L) sup ). ( l{) ,  (1.121

wirere l:W-nR is the function defined by

l , ( w ) = j n f { h ( y ) _ 0 ( u ( y ) , w ) } + j r r f 0 ( x , w ) ( w e w ) ; ( 1 . 1 3 )
.YcI' x€CI

the Lagr:angian dual problem to a suprenrization problem is defj-tied

sinrllarly, mutatis mutandis.

RemaLL 1 lL. a) h'e allow also infinite sets jn definition

1 a. al thn nrir:e of renlae'i no mjl and max by inf arrd sup, in
|  .  =  ,  s e

order to -inclucle e.g. Iinear programini-ng dr-lai-iL1'. Actuallyr jn

t11'l .r-hr. frrnr:fion h and (l nny have vahies in n=nu{--r+-}, us.ing
L r r J t  

u r !  r ' \ g i v e

extencled aclditions i and f on F, but w'e shall not need here that

nonarrl 'i .|-rr
Y g r = l q r r u J  

l 4 ' 4  1  - - ^  L ^ - - ^  - , ^ ^  r r ^ , " ^ ' r . i i - ' . i n a
b) As has been observed irr 111] , v.rc have tfie "dualrty me-

gualiLie-s" (1.3) wiLh G=ul1 (Q) , or, equivalently,
- . '  

o )  )  ) suo  I  (w )  .  ( 1 .14 )in f  h (u  ' (Q)  
) ) sup  X (w) . .

In lhe_eggggl re shat.l-b.e con.ceseq-with .the -lvhe.]r.

X=F, u=h (tf ie identity operato::) ,  Q=G; (1.15)

jn  th is  casc,  (1  :1  1 )  I  (1  .1  3)  and (  1 .14)  became,  respect ive ly ,

(P)  jn f  h  (G)  ,  (1  '  16)



f twt =irrr th(y) -0 (y,w) ]ni,,r O tn,*ll

inf h (G) Zsup l (W) .

Renra-rk J.5. a) Sjrrce the elerents weW

via the coupiing function (l, the relatlons

w" ,w^€lV,  0  (y  rw.  )=0 (yrw")
I '  Z  |  -  z

A (g,w)  $ (g)

or, equivalently'

(gcG,  we lJ )  ,  (1 .20)

1 g e  c )  ,  ( 1 . 2 U

11.221

(rveW) , (1.231

, ' * ' . ' , " " . - ' " . . ' . ' - ' " " .

. (weW) ,

' * l
' {

( 1 . 1 7 )  i
I
tr zEll g€G

( 1 '  1 8 )
i

enter jn (1.17) onl.y i;
i

( y a F )  ( 1 "  1 9 )

j:nclv l(w.)=l(r,v.) (even vrhen wnfw-,, wfui-ch nny occur, e.9. for'  ' t '  z ' ,  l '  z '

0=0, of (2.62\ belovr). Hence, as has been observed in [11] ' for

the study of Lagrangian dr.rals (1.17 ) , it is no restrj-ction of the '

generality to ccrrsj.cler only sets tr{ of fr.ncLions w:F+R, and to

replace Q(y,rv) uy w(v) , in.. (1.17). Hcn'ever, in tlr-is paper we shall

also study the dual problems (1.S) , for which, a pri-ori, the re-

lations (1 " 1 9) need not lnpfy p (tt ) =P (w2) . Therefore, j:r the

sequel, \r'e shall cotltjnue to vJor]< witl'r*soupling flmctions 6.

.b) Formr-iJa (1.17) presents the aslarnrctry that G is enbedded

j3 sone set F, while W is coupled with F, with tfre aid of 0. Also,

there cxist fit3ny l6otangian dual prcblcms (1.12) | (1.17) to

problern ( 1 .11) , accorcling to the choice of the set F contai:ring

G, of the function hl'\" , ancl of the coupling function Q:FXIV->R.

r r lnr - ,  -a- , rmin6 fho inecnta l i t ies (1"20)  below, rve s l ra l l  choose
I \ L , i W 1  d ) ) t l i t l - L l r !  u I s  ! r s v u q l !

(unique-ly) a convenient lagr:al'rgian dml problem, associated to

(Grh,Wr$), tn'here $:GXI^J+R, as fol lov, 's.

!€piti*=ll. Given'two finitc sets G,W, a function h:G+R,

and a coupling function o:GXITT-R, sat-isfying the "l>'er:nding inc-

cnralil-ies"

n'ax 0 (g,w) 5h (V)
we tr{

bv the sj-mr:-l-e laqranqian clual problerm to (P) of (1.1), associated

to (GrhrWrO) , we sha1l mean t]:e maxj-rnization problem

(Q<L)

wlrere

nrax ,l (W) ,.

A (w) =rilan Q (9 rwl
geG



tlnt is, brieflY, the Problem

(Qcr ) ma-x nri:t 0 (g,w) .
weW geG

The sinnlle Iagrangian dual problem to a naxj:nization problem i

is defined sirtj-larly, nrutatis rnutanclis;. nanelY, the sfuple Lagran-

gian dr.ra} problem to the prinral problem

(P' )  max h (G)

rdrere $:GXII,'+R satisfies (jnstead of (1.20)) the "frcr"rnding ine-
:

m r r l  i  { - i  o q r l

h (g) s0 (g 'iv) (geG, weW) , f i.261

is, by definj-tion, the nrinjmi-zation prcblem

I

{1 .241
I

( 1  . 2s )

( 1 . 2 7 1(o;L) nrin n'ax Q(grw).
w€I.l gcc

Renar:k 1.6. a) (QsL) is jndeed a Iagrangian eual problem in

the sense of fonnula (1.17). For, taki:rg artlz "abstract ele:,ent"

VodG; and cefjni:rg F=GviVo], h(Yo)=0(yo,w)=0 (wew), we obtal l . l

GcT ,  h :F+R,  Q :FXVFR and ,  bY  (1 ,20 )  ,

rnin{h (y)-0 (y,v;) i=0
y€F

(weW) , (.281

r,fience (1.17) reduces to (1.231. I4oreover, taki-ng any set F:G arrd

: defjnjxg h(y)=Q(yrr,r,)=O (yer.\G, vrel{) , r^'e obtain agai.n tr:F+R, Q:

:F'Nr,^FR ancl (1.28), ivhence (1'11) recluces to (1"23)

b) For the sequel (see e.g, theorer.r 1.1)'it will be usefirl

. that jn the sirple Lagrangian dual pr:oblem (1.231, (1 .24) ' the F

occllrs only i:r (i.ZOl . Ilo.werzer, it nr.ry be converrient to use also

; 
:::ffi:l :l:r"r--i:"t 

problem (1'13) ' in lnssrble fr'rthrer

c) One can also define clirectly the dual problenl {1.22)-(1-24\ '

assunri.rrg (1 .20) (see [1'1], reJrnrk 2.9 f)), but then it  need not be

a I , a g r a n g i a n d u a 1 p r o b I e m ( 1 . 1 7 ) , l , v l r e n ( 1 " 2 B ) d o e s n o t h o l d .

d.) Tire si lple Lagrangian clual problem (1'22t, (1'23) is a

particu]ar case of a dual problem (1.S1 (sjnce by (1.20) , we fuave

(1.3) for p=11, with the essential feature that ). of (1.23) is

3

clefjned vrith the aic of G and s:GXw-' l i  (anci o5 h:G-nR, via (1'20));



;  . .

for the clependence of !v and p on G and h, in problern (1 .5) , see

renork 1.2 bl. 
'

e) For (r:GX!f>R, one can na]<e sj:nllar observations to those
'

]

Dgf jnition 1 .6. hre shall say th,at. sirople Iagrangian duality

for (P) "of (1.1) is a) qnruretric, if the objective function of the

sirrple Lagrangian duial probiem to (1.221, (1.23) , associated to

(Wr l fGrO ) ,  w l re re

0- (w,g) =0 (g,w) (wetr{, g€G) ' l1'2gl

(vtrence the conditj-on correspondlng to (1 .26) beccrnes )' (w) =

= f iLin 0(9'rw)S0(g,w)fc:: al l 'w€Wr g€G, so i-t  is satisf ied), cojn-

g ' € G

cides wittr the objective function h of the prirnal problem (P) of

(1 .1  )  '  t ha t  i s ,  i f

,  h (g) =nrax ,0 (9,w) lgec) ; ( 1 '  30)
r-'' w(l{

b) weakl.y slnrrnetr:ic, if we have a), with "objective ftrnctionrr 
'

replaced hy "vaIue", i .e., i f

g€G w€W

The syrnnetry and \^,eak synrr:try of si:q>le Lagrangian duality

for (P') of (1.25) arq d.efined sindlarly, n',utatis rmrtandis'

I-te;cork 1.7. a) For s()r€ "natural" coupling fiinctions, not

-:.{- i  crr ' inn nnn4if lsn (1 .30) (see examples 3- 3, 5. 1 , 6.1 , 7 '  1 and
> ( 1 1 - I D l J ! t l , V  v ! ; r v ! v + v . r  \  r . v v ,  \ - - -  - - -

g.1\, sinrl : le Lagrangian duali ty, for (P) of ( i '1), wil l-  be weal<-

ly spiunetric (e.9., by (1.32\ and renark 1'B) '

b)'ole can also interpret forrnul-a (1.30) as the cojncidence

of the dual probleln to (0) of (1.5), associated to (W,)'rG,h) , and

the si:rple Lagrangian'dual problein to the same (Q) ,.assmiated to

(W, l rGrQ ) ,  v ,here 0-  is  def ined by ( '29)

In the sequel, instead of "tlre srnple Lagrangian c1ual pro*

btem (1.24)" we shall say, for brevi-ty, "@

;4"b]-.:|n (1.24\"; this will lead to no confr'rsion

oe! ! , t lq t_1-"Z.Under theassurnpt ions. -ofdef in i t ion l .5 , t ] re

(g] ry Ig l t ,qgr i inq j ,andual i t l leq l lA l ib lasscgj -gr i :es l to(p)or f (1 '1)

t

I



and to (G,h'W,O) satisfying (1.20) is, by definit ion, the equallty

( 1 . 3 2 )

( 1  . 3s )

a

rffilr h(G)=tnax rnin tD(grw) .
weW geG

The tagrang_ian.qgrlity eguatitJ associated !9 (P') of (1.25)

and-.to (6'h,ll,r}) sati.sfyj+g f .26) is, by defjnition I

" ' rax h(G)=mjl n'rax 0(g'w).
w€W 9(G

@-1.8' By (1.21) , we have

min h (G) >min nrax Q (g ,w) 2max min 0 (g'rw) '

( 1  . 3 3 )

( 1  . 3 4 )
geG weW weW geG

Hence, the lagr:angian .duality equ+]!Ly (1,32) ho}ds_if and

only if o,u nutu tf . ,t l atq
mjn rnax O(g'w)=max rnin 0 (g'w).
g€G wetr{ weW geG

Thus, jn this case' Lagrangian duality, for (p) of (1'1)' is

weakly qnrunetric (see renark 1.7 a)).

T,heorem 1.1. Fo:: any quadrupl.e (G,h,w,p) as.i-q defj{itign

1.2, there_ exists a_.cogpl+g function Q:CXl'l'R satj-gygg. t1.20),

such thgt

11 (w) =mjl 0 (g rlv)
g€G

(weW) ,  (1 .36)

problcq (1'S) gojrrcicle.s witl the sjnt:le

lagrang ianc lua lg roP lem(1.24) ( r , , 'her ice thern in -maxe4n l . i tY(1 .9)

cqlnciges -vrith. the lagrangi?n cluality eqtrPEW. (1'32) )'

I pt_oot. Defi-ne.the coupli:rg funcbion

0 (g rlv) =P (r'v)

Then,  by (1.3)  and

(1 .37 )  ,  we  tnve  (1 . "36 )  '

RgryaE]< 1'€. a) ore can also interpret forrnr.rla (1.36) as t]re

s]4nmerrT or Lagrarigian duality for problem (Q) of (1.5) (see de-

f jnition 1 .6 a) ) . :

b) If (1.36) holds, then any p::oof of the Lagrangian duality

equality (.32\ yI-elds also a proof of the min-rna-x equality (1'9)

(and, corrvs:selyr any proof of (1.9) yields also a proof of (1.32)),

c) Si:ui-larly, for the coupling function Q defined by

(g€G,  wew)  -  (1 "37)

(1 .37) ,  we have (1 .20) .  A lso ,  c lear ly ,  by

l . "a



(ge G, wel{) ,  (1 . 38)

we have (1.30)  i

In the sequel, we shall see that sone. coupling functions

Q:G[W+R, jn.Lroduced in a natural vay, Lurn out to cojncide rvith ,

(1.37) , so th@rem 1.1 applies, while some otfrer coupling furrc-
t

t ions, differ:ent from (1.37), wil l  also satisfy (1.36), and thus,

for thern, we shall still have the properties mentj-oned after

(1.36) and in renark 1.9 b) . Hovrever' scrne coup}jng furfctions,

f o r w h i c h ( 1 . 9 ) , l 1 . 3 2 l h o l d , w j - l l n o t s a t i s f y ( 1 ' 3 6 ) ( s e e
I

o<anples 4.1 and 8.1) -

For general coupling functions (without assrrning tlnt they

sat is fY ( i . .36)) ,  le t  us Prove

Ib".f*-l-?. Let- (G,h'T/tr,p) be.a Wadr. uple asjl defin-ition

1.2, for rdrich the nLl.r-ma-: cquatity (1.9) holds, and let o:cXmn

!g a couplinq fg!+ion, s+rsfvirrg (1'20) Cad
' 

0 (g'w) Ztt (w)

!!+
a) TLre laqrql'rgian dualilry equality

nnx p.(Vl)=max rn-i.n Q(g'lv).
we!'l geG

(X,32) hpldg., v'bence als-o.

( 1  ; 4 0 )

(g€G. wel{)  :  (1 .39)

r,r'e have

c )

1 0 .

^ Oz .

t 1 . 2 4 ) ,  m d

u (rv ) =min 0 (s,.%l .'  o' gcc

d) Fgr a.ny (9o,wo)eGXlv,

valent:

( i . 4 1 ) '

( 1 . 4 2 1

the follo'{jlg gbatemerits are equi-

b) For: any optimel elemelrt g.ec g€-re..Pr'@!-PI9p]9I (1'1) '

h(g^)= lnax  Q(g^rw)  .v 
weW

For any vr^€W, the follovring s! t
v

w is an optjnal elen'ent- of thel1rlal' Pro9lenr (1'5) '
- ' o :  .  r ' -

w r q  a n

1 Ot . y o

eleinent of

is afr o'pti-rnal elelient oll

( 1 . s )  .

inal ele:rlent of the ranqian dual Problem

( 1 . 1 )  a n d \.r is an oPtlnral
o  -  - ' - * _

4n!



2o . ct is an optirni:'l- el.ement of (1 . 1 ) ,

nent of the l;c1ranc1i.an du,al pro.blem (1.241 '

u (ro)=0 (go,wo) .

I{e have

h (so) =rr (wo)

Prco f .  a )  By  (1 .20 ) ,  (1 i39 )  and  (1 .9 ) ,  we  have

, .  . . . 1
' t

I

w is an or;Limal ele-
O #

^ * J
dl lLl

( 1 . 4 3 )

( 1 . 4 4 1

( 1 . 4 5 )

( 1 . 4 6 )

rqr1n h(G))nax nr-in Q(g,w)Znax p(W)=rnin h(G) '
weW geG

whence the eguali t ies (1.321 and (1.40).

b ) .  By  (1 .2 \  ,  . ( 1 .32 t  and  (1 ' . 20 )  ,  we  have

1-r (9o) =nri-n h (c1 =*r. ndx O (g,vi) sinax O (9o,w) <r (Oo) ,
weW. g(G weW

whence  (1 .41 ) .

c) By (1.40) and (1.39) , fox anV vloeW'are hnve

n"aT p (l^l)=nnx min 0 (g,w) 2rnin 0 (g'w,-,) lp (w,-,),
wal,V g€G g€G 

v v

whence tJre eqriivaletrce locq+2o follows.

d) By (t.9), for any (9o,wo)e G)('vJ we have l
'  5(9o)Zmj-n h(G)=nax P(w))u(wo)  ,

whence the eq.rivalence 1oe3o; noreover, by (1 "4) , we see th;rt

(1.44) evcrn inlclies the rrrin-nax equa}ity (1.9) .

3o=+2". Assune 30' Then, by 3o =+1o and c) above, r 'ro is an

op t i rna l  e la ren t  o f  (1 .24 \ .  A Iso , .by  (1 .20 ) ;  
1 ' '  

. 39 )  a rd  (1 '44 ) ,  we

have

h(so) 2$ (go,wo) )P (wo) =1^t (9o) '

whence (1.43)

2o410. If  2o holds, tJren', by (1.43) , our assunpti-on or wor

and (1.40) , v.,e have
. n6x p(W)lp(w^)=0(g^rw;)>nrjrr O(g,w^)=nnx ruin 0(g'w)=max p(lr l)  ,

v v v g(G wew g(G

whence

p (*o)=mex p (tr{) .

Rennr l< 1.10.  a)  By (1.23) ,  condi t ion (1.39)  . is  equiva lent  to
___:---

tr (w) =nr-in 0 (g,rv) )p (rv) (weW) . ( .471
g€G

'f n, IA



. * - - -  - ! . 1

NoLe a-lso tlrat Lhe inequalities (1.39) are nolhj:rg else than

the "bounding inequaU-ties" (in the sense (1.261) for the ruaxi-
* - i , . - r . i ^ . ^  , ^ , ^ , - l - ' l ^ , *  t 4  r \  ^ * l  r I ^ ^  ^ ^ , * 1  i * -  . c " - - ^ - . L iili.r-zarron pr:oDrern (1.5) and the cor4:ling funcbj.on 0 3WXG+R of

( 1 . 2 e )  "
i  r r  ' -

.  b) By the bounding ineguali t ies (1.20)r condiLion (1"39)

re;Lns that we can -insert Q(griv) betiveen the terrns of the dr:alily

inequali t ies .(1 . 3) ,  i .  e. ,  
'

h (g) :Q (g,w) )p (w)

or, alternatively, we see that

inegual i t ies (1.3) .

c )  By  (1 .39 ) ,  we  have

0 (g,rv) .>*[n Q (9' ,rv) ]p (w)

(g€G,  weW)  ;  (1 .48 )

(1.20) and (1.39) r.np1.y the duali ty

( ( g , w ) € G X w )  ;  ( 1 . 4 9 \
o t e Q
Y " v

herrce, (1.43) [o]c$;!!_and only i f  we have (1.a2) ang

( 1 , s 0 )0 (oo,wo) =nrin 0 (g,wo)

d) The inequality (1.40) shovrs that, under the assunptions

of the-orem 1.2, the dr;al proble;n (1.5) is "equivalent", in the

ser:se of lll), t-o the lagrangian clual problc,m (1.24) , .u'rd that,

again (as in the case of t treorem l. l ' )  , . the mi.n-rnex ecpral i ty ( i .9)

coincicles r.vittr the Lagrangian duality cquality (1.32)

e) The converse of 'tlieorem 1 .2 a) j.s not va]id, i.e. , the

Lagrangian duality equality (1.32) need not inply the nrin-nnx

eqlality (1.9) , as slrorun by example 3.5 bcloiv" Further: cxanq-:Ies,

related to the other parts of theo::em 1.Z, 'wil l .  be given jrr SS3"10.

f) Thc al>ove rcsults might suqgcst nct',, ndn-n''ax egualities for

problems (1"1) for wh-i-ch no mln-rnax egu;tUty is knov.rr. Indeed, the_

nat-ur:c € (G,h) I,aglt r_utw* a choice of a set I'tr, for vrhich one

can find a "naLu.r:ally clcfi.ncd" couplirrg function (l:GXI^/>I1 satisfy-

ing' (1.20) ; then, the l^agrangj-an cltnl-Lty equali ty (1"32-1, i f  true,

would be a fni-n-rax eqr:.rJ-ity (1.9). Although, even for "ttatural" Qts,

(1"32) nced nbt lrold (scc e.g. the remerks before exanqrle 3.5) , this

nlethcx1 might be r-rseful irr sctne c.tses (see e.g. renrark 10.1).

Li
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2. A F}]AM,]'{ORI(
NAN ?\TT rr^DT.\T\I^T,TTI\I CT)\/ERTNG-PACK-ING DLJN'I'I]Y
l '  UK l \Ll- t -L, i  I ( \ l - , 'J-L\f  uJ L r  !  : ' \ /  

v ! ru!  rv 
-r  

+ '

BrisuLqs
" F o r s j . r y > l . i c i t y , i n . L l r e s e q u e l \ ^ / e s h a l l a F s u , ] : t ] e ' w i t h o u t a n y

spec ia lme l l l i o l l ' t ha t these tsAanc lBa renon_enpLy . l , i ] r en th i s

will leacl to no ccnfusion, we shal-l write m jnstead' of {m}

Defj:ri-tion 2.1. a) L€t A ancl R be two (non*enpty) finite sets

and let pgAXB be a binary relation' ivhich

re1a!!"1. I{e sirall say. tl-rat aeA and beB are

covers b, and rve shall write

we sirall- call j{rcidence

j-ncident, or, that a

( 2 . 1 )

i.e., non-jncidence' bY P.
r{

by saying tllat Ye2^ and we2"
(AX B) \p '

zLxzB,

aOb,

if (a,b)€p. We shall clerrote

b) Irle sha-l.I extend P to

are j:rcident, i:r s1'nil:ols,

YOVJr

i f  t he re  ex j . s t  a€Y  anc l

we2B'are Tiot i-ncident, vre

c) /trrY tr:iPle (ArB,0)

b e w  s u c h  t h a t  a P b .  I f  Y

shall \^/'rite YPw.

as above, r^rill be called an

L
(ye2"\ ,

( 2 . 2 1

e 2A ancl

incidence

.*-ri rr ' l  o
L !  J l l ! \ - .

Sgn:!Li-o} 2.?- For an- jncidence triple (A'B'p) ' v'le defjne

-^"-:B-nR (L=1,2,3) '  : :esPectivelY' bY
the couPling functions (r ' :2'^X2

0 . , ( y ,w) .= l {aev l i p t } l  
( ve* 'we2B1  '  ( ' 2 ' 3 )

Qz(y,rv)= |  {uer '" lypb} I  (yezA' we2Bl '  Q'41

A3 (Ynw)= |  {  (a,b)ey;w!apb} i  (y ezL '  we2B1 '  (2'5)

where |u| den,c.,tes the carcljnali-.ty of the .(finite) set }4.

Bernark 2.1; a) In other i'rcrds' 0', (Y'w) is the'nwi:be:: of ele-

nrents a of y, which are jncident with the set vr (and' a sj-:nrj-lar

remark" hcl-cls for Qr(y,lt) ), whi-le 03(v'w) is the "nlnrber:i 
]::* "

dences', betlr,cen tjre sets y and W. lte use the nOtat'ion y€2" rrr-sbead

o, no*, j-n view of possible sul:'segue'nt applicalions of ( '17) '

b) l'Jith the uotatiot-ts

p (y) = {}:cn I yr:b}= \*/iue e laPi: }.
a€y

p-1 t*t = {ac-A I aprv}-\-,/{araA I apb }
be rv

we have

( 2 . 6 )

( 2 . 1 \
1we2B) ,

' , ' - f

t - t



02 ( r ,w)= |  P (Y ln wl

in parLi-cular, 4,1(y,fi\=o (ye zA) and'

( 1 ltf apb
c  ( a , b ) = 0 ,  ( i a ) , { b } ) = {  

o '  i r
n 

I (wezB) andthen '03  (Y '0 )=0  (V rZ t ' , ,  03  (@,w)= (

(ye2A,  rve2B)  i  Q.g l  a
Tt

Q2 (@ 'rI) =o (wc2")

c) If we define tl:e "ircidence fq4qt.rqn" c:A\B+11, by

( la(y , ,o)= I  I  c (a ,u)  (A/ye2A' ,@lwezBl-  (2 .11 ' )
. ' arey bev,l

I'rom these fbrnn-rlas it fol-lorvs that Q.;IAX2B.>R is 'binq 
$3ft'

T)

(i.e., rodu1ar jl eacii variaitle) an<l that, enrl:edding 2')(2" into
l- | l- | 

ea,ch mel4with itsp l r {12(3 lDl  in  t t re  usur l ,way ( i .e . ,  ic ler i t i fy ing

jncj.dence vector lt Rll'I|), d- cnr be extencled cariollically to a bi-
lnf 

-Till*==-

I inc-ar coupling f_r{rct ion- Rl" ' lXRl"l*R :

( 2 . 1 0 1

(ye2A,  ben)  ,  (2 .12 \

(acA,  v r62B)  .  (2 .13)

Def ih i - t ion 2.3.  Lct

a) i{c shall say that

( A r 1 3 r 0 )  b e
7\

\ ) t :L  rb  c , r ' l

;ur incidence tri.p1.c.

lr-'cor,'er (-for B) ' if

l { e rcs lapb}  l>1  (bas }  ,  (2 .14 \

j . .e . ,  i f  gpb ( ] reB)  i  o ! ,wj . t t r  the noLat j -on . {2 ,6\ ,  j - f  p(g)=B" Vi le

sirall. dettot-.e

G=the collec'Lion of erll A-covers g. ( 2.151 '

b) We shatt say ttiab v',e28 is a B*Picking (for A) , :Lf
I  r r  -  r apu ) l s t  (ae / \ )  ,  ( 2 -16 )
I  t D € w l a p o J  l >  I  l d q

i.e. r' if for each aeA there exists. at nost one bew such t}at aph.

i,le slnll clenol-e

I^i=ttre collecti.on'of all B*packi,ngs w- ( 2.17', 
:

:

IfUglL.?:Z. a\ I!_g:(!)jt tg ensur:e thq!. elCI, l.St*rJ"t9*9)<11-

lgrc..-*e- oj- a-sg-ggr,::-r i L-:.1- :gliiglgl-l*Lenqlggg-fl.,'since everv

set conLaining an A-'cover j.s an A-cover) !9-j1le]!9_Ll]e_gssurph-.j-cn. I

tlr,et A -is er:r lr*'cover, j-.e.,
.  - 1

l p  
'  t u l  l = l i a c - ; r l ; i p r : ) l : 1  

' *  ( b € B )  '  ( 2 " 1 8 )

or, i l  ot-her tvorcls, Apb (l :ee1 ; oj: ,  vri t ir  t . lre notebion (2.5) '  0(A)=B'

./l r, I J



b) B-2l<rl-ur-j4!5rya-9x!?-t-, l:9' , vt/lfr, sLrwe e"g' the enptv

sct 0 and al] silgl.etc-:ns if;], where b€'tl, are l3*lx.ckings' However,

j!.ilg,e{-lg-j:i=g!v--ti,e qrnrilv e qa,Li+g Q''25) q$ (2'34} berowr,

j-t witl bei convenient (see retnark 2"5 b) ) t9 "L&A ttlg- agglrygFfg! I

l p ( a )  l = l i b e B i a p i : ] l : t  ( a e A ) .  ( 2 " 1 9 \

i .e., apB (aeA) , or, with tfre notat:Lon (2-l\ ,  0- '(B)=A; in ourer

wordq, A should have no "isolated" elemenLs (i'e., v/nich are not

jncioent with anY b€B).

Note also that (2.19\ is slnnrctr ic to (2'18), ard hence jt

ensures tjre existence of B-covers for Lhe "polar" jncidence rela-

tion po c BXA definaC bY

(b ,a )  e  po  € '=1  (a  rb )eP. (2 .20)

c) One can ass@iate to 1\rB arrd p as al:ove, a bipartite

"lncj-clence g::aph" (AUB,p) , with the edges ileflned by

(a ,b )e  p  69  aob; ( 2 . 2 U

for tl're case of exarnple 2.2 baLow, such incidence graphs are de-

fi:re<1 e.g. i1 [1]. Hcr'vever, note thet t5e A*covers (respectj-veJ'y,

B*packings) j-nvolvc only subsets of A (respectively, B) , so tlrey

are conpletel.y cliffe::cnt from t-he vertex covers (reslrctively,

nraLchings) ol: tlre graph (AuB'p) .

.Lsgill--:!l9r-?J' rc* r'!Yg

l g i z  i * l
'  (gec, wel.^i l)  " (2.22)

qrc'gL. Let geG ancl lvel^l. Since g is an A-cover, vre can define

a nnpiring f:tv+g )ly choosing, for each bew, an a=f (h'j)€g such that

apb" lt'he':-r, since iv is :r B*p-'ack.ing,. for any b1 ,brevt wi-th br'fbrwe

have f (bi)lf.b?l (since othen^rj-se apbl , a1b, and bibz vrculd con-

tr:aclict (2"16\) , so f is a one-to-one napping of vr into g' which

pr:oves Q"22)

Prolnsl-t ion 2"1

h ( , J ) = l g I
p (r,r ' )= iwl

r'rc have tl-re dlietlil-Y

-nax eqrnlitY

shows that foi:  G,W of (2-15) , Q.17\ and for

'  (geG) r  (2"231 '

(wel,J) |  '  (2.24')

ineguali t ies (1.3) , (1.4) . l lowever, the nr-in-

i ,



: '  rnir  lgl=rrnxlnl :  Q.25)
,  ^ - - t r t  - _ _ ; . ; '  

r  l

g€G vrel'l

need not hold (see e.g. the retturks before o<alrple 3.5).
' Let u$ give now sclne relat-j-ons between the coupling functions

b

O* o f  (2 .31- {2 .5 )  and the  se ts  G, t r {  o f  (2 "151 |  (2 .17r .
I

Proposition 2.2. We have

01 (v,vi)=03(Y,w) (Y€24, wewi I  Q.26\

. Q2(g,wl= l i l  (gec, wa2B; .  (2.271

Prgg- f .  By (2 .3) ,  (2 .17)  |  (2 .16\  and (2.5) ,  we obta in

0. ,  (v ,w)= |  {aey lapw} l=  |  {aev l  3  new,  apb}  l=

.  = l {  (a ,b)eyxwiapb} l=0u(Y,vr )  (YeZA,  v ;e l { ) .

F jna l l y ,  by  Q .4 ) ,  (2 .15 )  and  (2 .141 ,  we 'ge t

02 (v,w) = |  {ner.vlgpb} l= lwl (geG, wezB) .

In the sequel, it. will be npre ccnvenient to use 0r.

Proposi t icn 2.3.  a)  ye2"  is  an A*cwe4 ( i .e . r 'Y€G) fL? l r9

only if

03  (v ,  {b } )>1 (beB) .  (2 . .28)

bl vte2ts is a B-pac)<inq {i.e.., r,qeW) f!g4-g}y-5[

0 ,  ( {a } ,w)  51  (aeA)  (2 ;291

Proof . a) By (2"121 ' (2.3) and (2.141 r we have yeG if and

only if

0 ,  ( v ,  i b ) )  =01  (v ,  {u }1=  |  {aev lapb}  l>1  (ben1
'  

b)  By (2.13) ,  Q.4) ancl  (2,16J, we have wcW j . f .and only i f

O. ({a} ,vr)  =4" ({a} , rv)  = |  {be wlapb} |  -<1 (aea) .
.  ' J '  ' t  

a  m
Rgnnrk 2-.3. If B={b1 ,. . . ,b*} , then, def ining v2^->z'i by

u ( v ) = ( 0 r ( v , { i r , , } ) , . . . o 0 3 ( y , { b m } ) )  ( y e

we can also r^rj-te (2.28\ in the form

we .can lurite (2,291 jn the fonn

u '  ( v r )  5e r r=  (  1 , . . . r t  )  (ez f )

Then, (2.25\ hecornes

u(y )zem (1 , . . .  , t  )  (e  z f )  ( vezA)  . .  ,  (2 '28 ' l

Sj :n i - tar ly ,  j f  A={ . . ,  , . . . r . r } ,  then,  c ie f in ing u ' ,ZLz l  ny

u ' ( r , r )= (4 r r ( {a . , } ,w )  , i . . , * r t t \ t , t o l t  (wezB}  ,  (2 '31 l

ll.)..
L

(wezB)  .  (2 .2g ' |

A'ud&?'\41$
4 l -



ni .n^ lv |= maI-  l * |  .
ytt' we2rt

u ( y ) i e n ,  u ' ( y )  5 e *

( 2 . 2 5 t  \

(2 "23 ' , )

( 2 . 2 4 ' . 1

Since Ure ope::atol:s u, ut of (2.30) , 12"31) are "modul-ar"

(so is each componeu'rt function) and since the furctions

(ye2'-\ ,
T1

(weZ"l ,

r ' (y )= ly l
u (v,z) = lwl

ia : :e  ncdular  (and even u(0)=0,  u ' (0)=0,  h(0)=0,  p(0)=0)  ,  tLr - is  sug-

gests to construct directly a theory of "npclular progFannij-ng"

(instead of the usual linear prograntrr-ing approach to lj-near ob-

jective corbinaborial optirir-i-zation problerns) .

(?.zz)
( 2 .  3 3 )

obtairt

cluach:uple (Grh,l^Jrp) of (2.15) '

o f  (2 .  s )  "

( 2 . 3 s )

the.orem 1.2 a\ , d) , aPPlied to the

( 2 . 2 3 ]  ,  ( 2 . 1 7 \  ,  ( 2 . 2 4 j ,  a n d  L o  ( r = Q t

Coro]lary 2._!-" vler_ Igyg .i\

03 (v,w) 5l i ' l  (y={.1 ,. .  .  , ; .rn}e2^, wevil) ,

O] (v , ru ) r l r , , i l  ( seG,  * fo r , . ' . . ,nn ]€28\ -

l gg ! .  ry  (2 .11) ,  01  (y ,@)=a '  12 .29 \  and l2 ,29 l  ,  we
. d

03 (v,w) = 
. I" 0, ( {ar} ,rv) sq= lY I ,
i = l  

-  
"

p
; .  t ^ , . , t _  t  ( ,  r r -  |  I
Q 1 ( 9 r w ) =  I  Q a ( 9 r t b ' J ' z F l w l  '

J  . i - 1  . J  J
l - -  r

Co::ollary 2.1 shows that for (Grh,Itrp) ancl $=$, of (2'15) ,

(2.23) , (2.17\ , Q.24) and (2"5\ ,  we have the bo.mding incqual- i1-ies

(1.20) and (1.39) . Ilcx,vever, the Iagrangian duality equality
'  

rn ' in lg l=*o*  * jn  0a(g,vr )  Q'341
g(G vte\rl ge G

neecl not Lrolcl (see e.g. the remarks before example 3.5).

The-orem 2.1. {f tng ruix mrI -eqlrallU Q.25} holdj;Lof G an4

w of 12.15) and ( 2. 1 7 ) , lgio 39es tre {*lgrans 
j-11.-dllal$I-9gg*-

ItLv Q.34) , aryl :or: any m+njnl..nl carcii.:la a-,.oy95 go +!d. gny

@r-!3!5lngi%,
o arid rv is

03 (slo,wo) = |  vol = l*ol '
Prcof. This fol-l.olvs from



- " : '  "  .

I]:ggfg!-2.2. If tlre nj-n*rrr"",x errnliLY Q"25) !gLS:' gfg1lgl

glyj3:I (vo,5) .rs;n-lggerg 2'1, !'o i1*v.e

|  {ne  w laob}  i  =1  (ae  g^)  |  (2 "  36)
|  . , - . - . .o ,  .  "o

|  {a. ,e 9- lapb} l=1 (} :ervo) '  (2 '31\

i.e., each a€g^ lsiJL%@ l:ewo -@lg-g*!
\/

bewo tl:cre erxj-sts gxaggy-gne acwo gggll.!hag a glg b are :!qcid9lt"

rcI" I"or auy optirnal- 9o-{t1 ,"',an}eG and any optfuial woetrrtr

we l rave, by (2.11) aix l  (2-35) ,  
i

s
I - a g  ( { a r } , w o )  = 0 3  ( 9 o , w o ) . =  i v o l  - u ,

vrhence, by ,r.rrr, we obtain :

.  0 ,  ( { a r } , t o )  = 1  ( i = 1  
" '  

'  ' Q )

Hence, for each ar€9o tlrere exist-s br-tto such that ar0b, '

.arrd 
this b. is unique (by \2.16)), vdrich proves (2.36) '  Further-

m o r e r b y ( 2 . 1 4 ; r f o r e a c h b e S t h e r e e x i s t s u i € g o s u c h t h ' a t b = b 1 r

and thu.s f :a.,+b. maps go cnto '*;. ilence, since lVol=l*ol (b1'

(2.35)) ,  f  is one*'to-orie, wld-ch yields {2'37) '

Sgit1IL 2-,.-4-" a) One can a1-so gir"e the fol"lowi-iig procf of

(Z" l ' l ) ; iL , .wa,  r . , ih ich c loes not  use forntu- las:  I ly  (2 .25J,  for  a l ry

opt:i:nal pair (go,wo)€Gxi^l v,'e have iool=l''t"l: No"^7' since goeGr each

bevro is ccvei:cNl by at least one a=ar,ego '' and since wo€W' clistincL

b,s are covered by dj-stinct a=a''s, so we neeC aL least- l*ol dis-
r t l l

tinct eletr,etlLs aeg., to cover all bevro' But' since lVol=lw.rl ' a-tt

e ] . e r e n t s a € g o a r e u s e c l u p j n t h i s p ] : C s e s s , a r r r d . c a c h a e g o i s u s e c l

cxactly once / r^ih-icir coirpletes the proof

b ) T h e o r e m 2 . 2 i r n p } i - e s a g a i n t l r e s e c o n c l p a . : : t o f t h c o r e . m . 2 " 1 "

Tlrerefore, j-Ir the particular cases which vre shal-I consider jn the

secluel, v,,e shall firsl- girre tJreorem 2"2 and therr r'ention' as a

consrrquenci, formula (2. 35)

cor:91-l-arl,z ?'? " Aggq39.*Lhg!-!FeJl3;ry:-3aral:!y \2'2'':l

Then

holds.

f_or
a) Givcn ariy nJlnj,"Um q*r'1inaU't'y- A--cqvs1 9o={91 '" ' 'eto}'

ga* .i(9o !T3*9glI rql.c{ br-e B llJlil tti.tbj., r'n-s-Ich-a-uu--!}'at

,., --{}. L.r', } i-s a l.axirnun-car:clill;ili-t): n-Etg}*tltJ.
v " O -  L t / 1  t .  "  .  t * e ,

1

:':
I t l



b) cL-till-1Lv*Ju!il4sls-tt{lgq}.i!y. B-PlqFtq wo-{bl 
" 

' ' 'l>n} '

rg-*q3gli i)i{:\% 9n? ge!--q*gg! a.(A y]'gl ar01:r, in s-ucfr a qa,y.iirat

g-={an r... r.r.-.} j.s ;r ntj.ni,nrur:n c.rr:dinal-ity A-govgf '- o  I '  q
g:€. it By f furiteness, Urere e.xj-sts a nnxjmtim cardirali'by

B-lnckinE w^, and Lhen theoron 2.2 applies'
()

b) The p::oof is sjmil.ar, choosing any minjmum cardinality

A*cover g "
v

In the sequel, v;e shall also use

Rsnarlt 2.5. a) !{e can ensllre that Gly'r, i'e',

rr:n'ler:"ino fhe set B, if necessarlY, bY its subset
! u t / r s v r . r )  * , v  v v v  - t

g '={beBl3  aeA,  aPb}={ben lAr :n }  t

which satisfies (2.18) (with B replaced by B') '

A ' = { a e A l  3  b e  B ,  a p b } = { a e n l a p B } , ( 2 . 3 e )

wlrich satisfies (2.1g\ (wittr A replacecl by A')' Indeed' !f 9o€G is

an A- a e A\A' , t!* 9o\to ir -P A-coYelr

=o go j.s r]ot a ndjlirn'mr cardjnaliLy A-cover (l-l:rus, Lhc el-r:ments of

A\A, ca.nnot }::lcng to any m:i-nirituin carcl.inality A.--cover); for' if

a o e A \ A l , t h e n t h e r e i s n o b o e B s u c h t h a . t - a " L l 1 l o , a t r d } t e n c e w e . h a v e

vorrr, (berr) if a.nd only if (oota.r)ob (bes) . l"rurthemrore: vi€lll is a

B-pacl<ing for: A if and only if it is a B-packi:rg for A'" Also'

c lear :1.y ,  Ql (uo,b)=0 (aoeA\A' ,  beB),  lvhence.  03 (O' rv)=0,(9\ao 'w)

l:) {gr the study of Jhe erlualilj'e9 (2'25\

corwcni.ent, eutci i.t is no restiiqli9t-9!--qltr-S

(g€G, vletrnl, aoeA\A' ) .

Let us gJ.ve now a simPle

tkggl].g 3r-1. Let I'i be a

inciclence of anY aeA ancl bcB

^ - J  t a  1 A \  i . t -  i a
d ]  i L , r .  \ z . J a ,  I u  - L . - ,

ralj-ty' to asrsune

example of an j-ncidence relation'

fjnite seb. If ArB €irt, we define Lhe

by

that  (2 .18)  ho lds '

( 2 . 3 8 )

( 2 . 4 0 j

for any
apli: <* a=b"

Then, .ext-enclirg p to zAXzB t'y definition 2'1 b\ '

y€z\ a:rc1 we2B vre obtai-n
( 2 . 4 1 )

YPw €+ Y Awfl.

T|re incjcli:r:cc r-elatj.on |2.41) carr be used to buj.lc1 the tr,;o

nnj.n exalnl:l-crs which we sh;rl-J- use in thc sequel ' as follows '

(2.1il, replacing the set A, if necessarY, bY il-s sul:set

cln
,cti



!51_*A!g" 3r2" Let M be,a fjnite set ard let

(ArB) is ,t ff!*lygsy, wi.th "ground .sett' M, in

if , in add:L.biou'
I  l A
D7y)

\Jb=A,
bels

the sense of [1],;

(beB) ,

E .

v.erElcerq aeA and g1]gglttren (A,B) 'is catlecl [l] a tl]tx:tffPb, witJr vgrHlges aeA

beB, Orre can use (2,41) to defjne the jnciclence of any aeA and

:beB by .  ' :

.  apb .€+ anT>/f i  ' ; ' )  aeb; Q'441

, this is ncthing el.se. tlran tlre usual jncj.der:ce relatj-on (and lrence

{d, /a -n'l ) -^ is t}re usual "incidence ttutrjx") ior set systenx;
'  rY3  t  ' " "  a€Arb€ i l  .  n
' [t] 

urra ]ry5:er:graphs [:]. t 'fren, by clefjnitj.on 2"1 bJ, for.dn]r 126/a

:an.d \.,1(z \..'o oDtal-n

ypw €+ |  {  (a , t r )e  yxwlaeb}  l>1 ' ;  {2 '45}

al-so, cenclitj-ons i2. 18) , (?.19) n'€an nolhing else ttr*rn (2'42) arrd

l?-.43\. I\rrtherrnore, g€2^ is an A*covel, j-rr the Sense Q"141 , i.f

and'onl-y i.f

g nbfe ( b e B ) , ( 2 . 4 6 \

i.e., i.f .rnd orr-ty .i.f g is a _@nygfgql [3] of the h5per:graph'(A,B] -
R

Also, rqe2rJ is a R-F3S!g, j-n the sense .(2,16\. if and only if

b . nb.=@ (b* ,b.,e w, b, / ir., | (2-41)
' - . L  

J '  r  J  L  J

i.e., j.f and oniy if rv is. a. {g!*gnry .[3] o.f the hypergraph (A'B) ;

or, in otlrer u,orcls, tlie collecLicn w of sr-ll:sets of 14 is ;r pgg[ing

ilto 1,1, j-n the.u:;r.ral sense (e.g. t2]). In this casc, tlre inequali*

.Ly (2.221 j.s lrncxon (see e.g" [3] '  p. 424, theor:em 5) " .
Rern?rk ?-.-6. rq:-gygly +Icj-ij+.ce tllp.l--g. (A,B,p)' :g!l:f:i:g.

(2.18) , (2'.19) , t lere ex1-st a 1rypergraph (A,;) as i:r.exarqT1e 2'2'

a : rd .an .app jn9b '_ ,5o fB inb f r (no tnecessar i Iyone* tQ-"one) ,such
r-L-,.t- s^- rnr, 'brb,eB 

wi-tfr 6rtt, r,,le have(Jrc.L, r-\ra. a1) orb'€B w:'-tfi 6=fr', rve have 
'

:  apb'(=* aeb.

fndeed, j-t is enough to
.- -1
n=p (b)  = {erealapb}

B={bli :+B}r

(2 ,42\
(2 .431 .

I

12.481.

take

(ben) , ( 2 . 4 9 )

t2 .s0)

n
1 , ,



' :
s j -nce t tren (2.48\ is cbvious; and (2.18),  (2.19) yj"eld (2.421 and

(z.asl (with b, B replaced by 6 and fr respectively). , ',

Theorem 2.3. Uncler the ass@ 2.2, E 1=$€B

(in fnrLicular, if every supersel b' of each set b€B bq.!gggg-!g B) ,

tlren
(yezA) . (2 .  s1  )

for any, ye2A we lnve,

clearly,
' r - r \  l  l

,  0 3 ( v , i e ) ) = l Y l  '
iohich, togettrer with (2.32\, proves (2.511 .

, Rgnark 2.7.. From rernark 2.5 it follo'ws

tions of example 2.2, we can achieve (2-42) |

set system (A'B) by t ire hypergraph (A',9'),

A t = U b ,  B t = B \ 0 .

.  b € 8 . .

Example 2.3. I-et M be a fjnj-te set and

Thenr. (BrA) 1s a set sYstem, and, if

al6

LJa=B,
aeA

then (B,A) is a hypergraph, with edg-es aeA and

can use (2.41) to defjrre the jncidence of arry

' apb a anb/6 t+.bea '

aeA and beB by

(2 .  s6 )

i o- - hrr the rrsrlal inciclence of the edge a and the vertex b -in the
L . v .  t  v J  - -  r -

h1'pergraph (B,A) i this 0 is, es'sentially, the "polar" of (2"44\ ,

in the sense (2.20). Concli t ions (2.18), (2.19) mean now (2'55) and

( 2 : 5 4 ) . F u r u l e n L O r e , 9 € 2 A 1 s a n A . c O g , i n t h e 5 e n s e { 2 . 1 4 ) , i f

and only if
(2 . s11LJa,=B,

4€g

i.e.o if and.onl-y j"f g is a cgvering of the.hypergraph (BrA) , in

the serse of [3] , p.420 (the term "erlge cover" miqht be nrore ap-

prop:r:ia.te) ; or, i:r o'Lher r,n'orcls, the collection g of subsets of M

is a covering of 1.1, in the r:stnl sense. Al-so, w€2" -is a B-l2arcking'

jn the sense (2.16), if and onIY if

lyl anax 0q (y,w)
wcW

Proof. By our assmption, {a}eW; also,

(2.521

that, under the assunp-

(2.43'), replacing the

udrs:e

( 2 . 5 3 )

B=M.

( 2 . 5 4 1

(2 .  s5  )

vertices beB. One

t v l

let AE2.- and

(aeA) ,

t1



lwna ls t  (aeA)  (2 .58 )  I
i.e., if and onl-y if rv is a slro+!rlyjrtal:,1e..-s_e! in the hype::graph'

( B , A ) ; j n t h e s e n s e o f [ 3 ] , p . 4 4 B ( o n e m i g h t a 1 s o u s e 1 l r e t e r m

"ind.epende-nt set", or "coclique"). In this case, the inequatity

(2.22\ is knor, lm (see e.g. [ :J, p.aaO, i lreorem 1). '
Rerrnr:l<-.?.8. fn the 

",rtu.O 
paper [i1 , tne "set packing pro-

blem" and the "seL covering probfem" are formulated in terms of

0-1 matrices, and then it is observed that, since every 0-1 ma-

trix which has no zero rows or zero colwrns is the i-nciderrce ma-

trix of scne hlpergraph, 'these problems can be also formulated

in terms of hlzpergraphs. Liowev.er, our approach, via.coupling func-

tions for jncidence triples, is different.

Theoran-2.4. Und*eJ the assumptions of eIaI.ole 2.3, Lf f.gr

each beB=til we hpve {n}en (in partj-c'rlar, if (2.541 , (2.55) lglg
and.errery non-em_,:ty s_ul:set a' of each se! a€A lg]-ottggle A), then

(wezB).lw la l r in  01(9,v i )
g€G

Proof. W our assunption,

proves (2.59) .

2.5 Lt roll-o\' js tnat,

can achieve (2.541 |

(2 .  5e )

( 2 . 6 A )

unCer the as-

(2"55) ,  rep lac ing

91:{ {b} lbe e}ec; a1so, clearry, for

( 2 ' 6 1 \

and 2.3, we have
n Fi,

(ye2",  we2") ,  (2.62\

and bea for exa:nple 2.3,

for the hypegraph (A'B)

a new coupling function

(ye2A ,  we 28) i  12.63\

. n

nn'.t r^tF)" r^ro h;rr zr.

0a (v, ,vr)= lwl ,
v;hich, tcaettrer viith (2.33) ,

Rerna::k 2€. F::orn renrark

surptions of example 2.3, we
. { . h a c a # q r r * | r r t n / R A } l ^ y ' z | h r : | 1 1 - 1 n r ^ a r r n h / D ' ^ t l

\ V  ' L , I

B '= \Ja ,  A l=A \0 .
a€A

In the framelvorks of e<anpl.es 2.2

03 (y ,w)= |  {  ta ,n)eyNrv lanbl@} |
rvhere aob/(l malns aeb for e>rample 2.2

^^ .r .i ̂  +r.^^ ,,^.:a1 j_ncj_dence fr:nction- r ,  v3 -LJ Lr . lc  ur t

(respmiivel-y, (B,A) ) .

In both'cases, one can also define
A R

Qnz2"Y2"' 'R, bY

.  Q,  (y ,w)=  |  {anb lony ,  be  w,  anb l f - r }  |

in other words, $n (1'rl't) is the "nttrn]:er of ncn-empty interscrtions"

1 1 ' )



-  .  . ' " '  ' : . , " - " ' .
!

betwe.en y ancl w. By (2-62) and '(2.63) , we have i
7 \ E l

, r  / . ,  rur )  )d ,  (y ,w)  lYef  ,  \nez")  ,  {2"641
V3  tY  t " '  ! J  -

rnrhere strict inequal-ity nBy also occur (since several d'ifferent

intersrctjlg pairs (a,b) may have the sane jntersection'anb) '

I-et us observe now t}rat, jn the case of exanple 2.2, we b'ave

04 (v,w)=0, (Y,w1 lye2A, wet^I) . (2.65) ,

,Incleed, if (a., ,b.,), (az,br)eeXw satisfy I

, d.rrrb,,=arA bzf\, :

then, in the case of ex.rmple 2.'2, a,=areb, Abr ' jrr contradiction

wi th t2 .41)  : .  :

!Iou,.ver, jri tire case of exanple 2'3, Q'65\ need not hold'
. . ' o , f o r y e G a n c ] v l e t r o l ( : n e x a n p 1 e 4 . 1 , w i t h Y = E l w = { v i } , w . e h a v e

03  (y , v ;1  =2>1-Q 
4 (Y  , r ' r )  )  .

r ns53_ l0 ,wesha l l s tudyn r in -maxeqr :a l i t i eso f t t re fo rm

Q:25\, for variou-s sets G and w, so h 3n{ p v/ill be the func1-.jr9-ns

(2.23J, t2.24). t\'e shall consider only certairt pai5.s G'Id) , fcr

vfrrich v;e shall be able to choose an inciclenc.e triple (ArB,0) sucir

t t r a t  c ;u rd  i ^ I  a re  the  se ts  (2 . i 5 )  (o r "a lnns t " (2 '15 ) '  e ' g '  j : r  (B '1 ) )

ancl 12.17t. l,le shalL. also stuciy the lagrangian duality equality

{2.34)  ,  wj& 0=03 9I  (2-51-- (2 '62\ ,  i ld .sonre re la ted prcb lems'

3. IATCiir..rSs atqD vtrFTE!@TTi. GR"APHS

T'hroughcut the secpel , foc sirnplici-tY, bY a "graph" we shall

mean, v;ithout any special mslt-ion, a finite sinple graPh' i'e' 
- :

( s e e e . g . [ r ] , p . 5 ) , h a v j : r g n o 1 c o p s a r r c n o m u 1 b i p } e . e d g e s ' a n d
'we. shall consider onllz graphs r+ithout iso.latecl verLices ,

l,et us recall (see e.g' [9]' theorent 2)

,,Koni_q,s_natcldlg trco{fl". rn a b.ipartite gi:a-plr $=(v=v'uv" ,E),

rbe_u{us}_qee.,".u}i!y*€*e"_re!gbnos 
(i,-ed-c-!eL-9L-p3rr{as9

dis jo j r r tecges)1seq[al .Lc!1]enr i .n i : i r r ' r ,ncard- jnah.LY.Qfaver9ex

goligr. (ig:j ji--i- ="t-o ) '

we can wrj.te this ttreo::em in the form (2'25) ' by choosing

G=Lhe collection of aII v-erlcx covers $r

lFthe colleci-j.on of all nntctri-ngs rv'

j {^t,



Ibw, let .i::.,
.  \ 7

.  A=V(=M) , R=I)\f ,c2"

(whe.re we iclenti.fy each eclge with tjre set of its two endpoints) '

and let o ]re the usual jncidence of vertices ancl edges in graphs,

def ined,  for  any v(=a)€V ancl  e(=b)€E,  by (2-44)  of  example 2 '2 i

note thal; conditions (2.421 and (2.43) are now satisfied. Then,

G of t2.151 and (3.1) ar:e the same, and so are the sets tr{ of
' (2 .17) ,  (3 .2) ,  and the resul - ts  of  $2 apply .

Thus, since the nrin-nnx eguality (2.25\ is now Kontgrs matcir

ing theorern, from theorems 3.1., 3.2, and corollary 3'1, we ob-

tajn the followjng results, for a bipartite graph 9:

Ihgor.gg- 3.-1-. Vie halzg (2.34) (so Kgnj-g.'s. natchins t-heorem

c,oj-Ircides yrith ti-re Lagr:?ngiem gujrlity -e.]r:glfly (1.32) , with d=Qr) '

qrc r- for any ntini,.nym cardjl;rlity vertex gover:. 9o euJd an)' Iaxlm-{

cardir:.rli'LY natching- wo, each vcrtex v€go !e.1o?9s to g{actly o

edqe.eer.l^, and c:lqLsqge e{-vr^ conl:lirrs cxacLl}' one vertox v€go;

hence,-thq-$1,rber of jlciclences bc qo ipg % 19 (2'35) '.

gere]lery=1-1-' at -
9^={v. r . . . rv . , } ,  for  eac}r  t ingo on-e can sc lqct  aLSgqg e '6E'  con-

J*rl,n ,r.,, T,, =* *oo inui ub={tt,"' '"q} 
' is jr nlaxinrrm car:{L:

13ligLf{glrrg / 1

rr) 9ig.:lf **tlnrel igltlila]-llL-Ie!9ltnq wo=te'' " 
' ' reni I

from each sqg.i.ub one can -:elE:;t--a -vert'ex ti 9! ei'g1-Eus!-g

r.nrr t-hat- o ={v. -',r I is a nLinj-mum carcl-ila'Lr"y verte}l colqr"
W c l y  L I j d L  V ^ -  t v 1  t  " '  t " n )  ! a - ) L - ! ) ) -

v ' - i'liemlr:l< 3.1. Coroifuty 3.1 b) is ktrolra.-'; for a-p algo::ithmic

proof, see e.g- l lzl ,  PP.279-2B}'

Moreover, there fxrlds now

rygg_]'|. Fcr G aqd S: € (3'1),
I  I  : ^  , - L  l n  r ^ r l
iw l=mrn Q1 \c j  r t v i

*1r-
Y ' u

Proof. for anY lv={er= (v j  rv ' j  ) , .  .  .  ren= (vn,vn))e28,  def ine

( 3 .  3 )

{2.5)., \dg-!gle

1 w e 2 B ) .  ( 3 . 4 )

, r t t  ]  .

v

tne a-covery.are nottifq else th 9, and

the e-Eirngs corncide v/ith the $; hence, the sets

cr =V\{v' i  , .
I

( 3 "  5 )



:' t ' . . . . - "

' 
note that- some of the vj's (and sone of the vl's) na), coincj-de,

' J ' - W '

. :Then, 
9r"Aer={vr}10 (i=1 ,. . . ,P) and ' clearlv, q nef! for dll'  " ' - w

e€B\w, so g--€G. Furthernicre,  vu'^w={vj}10 ( i=1r. . . rP) and vnw=p
, I  1

i  (ves; {v \ , . . . ,v i i=v\ {v ] ,v ' j , j  . . , tp ,v i } ) ,  whence

which, together with (2.33), proves (3.4) -

! Finally, let us give no\A/ scme counter-examples related to

Ea

. 
Formula (2.26t need not hold for we2"\W, as shovm by

ET+nple 3.1. r-€t v '={vi}  ,  V"=iv: i ,v}.} ,  E={e.,= (vi  ,v1i) ,

e"=(v.l  ,vi) ).  Then for y=g=V'e G and w=E€2D\Wi we have Q, (yrw)=' t -

=f i"nj, 1 "i ,r]  |  
=1 <2=l { (v,e)ey)(wl vpe} | =0, (y,w1

: Under the assunq:tions of theorem 1.2, tJre converse of the

statement jn theorem 1.2 b) is not valid, as shrown by

. C r x c l 1 t r p r e  J . z .  l ' J L  V  - L V 1 J ,  u  
,  r  1 ,  1 , . ,

9={V'VV" rE} .  Then,  for  9o=V'uV"€G we hr ,ave Qr(So ,e, l=Z= lUol  ,

.  whence (1.41)  (s jnce t r i= [ te . ] ,0 ] ) ,  but  g^ is  noL a ndxixum
. r " O

. 
u., carclinality vertex cover.

. Forrnula (1,41) need not hold for all g^GG, as sholvn by-o

It<a:n:ple 3.-3. l-or * of exampte 3'1, and 9,-,=V"€G, we have

0r (go ,e . , )=0 r (vo , "2 )=1<2= lgo i  ,  so  (1 .41 )  i s .nc t  sa t i s f i ed  ( s iuce  .

w={ {e ,  } ,  {e^ }  ,O} )  .
l z
Formula (1.50) need not hold for all (9o,5)€GxI{ such that

. go is an opt.l,rr"r.al elenent of (1.1), as shovin by

Exanqr te 3.4.  Let  v '={v . l  ,v ) } ,  y"={rz ' i  ;v ) } ,  E={e. ,=(v j  'v l i l  ,  e2=

= (vj  ,v)) ,  .3= (vl ,vi ' )  ) ,  and'1et $={v'VV" rE}. Then; vo={vi ,vi  }ec

is a minj:rum carchnality verbex cover, but for wo={e.,}eW we harle

2=Q. (g^,rv,-,) >ndl 0a (grw,-.,)=1 (attainedr e.9. ,  for g=V'€G) .
' J  - u  u  q 6 G  J  \ J

In Lhe sequel, we sha1l not- nentiotr e;ra:rrples corresponding to

examples 3.1, 3:2 and 3.4 (with the exception of e-xample 4.2\,

bu t r vesha1 ] .g i veso rne ,w} r i c i r co r i es1 ronc1 toe -xanq :1e3 .3 (see

e x a n q : 1 . e s  5 . 1 t  6 . 1  , 7 . 1  a n d  9 . 1 ) .



It is well-lmovm that for non-bipr::1-ite gr:aphs an. *"-r"* ,:
equality (2.25i nered not hr:ld (e.g" , for the triangle K, we have

. t l ^ . - t t .'nr i tr lgl='2>1=rncl-" l ivl),  but orle can sti l l  consider the coupli lg func-
g€G w€w
tion 0, of (2"5) . The Lagrangian dtr,ality equaliLy (2.341 need

J

not hol.d either, for this case, as shovm again by the triangle

K" (since rnr,'l nLj:t (l, (griv)=1). Ir{oreover, even rvhen the Lagrangian
r  

w€W ciec 
'  5  - .

dualitv eo,nfity {2.34) -frofas trr.e, t}e min-r. (2.251

neecl not irold, and lrence (3.4) need not hold even for rnaxjmum

nr r f i  i  n r  I  ' i  1 - rz  m-a{ -nh i  h^ -  r . ' / t ^T  : -  -161^76 [17qu l r rq r ru ) /  r rsuv lL -L I . tY> lJCyV I  O.b  )1 I \JWIr  JJ l

F.v:imnl a ? ( TaJ. ct=K 1.ho r.nrnn] r. l-oJ .  J .  & u  u  t \ A  I  u . u  v v r r y r u u u

,n.n tot r* n*** caraLafity rnatciring
=min 0e (g,w)=mi-n lg l  .

J  - -g(G * g€G

Renark 3.2. Tor rnaxi-mm cardinal.it.z m,:tchr-incts irr arbitrary

(not necessari.Iy bipartite) grrapl',s, the knov.'n ntax-nrin cqual.ities

(see e,g.  [S] ,  cn.6,  theorem 7.1 a: rd [9J,  theorern 11)  are nob.

"all--carclirnli.ty" equalities (nainel-y, (3 . 1 ) and (2.23) do not

h n ]  r l l  .  1 - h o c n  r n r v - n i n  f f i 1 i l  i { - i n c  . r r 6 3 1 ' c i '  l - r t  r r q r :  l n n j - h r r r  r . n t r n l  i n ,r i vJ -u / ,  u r \ -ou  rLnu. - r i r r r l  t : yLro- r -LLrL i>  SU9( jL l l j  l -  L ( )  LL : j ( j  c t l r (JL- l r ( j r  u t - ruyr - r - - r i$

f , rnn l - - ian  A. r . lVT, i ->R-  wh i r -h  r . " ' r , '  sha l I  o i t rO r - , . |  Sp ' rv l rOr :e .J . U t U U A V I l  \ / . U / \  Y t  ' l \ t  Y Y r l r u r r  r i Q  D l r ( l r r  Y J - V U  L J - O g w r l v l - u

4. E]EE COjERS ANp .CWLr0L*rS_TjLBr"P4SL'rrTr GIAPIIS-

. ret us r:ecall (see e"g" [9], cor:c.Jlary 2 a)

"Kollg's coverjnq thgor-qm". In a ljPartite g€Ph *=(V=!'uV'rB)

the mini;n'' lr,r ca::clinality of ern eclqe covcr (i.e,, of a set of eclges-

6n r ro r i nc r  a ' l  I  1z r - : 1 ^ t - i - . ^ ^ \  i ^  ^ r y . r r r  { . n  i - h1  mrv i ' n r rm  Ca fd i f f a l i  W  O f  au(, /vLi l -1119 c l -LI  \ i : - . l .LIUU>/|  :L5 Y! \ {11 LV L1. ! .  r tu-r ! t rLutr_Yj1.Y- j ' . j - t -5t_"-__

coch-cl .re ( j - .c. ,  of  a set of  pain' ; isc nc'n-acl jacent vert iccs).
-.*.4-

We can write this thccrem in the form (2.25), by choosing

graph on four vertices.
. t lw€l/tr we have iwl=/<l=

G=the collecLion of al-I cdge covers g,

.W=the collection of all coc.ligues w.

lrlrw, }ei,
1 7

A=E\o e2" ,  B=V(=Y1
(wlroro rr,i- .i clqni-,-i frr r..rr'lr ndon with thc SeL of its twO
\  YVr  l ! !  ! .

and 1e1- o bc.: the j-ncidence clefinccl, fo:: each e('=a)ev

( 4 . 1 )

( 4  " 2 1

( 4 . 3 )

e'xrdpoints) ,

and v(=b)eV,

rr^



i :  , ^  _ - . '
. b y ( 2 . 5 6 ) o f c : x a n . p l e 2 . 3 ; n o t e t h a t c o n d i t i o r r s ( 2 . 5 4 ) a n d ( 2 . 5 5 )
are no\,/ saLj-sfied. Then, the A-soygg afg@

-  .  . ^
Sigg_gglqll_g! $', and tLc s-Egkir.rg!_ rsulgiclg_gith the cocliqucs
:of 

9. Ttrus, since the min-nax eqr-rality (2"25) is now Klxrig's cov-
^*'i*'" +tr^^^*^*' from theorems 2.1, 2.2, and corollary 2.1 we ob- ,( : J - r l Y  u l ( . i u L c ' ] t t ,  . .  |  |  L . L f  u L v  w

. i'.bain the fol-Lowirrg results, for a bipartite g::a1:h 9: i:
, Theorern 4.1. I^ie have (2.34) (po xonig_'s co"g-rjng theory--
c-cincides with. the Lrgranqi"al duali-ty t]'Icorern (1 .32), wilJt 0=01) , ,.

'and for_an)' qininum.ca_rdfr.ality edge cove{ 9^ ry14. aty naxjmum :

r-arr-q'i nal ifv r:, lr: l- icfue w , each eCqe e€q cont-einc r-var-l-l\/ onp rzertex"a '  * * - , .  - - - ' - : *

\ rc l i  : rnr l  r r .anl ' r  r ror1 'n."1 r r l : r^z hr t ' lnnr iq l -n r :*" ' : r -Fl \ .z  a\nr :  r rdaa r>prr  .  h,
V \ W ^ ,  L { r - q  U s v l r  v v !  u u l  ^ r : i v  v \ /  ! - ! q v e ! - j  J r r U  r r . W  L . Y n ,  

. . . r Q ! 9 9 f(_) LJ 
- 

\.'

the nunber of irr_cidcnce:_bc';v;een go gnc] wo is (2.35)

Corollary 4.1. a) Cr.vert any nmi:n,m card

9^={en ,.. , ,e-.}, from each. ex1cle €.,€9.- one "can select a vertex v,-o  I '  q  - r r - - *  r

of e., in suCh a r.,ay t l-nt r,v^=it.r. . .rv^] is a rn;ximr-m cardlnali ty
u t v

coclique.

U) Sgglfqfe- u^={vr ,. . . rv^}, -fg!r . 1
g2g[ rr.€v/^ or-]c can select an ecge €'*€E, ccntajnj:rg vr, in such a

1 O---- -  - -*+

r,nv Lhat ct ={C- ,... ,e } j.s a Jrri.nj-:n'.:_nr Cardin;-t} j{-r, ,rrlro r\^\/r)r^j . . - _ r  - : t : " _  , o  L -1  r . .  .  r *q

fn cont-:-.rst with Lhc situation of 53 (see exarrple 3.3) ,

there hol<ls novr

flr"oryU4.2. IgI lv g"q 0: € @.21 , (2.5) ' lgt?ve
t l

l y l=n  "  oa (y ,v r )  ( yeZ"1  .  U .4 )
\^161{

1?

Prcr .of  .  F 'or  any y={er=(v. i  ,v ' . j ) r . . .  re . ,=(v j ,v^)  }&2 ' " ,  Cef ine
l l r Y Y \ 1

q . = { v '  - ' r } .  ( 4 . 5 )
Y  1 t " ' r v q ) t

note that some -r rt"^ "rr- /\-'1 some of the vlts) may coi-ncide,uJ-  LJ l ( j  v ,  b  \c :11L 
I

brit we vrrite v and w-- in the above form, for lhc conpr,rtation ofr  - - - -  "v  - - -

0" (y,w',) .  f  i ien, sincl q,e V' ,  we have vr--(G. trurthenrol:e, ynvjrrrrJ
r  )  J  y  t  " 1 a v 1 f

/0 ( i -1 , .  .  .  ,g) ,  r . rhcnce

d - ( y , . . r : _ _ t . . t  ( 4 . 6 )
'  J  -  w v " ' L l - l Y | '

.vrhi-ch, Lqe Lncr wj-th (2"32, '  proves (4.4). . ,

A result corresl-)onciing to theorem 3.2 neecl not hold, evc'n for

t  r t T . I  -  -  ^ 1 - . ^ . . ' -  l -V/e\'1 , cl5 ,5lI\*)Wli IJy



" ' i
IblampJe 4.J.. i, 'or * of ex;unple 3,1 , G i.s a singleton, narrely,;

' l-hr'. onlv r.dcr... r.Over Of I.iS g^=II. I{erce, for tl"re coclique w={v.i}e-  - . *  ) O  l J .  l l s t v u ,  r . v !  u r l s  v v v I I Y U g  W *  L  V  
I  i

eW wc have ;

l r v l = 1  < 2 = Q " ( g ^ , w ) - * n  0 a ( g , r v )  ;, 3 ' " o '  
g e c ' r  

" . ( 4  " 7 1

nevertheless, equality holds for Lhe orclique lvo={r'i',v')1, and, i-n
{ : : n #  f ^ -  - - . i  r n r r . l - i r . , : ' l  ^ : . i * i | q ^ r V J ^ )  ( b V  t h e O f e m  4 " 1 ) .l q v L t  r v r  a r ) /  u y L _ L r L l a ] . r  p o " r r  \ ! o .  

o .

&<anple 4.1 ancl rernark 1.10 c) suggest the guestion, vrhether

formul-a (1.50) holds for al l  (g_,w^)€GXW crrgl  t -u+t-  ̂  j^  ^-. i j ral .
-o.  

o 
r  L. t lg.L Yo rb UIJL-

for  probi .on (1.1) ,  where G and W a: :e  Close of  (4 .1)  and (4.2\ ,

respcctively. The answer is. negative, as shown by

Exarrn:Er 4.?. I"et v '={vi  ,v)},  v"={v'1'  ,v\ ,v ')} ,  t i={e.,=(vl  ,vi ' ) ,
e^=  ( v . l  , v ' l )  ,  c .=  / "  I  " r r  \  ^  -  t - "1

z  I  z  r  
' \ v 1 r v  

3 t  ,  - A - r v ' v ' j ) ,  e 5 = ( v j , v j )  ] ,  a n d  l e t  $ =
= (V'\-/V" rE) . Then, for the nrinj-rnLun cardjxality edge covcrs go=
_ t ^  . r  ^ - r  _ r _ t ^  ]  a n A  { _ h a  ^ n n t i r 1 1 g  q r { v l  , v l } e \ n l  v t e- l ! | :? t t . t | rv5)  cu tLr .  VO- , . t2 r -3 rc4J  < ! tL r  L - i l ( :  uuu-LJ . ( l  

Z  Z

l R v e  d , ^  ( g  , t i ) - 3 > 2 = C ' ^  ( q '  , i . 1 ) .'  J  - O '  ' J  ' - o '  '

For non-hipartite graphs, the equality (4.4) need not hold,

eve-n for lni:rinun cardilality oclEe cove-l:s y(G, as shor.n by

E_t1!l],, 4.1. Let 9=I{o of examirle 3.5" Thc.n every rninimum

n.ar^d in r - l  i  l - . :  n r ]no  nnr rn-  -Cn i  q  : r  mr fn l r  inn  11171 l - ^ , r r . -n  n -v  , \  !n  ,! q J u  L v v s r -  : J * -  I r  q  . , s \ - v L L * L S t  w r s  i l s r v s  r L i l ^  V l  t V l ' / l i / )  = 1 (

w€!v
-'  |  |  '  t_rt, ,  1 r,,  \ ,Oj). blote aiso that_, Jl this exam_. z = l g l  ( s x l c c  W = t t v 1  J r . . .  r t v 4 i ,

p le ,  i , r e  h ; r ve  (1 .35 )  ,  bu t  no t  (1 .31 )  ,  ( 2 .341  |  (2 .25 ) .

5. CIIAIN CO'rrfiFS Ai\D ANIICI{A"i}iS Tt{ POSETS

Let us recall (see e.g. IOJ, tfreore.rn 7)

"Di1iro_::'Lh's.lhgg_€tn". In a finj-te*jp.s"S! P, thg mj-niq\inr gggi-

nality of a chajn co."rer of P (i.e., of a set of cLrajns covering all

c@--e! i') :e sgu@:]ript-r1y--€-g!-g-l'grslutg
(i.e.., of ai set_of Erin,risej nconp_ara:bl.c_S]-ggglg) "

In the usual forraulation of thj-s theoron (see e.g. ['t ], ttreo-

re;n 8.14), the ucrcls "chain c<fver." ai:e repj.acecl Lry "pnrtiti-on of

P j;rto ch.r ins" ( i .c., di: ; joint chain covcr) ,  buL i i .  is casy to see

that the tr,,:o fo:mulati-ons ai:e equ-Lv;rlcnL.



'
hrrN.t

" - i ' * " *

choosi-ng

( 5 . 1 )  l
:

( s . 2 )  :

' 
We can \dl:ite the arbove theorem i:'' the form (2-25) ,

G=the a>llcction of all .f,oin covers g,

W=the collection of all anLichains w.

Nov,l, let
D

A=L\g! C2" , B=P(=lr,1) , (5.3)

where L denotes bhe collection of all chajls .t jn P, and let p b€

the jacidence definerl, for each !.(=a)et, al'rd p(-b)eP, by (2.56\ of

er<anple 2.3; note tliat conditiotrs (2"54) and (2.55) are nc'\^/ satis-

r.i ̂ 'r rr4.^- +ha ft-ggy6rrs are nothinq else t]ran the cirain corters of
I l.CLr . Jl ltr:I l, I Ll ii: t1 vv v !a o 1- 

-_ 'l- 
.#

p, and thg 
"-*"gC;Gt"tt 

.* *.tl** P' ri*rs,

sj.nce tle nrln-nax eguality (2.25) is not'r Dilr,t'orth's theorem, from

theorems 2.1 , 2.2 and corol.lary 2.1 vte obtain the following re-

sults , for a fjnite froset P:

Theo::ein 5.i .  I{e }nve (2.34) (so Dil-vcr:th' s the-orem coincides

. . . i 1 1 ^  + t - ^  T r n r r n a j r n  ; r r r l . i 1 . r r  o r n r r ' ) i . t - r z  I 1  ? ? \  r , r i f h  / = r \  ) .  a n d  f O f
\ ' ' l l . t n  I ' n { '  Jd .C - ; r . 1 i 1U t ' r r r  La (a r rL )  L . l : t g : : _LY -  \ t  ' r L I  r  vY ru r . r  Y? ,  ,  * " *  - - '

any ninj.:ng1 cjrrdj.nal i b)' chah cover go =nr] rnir mrv i mr rr',r r-;r rrl' i na I i t'wq l l u  c { r r 7  l ( s / - ! l l u t L

anticj.;rj-n vJ , e.1ch chairr ?€cJ, cc;trt-aj-ns avrn f - - l  \ r  ^nn  116\ ,7  -  ; l f f . l  oAf - -h
\ ' - v l \ -  L - r -  v  v l  r \ -  v !  Y r  _  t  

q  r s  r - ! L v '  a

r>€\{ J>elon<rs to exactlv one chain Ieg^; hence, Llie nuinbcr of inci-

gegn-.uiqit!13 eo erl ub is (2' 3s) '

Q!-rrollary 5.1. a) Given alry m::nimi:rgrgq$3lf!y-c!4ln rgygl

n -{ 0 o } fron eac}r chain l,'eq one can selerct an e}'ercnt
V O - , r " 1  t e  . . t . C i r t  - ' _ -  

' - i - r O

p,€r-,,  jn suc-'h a ' , . . :rv t l l r l- .  v,r^={p.,.. .  rP^} lg-Llglrnrur c-ard4alj . t f
'l- 

I ..--.-..- | Y

E$I-clrlU
n) rvo= {P', , " ' ,Po} ,

for each D,€vJ- one can selcct al chaj:r !','eL,, qe$41rrUE P;, in'such
^ - :  r - ^ - - -  , . i -  o

a \.ray ttnt g; l2-r,... ,L^) is a rninimu carRj{1,:}itl_chaj:r cover.
\ J I Y

Furtherrc,rrc, front theorem 2-4 we obtaj-n

Theorem 5.2.  g  G at9 S_,  € (5-1)  ,  (2 .5) '  we have

lwl=mj l . I  d l . (9 ,w)  ( rveZP).  '  (5 .4)

g€G

A resul-l- corresponCjnq to theoran 4.2 neecl not holdr qV€JI

for 1165, as shown bY

I:t*,. \1]g-l.1. LcL r '-{n1 ,P2}, r"; i th p.,>1-' ' r '  l ' }rcn, for y=gt=

- { { "  }  - { r r  l } r . C  r v e  l r a v e  d , ^ ( q r , { p  } ) = " '  ( c r r - { n  } 1 - r  ' r - l " r  I  r " . 4 1 \- t t p 1  i r t P 2 i l e t - r  ' 3  -  . ' 1  J , l  = ( ) 3 \ 9 - , " 1 ' 2 2 ! ' , - t ' ' L - l r J  l r  D v  \ l

'.? i
I t



i s  not  sat is f iec l  (s ince W={{p. } ' i ^  }  'd} l
-  

|  
t ' t ' 2 ' t r r ) t  '

tet us recall (see e.g. [9] , $corem B) Lhe following

,'p_Olar". to DilvrcL:tht= ih*"r"*. In a fjnite rnset P. {fie maxi-_---- - : ' ----- - '  -==_:::-

mtrm caroirral it,' of a charn is equa]- !o_

a:-r afitichaj-n cove-{ (i.e., of a set- of 3I!

nents of P). :
, to Dilvortlt's ttreorem of 55, jn the

jnterchr,anglng "chajlsl' and "anLichajns"

-,-.--J

i
I

Tiris result is "polar"
? ^  1

sense (sec [9 i ,  p .455)  t f ia t

carries one to the other.
' We can write the above

ing

theorsn in the form (2.25J, by clroos-

G=the collection of all anticlrai:1 @vers g,

WtL(=the collection of al l  chai.ns w).

lrtow, Iet
D

A=f\o C2" , l]=P (=M) ,

wl-rere f cle:rctcs the collection of all ani-ichajns y in P, and lct p

be the lrciclence oefine<l, for each ^y(=a)e f and p(=b)eB, by (2.56)

of example 2.3; note thnt conil i t ions \2.5'1) and (2.55) arc now

sar i sf j.ecl. rnen, tlJe n- cgygtggfg-lc, tLl !1+-q$!J!g!.g-g*-lg!d ll

govg{g- o! P, glg-Eg B- rains of P'

Tlrus, since the min-nrax equ;rlity (2.25) iS norrr t.l-re above "polar"

result to Dilvuorth's theorern, fron Lheci:eu'; 2.1 | 2.2 and corollary

2.1 v;e obtajn Lhe followlng results, for a finite poset P:

Iht."Ig!*q-r-1. tr','e -have (2.34) (so the .al€ize --Pql?r'lLo nif-

r,ri:rt!' ts th.--orgm Jgrnc j-rl"s With the T,a Sgtalily
t4 .^r --:!1^ ,-J^), ;tncl for a1V rn_ini_n':L car:'Jjnality anti.cturin ccv-
\ 1 .  J l l  ,  v l j j i  t i ) - ' ,  < .

S 9o Clgj-gglAr.r- *t.1jt wo, -each ellU€]lefr Ytgo .
coltaj:rs _oaclltz onr: p€wo, ar:d e;rch p€vro lSlglgg-!9-Slgg!!y--919

antichajn y€g^; hence, the ntlnirer of incidcnce:; beLween g^ aq{ tv-
' -u :-j:-:':----- o

i s  ( 2 .  3 5 )
' cnr^o'l f ;trt 5. 1. a) Givon ;urv mi-nlnlr.r,n-sarlltit+t:lf:ltictlain

t ' . v ] , f r c e n c a c h a t r l - i c i r i l i n Y u € 9 ^ o n e c J n s t l f c c t ; r t r
co\.7er !l^=tYr r.. _L \J ::_i:__:::_:-j_:_-_::_- _

v t ! t

( 6 . 1 )

1 6 . 2 1

( 6 .  3 )

1 t ,
" ' : ' i



:'efeu:$ piayi, j.n sJrcf a r^iay _that ,%= {pt , " . . ,pn}
gggtl!v-s:-til.

b) Givcrr any m:x-j-nun cardinalily_ chaig w^= {pr ,. . . ,p^}, lorv t \ . i

each tf.€\./  one cffr selcct an antichein v.€l ' ,  containinq p., in such- l -  ' l -  r  \

that g^={y^,... ry^} is a nrinj-n'rum cardinality arrtichajn cover.
t v

" l '  '  ' . . ' ' ' l
' I

l-S il ffiAXljtllltll Cdf*

a krly

Remark 6.1. a) In thi.s paper, "chain" means a set of pa.irwi-se

c.ompa.rable elerrcnts of P; if one also recluires Lhese elernents to

be arranged::r increasjng order, Lhen in coroll.ary 6.1 a) one

shou-Ld replace "ro={p1 ,... ,po}" by "so'ne permutation wo of
I ^  ^  J r rt I , 1  r .  . .  t L r q )

b) Coroltary 6.1 b) is known ancl it aclmits a simpl-e djrect

proof , vhich is also the r.rsual proof of the above "polar" to Dil-

worth's theorcrn (see e.g. [1] ,  proof of propoii t- ion 8.15); namely,

it is enough to take

y i= {pee la (p )= i }  ( i =1 , . . . , a |  ,  r c , 4 \
vrhere d(1:) clcrnoles the length of the larEest chain in P, with

(uplNf, enopojxc p.

lve obtain

( 6 . 1 1 ,  ( 2 . 5 ) , I , t e l r w
l 1

I t t E ) '  \
\ Y r v L  /  '

f,\rrbhenrpre, frcrn theoran 2. 4

IlEorgI_-9.?. I9I c gla. +j e!
I I

lw i=n t i n  . ( , 1 (g , r v )
9eG

( 6 . 5 )

A result correspondinq to theo::e-in 4.2 need trot hold, cven

fOr 1166, as shCr,uir bY

I>,enple-Ll. le L o={P1 ,P2}, with p., 
' 
cl p2 inconrr:arabl-e. I-}ien,

f o r  v = g ' = { i p "  } , { p ^ } } e C  r . r e  h a v c  , A  { r r r - { n  } i = d r -  { c r ' r { p . } ) = 1 < 2 = l g ' 1 ,
|  -  Z  

t 3 , ,  r , L - 1 '  /  Y ' 3 ' : ,  t . r t ' z "  -  t )

s o ( 1 . 4 1 ) i s n o t s a t i s f i e r ] ( s j n c e ! V = { { 1 r . } , { p , \ , a i )

7 . lii"if*DISJOiI{I r-s*PAli'l PACKIn*GS AliD r-s-SilPAR/{II}$3 AFC SITS

rN_4$g!-p_Gr}PUE
Let  us  reca l l  (see  e .g .  [ t ] '  tneorem S. l )

"1,,{enqer's tir.Or:em" " Let S= (V,tl) bc a clire,cted cg;pfi.ancl.l-et

rlseV. 1'lren i:lrc: rur:;Litun nurd:cr g-t--n-,Ugi-T-l {clljilgfl1! r-s--P$ll

,a*.1-g***1*U=-.O ; fg =f l9*egj11-19- Ll-re rui-nirlu{-car{i-

nalj.L.5, of an r-s*Fl.g35tllir-!-3Ig-:g! (i.e.-r-of .a set 9f arcs s-tlch
-_J--*--

J:' l i



that afl,er ils 1orn.rrnl f rn- f,,1 there remains nO f-S-path) ., * -- ':'l_--'5i-_-::*j wt *__=_-.-_ - ::-_:-:*,

In anoh-her forniulation of this theorem (see. [9J, theor:e.m 4),

the rvor:d.s "r*s*sepot:ating arc set" are replaced by "r-s-cut" (i.e.,

a  set  6  (V ' ) ,  wi th  V 'cV,  rdV' ,  s€Vr,  lv t ler :c  6- (V ' )  denotcs the set

of all- arcs entering Vt), bui- the Lwo formulations are eqr.l_1-valent;

in f lOf-r f l  -  OAf-} f  f -q- f ' t r ' l -  i  q r -<-c la6rr^r{- i r ra =ni  ^ :n l  1^-c-c6r\ t t^r f  in,. ! rv !evr  squrr  r  t -UUL- I5 f -S:sepafdtJJlg,  d. I IQ €<1Crr !  >-- ; )sycrrcru_r_rt$

arc set ccntzjns an r-s-cut (see e.g. [sJ, p. 121).

I{e can vn:j-te the akrove theore:n in the form {2.25l, , by choosing

G=the collection of all r-s-separatjng arc sets g, (7.1)

I{=thc collection of al-l sets \,r of paintj-se arc-disioint
r:-s-paths ( 7 . 2 )

An r-s*pai:h in S is any seguence Ti=(vo.r,u., ,u1,a2r...  rvrr_1 r

u * rv -=s )  ,  v , ' l r c l re  v . cV  ( i=Or . . . , t r )  ,  u . ,= { l [ eu  ( i=1 r . . . r n ) ,  anc ln ' n  t _  r  r . - l '  r
n21 , and r.,'e :;LLaIl- -identif.r iL r.rit-h the secruence of ;rrcs Ti=

= ( 1 1 . . . . . r u - ^ ) .  t . ; e  r e c a l l  U r a t  a n  r - s - n a t h  - , , - ( u . , . . . r u . - )  i s  s a i d  t o
l  r . r  

t ' - - ' - J ) '

b . , : gE lq  ( sce  c .g .  [ : ] ,  p .B )  ,  i f  u i l u i  f o r : . r l t  i l j .  r t  j s  we I I -
*Lno*, tfr.,rt- c.RCh r-s-]ratt rr contej-ni oJu:*rt,e r-s-patJr (jrr fact,

arrv shor^ l - { )q i '  ' }^ - -sr -qrr l rna{- l r  o f  n -  i . r ' -  } rarz ino f } re lcast  nrr rber  of. . , - I | | , r . 9 . '

arc5, is sl:rpte) . U;inE this fact, lct us obsi.rve

L,c-rmna 7.1. In ilenqer:'s t.jrccrrc'rfr one can rerplace r - -q-na l 'hc:  hrr* ." L'-* *'"- _:-J_

simple r*L;*r:uths.

f5pi. I/:t wo=trr,. ". ruo] bc a nr-ax-imun cardinality sct of prir*

wisr. dis-i,-r'i n'l- r-s-rraLlls. 'then caci't 1i: contailrs a si:rlple r-s-F1th, \  r , r u  
j  

- ' " . . * - r

r-l , r'rhcncc v,'t={:l.l ,... rTi.'-i is a mrzitlrun cariJinelity sct of pa.irwise
J I P

a{ i  c in ' in1-  q  i r r r l  r t  r - . r - r ra l - l tq  Cfn  l -ho  r '1 ' l - ra r  h , ' tn r ' j  ; ln  t r ^  c ' rF  n  r ' l i  cz-u] cl-r-'C S{:f g UIS(jOn-:

nects al l  r-s-pa.ths ( i .c., 9(G) j f  anC only i f  g disco;rnects al-1.

sirrple r-s pfths (s-ince cach r*s-pabtr contains a slmplc r:-s-patl-r) .
, l ' l r r rq-  rnr t l ; rc ino r^- . i * -nr l -h; l  hv s implc r -s- r - rat .hs c lOes not  a l te f  thel l I u J ,  r v l r r Y

nnx a:rd Lri-n jrr Menqer's 'Lhcorcm, wirich cori.-,Ici-es the proof .

: In the seciucl, v:c slrali considcr on]-y s;itttple r*s-rralhs. Let'

A= L*-*Jir (=,v11 C U, B=11(r,s) c 2l , ( 7 . 3 )
i r e  I l ( r : / s )

wirere l1(r:,s) deinotes t}c sel of all

in.S (thcse a a:]d B are c;btai:ted bY

q - i  n r n l n  r * q - r r . l ] . h c  r - = / r r  r r ' lJ f l i l i J l . c -  L f ,  f / q L r l o  , ' ' -  \ " 1 t . . .  , L { n ,

;rrrn' l  rr- i  t , . ,  ,-r-*, ' ' .k 2.7 LO U al-:dd y P r y ! l !  l - L : l t u r A



T 1

II(r,s) Cz"L and let p i:e the inci-dcnce defined, for each u(=a)e

€\*- -J 'n  anc l  i r (=b)€ i l ( r ,s)  ,  by (2,44t  o f  oxample 2.2.  T.hen t  Q.421
.  - , r r I l . ^  ^ \

.  l l q l t  \ J -  t D /

and (2.431 are satisfied, and tire n--ggyerg :fg lo_L!r:i11g_glge g1an
' l * h a  r - q - q o r r e r = J - i n r f  : r r ^  c o 1 _ c  i n  c x  - - 1 - - : 1 -  r 1 - -  r \
:::- -

vrj-t4_the sct-s of,__pain^tle arc-O:-sjo:. r*s-p*!l5jn$. Ttrus,

sjnce the tnil:-nax e<luality (2.25) is norv lrierger's theorcm, fr:om

theorcms 2.1 | 2.2, Ntd.corollar:y 2.1 we obhajn the fo]lowlng re-

sul-ts for a directed graphff=(Vru) and for r/seV: i

The.orem 7.1. I,le ilave (2"34) (so Frenge{'s theorerlcojncides

r , r i t h  l - ha  T ; r r r ' ^anq i31  c ] r ra l  i t - v  cNn :a i  i f r z  (1  1? \ .  w i t h  d r= r { i - )  .  and  1 'o r

@ r-s-seFratilg ffi g^ gn{sny_nEIllxum

eard ina l i t r . r  eo f  r . ,  n€  ^ - ' i . - . , j ca  a rc -6 i s i o i n t  = i f . ' r l a  f - s - r r f t hs ,  eaChvau!q!! L/ .):t r 
"r: Y:__f5:L_it::_ :l_u_Yln]U.LII u 5.L.:(jrrs r->-l-5i1_,_-_

; ) rc  116( t  l y . loners  fo  c 'var - f l \ /  r - ,ne  -^  ' -  * - ' !L  - * . ' -  and oac l t  r -s - r>r t l tg l j  s ! y ^  r 4 r v r r . r c  L U  c - . \ c r u L _ L . ) , L r t l ( -  I - b - . ] j 1 L l l  l l c v b ,  c r r r u  ( : ( r u r r  r  , r  t : _

Tr6w^ contjl.ins cxact-Iy one al:c ucg^; hence, the numb€J of jj,)cicle,nces
"o

bcLv,'cen g: anC ',','^ is (2.35) ..(,, __
I r n r n ' l  I  r v - r  ?  ' 1  : \  f  i r ' ^ ' 1  - ^ r z  m i r l i  r , r r m  r . ; r r r l i r r . r ' l ' i  f r r  r - q - q r ) ? 1 1 r : r # i n c r\ -^JL \J l . I ( l  j .  l '  |  .  |  .  Q)  \J -LVL: i1  C l l  l y  l l l - t . . l1 . l . l l : ' -U t (  LCLLL. I ILT( r - r - r .  uJ  r  r  r : )L . l . . / ! 'AqL iJ rY

t rn  aa t -  n  * in  ' ,  )  € r , . ^  ^ rn fu  i1  .6q  One Can so lcc l -  a  s i t i r r ' l  c r  1 . -S-c r - \ -  i ) ( : L  Y ^ -  t \ J 1 t . . .  t u n J  t  . I L , L  t t t u r r  u i ! ) ^  v r r ! .  \ . - , u r r _ j : . . . . - Y - _ 3 _ j : . : l : j j :
v | \-.t J. t-/ -_-_-

- f r th  n .6 l l ( i : , s )  ,  con i r - in - in ' -1  u . ,  in  such i r  \ , .a1r  Lh : . r t  t , , ' ^=h^ , . . . ,n^ j
lJ | \-.1

]E*gIraI.JU: n sqlg I r,,!i!y-_:S!_ o i_ j{9:1lj.rlg1n !_s r11:lg r:- s-pr t hs .

b)  C.U-,_gry_r5r@ sct  4\-{ , r r , . . .  rn^} o!_gr.-
( r t g

-d is io ' i  n f  . : i rn ' l  c  r ' -q-na|hq.  i rom cach r i .6vr  onc c.1n sc: l .c 'c i_  ar1 arcg l - | J . - | v - t . ] r l . r U ' ! ! v

. r . , ' i ns t r , c ra r , . , l , ' t h ; ^= , " . , . " * * ]  t ;  
" " , . ;U t ' , ' . , . , t  

. '  = -
J - L r r L 1

-!gpr,{atr{r!r grc set

I{oreover, there lro}cls now :
'

Theorc-n Z._2. lrcr C un{ 0. of (7.1) , (2.5) , Ig }tgtg

l w l = r , t i t r 0 . ( g , v ; )  ( w e z  ' ) .  \ t . 4 )
g(G

P r o o f ,  F o r  a n v  t r = { n . = ( u "  ̂, . . . r u 1  . - i  ) r . . . r r r l ) = ( t o l  , . . . r u p , i  ) } g
n r 7 - _ T *  

-  |  t t '  t , ) 1  t  -  -  _ p
€2t " t ' - ' '  ,  de f ine

9 r r = U \ { t 1 Z r . . ' , u 1 , J , ,  u 2 2 , ' ' '  r . o 2 , ) 2 , " ' , t p 2 , ' ' ' , u p , j n } t  ( 7 ' 5 )

no'te that sorne of the arcs u.k n-ay coincidc, but tr'e v;rii-e w in the

^1^^ - - ^  r ^ * . .  r a *  r r - ^  ^ ^^ , , - . , r - r - . i ^ -  O f  Cb - (q  ,V i )  .  T5e ' r r  g - -A r r .= {U . r }10d J J ( J V L j  l ( J l l l t y  L ( J I -  L I I U  U L r i l P u ( 4 l L I L J l t  
J  

_  
W  

- W  
l -  I  I

( i=1, . . . ,p)  .u ld ,  c lcar ly ,  gw nr /O ( 'ne l i ( r ' ,s ) \ r , r )  ,  so gw€G. Fur ther-

-')



. . . r u p 1 ) l = U \ _  .  _ , / r i t ) ,  w h e n c e
:  

'  , i k€n1v . . .V t ;

Q3 (s*,w) =P= lwi ,

whi-ch, togcther: with (2.33) , proves (7.4').

A result corresponding to theorem 4.2 need

;
,
i;

( 7 . 6 t

i

n n F  l ' r n l A  a r r a n  €_"_,.  ;or
yeG, iis sho'nnr by

Ey.ample 7.1. Let v={r,v, ,uzlu3,s1 , u={#l,frzl ; i :,F,Gl,
and let$= (V,U) . Then S,-,={[6,$]eG, but for n.,= (#t ,iFr,G, ,
* - r 3 - ' - =  : : j  

'  u  L
1 i2=( r -v1  ,v1v3,v3s)e  lT ( r rs )  we have Qr (go i {n . , } )=0r (Uo i { r r } )=1<2= lVo l  ,

so  ( i .41)  i s  no t  sa t j . s f ied  (s jnce  14={ {11  ) , { .n r } ,A} }

8. r-s-Pz\Ttls /il"rD r-s-SEPAI?ATIG ARC sur PACKTI.GS rN DrREcl'ED

GRA]i)FIS

Let  us recal l  (see [a ]  ,  p .31 i  )

In_fL "$ 
= (V,U) L.__g

5UfglgS g5lill anC let rlset/. Tbgn_lp_I4_in"iin nunJrer of arcs in
g! r-s-p4e is e(&ul tg tlre

.y*" *{lgi o4! r-s- sgpllS!3lt1elg_ let s .
Again, there is a.nother equiralcnt forrnulaticn (see [9],

^ ^ - ^ 1  1  ^ * .  t r  ^ \  - :  *  . - 1 ^ : ^ L  L L . ^  - . ^ .u!.,r1)r-r.c1ry r <rr t in which ttre words "r-s-separatj-ng arc sets" are

replacecl by r-s-cuts" 6-1y') (see $7, t-he remerk after Merrger's

theoren)

We can write the abovc theorem in the form (2.2.5) , by choosinq

. G=Ji(rrs) {=tie col lection of al l- simple r-s-paths g) , (8.1)

W=tJ.e co.l.Iectron of all sets w of paii:wise disjoint :
r-s-se;rarating arc sots; (8. Z)

irrdr.r.d - An r-s,*rnth With a rainjmUm number Of arcs iS necessaril.yt  e r ^  !  ( , . I  t l w r (  r r u r u u !  v !  q !

a i  m1 zr hlnr.r  1 n{- :- ! t $ / ! L - .  l \ V \ / ,  J . l = ( - ;
n T I

A = U ( = M )  ,  B = L ( : r , s )  C 2 "  ,  ( 8 . 3 )
, \. , ,where )(r,s) denotes the collrction of all r-s-separating arc sets

o, and lct p l.re the jncj-clence clefineC, f:or each u(=a)eu and o(=b)E
-\ /* ^\ L" t 'r ^.d\ nf r.v;rrnnlr. ?.2; nOte tlfat COrrClit iOlS (2.421 afrdC / _ \ : - r : : /  r  v ]  \ z . T = ,  v !  L ^ s '

(2.43') are now satisfied. 'f 'hen, thc B*p_ac'li ings a::e rrothincJ else

-1, (



I

1

i

{

!]ru-_qg": g!1 j{-15,_rjry19g*q1gl o l,t r- s -- p glq$jrrg_ a.rc-*s9!s, so Lhe
sets vJ of (2.111 ancl (8.2t are the sanu. I{owcvcr, t lre A-covel:s are
no'rr t]le s:etl g' of arcs such illgf Sgqll r-s*@oseg_

tajls ai: lc'ast o]]g_gls u€g', so ilre seL G' of alr A-covers does not
coincide vril-h the set G of (9.1). Thercfore, 1et us pLove

Leniiq 8.1. D:ch r-s-pg!h g lqj! n-_csy9l__and each A_ggjgr g'
corrtajns e! r-s- A-govers,gg
noth' i  no el cc th41 t l ie nrj l im,..m Cardi rral i  frr  eirml e r-q-na.l-hq

p{gqr. The firsr- statenent is oi:vious, since, by deflnition,
each r-s-path g interseci-s each r-s-separating arc set o.

Assure now that gt'is an A-cover. Then, g' contains at leasr
one ar:c, bclongi:-rg to some r-s-path, of the r-s-separating set
..+ . ,*-+
6- (r) = {fr. ,  , .  .  .  , f f ,r i  ( t lre set of al l  arcs lea.zi lg r) .  I f  g'n6+ (r1 =

-+ __t l=trvi_,wi^r.. .  rrvi_ ],  t lren g' contains at least one arc, L.elongi:rg*1 ^2 *k

to soire r-s-path, of the r-s*separating set

6 ' ( { v . ,  , " . . , v ,  i ) U { o ' ' ( r ) \ g ' } ,  ( 8 . - a 1
1 * k

and hcncc at lcast onc arc, be.longing to so:r,€ r-s*path, of
c j - r r  \ .  , ,6 ' ( t v i  1 , . . 2 v ,  ] ) ;  t h L r s ,  g r  c o n t a j - n s  a r t  } e a s t  o n e  l x t h  f r o r n  r ,  c o r l -

I K

^ ;  ^ l  i * - .  ^ 1 -  J - .  - - -  - r  - - - - -  t  -  r  - -srst1ncJ or t.{r,'c a::cs; and containcc in sorne ::-s;-1:at}r. colrsiclerjng all
a r r : c  l na r r i no  f ' hn  " r ns ' i  l  i t i e t t  6 : : 16 l r n i n { -n  nF  r ' } ' 1  t . . ; 6 *2 rn  r - e l - l - r q  f r nq ru r  ! (  qv . ! r r \ J  L r JL :  l&J . ! L r vc  ( j j r u l i J l - l t Lb  u r  c t r r  Lv . -  * * -  . . , - i l  f  ,

contaj"ncc-l i-n g'and jl sorre r-s-p.rth, ;Lnd continuin_q in tlris -*ay,

we cbt-ajn an r-s*ixrth g, conbrjlccf in g'

. Firnl-ly, 't go is a rn-irj-nr.rn carclinatity A-cover, then it cor:-

tajns ar r-s-p.rtr g, which, in turn, cont:ins a si:rq:lc ::-s-path go;
]-r ' .^^ ^- i-^.- - '  iq :n r*mrrarr ; t  fOl]OV,rS 1-hat qt=q_=er Sj. 'np.1_e f-S-Lr lq r ,  D l les  \ /O . r . :  a r  f  \  uvv | ; r  7  IL  IU I -J -UVr 'S  Uf  ldL  90  - (J

-n;.1f. n

Since the niin-max egu.ality (2.25) is novr Fulkerson's "polar"
{-n Mancror I q l-honr,-m f rr- ' 

' l  
n--- Q 1 .l-}.an-^-- 1v  e , r \ -J r ra r r ,  i . . ! . . ,1 r r  * j i ru rKr  8 .1 ,  theor :gms 2 .1  ,  2 .2 ,  and coro l - '

Iary 2.1, rr,e obtajn the follorving results, fo:: a dj-i:ected grapl:$=
- (VrU) a:rd for r:f seV:

ttggs[ j.1. !.lg l.rarq Q .34) (-q9-Irlfgr:.sJl'-!-rplerlp-gqqr '-.?-
gpgfg1_gggg:{cg_ wit-h t.}fc Laqrarytgl_._lfU! t11::1,r,],!."y (1^32), with



0=C,-) and for any r*s*ttath q witJr a rnj.rr_ini:n nr.mber of arcs and' ' a - - r \ - * -

gqyn2:l-1.r}un galdinal-i.ty sct w^ of pirir:rvi se disiojnt r*s-sclxrrallng

qlq sg-!!, e;rch ar-c uec;-- l:ol,onqs to cxactly ol)e r*s-separating arc

;"*^; "".-*^ "-*: .**;;;ttr *;.n^, n*".G-,',.r*-
v  - O

be:: of incidences between q and w is i2.35). i
_*  

_  -_ -_  _  .__ , -_  JO : : : : :  
. .9  _ : -_

C.orolla::y B. 1 " a) G-tvcn elrly l:-s-p:rth q_= (un ,. .. ,u_) with a
' . .m, 
":$l_lg,pel-t_elggr_I9l_ 

each ri6go @ r:-s-:EE-

rat ing arc set o;  r  Cof ib,3, i l r inq u.,  jn such a key Lhat iv^={oat. .  "  ro^}
. - - r - ( J l qis -1 nnxj:ruJn carsljrlLit-y .sct of prir-wi_s_e drsjoi=nt- I-s-sepgaFng.

b) Gi.vcn anv nn>ri-rnun cardinali ty seb vr^={on,... io_} of pair:-

r . r ' i c r :  r l i " ; t - ; - "  * ^ " r - o ^ .  

I  I

es - : j  s J "u  JCL , )7  r r u ,L t  r . a r l h  o .€v / ^  one  ca I I

*r*. Jffit-.r .a"-."-" *'*r".uit.: " *
{u.,... ru.,} j:_gt1 r-s-pa'rhj{=!.qr + lrlinllri:n lunrJ:er of _ggs.r Y

nc:rnfk 8.1. One can also c,i-r/e the'fo1-Lol,/irrq <lii:ect proof of
^^*^ '1  1 - . - - . .o  4  ^ \  { ; rnd  hannr r  r ] f  F \ r l l<orcnnrs  r -n ' }  a r  1 -O j , . I : .n (J t r | r tS  f l6 , ( ) -L . \ J I . U - L - L C L I - y  ( J .  I  C 2 l  \ q l r u  l r q r u c  V !  I  t . g J \ u - D V I l  t  l r y r @  L v  l ' l \ f , r Y L !  o  u

re-rn):  r ,e l  u.=vr_. ,v,  ( i=1 , . . .  ,g)  ,  rvhere 
"b=r,  

ro==. n T  ,unoose o- =0 trJ6
Ir  . l - i  r  '  ' t "  o  c l

e I (r ,s) ;  then ui.  u1 .  r€t ci* (r)={f f i ,  , .  .  .  ,#r,  i
l*1 *  ) .  r f  s e { v .  1 , . . 7 V ;  } ,

I r  L .  - L l
K I K

--,
t.hen is is a:r r-so-fxrtJr r,v-j-th a rninimum riunibcr of ar:cs, so lgol=g=1,

and r . ; r :  arc  done ( i , r i lJ - r  w^={o. } ) .  r f  sd iv .  r . . . ,v . i  } ,  choose
- u l r l t k

o2=6 , ,u r . ,  , . - . , . ' r / , )€ ) ( r ,s )  ;  thcn  o1 . ro2=O a .nd  ur€cr "  r f  s  be longs

to Lhe set of all "pcsitj-ve" endpoint-s of the arcs of or r then

lgol=g'=2, and v;c 'arc done (rvi th 
" t={ot 

,or}} .  f f  nn+ f l rnn nnn+-jn11-t O -  , 4 1  , v  
2 )  

,  .  M l v L t  u l r q : r r ,  u v r r u

] - ^  . i , -  + 1 . . i  , _  v r 6 \  a r r i t z r -  -  f . i  l t . ^ - 1  r . .  ^ t -  r  ^ ^ r  . .  - f  ^  ^ .  1  ^ f
J l i g  . t l l  L J i J . l >  V i c r y r  w y  o ! r r v c . : ,  r l r . l l J - y r  c t L  c l  i f , e L  \ r y O - , - r 1 ,  . .  r ' r J . l )  \ ) .

painuise crisjoint r-s-sel la,rating arc sets, with u,€o, ( i=1 ,. . .  ,e) ;

rharr- sincp i.o l=lq^!, r,r^ j .s of maxjnurn carcl inal i . ty (by l-heoranw a L r r r , ' , O t r J O , . . O - . *

i "2  d)  ,  i : ip l icat ion 3o -? i " ) . ,

A resu.It corresponding to theoretn 7.2 nced not irold, evcn

for wel,{, and .t-rven usi-ng r-s-cuts :Lnstead of r-s-sc1:.rrating sets

(q' inr-n r-<r-r ' trFcr afe "9n111-e'f  ") ,  aS ShOfVfi b' .2

EIgpfg_gJ. rr:t v={r,v., tv2rs}, u=i#1 ,;;+2 ,T}}, ancl }et $=
=(V ,U)  .  j r hm o={ i : v ,  , vzs ie l ( r , s )  (and  o=$  (V ' ) ,  w l t c ' r c  V '= {v1  , s }cV , -



so o is an l:-s*cut) , whe-nce w={cl}eW. urra G is t}re sjlqleton 
"u;;ir-

f  inr-y nf :  l -ho r*c-  '4 - ' - ' - " " ) '  
.  ,  , \  - , ) :  , r  *  l -  .1ur r ry  v !  u r€  r -  ; "pa l -h  9= ( rv .  , v tv ) rv rs )  , '  b ' , tL  0 . . ,  (g rw)  =2>1= lw l .

i-Iorever, sjrlce u€)-(r,J) ,'fio*'tr,oor"* z]:-r" obtain i:
gEglerl*q"_2. IgI w 

"1.1 0:9I (8.21 , (2"5), }lq iraye.
I  r  t l
ly l-rax (,. (y,lv) (ye 2") .

r,fiw
( 8 . 5 )

If we use r-s-cirts instead of r-s-septrating sets, then theo-

rem 8.2 need no1-::em,ain valiC, even for: yeG, as sho'n*'n by

n<aS) le B; .  LeL V={r rv ,sJ,  F{r r=r t , r r r=f f r r r=G},  md leL$=
=  (V rU)  .  Then  y=g '= (u r ru r )e  G ,  bu t  f o r  o . ,= {u r  ru r }=6 - ( { v , s } )  ,  oZ=

={u., ,ur}=6 ({s}), r." 'hich are the only r-s-cuts jn 
"0, r.rb have ornor=

={rr l ld) (hr.nr-r '  {o" ,o^}dlV) andL v 1  J t  Y  \ r r \ - r r v v  ,  
I  Z

6 ^  ( q ' , { o .  } ) = 0 "  ( g ' r { o " } ) = 1 < 2 =  l g ' 1 .t "  "  ' 2

9" rNI'ilit'IAIJ.Y \4ii{lDi-DISJOI--}il1 r-s-PATIi PICI(INGS Al.iD r-s-SEPAR.MING

\4llfl'l:X Sl.rTS fN DII?.IiC'IED GPOPIIS

Ir: t  us recall  (see e,g. [9J, corotlary 4 a) or [1], thcorem

8 . 2 |

"lienc;er's thixrrc'm-vertc>l fol:rr,". Ic:L S= (Vrll) ]:c a clircct-c-J
dr;,r\h 

-;;;*r-;-#r;;.

,  *^ , . .  !L e ! / . . rL v ,  LD$.1r.  . r , , , . , . f l  t : ] - :C l i t l - ' : . i l l t t ' i i  n t i rn i :Cf  C- l f  paj  n l is ' :

"rq-,t**.,,,,.r.nr,-cllsrojnt 

(;."t ;; ;;;;t" .t; r,.r.t-

;;;;;;-;o-' * ..*;;;;"*',,,- ;;"r.r "r *'-
r-S-Sel l } ] . i :at ing\, 'Ci : tex Set ( i .e.  ,  O' f .  a sci :  Of vC::Lir :eS in V\{rrs},

i r r { -n rc r , r , i -  i r rn  r l  I  r - -c - - r r - r ' { -J ' rc " l-;. 

""r 
-*a. thfs thmren jrr thc form (2.25), by choosing

G=the collecLion of al.1 r-s-sefnrating vertex scts g, (9.1)

tr{=Llre col-lcction of all sets; rv of pai.nvise internally
r ror . l -  r . : r -d i  q- in ' i  r r l -  r -q-na{-1rq ( 9  " 2 )

In this secti-on it wiil be convenient to j-den!{y_e*g]l r:*s-
- ; :a th r i= (v^=r7u1 yv1 , I t1  7.  " .  rV,-_r  ru*rv*=s)  rv ' j -L .h thc scquence of  ve:r -

\ J  I  I  Z  l t * t  1 l  I 1

t iccs r r=(v" , . . . ,v^_. j )e  v \ { r ,s} ;  s inr l - lar ly  Lo 57,  we may : :esb: ic t
I  t I -  |

ourscr-lvcs !g_ggg( 1t51ncrll1ry r-:;-pa,!!r.s n, i.e. ([3], p.B) ,
q r r r - 1 r  l - h ; r F  r r  / r r  € n r  r ' l ' l  . r  < r  ? t t  ; < - \  / i t r ^ ' l r r r : l  i n 1 i - f l  : ^ . 1  i - r r l- u u r r  u r r a L  

"  L ,  "  )  

r \ / r  a r r  v i  r  v i  c  r r r  r \ J  \ r r r u r u ( i _ L r I Y  - L - v  c r r N . {  J ' - r L t  .

Nov.r, let

1,c )



" lrel le (r:rs)

v;here ile (r:rs) denotes the seL of

.. . ,vn_1) in $, arrcL l-et. p be the

€\*-*/ ?r and rr (=b)€l is (:: ,s) .
r e  11e  ( r ,  s )

(2.42\ a:rd (2'.431 are satisfied, and t-]re A*covers are nothinq e]-se

!19!-!]]:= r- s* xqPi!e_@, IoF,
wi-th t-he_gets or t)ar.rrfise +1:r ly vcriex-ciisj.g.jnt cl-cnrcntary
r-c-r-r;r{-lrr rarrrc, sjlcc t}re rrrin-mrul equality (2.25J. is norv Mcngerts-  

"  J i j l _ : l _ y  ,  u J f r v u  ( f , r L .  r r u r r  ] ( w r  \ ; y v s r ! u ) /  l L .

tlreorenrvertex forrn, from tlreorerns 2. 1 , 2.2 ancl coroirary 2.1 , one

obta jns vertex forms of Lheorem 7 " 1 and cr:ro.ltary 7. 1 , which we
Orni f  -  Al  sn-  a-a)rrGq)-n: l r l inry . l -n j -hnnrnm ? I  r .?^ 1--v i r uu .  nL ru /  \ . \ / r r - * . - l - * ^ , * - - - , : ,  - -  - . . 3 l o f ( - . l n  l . Z ,  \ \ ?e  l lAve  nOW

A=\-*_/ rr (-1,11 c V\{:: ,s},B=ll€l (rrs) c 24,

a I I ol or,-r-n{-;r r-rz r-s-paths T= (v, , . .r , * r J  r  -  
r '

inc:i.dence defined, for each v(=a)6
; , ,by 12.44) of example 2.2. Then,

.  ( t " € ' i l c  ( r ' t )  
)  ,  ( 9 ' 4 )lwl=mi:r 0. (g,v,'i

g€G

with a sj;bjl"ar proef (replacing arcs by vertices) . Iiinal-ly, corre-"

sporrdi:rg to exalpl.e 7 .1, we can give nor,r

tr>:ar;r;-- l l -c: 9.1. Lct S=,(V,U) be as ln exaurS;le 7.1. l l 'hen g^={v.,v"}- o t ' 3
e  G ,  bu t  f o r  n .= (V .  rV . )  ,  i ; -= (vn  r v - )€ i l e  ( r , s )  wc  ha r ro  A  {o  . { . , ,  } t -'  

I  l '  l '  Z  l '  J  .  " -  ' 1 3 \ Y o t t ' t 1 ) t -

={ ' r (9o , { t r } )=1<2=  iOo l ,  so  (1 .41 )  i s ;  r l o t  sa t i s f j - cc l  ( s ; i nce  t ' t = i { t . , } ,

{ r r }  , f ) } )  .

I,Je orui-t the simllar treatment of the extension to t]-ic case

when l:, s are re1>laced by clisjoint sr..rbsets R and S of V, and the
s r= l - s  o 'F  n " r i n " t i . t o  (  j y1 f1 r1 l ; 1  I 1 . . 7 )  r r r r r l - n ' z - r l i . . : i r r i r r l -  r - q -n .a l - l ' r c  Aya  y t ! -

\ & r s L . ! r - t { r r , I  /  v e !  u \ ! \  u r J J V J r r u  r  J  y q u r J  q . . s  ! f -

1:laced by sets of painvise vertex-clisioint li*S-paths, i.e., paths

starl-irrg in Ii. and ending in s (related to [1], propcsiticii 8.3 or

[gJ , p.454). A1so, vre cmit the sjrni].ar t,reatnent of urdirected
'  . f l  ?  -grapl-rs Uf=(VrE) {relart-eci to [t ] ,  thoorcm 8.4 and 1:roposit ions 8.5,

8 . 6 )  .

'10. DIP'nCTnD'Clili' COlTlRl-l'lCS r.i.lr,'D PAf-T(I-NGS rlJ Dl-RiicillflD GRAPIIS

Ie1- us rccall  (se-e e.g. [ l ] ,  tneo::c: l  18) t-he

. "r,rp!hc!rt\'_g5,9:U iTgIlI". !"t g= (V,U) i,e_e*qitr,clr€gapb.
I]5n lfe qgilt$1_',l c,:,l.liii!_:_!,y._9f_ a :tifqql9J_c.tl s"ygf1ttg_ fF_Sg!
to !l,r_l,rl,*11 _...j:lfglf_tfSl _e_!gL_g__i:U:fyL:g_tls;S:'tL _ql3g_!iq

* f< . i



we recall that, by definiti_on, a clirected cut is a set of
arcs of the forrn 6-1y'), where blv,fv an<r 6+ (v,r=fr, and a di-::ect-ed
cu!-gove.]'g is a set u' of arcs i'tersecting ar-r direca"d;.

we ca' rr'rite the above theorem in ilre form (2.25), by choos-
t n d

cuts.

G=the collection of all directed cut coverjngs g,
W=the collection of all sets w of pairvrise

disjoint. directeC cuts.
I.trrw, let

A=LJc(=l, i)  cU, B=C\f, C2A , .
c€C

where c denotes the colrection of arl directed cuts
let p be the incidence defjned, for each u(=a)rLlc

:

( 1 0 . 1 )

( : 1 0 . 2 )
i

( 1 0 .  3 )

c = 6  ( V ' ) ,  a n d

ard c  (=b)€C,
ccC

by (2.44)  of  example 2.2.  rhen,  (2 .42)  "ana 
e.431 are sat is f ied,

and tLq r

!Eu-i$\:!.i @.
Thus, sine the nr-in-nr.zx equaliti, e.251 is no,,^/ ure Lucchesi_younger:
theore;n, frcm trreonems 2.1 , 2.2 ar,cf coroil-ar,z 2.1 we. o]:tain the
follcwllg rcsu1ts for a dirrcted graph S= (V,U) :

Theorern 10.i. t' ' 'n-bgyg Q.34) (:g i!" llrrchesi-youlgcr
ggug-1-{99j fi .:;z), ,,.;t\ r=%;

so gryl_gry
maxg'gl9r1l+lg]i"t7 sct w^ of ;r i .r , , icn .r ir.- i .-{.-

o ------: ,
each afc u€ct belonos to or.:rci-1,,2 ̂ n^ rt. i rr:nr-.r.?_,ro _rrvrrrl> ut.r e:^cl.rly o'-le dlrecLed c*t c€wo ancl each-
directgd cut c€wo contairs exactry uego; he.nce, the numJre::.
of i:rciCcnc:s b-rt'".S'en g^ and w^ is (2.35)

9gl:o-l]g}'_1g,-l-. a) Gi."en an),2 m-ini-mum carctinalitlz cir:ectc.d
cut-ccvcr jng 9o=iurr . . . ru . , ] ,  for  cach u i€9^ one can se]ect  a  d i r :cc_
tect cul- c.€c, ionuiinin!{ ;r,  t" =*n , *;; ; ;  ,rJ.;. . ,r} *.I  -  *  ^  -  1 .

q nnx-hnum carclj::al.1tv set- of mino,ist. cliq-inint. 
' v

_-..- .-  " **..*r. ,-  , : ! ! ,_,varru directecl cuts.

. b) Ciwen anv rn:xintun cardinal it.r
V . l i S e  r l i . r i , r i n F  r l ' i r - n n l - . : , - l  n r r r - - . -  r ' . -w-s( :  Lr-Lb_JLJI I tL Ct l . rLtULL'J ( jULS, Lfc l fn g. , . tCh Ci€\,.,I^ Olt€a C;ln :;el.e.Ct- an

r r  = f , r r  t r  . '
ae, (u1 r.  .  .  , \^n) lS a mlnl-mUtl (:aft l i f fal j  tV

Y

{ r / }

L u v  . U -  a
I

in sr:ch a lv.rv that



'  ' ' - - 1  
I ' ' - - r ' ' i

direct ed ct{-c!Ygl}lg.
:J-:**.-- r^. -.- I
; Moreover, Llrere hrolds rlow ' 

i

Ttr:orem 10.2. For G and Q" of ( 1 0 .  i  ) ,  ( 2 . 5 1  , r,ler hal€ I
j

i

( 1 0 ; 4 ) :
I

4

{-n {-l-i:1-
u v  u r ^ 4 e

(rve zc)
lwl=rnin 0. (9,w)

g€G

P::cr:f . The pi:oof 1s sjmj-Iar

:ni€f i(r ,s) 
b1 ctec.

. for ye G, as shovrn bY

of theoreni 7 .2, rePl'acing

theorem 4.2 need nct holdr even

?l,i^ ,vlv;,v^\i.] , and let
Elglerg__lg" 1.. r€t v={r1 ,vz,v3}, .u={11t2't1ti 

'uf 3
l ,= iWr'Sr]=5- ( {  3l ' )e c'  

."2=.{v,v r '
v1v3j=o ,1. , r r , . r r i ) .c  we lnve 0:(9o11.r ] '  _sr lng:{cr})=z<3=lvol  

'  "
. t i .a r )  i s  no t  sa t is f ied  (s ince  w={ {c1} ' { ' c r } 'O} l '

Re:nark 10.1. It has f":e^ g'tJgglr;qgq by Bdmonds and Giles

(see e.g. 1s1, f.AZOl tirat the "polar." mjn-nr*i eguatity to the i

Lucciresi-You:rger tieorern liolcis, i'e'.' tfrat in anl/ giletc*tSd'qr:ai:h' l

prg-UUgI.* i:ut*is sT'lgr t:o -the na:"j:l$

nlslerr- gf pairyjse *a!;l-oint -dir:estqcl cu! bol';9rtnq1' t,e:t us noi:e

ttlat i.f the l*egrangi-an duiiJ-it'y eqriatity Q'34) cx:uld be slro"rnt ;

then j-t v.,oulci bc j.tself a valj-rl min-m.ex ec{ual:i-ty (i'9} (thrucln' 
'

a prior.i, noL an all*carclin:1.ity nrin-max ecl'ialii:y 12"25\) ' 'and' i't i

rvould lencl a suplnrt to thc al:orre conjecture (2'2't) (see threorem

1;2 a)), choosing G 
"t'T 

* the obvious vlay' A=U' B=the set of al1

clj.rec.ted cui_ coirers; (c2ui, ancl proving an anal.crg of l.err'ra 8.1. l

: one can treat si:nilarly other eclur}ities (2.25)r.e'9' Ecltnrndsl

disjoi:rt branching theorem (see e'g' [l]'-ttreo::ein 17) ' Schrijver's

theoretn on strong connectors (se"e e'g' [O].' Ureorern 21) ' etc' 
I
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