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In order to approximate a sgpace 5, endowed with geveral

197 er (goﬂaibly discrete)

o o

-between the approximants. Ac¢ﬁraimgﬁy, in this paper we de~

0

-fine the approach systomg, vihich present some similarities

3

V:fiﬁh the pr 'ojc*’c*cive SJSJ’SO?:}So Ia the case of usual projective
‘;ss*f atems the relations between approuiments aré functions (see
L4 ],[53 Bl [7],[/0]}. leming Topsge in [H] studied systems
of 5.)_7800@ comnected by correspondences (mll;:.v 1’00(3, functions) e
The approxinents in the approach systems aie conmected by

-

trensition probabilitics, which give move information than
multivalued Tunctions. ‘flm usval pr g(, ctive sygtems are a
spof::%,ai cagse of the approach systems for which all the tran-
sition pro babilities are of Dirac type. The limit of an ap-
proach systen is defined by a universalil “‘u:-,r nroperty {ana—
logous to the limit of projective fﬁys';'ﬁ.aé) o

An exomple will show the advantages of our tratament.
Let ug try to approximate the vgal line, R, with the se=
guence of dyadic woq 555 §‘, s -":Jhe:s:" { k/ﬁ*}’ llke 2 }o

(

) such that

ey b et P otd one
Whatever be the family of funcblons (L ), 5

(s /1) is a vrojechtive system we do not obltain h

19“ Ny
endowed with the usual topology >\9 as the projective lin

P 0 kot g - T L3 | P o o b PSR, PP, o4 s
Neverthelless we can find an approach sycstem waose Jamit 49

e transition probabilitics between spaces determine
maps between the associabe measure spaces. Thig fact al=

lows one to a:a::c,m:aw with an apyroach system the usua L pIoe

»

‘jective system of measure SDACES o deo“' ertain asgumptions
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{(Theorem 2.9.), the limit of this p”aaeetive system is cxactly
the measure gspace for which the bagic space is the iimi% of
thé approach system. We %“ow thet every 10@&1 conpact, éep¢m
rable, metrizable space is the limit of a diser@t¢ approach
system, vhile the space of the meas urés defined on it is %he

limit of the orcguetﬂve %ystem attached io ohls approach

‘aysten (Theorem 2.70. Je

In the first paragraph we study the approach systenms of
measurable spaces, the voncrvl background in which we can
define all further concepts. In the second parag fmph we
study the anproach systems of topological spaces. In this

conbext me: ¢btain +the existence théeorems for the limit of

some approach systems. The ﬂifflbulty consists in,the fact

that, unlike pro

C‘.J

jective gystoms,in genexral there 1% Nne cangs

ical limi

(= o

of an approach syvstem. In Theorem “,10. we dOdl
with the case where the terms of an wpﬁ?GdCh wwetem are iy
cluded in a separable complete metric space 3. We give

conditions on the transition probabilities under Nhl@& ;he
1imiﬁ’ £ uh&” anproach system is wLmG included in S.

Theorem 2.23. uses Choquet's theory to prove-%hat the limit
an approach gystenm foxmed by conmpact metric ¢ spaces exis tua
The digcrete approach systems have a special impor@aﬂceej
Wevertheless in view of applications in the ﬁheory of gfic=-
chastic processes we need study more general app “O&Ch

o Mty =2
sYgeems. LRis 18

the basic reason for which we have corgie-

dered the gencral case.
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1. Approach systems for measurable spaces

Throughout the paper W will denote a .O.;LY.‘QC”‘GGQ ordered
sety; i.e. for every w,w'€ W, there is w"e W such that wew"
mi w' = wt, ‘

DEFINIT l )1 el .Leﬁs (Ew* cf'w)&gg be a family of measu=

rable spaces :md <\fw*')w oyt @ femily of transition pro-
¥y W S Y > :
o : : wewte W :
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from (B ., w')

b
%)
o
{..!
;...J
—? le
=3
=t
(&)
1O}
»—‘v
o
(“\
b
ch
=
3
s
'6
(,...
O
)
o)
<
®
-
-t
<3
W
P
<f
P
i
=

\Fww’ is o transition probability

T VIR S
) kPw' Wt "'Fvn"-ﬁ b \Pg-m" , vhere | \oaRvil \PWW,,(:{,A) &

i

\{}v‘;‘rwe (y"F A) \'P v it ( ’(Cﬁdy) y X € Eﬁz? ¢ Ae 07 ?vf‘

Then (Ewg 0 e \Qwﬁ/w) ig called an approach system ef

DEFINITION 1.2, Let &=(E_, o, \;v i u) be an anproach
systen @4 necasurable spaces, (B,0)be o measurable space

be o family of transibtion probabilities such

(1) VY. is a transition probability from (E, ¢) to
v & ‘

s D /.

a \f = S

(-"3*) \f/v“wi § ‘-wwyﬁ % fg;]': * :

Then (B, O “{’ / W) is called a measurable space with ap -

A 3 ey o = o ‘~f’ ia ecalled the weant 3

_L)I?OJ.»,LLL.IiJ.:LO.llw .Uf o ¢ xLlIL..O ; oo 1D CQ,.L -O(m Ga.e ‘J‘"‘\_w‘}pro-&-lblkaUlO.L)«

of
1f, in afidition, for any (E', o', YI/W), a measgu~

¥ : . - - s = B nped erdeon & :
rable space with approximations for "€, there exigte ¥, 2
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3

unique trengition probability from (E', ¢*) to (E,¢ ) such

o

that WL =¥, weW, then (B, o, \iw/ W) is enlled a 1imith

> 3

of € « In this case ¥ is ¢ alled the represedtation of I

(=D
o
o

TS

[SoV)

L

PROPOSITION 1.3. Iet (B, ¢ ,W,B/‘v’}*) be a limit of the

B

)
D
0
’(}
pory
o]

=
n
(0)

ar1 ok 1eaa 5 anaoae ~TEn W
e ol scasurable spaces f«_(ﬁ.w,, o v_m,/n).
Then o is the o-alzgebra generated by the set

{"f/,( JA) / weW, A ec}"w}. Also

{‘*}f,}(f) / weW, £ neasurable, bound DGB is a real vector
space which gencrates o , and o separates the points of E.
-y s / iy %

Proof. Letb o’*':t‘:‘l‘{ ‘Vvﬂ( ,A)/wew, Le a, ). Clearly,
g5 G Since (Bt \P/“’) is 2 measurable snace with

approximations for £ s there is \f’, the representation of

(B, ¢*) in (E, 0 )+ Let o be the representation of (E, o)

=
)

itoelf. We have .ﬂZ{:e:;, Y= £ xt ¥ &¢E. The transition pro=-
bability (!“Z Valla W is the renvesentation df* Gl g7) in
itself, too. Consecuently, Y=4 and ¢<og’'s

Fer a contradietion, suppose that there are X£y in B

with ‘%{_}(“-? {%{_{,g ), for every weW. Dencte F=E-{y}.
Then AR e )

/W) is a measurable space with ap-

wW/Fx T,
pm:ciiw;i:ion for & . Lot “V (up )= £, |
Y¥o(z, )::XFM{X}(E?,) B b }\(:{K-&(sz) Ey y .’IiéF We have
\%/l\yw =\, o o 5‘%’2’\}’ g ¢ Wel. Consequently,

L,G‘ ‘“%’/ ) i riodiia Limit of £ .
PROPOSITION 1.4, Lot (B, , Y /W) be a limit of the

anproach systenm .c§ easu 3:‘:1“%.,10 spaces ﬁ:(]—iw, (s g \ﬁ.‘m'/ W) e
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(j‘) If E‘CE@ G"e O"/[ﬂg «‘ZLH('J‘.‘: \"/8 \%W/ﬁ’)'()" ¢ "."‘J'{‘.“i.jg

it i 17
then (B¢, o \f*f /) is a nmeasu bjc gpace wit yvp:a“o*:‘mm,m

tions for €, having the representation x Xl , XEE',

f’"\

or
if) If W 4= cofipad in W, then (B0, U/ JW') is g
limit of {Ewgd}ﬁ‘4zwafw ) it (B,0, ¥ /W') is a limiy of

Sl S TRER R o 7 ; 7
the approach system of measurable spaces (‘Ev’ Ty \Pm” V4 LD T
: ; } Tt

then (E,o s /W) ds A 1:11’11:*}.1". of €, vhere ‘V \B/ \{”w'

3

for every wewW=V' and w*>w, wte W',

(iii) If W* ig cofinal in W, W* 4o countable and (}“7

is countably gemerated, for every weéW', then @ is
countably generaged and each point of E is measursble.
Proof, (2) and (a4 Cz'bv-"icus';g

 (iii) We shall apply Propositions 1.3. and 1.4.(ii).

T ) “ = e T ol o 2 oo ;
Let {-9 he a countable subset of g, such that! &1 \%w): T s

N w 18 closed under fini Lo mo sections and L, € \éfw .

For every welW', we have

?Aeo‘ 4 \% ( J &) s G’(‘Kv( ,J}/ue“gf ) -neasurable s =07,

Vie have

(Y B)/wenr, Be )= cr(ucrwc ) /he T ))=0

we 79 .
Because o is generated by a countable set .of ro:?l

ollows +that ¢ is countably BE L’*Gl"’LtGU. and,

b
(-J
o
or
-
o
=
34

~
1=
ot
L)
H‘B
},_»\

since g separates the points, the potnts are

neasurable.

§-!

by
4
2
(0]

THEORIM 1.5. If (E,o, ¥ /W) ond (;@:' T, Y /W) a
Y Vi :

ne approach systen cj: measurable gpaces



| T - )
1 SR w Y/ i o M SR TS Eo ¥ .
r a8 079 [,{,m“/w’) and each point of E and E' is mea-

SRt T | X Pl PR P . X £
surable then there exists 2 uni: e LS"J”Gua,beJ"“l i‘m measurable

Aole

gpaces £ { E~»E', such that xi—e E:’{, () is the represenbas
H ey ; N L g ,{‘ ” e1q F fe } > i, V) o “ry T
{ tion of E in B'. As a vesult, \}w(}x? = (=), ) xR,

€.h'

Proof. Let Y be the ﬁoyx“c‘rm’{, Gion of E' in B and W

&

-

- .- because Y'Y is the vepresentation of E in i
’ . \\;\’Y"{'X,’; )’&g}:" § X’véE’a ‘ V
For every x EE, we vwvo

1= WO () = (P, fxh) W, e .

We obtain \%ﬁ(.,h, fxten/Wiz izl = 1Y) = 1. There is
MWl ixX)=1. | For this f‘ we have
S (v, 20 8) Wt ya7) = Y (x, f)).
every. xR, ’u_wovf jvf"c; one x*€ E', such
= Wt fxl) = 1,

‘ Lot f1E—sE' be defined 1} by Fl)axt, x x¢B. Then £ is

the representation of E in E'. We have Mrdila, 2 | xep,
te

elfs Also,

3

a bijection. We have \hu, = 2’1(
e 2

%) ? Zen and
A%

Sl 5 1 g XTE By Obviously, £ and § — are
fx*)

Heagurable.

For every measurable space (A,X) 4 & demote by M(4),

Y

o

or ZI{AW(.) the veetor apace of renl volued reasures on (4,00,
endowed with the J=algebra generated by the set of functions
g = @%Sﬁ?i}/u g /m&ii(ﬁ"). / £ Ke-neagurable, bounded } .,

IR A ) and (wg/ A ) are two neasurable spaces and 32
is a transition probability from (4, %) to (B, jg )4 then

i oA
i T - B I el AN/ wr e paf o S : e -
we shall denote by ‘f “M(A)—=11(B) . the morphism for
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VCCTOo

il

g "f)acoc* defined,” for every A G N(A) i by
A { fl : < ~
/A) % 7 g P(A, )/b\. ed) . Clesmpiy, \F 1s measurable.,
LENZA 1.6. For every wgw' in W, let _(Ew, ofw) be a
‘ e : S
meagurable space and [ . o
. Wil

ey T b g _—1 ‘3 b 4.6
)i o (1.\’9‘ G W)? 'J,‘li@l’l (E"J” g ({v‘m"/”)

transition probability from

(& w' 2 Umw‘

aporoach system @f measurable ..JDMC(A: if and only if

(ra( 1

A
-W)s @‘f‘ww/ W) o o projoabive pyston for voetor mannue

rable onuceu.

Proof. Obviously, for every w<&w'sz wit,
: A A A

-, S fH e
\Pw‘v.'”\wa' = \'PWW” a4 and only if \pr.fWFO\lxﬁl‘x'v" = fww”

-

THEOREHM 1.7. If (E,0,™ /) is a 1limit for tnc
apnroach sys sbem o—,f nc"rammc :‘;jg)ci.cefg; f:(]ﬂw, w? Fww’/'/)
and if for every Me M(E), ;509 there is we& W such that

!4? .,» o . .. S « - . i
'/L»’\\pr‘—(O, shem (M E), MY V/W) is a limit for the. projective

sisten (I,T(E\rv), \r\,w,/s/ . Free oy :
Proof. Put g (/uw W (TTIL(L,. '//M_W, '\{”W‘W,::/(,{W, v-mw'}
i 4 : : '

and, for evex‘y: weW, let T, be the regtriction to M of the
w»;oi?o ]ccm on of 'WI\"I(EV) . e endow M with the Gf»algcbra

: vEW - 2

O =) B £ - AT 1" . L o Snace ‘\r Loy A"
generated br Eagow / we .J\j ¢ The measurable p ce (I, (‘EV/N)

: M i
is a limit of the projective sysbem (I’.I(EW),\PMV,/‘»‘J). Let
TCM(E) — 1 be the funclion defined by TT( /«)::‘( /"‘qu) W,

0

/ét €I1(E) « Then TT is the only Tfunction guch that: for

every we "v"a’-?TC‘”(“(:W =Y w* Yor every wé W and every G measu~

&>

‘rable and bounded function £ ‘Ew R, ;the funetion
xw\%’w(x,f), x& B, 19 @-neasurable and thn function

x a e S AL Mia aaraic .
Y g—/uk“‘(;.r . /,g_é, M(£), is measurable, too. Therefore Yo



is measurable.
Let P = g( éf;w)\‘y&'hfl //’Lw ig alprobabiljﬁzy measure} and

endow P with the o"-algebra of I‘.,. We have
.r,p:g a -bl /[ a,heR, [P eP].

Por each weW - dcnote by "‘(’L‘ the transition pro-

]

bability from P %o L deL,Lned oy ‘-rcw((/uv W ) “/(’(w P For
every (/\,( V)Wé}’° Obviously (P,Tt\';/%‘J) is a space with appro-

ximations for & . Let & be the representation of P in E.

Then E’(/u, )disa I)I‘Ob'lbllity megsure sich thet = ',
9(/»&, _)'\Vw =p. , for every \*ré‘,\l and /k /IAW G EE.

. Conseguently, T is a t,x.t:"]cci,:um1 and since Ker =0 (I (¢
awn -bijection.
The funcblon /gu"—-wa—‘gf(dr)ﬂ (/,u)(dy (9(/@& ,_L) /ua 1y

is meauurablo. ’l‘hcre F‘orc *?‘t 1ls measv.ra.ble.

2. Topological avproach systehs.

DEFINITION 2.1. Let (B, B )y be a family of topo-

w
logical spaces -and, for every w<gw', let kP\ e e 'l;:r."an-"

Then (Ew 5 "Z—‘W E \?W,/w) is called a tovological

sition probability from (L _,,0(&)) to (E J,qi‘ 5
anproach system (TAS) if, for every wegw's wt in W
r(.) \!7‘,\’<X? -'-:Ey 5.:\.(,,]1 ;
(1) \{?‘J w“kp'wﬂ \wa" ; o
(344 ) ~Hhe funekion x'w-r.m\wa(xy Yy e E. o is wealkly
(€ (E)) < ¢ (Z ,)).
p it /W) e & TAS,

continuous (i.e. Wwv"
VY

DEFINIZION 2.2. Let &£=(E ,% .,

let {E, &) be a topological space and, for every welW, let



Y, be a transition probability from (E,e (z)) 4o

(Ewp g ‘gw)). Then (E, , ‘*I’/W) is called a topological

|

space with approximations for &, if
¢ s P : -\ Bl \ g :
(1) the function x #w»“\}w(x,, 5 Xc:_E, is weakly continuous
g
(i) ,kf, o =P, for every wegw'.
: wt T W wo?
The topological space with anproximations (B, =, ‘)Vv/‘f-l)'
ig called the limit of &, if = is the smallest topology

on E such that, for every topological space with ,approxi-

mations for &, (E', &', \}/‘\ij/W) y there exists 'a unigue

transition probability Y from (L', go( = * )} te (8 o (z))

such that
(ii1) xw—sHx, ), xenr, is “B'-weakly continuous,
(iv) A = \f"fv y WEW, ¢

In this case: ™M is called the represembation of B an 0,

PROPOSITION 2.3. Let (E,=5, hFV./’-.‘-z) be:a Timidt gf the
TAS af:;(-Ew B EL s . The seb Ve (9. (5 /v-.r(!:‘vjl,fg—cb(E\:‘,)}

ig @ real wvector S“’)"LCO, \1111011 goner tes ther tonology & .

~ [l

J.hC "Lonolomr ‘e~ is Haus,do J; .

-

Proof. -Obviously, V is a vecbtor spacc and E liopi.

s (T "bopV,,L{f’v/‘s‘f) is o 'Lono“Lo gical snace with anproxi-

“motions for & . Let Y be the representation of (E, topV)

in (B,#) and let Y¥' be the transition probability Ffrom
(&, oo (%)) to (B, o-(topV)), defincd by YW'(x, )=z?.‘x y
x €E. Then \i"‘f’ is a representation of (B, =) dn adgelf,

Bo il Z‘c y XeLk. We have, for every xe¢k,

e S\L YW (x,dy)= & . ¢+ Comnsequently,
C,{&, &)=C, (E, topV) and o (tooV)=c (& ).
(

By ‘1’ /v) be & topologicol space with QDProi=~



Ame v

(o

o

o %3 o> » 9
mations for & and let »*Z be the representation of (E'; =')

Let g be a transition probability from (E',o(=*%))
to (E, 0(z)) such that "‘5(@‘%(@9"5@@”\? 1) CG.@(E’) and
‘5\%” \3’” Yo é’ﬂfi-”;‘?f’y we W, Then 5‘* =0 is the z*e;megmn*ba,#
tion of (B'y =') in (B, =)« We oblain 3= Consequently

G =0V e

If the points x,y are not separated by‘ % Lo e.‘ ze D,
if and 0'11 if yeD, m"r’ ovowy Dez ), then x and v are
not separated ”b"v gl e (“ asequently \}/w(?;, Y= N ﬂ;{y, ]
for every weW. As in 1,3@ we get a contradiction.

REMARE ‘2.4, TELE,Z, L}’,&/Y?) is a space with 0PLOT L
mation Ior the ﬁEA‘S- ”é“x E;MJ,,Z“WS.\fWJ./ W) such that for every
space with approximations for ¢ y there exists a unique
trancition probability wich satisfies 2.2.(iii) and (iv),
then (B, topV, Y /W) is a limit for &, but it does not

_
follow that topV=¢, although topV a zqﬁm\re the seme

Borel sets, the some continuous function and define the
same weak Lo vo?um} on the space of real valued measures on
(B, o(z)). For an example comsider A and top() , Q),

vwhere A is the usual topology on B and Q is the set of

rational numbers.
THEOREM 2.5. If (B,%,, /W) and (E', ¢, 2/W) are

W

two Limits of the TAS (.'Ea., T \fvm /%), then there is omly

: E il e s R R et \}«”
one homeomorphism FiE'—>E such that M(x, )= Sﬁ(.
< &

o
@

4

x €E', is the :z’ejaros:eui,ai,ia s ol Bl ode Bl For cvery weW

Proof. Lot Y be the representation ff EY in X and leg

\Yt he the representation of E im E'. We have YY¥(x, )= €



@

AV

12—

-

o ena £ it ¥ e Baade pu A ey o o oo T o
Hausdord? we obbain that the points are closed

xe Bfy and Y'Y (v, }‘f*“'gv » Y€ Ls Decause = and z* are
©

y 8nd sini-

o™ g o . wron LR we oy ok 2] e & 12 s -~ o B oy B
lazly %o 1.5. we find a vijoetion feB°—E, such 4hat

“}/(}:3 Y= E-f(v} end "F;g:f‘{x.;? Ye= ‘fwc.*::g. s XE B

Obviousiy, 3’(3?3{35))@ vbé' Z')e Beecause
i

“ *

s HEW,

= is genorated

‘E:ﬂ:f real functions we obtein tha 1g comtinuous. f:’iimilm*l@ ‘

+

w? z’w g
then (B, 2, \i/;/‘a?) is a limit of &, vhere \Sr

fioely s AR 1
0 da g Jinit P (B
¥

for every we -4* and w'e W, w'ww,

(il e iF . = \P,f’u

i a linmit of €, W

5. 5 : DT oy fm & 3 4
and (B, z;,,) is & separable metrizable spoce
W LT $

wewWy then (B, ®) is o sem erable netrizable sp

(1) Cwviocusiy.

then (E, =z

. \.ija‘“m

.\V ?u’ W )

- \}::7’ \D Wzt

for ever

i % 1=y SEa s - Ml - I
(i3} TFor cvery we W' let 5 ve o demmerablic sob

wiformly dengse in {\}{q{f.}f :%;‘éc‘,.w_”}j kel
ton( "r’w £}/ Te -'J )..‘ top{ Y mﬁ £} feo, ‘“’\“)}"

ok

.i.i., ] we 2-;,«,} o {3(}3'}_ (\C;'L 1‘:,: —'E)';Zy

~
-

- e " N Sty ey i v e 57 - G ofs S
< 18 senarable end metrizable because it i

2
L

-

a countable geot of real functions..

It ts2) s a topological space denote

dense in Cy(E ). Then L"V{ Y Life SC'; !E ig

~.«:1;9:9( (L) %on( NhEl 28 )=
W e e = y i
the tonologs

generated by

by U(5), or by



()

o

(4]

W
¢

M(5, Z), the vector space of aismed £

{f@;; G‘“{ \ZE}'}

e
ilé
<5

(’}7"
W

to (By07(a))
N
9 oai(sr)—
Vs
vheore \F ig defined

(idy - 1e

Mts) dis
P2

(gt)

2

% ,' { Bne & % (&) B
spaces and ‘1’.;;.-@“} >H2) ig o

b

Su 3
5 o vahs T o s et . L 94
(14_3”.,‘ iy

vector spaces, then there
from (*3,9 gl =t te (n, o{z)) which

\F( INE u\f O every Laé“{ ‘*))& Ty
A

\1%(1'.§ (3) )c: ¢, (3 “_), If the morphien \f? ts posi

‘f(/u‘*

for every faz 0 ) and unitory

for cvery /(A 0) then ‘”f is a transiti

Proof. (1) O *5.013:31;}.
(41)

x » .
fonedion x &

o

r.

A

“r
o
oS, PP M S, S s oy P Lo sl
that the funchion .4;.4-——35"\10 s ) is weakly
Por every DEe® , there ig an increasing
n ¢ (8) cuch that 0<F <1 and 1im £ =
: ks 4
I, 2 . T
that & C§ e (=Y /¢ ,0Y ia o{ &')-necas
1 TR s ST ok (P = AU I A s =
Therefore, the function \P( s4) ig o z')-neacure

every A€ 0 (&},

For CVayYy neasurae /

A n ,
/a/‘i}’mz 'i.&? (-»'5- )3-"-/0‘»\76 .

S
I A

7 (Lec. \”(/A

on

o ,} o TR S P e ™ ERE gD
ONAOY :r:!. with the weolk ftonolosve

s

two topological

a tronsition me
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| For every e (B} there is a sequence ( ,CL}})-\Y with

3,3,:11‘[{14 = el s Z 8, & e el :
' s ! : :'3_2:‘::3_ ‘*:d

We have ‘t”’(u)w‘,z M ( i,,}frﬂl;'i:{}/a,kpm i

: I : I

: &" £ 3 o Y s - . §

1f £e 0y (B) omd (x J},, converges. to x in E, the

i i & HY

: o om 1 . “ ;

| _\'P(M-a =)4m \f( . JHE)=lin kpéh.,,,w..} Conscguent 3.%

0 i

T e (2)) e (miy,

! 3 R

3

! $31me LT > T fo ‘ =8 . 8 = '
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P pologieal spaces, ¥ io o tronsition measure from {(8*, 6 (z"))

; 0 {”9 o{z)) and Y is o transition measure from (8%, 6 (z"))

: o | . = ey ) fFr, oy N =
; to (S', o z*)) suen thas Li8)) < ?ﬁ_}(b* and

(€, (5")) = o (s7), thea n]\F \/’w[e

! Converpely, if (S,2z)s (8%, =) ara (s, 'a“?) 818 Hepa-
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~ : A : A
( (2,), ¥, /%) has the limit (zz{}jz,z“)@\#’wiw), where M -
f‘.
and ‘?’w are positive and uni a;:m*gr? wsw! in m

Proofe. (i) and (ii), Obvious slye

(iii) We suppose that (B \PW/W) is & limit of the i

TAS (E s 2 s \f’%ﬁ/‘&;’), Similarly Yo the proof of Theorem 1.7.

we consider the set M and the projections "?TW s W&W, We

endow M with the topology 'mp('ﬁw / welW). Then (mﬂzw/w)

tein
[

b

A
a 1linit of the projective systenm (E‘E(EV,)Q \f}wi,/fs?) .
¥ 1 P >

&

Define 7T “M(E) —= N by Telouy=( ,LL‘}’W}W ey ¢ Clearly,
e ’ Vier ! 3
TC is a biconbinous isomorphism. of tovclogical weelor
. : ;
spaces and ‘TT’;VTF:‘\F-’Y?» s WEW,

A
Conversely, as 'pmwe (M(E), \}/1_/@?) ig a limit of ’a}’se pro=
ks
Jective. systen of topological vector s DaC ,M(w(ﬁw) \fme/

Let ‘4“7 be the transition provability which represents
- .
Yy » WEW. Obviously, (E, = \«}V’V/%’af’) is a space with ap-
i ¢
proximations of the TAS (Ef,?g (g \fi,)mg /7).
¥ 4 ¥

Let (B, T \Fé,/w) be a space with wmmmwﬂloﬂs of
the TAS (i& = \f;,{.],/W), Because (M(E), *))/ ) is a limit
of (I (T*v}g \KWQ/"} there exists a
ral .f'\

Phism ‘%’22@1(' )—>H(E) ‘such that \F \}’ fw g WEW. Define

un 1e con mwuou,; L) rew

¢ (%, )= ‘1 { ip )9 X e k. Because for every £€C ("*} the
function x+—\(x,f) is continuous it follows that for
every A€0(c ) +the funchion x H:»\i"(:-:gé,), X E", is neasura-
’1.,‘)10; Next, > i the unique transition proba bll“? ty from
(”%6“(’@““)) to (E,0(Z)) such that \Hc (n))cc GE)

and Qk%fvm ;\{/;f for every we W, Gmmequen"aly, (E, &, \TW'/W)

«

3 ot e S 1 2 3 oia o L. ‘ { (e ;I \{‘
is a .-L.émllu of the TAS {};w » G vm‘/ 45
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The following theoren gives conditions under wich
a {closed subset of a) separable netric space (9,4)
can be the of imants are cloged
! sets
Theovem 2.10. Let (S,4) be a complete smeparable
the distance d. Let
vbigfies, for every me W,
s =G /R s
m o m’
i % Ve, €TTE.
( wn €y B :
L
v } 5> % % » -l . b Tt g e M L v
; (\Fmﬁé.&mg }ﬁi,»& i woeakly {‘{;~a\ruxx, ot in Ié}:i) :

f444i) I ¥he rsef;jacmw {f } e—ﬂ“

S e 3 © Wy X
converges to xe kb , then
ALw

)
s \J; L
ﬂgf.;q z:m(““:{;ﬁ‘ s x?

o ey See s % Do ST NG S A ) 5 ..i«‘i LEN L e
(iv) There is a convergent series Z £ with positive
.

that, for every né&ll,

(3, By £ N B )>l~&

benete =

Mmggéa / there is & seguence (3"’:‘*—3""‘? e || B, convergent to x_}

oand 6= e Define, for every m€H and z€E,

o X5 = 8 X
q/ X = L0 \‘F {: ® )
% ( e Jﬂh.ﬁ_& T < .,}’2 g Jow

eve the sequence (% ).€11 E

5
s
)

-, - -' # =
Under these

. £ a5 :
systen (M(E,), Y,
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Proof. If uel(E ) denote zay/z: the extension of M o

L5 v“(c.d)),pz/u( ) Em}. Similarly, 1£ $isa transition

probability from a measurable space (E', ¢} to (E ,0(5,))

S

-~ denote by ¥ the tronsition probability from (B )

(S, 0“'('5 1) dczfine&by \Fiz-;, )= \I’(“, ('\Em},, x ¢ EY,
:1 > -

Obviously, the sequence ( /(,Ln)ﬁ of m(Em) is weakly convers
gent if and oxly if ( /Eﬁ)ﬁ, ig weakly convergent in M(S).

5 ke & .

 since (S,d) is a complet separable metric space it
follows that (M(S),L) is also a. complet separable metric
SPACE vhere I is the Levy'm G.ir”*mce (i.e., for evexry

/«L,VG 1(8), LM, Y )..*;z;:v:\,\l(/u,))), 1(\) ,/u_)), vhere

: 1(/&,)7 Y=int §&/ m(A) € ‘*)xA )+ £ ,for ony A closed in S }

and Aiz%}iéﬂ / d(x,8) € £ ). Denote L, the Levy's dlui;'mee

on E(Em). Obviously, I:,,(/L«,V)“L( 'V ),/‘4- Vet H(E)

Ve
For every m<n denote I °-Z£ S -«Z & oy
my By k

Ties .

an TTU E ) and &= (1“212) =

We sm,l’t use the wl’Lo*mm«, 1enmas.

LEDIA 2.11. Let m<n. For every X C‘. E 0 Ve have

\-Prm( n”}“ Rty 0?2 B

For every X €Lk, we pmve \1) (ﬂ,,“;(x: E )) Consequently,

)

sup d(::,E}w‘l) gr, and ig closed in S.

%¢E e .
LEMMA 2.12. If m<n, «€il(E), Ve E.‘?(E,Q) such that -
))\?l e and \‘,.u\é::z, a€& R, then
“‘{

L(},« ) )54 z“&,.(:m,c‘ i 1)

LEA 2.13. Por every bounde r;l uniformly conbtinouvs function -

L

>R the sequence \Q/( ,«"h )} ig uniformly convergent

ot
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ok follows thatb \{/m(zz,ﬁ(x,z*ﬂ))}q

w/g;

-

Proof 03’3 Lemma 2.11. Inductien with respect to ne=m. The
case nmz:mil. result .11317'0’1 {44 ). We suppose th&u isﬂ.e lcmma is tyrue

fmn; ‘“11?:{1(}" N )) /

>/ S\ \Fv"ﬂf&*l(tfff(yl 5 )> \F?1§'121 ’d )
Bla ¥, m+ly 1:’!’\ n+l

2= ) fu+11 “‘z»’i“(“‘“*z"":wlnn 7 % ®

s

-

For every meﬁ £ >0 and for evory gseguence (= )ﬁé'—TE

convergent to x, we have ‘1’ (z,Tﬁ(x. 2= 112>

mMFVM&%@Q)zTTQﬂ%h;

w @ :
e Ik=m

. Obmoaﬁly gup d(x,E )<:z::
i ke

iIf the sequence (qu}‘v’q of E converges to x €35, then we

’;'3.

find an increasing natural sequence (nk)k N and a sequence

!

s “’1‘; ~ & d
(yn,;)ﬁ é’g ehl B such that G_(xk,yn ") <27 fow -every k €N,

Obvio'asl:y’, lim yﬁlz:{. For every n &l such that nl 1<;1< Vi s

denote ¥, an arvitrary element of B(dr‘ , oy )nE p Wich 1&3

 not enpby. Obviously, (yn)\}. éT‘—u and lim ynmx.

Proof of Luua o ‘32, Let men, /«eu(h ) and ﬁéﬁ(‘f" ),

such that \)\f (=M and ] /uls .
Obviou (/u,, )sJﬂ,&ugc‘://a(A)«v (A )+£ ,AEO“(ZM)
For every A O“(Z }, we b,‘,,vo M(A).— :
<\ﬁ&mgma Sfﬁhmvu>s~
A n ¢%%m%m '

Ix

= \7 (zif? my 4 gflea_ ).
’ Lj,'.:ﬂ.
Com.sequctr‘c;y,ZL(/],T , V) <& nox 2 oele gke

o i 7 4 s ek
For every Be o (7T, )y we have

,pm%m>§W®a@wﬁmnvu> FERVEY

T
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Therefore Y(B) < “‘m /MI}% ém) < M (*’ zm) § ( --1)“3
g £P 2 l'h Y %
It follows that 1(vW LL) = g max(x u’"“rm l_) ‘
= e L i
Consequently, L( o )/ ) <a max(x_,a T

Proof of Lemma 2913. Let T . o——-—»R bhe a bc«unded uni~.
formly continuous function. There is a sequence { § n)ﬂ
decreasing to 0 such thot, for every nell x,ye 8, it

then VE(x)-f(y)l < &

Let 5 %be a bound of f. For every x 1 eF, we havo
L)z, ()1 <\ 120-z2 /En(yﬂ W (x,05) <
= S $§\><)-u/ﬁ (JH \V (x,dy) + 2 S\Vn(x.,c}fi(}z,rn)) <
B(x,x ) NE : : |
<4, +2 s.{..wa 5
| Obviously, (" )q is a :s;equg&cé mziij‘o:.ﬁnl;f convergent o /E*
We continue the proof of Theorem 2.10. proving that
Ey &, ‘f’n/??) is a topological space with avproximations for

the TAS g .

Let nen and e L‘ ) Let (A )N éITEn‘be a sequence
convergent to x. We have \P \'f (x,£) = _ :
= ET;; \{zu(‘f"‘)kfn ')’J‘*’r) %) - mp(‘"‘p“) “\_}/m(""l) :

C{}zz‘:sequezbtly, \i/r \Pm ::».\{/m ’;
Let meH. Assuming that x r—~>\{/(--, Y}, xeB, is not a
continuous £ L.lﬁ(.}..f)'t.l. Therefore there are € > 0 and a sequence

bl L L i vxsi*i;}i.a lim x_ = % such that
n'N ¢ : )

Lm(‘-}"ﬁ(:c, \}/ ( N >£ JWe can find an inereasing sequence

(n, ) of matural integers and (v, ), e[ TE.  such thot
e’H s kN i o,
. 6%

<.

lim n(\,,, 7,‘}-M-D and, for every k¢ N,

Lz:z( \}/m(:{l;:_’ ’\‘fm:f)q (2«‘"??, )) < &/2
jie 2
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There is a sequence (x0)y 105 n O :ﬁwmmb to x mr«h
; Y “ U &l

thot x! = 1 .
g o‘“;"m 27}*»—

e P

We have I _( \?" (25 }fpwm (=2 B, * )} > E/ wich contradicts

-s&a

Cii},‘ dherefore, the function = ‘—-—9"}/ Xy Jo RER, i

wenl-ly con

%-ﬂ’

7 e e, oBe . 3 Ewed oy
invous. It follows thot = :a,::s 8. Trangition v

oy

bability fyom (B, oo{ &)) %o (B Y 0‘( Z;m}h lonssguently,

By B4 M /0) is a space w ith approzinetions for &,

e have top Vc =, viere \;m{‘{/ {g) /neli,gel, L, )2( -

» or

Conversly, vaing Ler .13.; it follows that -

ton VO&F =t ma% Lra l tS—n .;i, T bounded, uwniformly coniinuous 3

Let (E*, =7, ,g"ﬂ} be o spa wee with approximations for
¥ ¥ & b

il

the PAD ’g@ Uging Leoma 26124 e . otdain “aﬂm,%, for evexry

%t e”" the sequence ( ;,:.(K’ . }}.ﬁ ig ’&a-wmc"z,};. Deifine

Wty )= Vil ) ygg)s €8

Lot mel] and x'¢ B Por cvery f& &z,)( 3?:1_,‘) vie hove
3 . iad .

N t(E )=l (ﬁﬂ ¥oZ) V2 (=t ay)=

m 1im gSﬁr« ‘ zé) WU é:f\"ﬁ‘”“*‘)\" (:«:’y:‘ j=

5\‘? {;,",:.) \V"i*"’ 37} = \F"{**‘*’ 2Z) e (Ve used the ascume

TR e e Ty A NP
o 75 « Conse ABIIGALY ¢ T‘"m .

e L

o and im“medo et nélH

=N e Ve 20

% OO, K 10 o TR ¢ PG Sy QPTgRITe Qelneqale epl wn @ w22 0% P
C '=conimwouge. 1% Follovs that ¥ e— g g e By A8
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! —veake-continvovs. The ux M(m\ ess of ¥ fcllowsz% from Lemma 2.13.
(becauge M is determined by V, it follows +h u,'i, VY is determined

'b;y‘ the set {L‘ /B / L8 —>h, § bounded, uniformly cm‘s:i::inum.ss} e
Therefore (E, ®y 4 /M) is a limit of the TAS ?”
- From Theoren 2.9., we obtain that (M(E), ﬁ‘/ /1) i a Lisl
: ; A
mit of the projective system (U ) -u’>/3'5) .
: = s 5 s gy

g

REMARK 2.14. We cau replace the assunpiion (iii) of

Theorem 2.10. by the following asgumpbion ! Eﬂ)% ig ine

Tox every nell and x¢E_.

H
g...;
H
=
o
e
:,_,!
L&
@
>
5?
22
-
,-‘
-3
=
"3
S

kﬁ-ﬂ.},c /W) 5 - vinere Z"“' X

the discrete topology for every w e,—‘-.l/,‘ ig 0‘711(}(1 a discrete

vt the real line R endowed
with the uvsual topology N\ ig the Llimit of o DAS,
N : - -n':’}_
’.L‘L ECREM 2.16. For cvery mgn, denote : xfka Yice s 3 .

b >\ (x, )= :z.m<;z~1:« ) E
)=( ' > ['ﬁv} o >2[M ]2

vhiere [*ﬂ gnd <a> are the integer part and the

fractional part of the real number a. The DAS (I}p, >‘3 m/ )

5 (2, A, A/, whore ;
/\r(’ )=(1~ <22 >)E +<£ X :

[,’, w] =1l E,%,}.,m.m PRt 14

i

(>

g
5
5]
ol
5
o
f_ »
i..d

L Pl C-.

e -

P ; Fop R CRO TS, S . Eae . o =
In addition, (li(R), AX_\;;;) is o 1limit for the projective syo—

&

o 1 RN oxies o SO R o D 2 £
Proof. It is essy bo verify all the hypothegis of

Ty R o =11 B v e i1 o+ a3 Ty o
Theoren (M.-.O. with €. =2 ', nell. 1t repains o show, that



(Dn’ )\,m/N) is & DAS? It is enoush to show thet

X

L = . for cvers harlls
nn+l’\mn >\mn+1 2SOk CVony Mg

sk oe En+1 . Think that x is Tepresented in basge 2,

IIO h.c.LVQ Arﬂ‘l’{ l Atlﬂl'l(}"’ )""

=(1- <2%5 ) A ok 2o n + <2 :&}% (E‘z il

e N €278, )

N}%nm]_(‘c, )iy boc“uf*e in this case f2nﬂ =y

: I.f <2 X> '.-:2 then Al’ln—}-.]_)\WW‘irxf )=
ot )\‘mn([‘znx] 2% g i l)\ il )c!l].? n, )= . }
-1 M\, P =hep wﬁ'M
=274 (1- 2"y omoidy o B
{ ‘ ’ Ez."’“sz"" (<2 : L‘2“ o .

m Me=Ne=1
+ (1-<2 2 > )£L2 o 21*1-1'1-] 7 e

4 <2mx+2m~—n-1> s o m-—n—~l $o bcac%u 3¢ iv this case
% C2%x+2 ]z

eisni oy Lz‘h] ot “[2 4> - . zm"n"l and

[ 27 KA+ l] ""'0 F2 -1 55 ; el !
There are two no‘mjb 11 vl ﬂcs & ollcy 2}1-—11—-“\] ol o
n N1 1 [ .
2 +2‘ 1 [21‘ fl] Ve ootﬂn in every case that

nn+1>‘mn(“" = rqm—l<}" )__' |
THEORLI 2..“7. For every m Cials aonoto K ~(D )Iyl 'md‘
(L HCRRe =X (%, )Qi*...@)\)m(x e s
Then (Kn,fﬂ‘],m/f‘l) ie a Dzv‘m and hes the limis (:"%’*\,‘5, \'N T /u)
where }\N is the nroduct of the usual LOpOlO"‘lO"‘ and
'“C ((“. N’ )w/\ (“ ¥ )@...@)\ X ) for every & ),Jgdl
(>\']_an and >\ are ue*lnod in Theorem 2.16.).

Proof. Obvions.

DEPINITION 2. ]o.. If (B, %, ‘PW,,‘_‘/,/‘:/) and (o ;,,‘[ W)
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‘are two TAS's, ocuch that E! eo (= ), zl=Z_/m and
: W7 W 7 W/

¢ ; : ;
/ s S Ty ym 58 PR BRI
1 o E i :

b

(,222‘;?, &l )[j:;m,/%‘i‘) is called a subsysten of the TAS

HEOREN 2‘19, fet é’:«’l,ﬂ 'tﬂy, i’;w'/”"' bO a TAS and let W*

bo a countable co final set in W. Suppose *i;lm’i; for every -

wel', (E_, “cz&,,,) ig o sépavable netbri iza ble space. Let

(B, &, \Jr"_/’s}’) be alimit of the TAS & anm d let

g«» i ' ~t,, WWJ,!) be a subsyss £ € . uppose that BY
Vi

A

is closed for overx ry welW'. Denote

B'={x€E / Y _(x,B)=1, »f'en?s z'=Z /g ond

Ll E“KO"("C') s W eW, ’;ﬁ'% then (L', &', /W)

is a linit of the subsystem S, va( e
A A .
{m(B*}, ‘}/‘l/ 5 is @ limit of the projective systenm

(,v(rw) \fw,@ ,“

Proofe i W

3

is a space with approxinations for the

To prove that E' is closed in (B, ©), we choose a To-

o sayaly
HE i

A 7 - ne :
Ll - I‘w 2 = ~ +r -'. 2 1%

i /me=l and L /en(r w""i) = 0, for every weil, v ne Na We

. - ) ol
1’:13,...1.;.‘1— :i: -.LT.‘L“".«C . U vvv ,L V O ,. & ( .‘i'(;‘w)
Wi E -’ W

nave B = { ) ("y (M,ri) )m?(?lﬁ) :
WEW
nell :

T A e 39 b4 ! iy g S ey A e e I S L S U
Let (B¢, B / 1) be a space with approximations

o L J'l
that £ €C, (*,,,) Qe e




&' For Bvery wel define Mo L) -»\%"“('*’ ANEY), x¢Bm,
A €0 "Cm} « Clearly, G is o transition ”ﬂ;m?aaﬂp.g.,..;;: ;E‘:i;“om

("%G‘( z")) to (E, ¢ (=)). Obviously, (B, zv, M SV ) 15 a
space with approxinations for {s
L 42 be the representation of E* in (E, s, ‘!’/
[ / _E’Q:w:" every v.:a.rieu-? denote z‘k_}] -§“ €8 / ‘f(“W,{,) 1} . ¥or
c ‘ w<wt, X €A oy We have +’ x,E! S; 1 g,(“ )\Pwﬂizg,ay)m

Wi

i
-
J
-
Ve
2
v
-2
s
&
=5

Et,) = 1. Conseguently, A!,?,cﬁﬁ_ and E'= ()4 .

{

Let x" ¢ E, For every weW. we have la‘}’ﬁ,(r{",?ﬁi}])m
i ! vy g v

T r B (e Ja5)= ”Z( + IV, c:,,,-::wzcvw,am

i
<
Ve

A V7
C“L"‘w

V¥

Thoerefore ﬂz (v, "‘xﬂ_ e S \'1/‘](4’ ,"?'3"2(‘ gn.a y‘) Because

\{{ﬁ( YoE!) <1 for every y € CA».;,' we obtain 4 (x",CA

Let (v, )y be a serially ordered cofinsl set in W

(';22_1 cw . for every m< n). Then ﬂz (x",CE*)=1im /rZ{ %t CA, )MO .
‘ "

Therefore = Z /a0 X0 ( zt) ig a transition probability
(s,-_ s 7)) o LBy, o Z:")} Pow. every ¥ eC?‘(l‘l') there

e hs £ €C. (EB) such that i ==L! because (E, &) is a nmetrizable
S

space.’ Consequently, V¢, (1'))< C. (= ”) . Obvi ou.sly, \F\F‘f,m
(& v L 3

Y follows from the L’L?TI qUBNEeHS

by

- TP DVEO, e | " R . Lot 4 - -
wmerable, nell, and a femily of
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- for the projective systen (J1(5.)

Proof. Ve need the following lemma

-LEIEIA (ﬂ,mle Bvery l.c.g.ms space is homeomorphic to a clog

- - -

set included in (R, ‘}{\g) .

Proof. Tet S be an LeCogone z.‘"pa,ceg S the é@&@x‘mémff's

e

N

compactification and f:“wm{@} The space S is metrmm'blco

Consequently, there are a compact K included in HIlbert's

‘ cube [1,2]7 cndowed wit }1 $he ‘topology }\ /2,21 |, and a

N
homeonorphisn £ ¢ §—s¥. Lok w.(c:*'} c' C?on@j,de:c in. (R“} X))

© )’ » m’; i
the distance d d{,v) Mz oy (142 -y, )7, where
nvn 1 Yn ¥

B
3“"’(‘%1):%1' g 3‘”“'(«311}1‘5 ’ E fine g2 K-{e'§—+R" by

Ce{x)=(a( (x ,d),“ g( c‘} nép s X=(x )ﬂ eK-ufc?'S 5

Obviously, g is a homeo ox‘“ﬁm. gm between Tie» 0'3 and In( '*f') 3
In(g) is closed in R, G@xmecm m? Vs gef is a honmeomorphism

We continue the nroof of Theorem 2420

i
Let S* be a closed in (R, )\) such that (S,Zz) is ho-
meomorphic with 'S'., . Let K.» **’1'/‘> be the DAS defi=

i)

ned ih Theorem 2. 1{, For every nell, let

’3“1 xeE, /’ there is ¥y e S' such that "’Z (d,{' >0 S .
; . Por every m<n, doenote

Tin =Tomn/s =P (s W M TCiaf iy

W

\\H{,fﬁ 1> 0, VWe have 5
Wl )oe ) Sidnisiy (g,

2](_5

Let men, x e‘ 3. ¢« There igs x€8' guch that
s ¢ 0

-3
y
¥

@

e obtain thaty kF (748, )=1 for every ye 3+ Consequently,
Linded -

d




o
H

'~ ., &8 & transition probability from 8, . %o S,

. 0'@@;"101:1&32.3}“\&%\? e m{'mp ' for every m<u <P i+
follows that (mn, i ) is 2 subsystem of the DAS
T '

Po prove that (85, “;L /‘21) ig a 1,3. it of the DAS
(8, b /W) s we shall apply Theorem 24.20. Leb
m{zezﬁ / ¥ (,5)=1) 5 B= O\ A . For every xés’,

ne:&é"

there ig k€ N such that d(xgs°)> a’l“‘, We obbain that

1 (%8 5) <1, Jchex"e:’fo:ce <!w. Consequently, B=5*
‘With: . tho homeomorphism 3§ -—>§'
- define /1 (x, Y= \} (£(x), ), nelN, x&8S. Obvi~
onely, (8, %, 71,/1.) is @ limit of,the DAS (SS \P /H)
< 0Tl \f’vﬂ:,, /W) is a TAS, then (M,7C /W) isa
1init of the p:t;'oaec ive systenm {Lx(Fw) \wa./ W) (se the proof
of Theorem 2.9.). Denote |
Pwi( My )E,e / Mg a probability measure }j .
ﬁ‘gﬂdow wi "*}.1 "ahe restrietion of the topology of M.
LEMIA 2,02, If (E €0 /W) 40 2 148 and ez )
is a Ha do'*""f compact space for every wéW, then P is s
wpact “‘Wﬁle& of M. |

Proof.' Becouse

P(Ew)m‘z /(/\e«zﬁ(Ew} £ M probability measure { is a compacdh
epace for every weW, it follows that Tv;(? E) is compact

oy .

s well. For every w<w' and f€ C{}aw) define the function

o

a7

g,”],mﬁz?é )—>R by

gw]q,,;,( ( /(A w} m) = /"‘w{f)‘“/{"w'\Fm-.r‘(f) . Then g . ¢p is continuous

and P= a /) (;ﬁ“:tw,.;_:s)mj”ﬁ%ls} is closed.

werr . £CCLE

r
(



~0SBO JO WORsAs Yowoadds oyl 407 SUOTAEHTX0sddT LT pouds
‘[x 4 [A '

)\ ¢ bbb e SBW o oy e o

2 5T (/0L 4(2)9 ‘7)) vue (1 2 ey evp sun a0z

> {u /‘B‘/}\’* ‘"} ‘L1snoTAqO

25 *008 ‘L'};] 008 fogoy oon oM

g

!

suotTrewtzoxdds yrTwm oouwds ®© ©

YOTWA £200US €,5.00D0U) UT SWOXOOU) UL TLC I0J °*JO0XJ

* (a/ ‘”i"'j\ (

8T (n/% (f‘r B) 1“?1’13 (n/* o J\“m 2 ““"‘g) SYL Ul 2O $IMET B BT

% : m.
7)) v,ag:)f:ss oaTqosfoxd o4 JO QTULT ®

A : &
M/ 4\‘ ‘) ueus ‘& UT posoto 8T ¥ *uotaTppe Ut *II

,&.94% ,7/) 4*&9;@ Liovao .

xoy Boyfs( 6,'!‘»’3(1\“#))&% oaoum ¢ (u //f\ (.2),0‘5) LTHTT oYY
pon (/0 - s

~de oyq Uuoyuy P#I JI ° 4 IO LJ0T0do] oHL IO UOTLOTILEOZ OUR

¥

A o
2.0 ‘"’) goouds oTquANSEOW JO Wosshs yowoxd
20. 2 29T pue g Fo sgutod BUBILEO JO no08 oyl ¥ £q eacuwog

AA
° M PA :QJ»ZGA.G) J0F oords 20VAW0D OTOVITJILOW B ST E 2 ‘{ %)
ey UOUS UL A 2050NS TEUTIOO OTYBLUNCO B 8T ozoUs 4EYY
osoddng *gvy € eq (/") ¢ "z. ‘“ﬁ) 907 *€2°2 MIUOEHS

| b= ap vue b b chrauenbosuog

: h . A4 '- A LAN Fih - i
s a> 4 Lrone zoy = BN hi 5B LB AN
QAT oy ° Jz,s(mn peuy gons o8 o }«Jz 2eYs osoddng

3N ‘ e

,% =4 Awe/ ‘?ara‘*"( “71,)& Zv § £TSN0TAQQ °ﬁ'g1«:ztm;s: SUTSBOIOUT Popuneq

us 871 LK‘“’ﬂ(‘A“A/\(“ﬁ((/\ '“"/}) osnEoeq S48TX0 JTUET ST

. ‘W"glj('ﬁ“ /\““ \q/} w;t-m""ly OUTIOP 4 24 Lioad J0g

T“A‘WAJ\ (“&A((A “ﬂj’i )7/} mmsl‘fm’x%\%m a‘fu\.‘#\ (33.“&‘{1 //\ sta )7/'} 3 :
$ ‘!‘fs"iﬂsd\ {ef‘.ﬂ,d /\ 3;5& \,,/) > (ngu} d[\g[xl (\} A ( 324 ﬁj‘\ 513."‘1 .!,)/) mff:s(,\ /\ fx\,n/

- uoyy *un > m>m pue gout BPAY= A 4 8 f*w} Ve Y
‘ » *u="i=n pue ofo <My z;a—.?’-“-ﬁmw/ )Z ="

oU00 XAUCD O JO o6BY © ST g ‘£1SN0OTAQ



N i 0

s

=28~

rakle spaces (E_,97(7 ), k{\*m” WYy

Let (B!, 0’",\%’”/ W) ve e spacks with approximations for
W{i M&V‘Er

(B o( 5 ) ‘ﬂw,/u Since fep every x'€ EFV (\,UW{ s Mgt

€& P, there is a probability measure /vl},, on (B, o (7))

such that xc”xgy“?&@(uy) Define \V(x‘ ‘ m’”f v ¢ The fun-
ction x' wi\{/"v{&a i we xte EY, is owﬁmma z.:able and
the function /eruﬁ-rs? /f,« é’}'@ is a‘(’( )waea:mm‘b}.o. Covte
sequently, because x* > L/ ¢ is g'~0( ()a«mcasmnble Yis
a “i;mnsi‘biqm probability from (B, 0=} to (E,o~(=)).

By "che uniqueness of f7 e 1t follows that 9% ig the re=
presentation of (E', ') in (E,0(&)).

If E is closed and (E', =*, ‘?;v/‘fa')' ig a space with ap~

SACAT TR Sl i e ) ) SNy : -
proximations for (E_ , &, \Pm,, /W) ‘the function M ;-—-:afzf[ 2

Mme P, ig G-continuous. Consequently, the function

«,e,,__.‘,\{/(x;v ), x'€E', is w'-continuous and (E, &, ‘)v,/‘w')

‘fwe/ W)

is a linit of the TAS (E_, &,

= ; : 5 ey .
If (E,%) is a topological space czanote by (B, =) the
Alexondroff's compactification of (E, z:), E=E={cY . Obvie-
o _ ;
Ously, (E,?) ig metrizable if and only if (E,<2) is a

10@4;.)63.3» EPLC‘C\ @Qnﬂiﬁ ;..(‘ (L) gACC(L) / linm i(X)MO?‘
Q?‘yc

LEWA 2,24, Leb (w,? ) and (B, =') be tonological
apaces and let ¥ e a tr’msumm measure £ro . _( B0 (2'))
to'(l’r‘ T(&))s 0= e 1. Denote by ‘?*‘:;he,“armmi-b:%,on pro«»
?ﬂbm._uf £rom (12‘3, s{Z*)) to (:, (%)) defined by .

(y2)= X0 () [ f (5,2 NDY+ £, (8) (2 ‘?wwj%x&.k(a)s .
The following are equ.vwlena.

(1) \9’” B)jee (B'),
(41) \f(c(ﬁ))c(‘;’(ﬂ'),



following are coulvalenbs

™™
£

5

in B and a neigl

w every y & ’Je

£/ ~£(c) & ¢ (B)

Ca*wem J,

11y e

hbhourhood U of %

(B))c 0, (Ee

(iv) Por every £-0, xcBE', there are a compact set K &

such that \/)Cy,(}i{) -

o that (i) implies (iii).
Proof, {i)é:>(1'i)o Suppose *f{czaﬁga))c%(zzf).
Pa% A i
have \f( ) \fi,i ~x 2(c))+E(c) . Beceouse
: -

el

and \(’( ){0 ) (¢) we obtain Y(£)e C(BY).

1p \F(e( )}cc( ‘ﬂ), f’ec(u) and
J.H.,i.’l \lpﬁwngf/“ i:q:l \{(Agd“)“o @

%-=e! X—rc!

of conpocis (,Ei‘m),;! with UKZ =1 and
ke Y 3‘} l

such thalb \P(::i,m;,f) >a :5:’03:' every i in o

(=, 08,) < /2,

P T s : P £
For every nh>n and i 73,00 ‘P ‘(ﬂ:x- 2 £)

< Mz

fa ¢ EP o
Conscquently, \f(

(iv) = (131

K. a)eten @9 (K ) < iz, 23

2, 8)= Pz, y2) >o/2 and (s }dff(

L“% ﬂé‘G {;}9 Q£¢\mg :{'é&a iﬂ €>O:

Sy ] 3 1T AP ey

There are o compact K and g neighbourhood U of x such that
) 3l @ N T 2 1 o =) X b >t
\$(y,08) < £/4 for every yeU. There is J&GQ(&:) such that



8- F 0«2 (y,ox)s &f’( ) W (7,200 (2,200 €
<| Pz, 80 )~ {)(”“@)t«% £ o Consequentlys \{’”’) €0, (u)
(11i)=>(iv). Lot x eR? % £>€Je There is o compact set
Klof B such that F(xz,08') < 2/6 o There are a compact set K
z:m;’i :?:”c.i{:’.bé;%’.) cuch that K Sk, f /ggmii,, £ /‘&f»‘«’@g 0<f<l..
- There is a neighbourhood. U @ﬁ x cuch thatb
1" (%, 5)- \F€3'9E>5<£/4 and VY (x,£) (3 0l <s/4, for
every y&U. We obtain that A o .
iy, oK) f‘{;;,u) V(y,£) ¢ ’(zts“ﬁ‘)v-“f(:i»f%f/ 2¢¥(x, RV )+re/2 €

for every ¥y & U.

t"“v

THEORTH 2,25, Lot £ =(E_, & M, 0/%) e & TAS such
that \FM (C omw)) C'_GO(EWQ) for Qvé::z‘y w<w!. Then
: VAR ," ‘/L’t e 0 &
(1) B =(E, By Lpp/W) is a DAS;
T
GLEE (E, Z \} W) is a "*7?15 of the TAS X +there
i

exists o unique » point ¢ ¢E such that '\}fw( ¢y )= &, for

: W
every weW,
e ~
(111) I (E,Z) and (Z_s C }, weW, are metric compacth
a4 in ke A
spaces and (E, T, $. /W) is a linit of the TAS = s Tthen
: 23 ATy - 7 Js e
the PAS & has the limit (B, 7, V./W), vhere E=E~{c],
' - < "‘j/ s :
P = frn QTN = 2 o P S v e
& C’/fﬁ nd i’w “‘L&,{/E x a( E;W) foxr every wéWs

Proof. (i) Obviously, for every w<w'< wh,

- A ) K PV ) 5 -
2 g \ e T T { ] "% ¢ U f'
— and M (C(E ))<0C(E e). (See Lemma 2.2
wwr U vt wwtt vt WL W
¥ v Ea v %

\"h
_é\.? ——é > 0
. ]
5
} ]
\r-C')
S
i E
(/r-’
-
:3
S
ol
o
Lo
=
Y
o

Por every X &6E, we have

Ea'd . ‘,’\r
ms \PM 9(«/9{9M\S) \Sl (z,dy) = \f».mv'w‘&f_"gcvlj) %‘:’htdcv,:,ﬁlf) -

@

bo)



o 3/3 -
A
= /»w(“?i‘?-;@ﬁ) 1% follows that Ai., -&We for every wow' &W,

Denote A=A, « Because ‘V‘V f s it follows that AZF. If

-

: 7 ! . »
guently, A has only one elemen{:, Am%c}

(1ii) TFor every wewW an d £ cu,( B, we have %,(ﬁ’)é(‘fb(}ﬂ

in accordance with Lemma 2. 24.. Therefore (’& w L}' /‘k”) igs
{?’
a ace wi ith a ?)"J,i‘Oz{;‘.LmE’ 'i}lO s for the TAS .,g o

(B, 27K :J/ W) be another space with approzimations for z.
FPor every weéW, xe&hit ::zzrzd L€ o Z’ } define

= .
Welx, )= Y1 (2, ANE ) « Then (B', &' p{w*/&!) is g space
134
Ar

.0 V. r""hﬂ Let ‘+' be tho
renre esentation of (}J’, s 9\} J/h) in (.;“, cg \}//1)
Por every x€E' we have wggoﬁ) \%"\}’W(M €.

)=
zi}{"(:z,gc,‘,_,ﬁ)mo. Consequently, K} (\gécﬁ} 0 for every x¢<E!

§ 5% 3

with approximations for {u 9

-

Define Y M\Pﬂ/ﬁ,x“_@) . Obviously, YW =\, weW.

e £ RO Y : :

We prove that “(C,(E)) cC (E') using Lemma 2.24. Let

20y 2t ’Ehez*@ are compact sets K and K'y K, K'cE,
5 e

. -
such that K<K' and \¥(6<,@)>1m s/a « There is f£e C(E),

0<f =1, with £ I and £ / .nmi) e We have

\Yh/ﬂ) Yo (£ }é‘v (B') o Therefore there is o neighbourhood
M of x such that Yy, a}> for every ye&V. Conse—

quenily, Y (;r.;i:i‘i') < & for ecvery yeV.



is called the product of family of TAles (uiwg . iy? o

‘532%_

We need the product of '?‘A, ¢s becauseé we shall study
mtemm stic processes defined on the St ace of its trajectory,

Let I be a set of indices. If (l&iﬁ o ) and (:E{g “Tng.):[
are femilies of measara‘é}l&_ spaces and if ﬂfzi is a trongie
tion probability for every ieI, ﬁzn.ﬁiﬁfxa‘i-w%[o 11,

then denote ioy @fﬂfli the transition probabilmty from
(Tf“?, @0!) to (TIE,, @0"3._) defined by

it S S
@i} ﬂgi(_(}zi)ls ):%ﬁ? ﬂzf.h(;fz:!,_g ) for eve;*:y (::-‘-:i)le‘\'}l?ﬁt o

For every family of ©Tages (k; o ;. \Pn.‘fm'/_‘1>l dencte

U= U/ Z'(:i.g\!,f.,)T /W, W, for every i€ J_} o Indow U with the
J‘CI l < oo l :

directed order relation < defined by (igwi)gs(ig\v;)m

if J<J' and w,<w! for every i€ J, For every u=(i,w,) e U
X i J it

: P o=\ . = FOX ! b= (1, W,
denote K, T}}?‘lwi’ i ?le - For every u=( ,xv1)3 and

u':(i,'\#?)(}_@,unsu' s denote \?uug the transition probabilu.t:y
from (B ,,CF( ‘c‘,{?)) to (lku,Cf( z )) defined by
\'?uu‘(("’“i)a‘” )= g\'viwiwzf.cxi’ )’_’ (X:?,)J'éﬁu', 2

DEFINITION 2.26. If (B 1 %ﬁf/m is a TAS then it
ol 5

1w
‘Generally, (&, @ug Suipi/U) is not a TAS. .
LEMMA 2.27. Let *z.hf compiefc;e séparabla metric space
(Byd)e If g,V ¢ 1i(E) and £ eCy(B) then '

V()= V (£)] < il L fes V), where fifll=suplf(x)]

XER et

avn (04

Proof. Ve have \},\(:{:‘)«- V)l e .

[g % - jﬂiél(fxg“iﬁbwﬁkfml([xsﬂfmnldx]%
ir

‘ot b (fw{"l({«ﬂfuﬁkl) Peel( olieh,x)0)ax] < 201 )
wfl :

LEMNMA &.28. Let I be a countable set, Let (Eig 'Z;‘i)]: _



1

/
e
A

be a ,‘;"ﬂmgly of metrizable ené.r:abl@ complete spaces
and let (I“‘ " 2’ )ut. be a family ‘of metrizable gpaces. If
for Bvery iel o, 3 is a transition pmbabili‘sy from
(B}, 0(2 1)) to (850 (z,)) such that the map xiﬂvyi(%, 39'
x €lij, 19 weakly continuous, then the map vy ( @nzl}im )@ ,
M—,TT is also weakly centinuous,

Pmofo Deriote E=TTE, , C=@E; E”aTTE* b 'z**']c:’s %)
T 9 i

AZ @ﬂf . Obkusl;yg G‘(Z)., %W(?i}e L@t nr—>ji  be
a bijection batween N and I. For every nel let dn ba a

complete metric COIIIDQ”{?J.IS?,L@ with the tspalcgy Ey s dm$la
in

Define the me br.m_cl en E by a(xsy);z 2 ‘"dh{;.:i ’yi Y for
evVery x (:; ,) i y=(y, >I in hg The metric d is compatible
with the topology & o (H,d) ig a complbe sapzwable netric
Spacs.

Let £e€¢, (A 96.) uniformly continucus, Let a sewam@

(:x,m n °f E convergent to x. Denote I= ifw. s igy eaogla?{

Lat a::(a, )I be a fixed point in =, E@fin@ for every neN

the fww*%ampm”‘w}? by £ (M)mﬂ(.ﬁ:g )I 9(«3 >I I, 1y m(:ac.i)i

and g 2’:1{_7?; —R b,y 8, (7)= f(fg(a )I aF ), ye T’TE -

] n
Obvi oubly 4 ‘Ln is uniformly continucus,

For every ne XN denots

b FEUp gi(x‘mlﬁ’j;/ é‘w(éw )'rﬁ :y““(yi)l ] (3» )I'”cy ) 2.5

%i

We havea >Z " 4 (‘Jﬁ)e We show by induction th&t

In

®%c>ecﬂ@>EWw®> REcop e m
o & S 4 S Y h @ ] W 0,3 > @
«Ln T In 1 i IIH-l ; : 4. In"i‘l xnb L



(b

T

’

&

P

We have . | @ M (x,8, 4)= @ M. (x'yg )] <
A ntl

g%g 241702 )@wf e'(x,,‘}I gd'ﬂ) Sér;;%ﬂ(ygz)z@wi((x:g_)lns@)\
n

’*Sl Sé’&q_-%ﬁ?ff%) (e S*‘Q‘“s:wlgwf?im. 5 +1’dz)

fis

T WO suppose . thai Iwz (bl)ec QEZ;E'” it follows that

the first texm GQﬂVC}f{’;’\?S to 0 when ('*" P (K:E.)I :

“The second term cen be majorized by

21 £ Blo 4

§ ) ‘471 ::% = - )) and consequently,

u—s—"i - “nl n+l o o+l

it converges to O vhen vl Rl S e Therefore

- Tl j‘nﬂ.
;ZM’Z o (WE )) <G ('_T ,: for every n<€lil,
: o (LVES

n

121
e sequence of uniformiy continuous fmc*t': ons

(’}7,(111))%* is uniformly cmwormcw‘ t0o A’Z(:{"), it follows thatb

PROPOSITION 2,29, If the fomily of TASes
. S == / 5 g 3 3 e ~ 1o and
(= (,.? e \Fi‘ww‘ /! ,si}:{ “i{s . ,countable and

(E,i vl C .. Jrcomnplete separable metrizable space for cvery
© ehe ¥

iw
iel, wel, , then (Eu* e \FW,/U) is.a TAB (uho IJ"GQ'RCD
of the family (@;‘i)l e |

- Proot . Obvious.

The following theorem gives co*ulb*ans Lm@cr which the

limit of a product of “,{mes is the product of ite limits.



(&1

et ﬁgﬁ “Q““W Cin? &Pim*‘t 33'3)1 o

L
countable fomily of TASes guch that for f{ewg ieI there
(51,/ L

exists a complete separable metric Wé‘??;?" and & convergent

series ‘with positive dterns > E‘:i:-‘- and foy every mel
‘ 0 - :

" we have: : ‘ 0
£ KEC

.

(1) the tovologieal space (Esm,"?m) is & pubspace of

the metric space (%th Yy

(ii) for every convergent secuence (x )E’f C—H:;{g

G = v ME R 5 e eyl >
the sequence {\Pmn %o V)pyy OF B(E, ) is weakly convergent,

(iifa} if the sequence (x }wéﬂl&'_& converges to

%cE then 1imV¥._  {(x, )=
€ Ly, then  Lon \’(}Lm:ﬁ‘ n? ) s

(iv) _sup \F”m{i{:g:gia(;:? Sy VB I eles, o

v

Lot (B, 9 @49\t /M)be the linit of thne 045 éi, tel,
(1A
The TAS product of Y Tomil y ¢ E' ) s (I"u ,‘ u? EM/U)

has the limit (TIE., o & /u}p vihere
e e
\)("u(( ‘}I* Y= 5'?’ “iﬁ {x Ts g ) for evexry w—-(:;g;z ) €U and
' ; S R .
(:e;i)xé F“Fw . .&3,“3@9 it (unm(:;slcm}gn)ﬂ is en increasing

geguence of U with (UJT =1 and lim k .= o0 ‘%;hen the TAS
i :

e . /B) has the limit (TVE,, @ E; 9 M, /J)
o Ty Tl T %
o~
In addition, the projective sgstem (1( I.:u ), \Pv s /1\ hag

/) and the projective syrs'bem

e U‘sﬁ;
((zs,), \{’Ws,f‘m hos the limit (U(TTZ,) \%’ /U).

Proofe. Denote E=VYTE, ,TE=07%. , 8=TT18. . Let

n—»i_ o bijection between N and I. Denote by d the



v s
e ’% b

metric on S -defined by d(x,y):zm 2~n~&i (Vl el AL

for every 3{::(:(1)_1. and. =y L)I of S
Obviously, (E, =, “,” /U ) is a space with approximations
for the TAS (:LJ \ﬁu]‘/ﬂ> See Liemma 26280>ﬂ Because 0§

Theorem 2.10., we can suppose that ( i Z.) is a subspace

(\

e convergent to x
%2 w »—

.= ¢xe€8 / there is a sequence (X
T

= b\ \ orile & 1 S : -
and % =13 \{ s where x=1ipg X o
% ( 5 ;J :er< n? ) ( nm n& "5

~

There is an incressing sequence (U‘nz(ifkni)]')}f Bl

smeh that Z- & o e
el ok ik

e gj_1<;>,>:1._g-’-ﬂ Let (v,

kot L be an divereasing

)
M
=1

na

SEe NI ) o rg 41 — (5 1t W Yo oy __.- o
sequence of V¥ wish vn-(j_,}Lni)I‘;un , neN o e want to

apply Theorem 2.10. for the Tas (3 , & , \f ﬁ)o The

avproximents of thig TAS are included in (Edin Le'b nei

5 e Y e ']
gds o= le e T SO puely o Bl 2 YH“) r}B( = 2
Con'seqv.entlv,. \ﬁ - (B, ¢ “nf“") N E‘v ) =

= Hk(»;w 1t Car o Bl ,g‘“n:}.ﬂjv )

Tl il ; n

I£ the seguenge (Xh)NéHEv converges to x€& S then
N

the sequence ('\1@ >)f1>-r1 onverges to \Vv x. ]
n e



S

for every m€l, {See Lemma 2.28.).

p&- :%?olimﬁf.n that (B, %, /.u) ig the limit of the TAS

(B, s, s k{’\y v /:@}@
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Let (BY, =* K t(/@/?}) be a space with approximations for .

the TAS product of L?nca family { éiﬁza For every xcE' there

exists a probability » LeASUTe B M(E) such that

Al | . : o : P
/“quv ‘%L}'L\; (x, ) , n €N, Since on %the set of functions

n

; 4 P pos oy : ...i. . “
g ‘\}t,(:z; / :z:écb(mu} o us(d,k, }5 ¢V , § finite Y
e is Ikmown, it follows tha /“‘x is uniques Obwiously,

/mf,c&aes a0t devend on the Sequmcé €vm:3_1;§ .

For every u e—ﬁ there is u' eU such that w'>=u and

¥ 13.6*7_ W6 lowrn /’“zf:q}tsz‘:ii\yw Qﬂuﬁ'”*&’ \/)mz' (2 )m\#&.{ %ty )

B!
5

A g% . .
e map x iv—?(« X EEY, defines a. tra ane sLtion _.eObab‘;!..lz.‘?SyL’
: §

b §
from (E',0( =')) to (B,0(%)). Because for every uel,
the map x+—> \F\}'ﬁ(:z, = }’&%’.ﬁ», s E€E', ig weakly cone
tinvous, it follows that the map x+—Mx, ), z €8, is also

S T g e TR s &
wealtly contimicus. Therefore WV is the ve presentation of

The other: &,5;‘;39"”‘5"“‘01123 of the Theorew are ehbvious .
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