
INSTITUTUL NATIONAL, INSTITUTUL-  
; ;  t -  PENTRU CREATIE
v t

STI !NT IF ICA S I  TEHNICAMATEMATICA

'  r s s N  0 2 5 0  3 6 3 8

+

. .  ADPPOAT-T. I  qVSTt rMq

h r r  ' .

B O T 1 S .  S I N G E R

PREPRINT SERIES IN. } ' IATHEMATTCS

uo .16  /L98 ;6

. t
l

I
I

tY

"

' , a

' r , r Q

; , U  A-  - r  !  u r
/ t ) '

r [ ' v

BUCURESTI TI  PP"AA.W
/



* t

ApPROACi{ SYSTE}{S

by

Boi : is  STNGttR* )

A u g u - t t  1 9 8 6

c e, ry tna. ,o  { \  . l lc t t | te ,ntc t t ica" . l -  s tc t t i t " . t ,Lc. t ,  S i t t .  St i t tb  z i  v  oda [ -7  4,
7  7  X .A  i l  Buchnh .s .L t ,  R0 l \ lANI  A



-- &-.

I1'{'IRS}$Crr0tq

In o::tleyrlo tlp:,?r,txiglete a $p&ce $r enclot^lcr"l. wl*h ,sevcrnl

st11c1lercnu b3' a fo;u.Lly (S*),,n ofJ sirirpler (Fonr:i"hly cl$.screte)

,*c?l&ce.$p oile shCIr,rld also te$se i'n"ber acc*rrnt cc*x*Un'i-n :i:el'ati'ons

. be'i;wcen the ilpprc:r:im.en"bel, Ae*sv"clingl"yr in this Paper Tuo de*

f,j-ne "bhe appslsaclr s;rstcrus, lvhiclt presen'b ;lolrlo sinikir*"bies

lvi-bh the projective sys'bens" In the csitie pf uclu,al- pvoieetivc

r:y$'bens tire re}:,-bio::s be'clveen a1:prC,::!lren"bS are fU:tC'biOns ( see

f ,rl , [d 1,Lg 1 , (!7,[toJ]. l]J.cni-ng ?oi:"'rdc in f diJ s'hudietl s:rertens

of sipeces copnestcrl. by corrcsponscnces (nrultivaJued" fi;nretions) "

fhe appso:siue.nbs i,n t]:"e app::Or:,eh systemr: are ccnnectcd" by

trrrsrs:i'Li.on ,*.rro'[:a,ht]-it1*nu r,l'lt-tclr 8]ve ilore it:fo:rnaticln 'bium

:nultivaj-l.r"erl frtir.c'bion,g' Illre ttst:,al projcctive nys'beils are a

*pccfsl ea,sie cxf 'hhe a,pproaeh slrstcns fiir ';'riti*ir all 'bhe 'bren*

eit:cn prolol-lb'i1i*ie s arre of D:i-:rc,c tyFe i $he l*mrt of ai: ep"*

proeclr eysteil 5.s clef':h:e.J- t::f a r:c'I.ivcrsalety pro"perfy (r'na,-

3.ogor.rs to 'i;ire l.i:ui-'c CIf pro:jcc*ive oy*'i'*rns)"

An e:er,u:tlLc wil-L ,$how 'i;lte *dvan-i:;rp;es of our trattr,nrent.

Lc'b ug tri" '5o lrlrpr:oni::a'bc 'ihc,rSn-L Line, Ru i'i'eh the $c*

qu.eiree of clyar).i"c se'bs (*ur$* o r',{:cre s"-t k/d'L I ie e n \ '

!'fftei.bever ?:e .i;lao fem$.}y ,>$ ftttctionc (i:;rn)n o nuclr that

f' a ..: /rr \ -:\*rrrir*/ril i$ a l?:roiective syr,;'!;errr vle *o na* o?:tnin R

enri.ovrcr]. ryi-bli. tlrc trE;r:;rl. 'bonolory I ) as *].re proiect:ive linit" '

l{errert;hollong t"",c el*n- finrl 613:. i:,nlj'rroi.lc}t. s;rs'bei;r i','hOse Li:ai'b iS

( n n  } .  )  ( T h c o v . c n  2 . 1 6 . ) .

Tirc tr;rnl:i.hl6ir .i.1i:ebel:ili'b j" cs }:etr/*ci? tipace $ clet es:ri"ne

n3j)!1 betr,leCn "C}:"C aC;;OCit:rte itei:,sr6"il sl-rage$. f]:iS fr'Ct O'1*

loi,i"r onc to *,ssoc:5i-*c] lith &31 ep,tlrCIrlch ':iystcn tlte usrtl]J- }]lri"o-

$cctivc r.y*l;ic:,r of ncri,liuro $T)acori' i-i:rcleg cez''bnirr ngr:iun-"ttions
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(fheorcin 2.9.) t "bhc iini.t of tlrir: projecti"vc syr-i;en $";: c:ractly

the r.reer,CI1"rr"e "$pflce fcn rvhiclr "bire basie snll,ce is "bhe Lirnit of

the ar:pro*,ch. systeno !?e show tha{; evevy local cornpacte siepn-

rr:.bl-e * metrirnble erpfi,ee -.i-s the Liie*-* of a d.ise:'ete appr.caeh

systertn vrh:3-le the $F$ce of the neasu-:rerr clef*.necl on it i-e the

Lii:rrt of the projective sys'beru e,"l;ts,cheel to 'bh:ls approach

'systen ( fheorenr  2"?:0. )o

In the fi.rst p&r.1gs's"ph we stu{y tlee approach systerns of

measrlrable space,$u the gcnera,l- 1a"c1:i,gfound. in ",'lhfch r,.ie csJt

clefine all further eoncepts. In -bhe seeonrl pas"aefaph vie

etudy the niiprcaeh syster:s of topol"o,g:icaL spaee.s. T$ this

contex* Edts, e$:tain 'she erii,stenee tlrecrems fcr the l-i"mi* of

so$e aTrproil"ch s;ys"ueir:sn Th? cl"ifficuJ"ty consis*n i"n,*he fac*

th"l"b, unl"ike y:ro j ective systcrnsl i*. genc.r'al 'bhere 
- i.s -no calyritr-

nj.ee-L Lirnit of en r:r1rprosl.clt $-':rs'bc::1" In tlr,eorsm 2"10r tvc ileaL

with 'r;he e€r,se irXtere the tenng of an approaeh systern s,re i-n*

cl-ucled, in a sepamLble cc:lpLe"be :retric ,spe,ec $o lile g*.ve

cor:dition$ s:r the trilv"rni'r*eln prob*br}l'b:!"es unCcr vrhi*].r the

lir::it of tlri* a1;proach sy$'iiein *s also.l::,clud"crd *.n $"

theorem 2n23* x?"$es Choqiretrs theory to prove tlm-b the lirs*t

qf en approa,ch eystei,: fo:nrecl hy compact rnetrie spaees ex*,st*.

The cli.scvete F,pproach sy.stcras have a siloci.iel impox"ba$.co.

1{eve::theLess iir. vi.er"r o:f apirlic*tio::rr: in t}ic i}reorry cf s'}e-

ctrras:*** proicsses F/e need. s'curly mCIre general app:*oach

sys"5emn. This i.s *he tra$i"c reerjon for r,'dri-ch vrc trrnve consj.*

d.ered. the 6eircrnJ" cilric.
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I

ces

fflrror.rgtrout t}:ie papcr lT li13 d"ennte n dir*cted. orcle:recl

set, i.e, for evev;r l 'rutrE € il ir therc is wlte i 'f such thet v,glv'l

. ancl Ttrr € tr?tr c

$1lp3ifff1CIl{ 1.1. r ^{' 1"i:' rt' \Le! tfiw, Crrvi* be a ffflily c'f rueallu*

-rable 
,$i laces alrd" (Y'rurr)*<,,0, a faxri ly of tre"nsit ion pro*

!"/orlrlt € W

bebilities such tha'bo for cvery t:/ +l,,vt < li/"r

(i) Yrn"u is a -Lransi'bion trrobability :froro (Eru,, {or)

to ( E.r, tr*) ;
f , r . . \  r p  f *  \ *  t  v , : I J  .
t L:., Y ,.",--t . 1 )= ( 

Xr 
X a *Ui

- (ii i) Yrrr,-yuo f,*.y, * f '*r,, , ldrere Wrroo-",rVu*n,n(;rrA) *

=(fr .n ,  (yrAl f  urrru,*(r : r ,1s) ,  x€ 8 ' . , , ,  ,  A€ f r r r '
J  . '  " ' "

?lren (S'rn frrr, Y'auo/oV) i-s called nn aprlroaeh systen of

llga$tlri],ble $.1iRCes "

pnFIllrliJ0i,i L.e" r,et d*(Eru, o'o.ro V1,n.,r/vl! be an appr"oach

syrtcr: ef : lcs$ilsabl-e spstcctr, . ( ;f nc') be lr rnea"gura.bLe Finace

an*" ( Y,'?),;:eC k a fanily of trtr,n"sirlion p:'obabili'bios suclr

. fiha'b o for every lY g we n

( j.) Y* ir a t3alrsi 'bron lrno"cnti i l i ty f::orn (8, r) to

a  l r  \  -'  (Euro ff! ,) ;

(ii) *r,, 
''flu*". 

.,* Yu., 1

Thcn (S, r rY,"/vi) is cir,il-cd" s illcarlurabLe $sece l'ribh o,f *

pro:cir:artioyrs far ts, i'*riLe ** iu callccl -l;hc l'r-lrirproliii:li.:.*iovr

o f  E "

If, in nf"k1"i"i; ionn f 'or ni4r (Et, r ' , Y;./f{}, & r;}oii,$l}*

r"abl-e spflcc ,i,':ith ni:3:ro:<inr.tj-ons fo:i: :€, therc c:lists 'Yl a



* € *

rrni.cr,uei tr,?,rc$i'cion. probnbi"l"i.'i;y freim (H* u c-t) to (Hna ) sr,rch

tlrat VY" =Y; , 116!i, thcn (]J, tro Y'.,,fti) is ccr.l-Lccl a Lj-:ai't

af € " In 'Lhir: ca$c V is cr:.lLecl tl.rc re-ir"r'e$eritrltion of ni

in  E.

I

i

pR0p0sltTc,i[ ].o3" ],et {iI, r r Wr,/*) he a li-mit of the

a.pprCIll,ch ,rysterr e$.' :eesuralrl.e sil;ace,s 6='(Enu, 0*r'r, lr: ' \
. " - , , r y '  1 ( ) .
\ l1 l l , i  

-

[i:.en € i.s t]re cr-algel]ra. gesi.erated by the set

fY* t  ,A )  /  we i l s  A€c r , r ] .  A : . so

tY,#(f) / wq'r'*|, f nensus"alrle3 'boun.c1.ed"1 as a z'eal- vecior

spece ',*:.ich gencz"a'bes E e aniL r scpr,ra,tes the points sf E"

p::oof 
" Le.:; Crt= er-( Y1?( ,A)/w e';,{, A € gv/) " Clear,lyo

tr > C' . since (it, a0 , !,./;lt is a mensu;'a.b}e $jrac* rvi'hh

appro:ci::ati-o:*.s t*r €, ,:tr*"* ir Yu 'bhc representri;icrn of

(S, 6r.o) in (. ! : , f  ) ,  l ,et.1 be the repre$ci i t*t ' i r-ei i t  of (g, a)

in i'b$e1ll" lile luxre 
Lt:rr )= 5*, x €.X. *?re trr:,trsi-bion pro*

babil-i 'b;r (4/no6rulY is th,CI reBre,$entatiou of (;*u cr) in.

i*ce.tf , too. Cour:cerucntly, Y*t i:L:r.cl f c6t

jlc;:l a con'i;r;d.icLioiro $tr.jlpo$e 'bl-'.a'b th.cre z',re x/y in, E

-ri"i;lt 
%("0 )* Yrulrr ), for cvery iv € ii i ' Dencte F=E*[y].

31:en 1r, tr7rr , \"ypn n l';t) is *, rieasllrahse $pace rri-bir ap-

pro:ii ira.'bioii. frsv'E . T,ct Yr( a , )= t *u

Vnt*, )*Xru*f*] ( nj E * * X[x3(:r) €.,," r n € F' ! ' fe itave

YrVr" * Y,,,.'/r FG,, 
= Y2Vro I i? €'!-'r" Conseciuently,

(En f , Y,"/',:t) j.s not a -l-ir,ri.'b a'! 7f "

fR0?Olil 'Jtr0li J-.40 l,c"i; (.grfr, Yi"/U) bc a l-imj.' i; of ttre

fllrpro$,ch sys'bctr .sf ;rea$r;uvairls r:rpii,ce$ f*(s,,,,n oi;, V,,,,,1"t,/';t) .



(i) trf Ht c Bs €* * vfu.,t &:1d,, 
t{''lf Yi"rl*' , cruo t rI s }?s

tlrsn (:rtr o"-, t;.oriv) is a neasur"abLe space v,ri.hh approx*.lna*

*i"ons fay Yu herv*ng'bhe re,presen*ation *r-+,.t:ro xe n*"

iif) If Yft j.s eofirial in ltu therr (llrtr, Yu/r'lr) is a

limit of {Err, firou .Pu",oruo/}'l* }. :f (Ho fr, Vr,/l:;'; i.s el rinit of

"b}:.e app3-os.ch s;'s1s,'r :b$, nreasrlrabl-e spaee$ {Eu',, fou, t'u*u r/,ntl.
then (Ilnd , Vr/',,v) is n lir,rj-t o"t Y, rl"here .|rir= y*, ,f 

,rrr,

i  for  every i ' /e i ; t ' f i i t  a,nd- r" , l t lwc vne l l r .

(iii) :f lit is cofinel. in !il, trir is ccruiltable ri.ncl {r,

is countai;l-y gcnera.bed., for every'r,.,r€l{r, . i :}ren ff iE

cousrts:bly gcircra,l$ed and. e;Lch 1:ol:rt of lI j"s rneasitlrr.jrle,

Proo f ,  ( i )  a .nc t  ( i i ) ,  C Ibv ieus" ; -

( i i i i  He  s r re l r  e .np ly  ? ;upo,s i * ion .s  1"3o  and.  r - "4" ( i i ) .

lret 9,, lru o co*nts.irle sulrse'b of srrs*el:. t!:-ilt: r( 9r.,)='6-r_,

q as u'l-oliccL u:r.rlcr finitc iritcrsecti-ons anrr. xo, e 9r,

For every fr € 1.10 u Wei loarre.

f * € ff,;t / $'ro( ,A) is o- { Yr"{ ,B}/fi e$1')*ilcils'u.rairrc.]* cr .u

i/e h:rve

fit Yr.r( ,-i)/'x s"?;re, B €Sru)=cr(r,Hrrl( Vrit ,a") l i+e 6-.-?) )= f  ,

Secanr""se q is ger:.crnterl i:y a corurtnbl"e set .of rel.r'

frr,nctionno it foLJ-or,;s firat c ier eowrtably generated" and,

ln ed-d.-i 'uionn since gr sena,retes 'bj:e poirrte , 
-bhc i::cirr"bs ar.e

!-rc&,sluirilJ:l-e "

tl l$Oitii l{ 1.5" If (u, u- , *,.r/,,,11 r-nd (E', c'r y;,Ail) i}rc

tito lilrits of j;hc e'iri:c,oe,cir syrtel bf rneasilJ"erb] e $jlaccs



t:* (srrrrs,, t'r*r/ut) n^ud, eech.;:oint of E anrL fil is mea*

surrr,ble then *here exist*'l * unj-{:1u.e *sr*mo:"ph.ism for mcasurab}o

,$?eces f I i i *T: , suclr *hat xi--"a5r(r.) ia the.r,eprcsentie+

*to: c:f l  E i i r  i i !  o rtrs a rcsu.i t ,  Yiu(?;r.  )= Yl l l ( f  (x) o ) r  x€Et

vr € 1l/.

Froof " Let V ?ie the reilre#entatj.on of St in E eLnd. \c
the renresen*ation of F in St u l?e Im,v<l Yr ? (*, )= €x, x€S,

because VtY is t?rc rcprcsentatron of E in i tse' i f  .  A1so,

YY' ( : rn  n  ) *  t r ,

For every x

1 = y"Y (x, {x})  # 5YiUr,  of  x})  vo (* ,d: i ) .

obt* . in $n (x,  f  :c l  eTe/V(: :c r l : rh = r ]1 = t .  r lhere is

in l i t su.cit thi.;b Y(,r 'o{r*\)-1, For thj.$ xr .,,.,,e l} i lve

I  =.Y{r  ( : r r , ! :e ' - l )  *  
IV ' {y , f  

* ' ! }  V( :e r  ur . . ' i -y}  = V,  (x ,  f : r , } ) .
As a resul"bn for everJr x cIl, t i :ere j-s just olle xre i lr, sr; '.ch

t h a ' o  * 1 " { * , [ * n j )  *  Y ( : . ' r f  : c ! ]  =  1 o

Irct f l $*---* go be ctef:-ned. i:y f (x)*xc, x g! Jf " fhen f is

a bi jcct ion.  'y i rc l rave Y{r io )= E+r_,r ,  xG j ] ]  and.
'  

&  \  i L J '

Y u  ( x ' ,  ) =  t -1 .. * H, e Eo : 0hvioucil-y,
f * t ( x ' 1

r{easuutri:].e.

For eveyTr ncnffrr,:].1:1e sltace (^rf oX; , cimr.ote by i{(a),

or l.I(ilro( ) -Ui:rc vec'i;or s'tr&ce of rcaL in,r.lueil. t:lea"lurers on (Aro..l ,

etrc1o',,;ct1 t,ri'bh .t}:.e f*ni gei:x"a generntccl by thc sct Of f,rrrrC.biOns

f. /, t'-*! ftiy t /,e|i(A) / f (*r:rcesu31r.bl-e, bor,l:tl-ed ] .

If (.*rX ) c.ircl (Brf ) r',.re tr,io ::encurable snaces anet 'f

a "i;rir;nr:itj.on i.rs'ob;ii:i1i'by fro::t (A, o( ) 
'to (nr\ ), then

. . 4

s;1i&11- d-eno1;cr try f : r't(t).----oli(B) thc momirirrr for

t $

tr?e

,  x t 6 i E r ,

Cl, r'ue hs,ve

! , . I rJ

v l

f atrcl f-l are
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vcc tor  $paccs  c i r : f l i rec l r -  fo r  evc l :y  ,a ,e  l i i (A)  ,  
.by

4 .  . f  r  ^  i
' f  /  r  V  { ' , 1 ) ,  4
Y ( f  )  =, t l  =.)  Y(r , ,  ) , /+(rr .x)  "  crcerr l ; r ,  r i ) '  is  rncasurabre.

l " , I I , i ' iA I .6.  f ior  every wg lv? in l / ,  lc . i ;  (Enur o-un) ,e a
'  t f l

i t teasurabltl spe,ce ancl Ytrus, ,t transi-'bion probabil ity frorn
(tt \ .r.^, fri:\ -1 , . / f  r  tvr  lvr  /  ur ,  \ - 'Te u \ r l l  "  . r j f l :en \* rur  0- ' r - l  t I  

y . rnre/  i l )  L fJ  en

appronch sye' i :c i i i  'eS i leasui :n1: l .e spnccci  : . f  anr l  only: i f ,
.4

(t, t(t*,r), 
{,uuo,/ i t) :Ler r i  1:ro;jon,bivo r"r}rr;- i ;or* :for voct;or l t ,r{1nruu*

r a b i e  s p n c e s .

Proof .  Obvior is ly,  f  or  every

. ? t  - A  ' O

Ygrrl,grrVtvtvr = Y'1y11,r, i : f  ancl only

v ' t ( w t {  w " r

if 4*,"q ,1.s,,"= fouuu,, o

Ti- i ] lOi i lS ' i  L, ,7.  I f  ( l i , f  ,4r / ' ; l )  is  a l in i t  for  thc

a1:1t::ol lch slrster:r o{ nci '"su.rab}e

ancl  i f  for  evcry  y 'e  n f  (n) ,  /0 ,
t  t r

, r tT,y 'o,  t i ren (nT(u),  \ 'ool lv ;  is  a
. 4

si$1;em (t, t(Err) ,  Yr,*,  / \ : {) .^

Proof . pu-r rri*=f (y,.,)y1 eTTl,r(ri\_) / 7,r,,;V,u*,=/ru, r,u*,r,J,

a.nd ,  fo r  every  w€\y ,  le 'b  Tuo bo  'bhe : :cs t r i c .b ion ,Lo  i , l  o f  the
' '

w-pro jection or 
-l-Tiri(D,r) 

" i i 'e enclorv Ir[ rvith the e*al-gcbra

gcnera.tecl" by t ftr, / vt€ ',Y\ , fhe nreasrmabl.c $.pace (r,t,"rffrr)
A

i s  a  l i rn i t  o f  i ;he pro iec 'b ive sys-bern ( t , r (nr r ) ,  V* , r , / i / ) .  I ,c t
' r

Tc: i l [ (n)  * - * tT be t l re  func. f ion i l .c f incd b; ;  rc(A)=(  At l ,  ) . . .

,btGl.I,(iL) " Th.cn 'Trf ir thc only fr-rrrc'i;j.orr. ruch. tl:lrt for, /  
A  

.  
' - - ' v

evcry \ \ 'Q ' l  T f lu ,  *Yu/ .  l i 'o r  every.  lvG. \ /  and every ( i * -ncasru-

rablc  a i :d  bouniLei l  func 'b : lon.  f  :  l l  - *+R- " i ;ho .Fr : r rn- l : . inr r
J . L t  t  u r r v  J  u r r v  v J v I J _

x q,** '*t ;{xrf  ) ,  :r& U, is S*mCInsu::abJ-e er.r :cl  thc f tr"nc.bion

z 2  t . - -  .  n  tr: j l , i ircc,..; g=t l j1,i, frrt yr.nrn /,1)

tl ' .rcr,c :Ls vv s \/ sucir ,uhat

I imit  J lor  the.  By,o jec,ui .ve

7r t*"*r*q,], t  
f** 

b1f$), is measureble, too. sirercfore 16



. J'.';
F ^  l d f  

# l

?

i "s nrcasul" t .b l .c.
. F

:  r ,et  P =I( f i , ,7* l , {  / f*  is a probr,rbi t i ty measur$ar,cL

endorv P rvith the tr-algebra of lr i, l fe harre
f ! .l l = : a / l * h !  /  * r b € R ,  r t , P e p 3 "

t lLe t ransi t ion i r r :o-
, .  D

babi l i ty fronr ? to l l*  clef ined by -r81,( (y|ru, )  = 
/ t*,  for

every 
V; ty 6F. Obviouufy (r, fe 

; / lV) i"s a space v*i th appro*

x i r n a t i o n s  f o r  € . l e t  0 l r u t h e  r e p r e s e n t ; a t i o n  o f  p  i n  E .

: fhen P ( y , ) is a probability measure such flrat ,

0 ( f ,  ) Y * =f  
w . ,  

for  every.  r ,^ r6 i ' /  and 
/= f * )yG?"

Conr:ec-uent. l ,Yr ?[ is a surject ion i  and since Ker 1ff  :*O tt  ig
. ,

&$4. ' . t ,  r?ect ] .on.

T h e  f u n c ' t i o n  ] A * * ( r ( y ) m - 1  ( t ) ( a v )  =  0 ( f i . r f  ) ,  7 1 * &  \ , , ' i
t .  J  /  

-  
/

. - l
i s  measurab le .  There fore  YE-  i , i s  measura .b le .

.  .  2"  Topol .ogical  ap;oroaeh sys, tehs r

DEI, ' INI I I01, I  ZoL. let  ( l ' ) , . ,  o G,, , ) iv  be a fami ly of  topo-
.  t {  v {  f t

r f r
logi-cal  ,spaees -and, for  ever) /  i . r  {  urr  ,  1"ct  Y. ._. . ,  be e t ran-

\"J\r/'

sition irr"obabi}i'by from (f,,,r,rfewJ ) to ( trwrff( &,r) ) ,

Then (oru n Er,v ,  Vu^u,/vl)  is cal led. a. 'bopological-

approach sys-bern (f-,lS) if , fo& evex), lvglvtq wrt ir"r \d

7 . r  t O  I( j.) Yr,r( *, ) = t* , :t e 1,1,v . ;
( ri ) Y,o, '.r,,\Pi,,.y'/n = Vo*,, ;

( i i i )  t t re func'Lion * *Vu*,y, (x, )  |  x€ l l*r  ,  is weir lcly

con 'u inuous ( i " " .  Vunu,  (cn( l l \v )  )  c  cr (1 i ) , , , r ,  )  )  "

nlJrIl.TIT].0ll 2 ,2 " Lc-i; # *(Eur, ffru, .l)rru.r, / ',1i ) be a lAiJ o

le t  (8 ,8 )  l e  a topo log ica l  r i - oacc  and . ,  f o r  eve r ; /  l v€ i ' / ,  l e t



. 1,,,

Y,u bc a transi-bion probn.bil i . .by frorn (n, or(a )) to 
, 

,
( iJ ,u,  (1 '#")) .  fhen ( :1,  a,  . i i . , /W) is  cal led a topological '
$l)acc rr i th approxintat ions for  F,  i f

\  l r  r(i) the fr-ritction x r-*-+V (*^ ) - w-' Tl . i  ̂  ,.,^^.r-(j TLLTIC'l;}on x ?Yrr(*, ) , xa j l, is r.realcly continuo.urri
( i -i ) \Y \P - \t? .{.r^*\ r r /  Yrur  Y ' r * . r  n  fo r  every  v , r=4wr  n  

'

The topologicar spa.ce r,vi th approxima"bions ( j I ,  6,yr, /w1
is  cal lcd the r- i rn i t  of  E ,  i f  ?. is .Lhe smarlest  topology

on E such 'bhat,  for  every -bopo]-ogical  
space ' r i th,approxi_

r  rna t i ons  fo r  t ,  ( I t ' ,  w ' t - t 1 / v t ) ,  t he re  ex i s t s 'a .u i r i que

transit ion probnbi l i ty ' t l  f rorn (En , cr( C ')  )  .Uo ( i l*o- ( .r  )  )
3 such that

( r i . rJ  x  r - - -yY( :c ,  ) ,  x  6E, ,  i s  :6 r - rveak i -y .  eon.L inuous ,

( i,r) VY,, - Y; , rv 4 \/" :

r r :  th is  case,Y is  ca l led .  the  representa-b ion  o f  Er  in  l J "

PROPOsITION 2"3' ,  Le.b ( ] f  , :E ,  *u/ . ; t l  j re a l i rn[1;  of  t ,hc
' T A S  6 = ( t l  . z  v )t,n,, =uu , Y1rou, l',{.)-", th: set v= t%( t)/vreitrf€cb([,u)]

i -s a real vector si)ace, vrhich gencra.bes the, toirol-ogy 6"
tr l .  topology .6'  is i i . lausclorf f  .

proof 
" 0brr i .ous:1y, V is { i  vec.bor ufo..o and e:rtopv: 

:

' r l rus (8, topv r*u/vr1 is a topol-o6gcar sjr)ace rvi th a1:proxi-
.  -  ' r .r . 'bions for € .  Iret \P t" f l rc rel l resentat ion of ( l t ,  topv)

in (: I ,a) ancL l-et Y' b" tho transit ion proberbi l- i ty from

( r ,  cn -  (  a )  )  t o  ( I t ,  cn ( topv )  ) ,  de : f i ncd .  by  y , ' ( x ,  )=  t *  ?  ,  
.

: r  e i l .  Then Y 'Y is  a  represcn 'ba-b ion of  (n ,  a)  in  i tse l f  "
I - l o  f ' ! ' ( : : ,  ) =  [ . r ,  * e U .  V i e  h a v e ,  f o r  c v c r y  x € D r

Y ' ( r . ,  ) =  J  * r ,  )  Y ' ( x , c l y )  =  € * .  Consequen t l yn

c r . ( U , z ) = c u ( E ,  t o p ' / )  c . n i L  f ( t o l v ) = r ( a  )  .

I ,ct  ( !"  w' ,Yi, /v{) le & l ioi :oi .ogicl .}  ; j j )nce r. i i . i ; l r  alproi: i*



_ f,l _i

ma'b:i.onet for E nnd. Ic'b *1 be the repi:e"qeyi*a"bion of (&u , ult }'

i n  { a u e  ) "  
' ' : l

Le'b q &;* e 'syanril*j.en pro,}:*.bi3*'tf fponr (fi' , o-( a * ) )
\.J

to {Er r t"re}}  s ir* .  t }r** 3(0r"(su*opvi}  eco(n'}  e$d.

:V","* *& for cvery l,ie 1*'" 
-thcn IY * 5 in-the se:)resenta-

t ron r : f  - ( f iur  1; , )  in (sr ' r ) .  i t fe ob'bcr , in J.** l  o Corrsequenbly

E ='bopV !

If the points xry are irct rcpiLra'bocl by a ( i:*. :ee}

if arrd. only if ysp, for everXr D e-a ), then:c ar:cl y are

no* sepriz"a*ecl by f t 'a ) " GCInse qu"entSy Yrr(x, )= Y'*(y, ) ,

for ever:r vr€-tiJ, As in J..3" r'/c get a cor:.traclictioir"

niliiAlffi 2,4o If (n, 5 r Yr*fU) ls a ,$piiee vilth a.,1)p?slti*

reatj,on for the rA$ t*{li,-rE'rrY,--,orll ' i) sr.rch that for ever5,

space ',".ritli airpro:rirua'bions fo:' T u *lrnre 
- 
e-qists a trniqtee

trrursi*i*rr probc*ril i-by trj"ch satinj:*es 2.2,(ti i) arr* (*.v)o

tl"ren {$, to;:V, 1''.,./l.?} i.rs a lin:it for 6 , bri* it does not

r&,ilr topli ari#tve 'bh.e r:Fsle

$aveL se*s r tir.e r:rle conbii:u.nnn :Tu:re*ion and ciefine tb.e

sr;ne rreak toirolo,gy on the $paee of rcaL verluerl rnea$urcs ot?

(rr.r'( "a)), Fcs" r,r,n oliirtr:],ol-o eoyrcid.er' I cinf, to1:() , Qlr

l.,;h.ere X .is the ustuJ *opolog;y on ft a.rid. Q is the set of

ra.tioru',rj. rilti-:tbcrs .

gitii0lilxi 2n5 " rf (llr 6 r Yr/tr.) an* (H' r G u r.{":/wl are

tri :i'nrits of ttre *u? (iiu,r, ?*u Yu.,*r/t:i) u 
-biren 'bhere is oi:J-y

one houcor:rorl.rhi*n f lillt"*+]il ,such ',,het Y(r., )= tg(x) ,

re €iit o j-s 'bi::e retres;cn'bn'i;iein o:[' .tln in $ ,, Fov e?erTr we W

rrd'hav€ Y,r(ti ) o )*Yia 6

Fx'co:fl. lc-b "t bc "l,?rc reTlro$orr"bntio::r of llt in H nnrl Lct

Yt }:e 'ui.rc rea:)ro;:icntat:r-cln of fi in lit" l le lreve Yft*, )= d* 0



'Fe; i tp 
fr*rt  Y*v{ys }*Ey ,  ;re i$* s*$si$se E earr i .  &i &r#

lls).rtsdsrff w{}.gtrbnl.r: *h.,*t tlre ::*$:rt.* ere *1**e*,u amrl, ssn*.*

. 3as'3y' to In5" rro f$nd e ?:*.gc*{,;t#$ s.l}ls, *f;r *u+Jt *h_at}
t l ' f " "  \ .  r  ^ r  q  t  r r r -  ,I  t ; i$  l *5 f (x l  a ; :s  Y* ( r te r ls  ) *?&{ : r *  }u  } r6 I i l r ,  we l t *

S?miorir:i;,re tt'{*'r{A} 
}e C*{l}* } . _r\eeause .G f.s gener_:"her}

I)ff rcr,].. frisi*t*"*grs we *btn*"n .bh,tt f f* *snbfsir.rouso Sj.nj"}*,rLv
"*& &rr 

F

f*L *.s e,oittintrcu.:3 r
e

-t'}tci-'fisrfrrjrT a*6" r,e'b f*(trw n 6rv , v,,*noliv} be e sA$
L arrel lct iirr he ecfj.tii# j.s? 'iJo

(i) If (xr6 *Y'"yrtr} j.# n l.i"n*t of F .bi:.en 
{tp a *y,/i ln}

F,is * :-:.nl"t sf {f ir,  ,6,, ,  t ' ,n r/ i" i?},

3:i (;u a s Y*1,1;, ; :,* c.l I $.;:et of (ir, , 
.4r 

, .f,.^,rrlt;, 
)

t3i*n i:1, b r Yu/i:r1 is r-r l-irci* of €e 
_r*"c::e, 

y$* y;, f rn?r
fgr cvels i, e i,;ii* asrql r.le e !:ia * {Fg )ptr1ro

t*:i) If (Er a* YJi;) i* el 1f:nit *f € p lt,, ,i.s eor:nbehl"e
es'3 (ii., u q.,) j-s il scnas'riii3.c nctri.rirbl-* *Fftcc for cve4p

ln/€ hlto {;l:en i;1, a} is *, scplmlb}e urc*rircr,hLe flFrloec

.ttro$g, t,i) *bv:iorislf"

{*.i} F*r ev*rr' 'rre i?s }et % o* a *e*uner.abj-e se.*
u::j.fbmr-!-y **n*:* j.n trb{;jy_,} * ffrr*:* [vr.r{si I * e sur} ar

\

: *r*if.r:-r11r <rcrrsc j.n 
[Y,rtf)/ s€cin(n*u s.i:cl.

" *op{ V*( r } I * e .T,u} *ta r{ **t s}/ :r e trir{ %} }
l?e hnvo A*i;ot( U ".Lap{ Y,w{f}/ f e Tru}}*,

lT 6 
',r'e

':toi:{Vr"r{.f}/ r *5u, , r';e i:,'r} " soxrsc*ulen*3y, *}rc tg;ro}ogy

6 :is r:c:xlrnhln e";trl, ncj;ri.rilhlc 'l,.ccl11r-co 
:Lt i,n gcnelrutcd by

i3 *orl:l*nhle *ot af x"eaL :fun*ti.orlf,ic

T"t {*o a) *"s a toir*.roi:*.e*r s.ixicr} d"ei:,o*e b;u tJ{$}a err b3r



[4i** 63u *]:* rra*"h*:r ;:i:x** s:fl

{ s F CI*{ .a } } i:r:ilori*si. t'*.trir *l:rc

llli:],:A 3.*7 * tr*"S { $f A}

'1"# *

:*,,:#:,c*, :f*":*i'h* a6{}#?lif04i fiyt

i"r*L*{ top*11*6;'*

ru:.ii {$uu'a*} tr* 1;w* *op*}s.ggea}

{  $ 'o  o - {a ' }  }

$pihltll3*

(*) [f { *n e 'bmr:rs:r*.t:L** ncnurff# frrrn

!o {; i$0*(a}} t:uc}: sc}H}t tf{c*r{*}}ceo{*t}r "b}:.crs ttre ft ln*t i .su
.,\

Y :::{5t}--*'l;{s} iel a e*:*-t*nu,*ns r:*r't3ii"sn S*r *re*'f;*r f;:ll3oes$
4 . / \

r,Irere Y *"$ def:r:re<t 3:;i Y t yt* ,,uY f*r cvc w ,k6 il{ l;} ,

{'i*.1 If {t:ru } .a.r:r3 {lJo* -ao} n,ys srep*mi:}c.nctrix*,bl,e
/ \ '

sit:rees enJ. Vn;t;u)--+il{S} :i,t al cc::."tir:r:.sl?,$ Fr1o3r;,lh*sn fon

vee-i;or [Jjlr,*.cx:i* 'h]icu 'tircrc c:ii*{:* a t:,ilnsition mea$rlr'e {

f ' ron ( ; ;no r(  z*))  "be (n,  o-( 'a ))  r . { . r ic i . r  rcnpeirer; ts ' f  ( i ,c*

tf {cr.,(l;) }c fl l}{ti*} * ::f t}:* mce*phinr: Y is pos*"*iv* {*,c*
. A u L - . , ' ,

Y e/ I>rs rer cvexli /^v^* ) *n* u:t*&*,xxr (:i".e " Yty) (siy (s)

for c'irr:'frf l^>*1 *ne:r tf is5 n tr:;r:r:;tion irr*bebi.l.{.*y,.

Froofo ( i) {ibvi"our.t3;-"

i *.t) r;c;f*irc 
'f 

{r.o t* ft t,,} , :; € iir ., *o*n,.ro* "i:h,e
' i b

jll.r::*"bJ.An * *tr, e ]r €SeF ir; Coii..il:!.n_uOu.i1* i,u :f,ol]"o"#ri

*l:r,'b 'i;l:.i: fl*:*i:i.c'rr. :;t__>fir,, ) j.:: v,ei:i;].y caul'frrno.r*.

li'cr" r*JctT l)f 6 e t!'.i:i:c ** *,n in*rci:t;:1.::.g setiucn^t:c (frri*

in #,r{$i rxr*h'b:'x."c 0df**<} ru:,L }in fg'\ o It f '*3}aus

'b l :e 'b  Ec t l le  o - ta ) / t f  {  s l } i ' 3 r  r { 'As} * rc i } . r : ; . } t r r ib } * }  "
'Jl ic:: 'cforcu'bi::c fr, :.r.: 'bfcn V( rAi is €t Zt )*i..ca$'rareblc for

o ? c u y  " N . € O i * i a l c  n
i i c i r e v n f  Z  a f

f{," i*f o,r'f (,,,,, )*/'V/ :l,r,l

€ il(jtji r,'s h{r,rrc



/; i j I

t?*r elrery 
!"e 

il{ii} 't:}ra:i:* ** a:, r:*r:rx{rn#e 
f *}W wi*h

3*::fn*lt {H}* #rf&. e :a elT*

. 4 4'rlre h*ve V tru )*].i.r:4 ftor)*L'tu:r7.r ,'f *7r'f ;
.gf f€ #b{il} a:?.'.1 {-*ru}i,$ tto$3vr}s,i;jr}$

.11

{ {x*rtr*r-:m Y( c **_} {r3*1in V(4ur} ". "tr.

Y{r*r . , { : i } }c  ob(rT} .

i f f i i , i i l : i u r :1 "8 ,  X f  ( ; : *z l r  { } iuoar }  m*  {$ , , * -6 ,u }  i iLF$ d6*

Folorl:.e*} sjla*er,e V *"oo n 'b:*-,.nr:ri"ui.r::r. fficarftlrrs fron ($no s-(ao))
'be (;;, o-i a)) ilrr.; 

1, i-* i-u 'i:.:iln;j,'i;icu rilcrl.ilps*o froi:r ( jj,,* C(an))
'es i$', cr{ a}}} such {;:n:* '-fqr;rr{[;i] c f?.]{ri?} ,an*

#orrvcril*3-;.r, $f {u'ra }, {[j*$ Egi r,ri:s {ljrnu c*) &}:* ,r]e}3{}*

rr,irlr* n*-L::j-zri-rle t;;ncc,.-rr f ; t.4gr ).---e n(;,) r-r:,J. ,4, =,tgw).*-r,I,J{rjr i
L

&vo *rlrx:;*:r:rr*tiri :j$;T)irj,m,rg: *li t+ior]"nyi*rr). vcr.)'$,$g, i;trrs$srss tir+:r
I  a  , ,  -

Y A *.u :'t1',::clrrl'ttc.3 by 
"lY e

L * L
t:it.*3i[,: *n!to. tb] 3f iffrru E,,ru {**E,/i,} is n ,fJrs* ths:r

, / \

{::(Jr)u {.,,rrl ' j} ;,s n :-:r,: jcntrvc $}ri1iu,,= f,ar t*nc.l-ogtcail

TtrCC"r;oy r;JitCOA€

(iE) I:i {nr,, n Err}-*: 'i.r:; * :icn$.ly *f rlc:rlrr*.hLe ncti:*"*

:rc,tilc $:lilccn n:: {ii{it,r} * fr.,, ,/'r!},.,*o * I*:?jcr*t*ve sy*'be;n f'cr

*o:rs]1oi.::L*r,li. ver*';*r r:i'rln,*c;i i,*..,,'h tr,ru l:osi**.i"c r-*rr}._urr.ri.h*ry

for c.f,cy::f t:t (-,-.,tr .i;b.cn {l:1,* rTw o Yr.n-r,/;;} is a ,jAs.

tt:1"J.) :t:{ {:,u.a } i::;:$ {t:,* *'=,.0,} u r:6 iiu *.rc r:cpn:nl:}e

nc*niu':ii*q: *l;-!ci;irr 'bncr: i.,1, A u Yr.,.r',;) in rr, Li*** f*r *hc ?e$
' '1 z r h 

- /, :\ .j {r . ,.rr'1 r:r.r:l .r;. i .f .Frc, n(', '," : 6ly p Y,.-relii i -r--r {-1.!.r-. w,.:.*-,r, r."' {,--u ' ':fCJcc'b*Vc cirs*cn

n; c-"**
& drS,

.!^ w * cr 1l t-'l^-tu$ H 1I] .** Tlrif.jn

fl*r::.*cntaeertSy



--"f5"*

posi"t"i"v* eg:rsl

{* i  a*rd {g*}"

una"ber*ry, w <$rs

$bv*.ou.s3;ir*

i"n lYn

i 'Je rsu"pT,o*e ttra* (gua r'.li*/O) is a li.r*it of .bhe :i,
gAs (ffnoo ?nuu f* ril'tl ' $irnilarly' ts tlre pr"*sf of sheorem r"r,

!?e eonsi"rter fi:e set Ii{ anit tl:.e project*ons 'iT-ru 
, trr€:We ife

endorv 3,1 lrlflr tire *epologp 'r*p{Trw 
f vru"rff). fhcn (mrn*,

TU fs a bico:rtfurou.$ ts*ncxpl:j.s,:n of top*3.og$.ca1 vecfor
A

spaee,s an* TfTi-*lruu , lv € iitn

#onversel;r, assl:rne (l;{n), yo,rlW) is a f.imi* of th.e Fror*
icetive ' rystc;:r of "bopolog*ea} .rector slrflees, (u( n r) , ir*r/*l "

te* Y,o n* "bh"e 'br"a,nsi'cicn pr*i:ab:LLity witieh representm

vr 61ir. CTrvf-oun3y, {Xn A u fr'/il} i.q a sllee* rri6r ep*
pro:i!"rnar"i;j-olrs of tire gAs (fiw, Frro fr"o u/,,t).

is el f.ir:.ri.t af th* Srrajeet:j.ve

$ef$.ne TI' I ],I(E] r* ,p M by

\til uo '  I

,/\
f l,if y.,, tl .-F lrrr\ r- -. 

'4' 
4qirt],rn"! f -rl.r*?ry'iT) luas th* I"*-m*.t {m{,uu tr} *s,u,/*}, r,"rherc fo*oo

A

anel Vuu &r*

Frsofu

{ i * * }

let (it', e ,, f;lW) O: a sirece vri,eh a.pprsxj.ne.r*ions of
tirenrAS (srrr^€uuu 

{u*,,/lr). ur**"..r*o tm(n),,fryu} ier a l-iruit
of gti{xr,,), 

{,.rol:i} theve exists a, u.ni.c,us continuoras mCI$..
phisru Y iu{ Eu ):--} i iI{S})fi.:.tr:u Y ;li[ Iiu J:--] iili$] such that VJ * *l 

rf u r,v € W. ]cfj"ne
9 (, , ,  )*9 { e*),  :c e En " Re eause fnr evcrry f  € c.ei( Ir}  tbe

functj"cn :r p-_-*\'{:e nf} is s*n*i*uous i.b folJ.crvs *}rcrt for
every A€o-(7 ) "bhe *"u.nc'blon :cr-*>y'(:rrAlr x6iter is r,rcasu.ra*
blc; ilexto *' is the rr-*.iq*e t;'ansiti.on pro'hahilii:y froru,
( rn  ,  o- f  a ' i  )  ro  ( i iu  a- {  a  )  }  s*c i r  - i ; l ra-b y(  cot$)  )  cc i r (E0 )
o::ic \ tYrr**'r1, for evcry lve tr" sonsecluoolry, (o, o , \ n,l|l l)
is cr .Lj.nii of tire fA$ (u,, , 6w, *lt*ou./ii),

cys'beii:. {i,i(err}, {rrtrn: .

Tl ( rei ,\*t 
,,1.t' ',vlv.r e llr . ct***:.yu



j / "
. l I -3  @

f,*rc fo}l*wir:g *}:,c*s*it gilvem eE:n$i$iotter un$err u.i"*h

n (e3*r*cl :;uhn*"b cf n) **uip3*'fu rriop*tiir?,h}c i:iu"bris $iias6 {guut}

cm be thc lfu:r*t of * ff4,5u r","3:*rsri ctl:prci:u;*.r.umtl: are *Ltseil

s**r: ii: $

tfJ:.corcn 2,10, Irc'h {Srri} be ee r:on3:l ete *ep*rer.lo}c

:;icr*r:!.u ,*1:*{ri+ nttcl 7;,1 *h* 'bol,:o}ei;tt/ of tSre cti.$*cfi!T}c* ef., &et

€*(Hrr* €no V-.',,4i) tre a fAs sdrhi€,h re*h$.,*f*-en* f*r evcsy rrr6xEs

{:;r.e f*}}*uin,it eCI?iE?i"t5.st?r} 
:

I f i) H,* i.* a, cSosefl err.h,*e$ o:f s anei €fl,*'%fxroi

"{ii} Fos" $vory e$}r-rrcrnffc::}"b *lc{tl-lom*o itiJrq 6 
WH$, 

' 
, .

{Vn*r{riu }}rr'u ss rzc*kl-y oo-lrvar,Tcrr* in ff{Xra} 3

(i*.4) sf tt:.e #c*.1aerl/*e (**rlg *Wt,'* csiiivcrses to

tfrurV'r,..t:Lu )* f =.*$

it.v) ff]rer'e :lu e *olwerger:t ssr:r-eri

tcs::s m;cjr 'rj".1t:.'bg fo:r cvcrT/ nelf,

i l:Ir Yrr,,*:-{:r-uii(:c* tr.) fl trr} } l.* 5,=
:{€t:.1,+.}- 

;'i';' <h

&eptef  e"  ,  
' , ,  -  . .  '

n*[;e €"& f *]:,.os'e *.$ l,r $e{rllt.crlce (=ir}*

3e € )5orr *kem

)
s est?verElerrt tcl :r *f

x 6 f i ui:*-El. 6*'2,11:i* Ir:frrte n foy crrciT/ n€
\.Lf ^ti

"V (-* .-";* V (:t * ]. i ,., l ics"tl g:.cl r r l r l i r  J s j . i l " : 1  1 r , * . [ \ r  ] t  l 1 '
g.a
&;

ra f \ t l1 ;Y f  !F ra fJ r rs . t  f l f "  s /
t iu& j . {  L . :s :  {  

' r : ; in }  t . ,L . ,  dLO

ii::d"c;' 'bir*** a$.dtr,-$:*i-ans "*lre ffA$

{ii, E,, Y,r/, i i  r.r.r:.r1'l;..: i : i :::c': lcc'i i .vt-. n.';r; ' ic"i

? , . -  |  
' , .

' i : i ic . i.: i-;: i 'b l: 'x(n] o Yrr/N) "

*liie 3$:*i.t;

u Y,""-./'i) h"*'n

s'
2 < '

(; z.,n i.ri hir 1:a**.'b5-ve
I *

€ , f i r
1\?

E'tr *nt

!:icqr.o:r*s {:'* }r*€ 
S 

f;rr

b  ! l f l r : l
(3  {e }d

f r r l : - . r  \
l l i rq . t . r r r l



.  f {*

' 
?roof " If ,aetl(sr,) o"enote bl,* f ttre ertension of 3" to

(s, r(Gd )) ,P*/u( ' n E*). s:rrrllarly, if tS is a 'bransitton

proha'!a*.1ity fmn a measruable sps.ee (Etrfl 'n) to (E*rf f6*))

derrote rry V tlre trlr.ngit'ion profuabit-i*y frorn (Et , 6: t J 'bs

(s rs * (z - , ) )  d .o f * .nc r {  ? r3 r  f { r r ,  ) :V (x r ' n t r rn } ,  x€E t *
- d

0knriouslyn t}:e seci.r,lcncs {l^"}lt of U(n*) is vsealc-Ly eor:rerr*

g-; id arr* CIx:.ly if (/trn)r* is rvear]cly esll?erg€nt 
.in 

WtSl "

$ince (SrA) is a comp3"et separeble petric space lt

fol-Lows th*t (lt(S) nIr) *s alss a. compLet separable metric

. $ . ] ! a e e n l i 1 t e r e & i g . b h e . [ e v } r | w . & l s t a n c e ( 5 . . e . 1 f o r o v e 3 r y

l r r t  e  l I (s )  r .L( r r^ r !  )=anmc(r ( fu  y '  ) ,  1(  9  ,y ) ) ,  v ihere

t( t ,  I  )=inf  let  y. . l . t  < S{d)o s. ," tor any A el"osed, in s }

and ̂ S.{* loe,S / d(:r'A) < E }. $enote 1,* the }erryls *istsx}ce

on 3{(s*). ObvioreslY, tr,,,(u ( f , ! ) * t ,

Ti

t,*=,1 | 1i- tr.) errcl %=',ll(l--8i.).

.-- 
-' r-o' -

For every m<n

n-1.

K=im

ffi.rp

: iEH

" r fl-..L <('

cleno'be %**.I€t , *u=,*^f k,
lr-l-r

4 a  v l ,

l i z m  &

lc*tl

We shalL use the foLlo"ring l.ennnas.

I'EfiIA 2n1L. Jrc* l0 {ti. For every xna Er.,r tre have

Y,.*(:trri:(Kor*r,r*) ) )z n'ur.

For every x € E, r','e heve Y;tt*r$txrlr) ) ?a'r' Con;sequentlyt

d(:rrs,*) ( 
1* 

ur"u tr *s elos:ed in $.

LEf"{p$A. p"Ll. Tf & 4l'rr ,r.e iJ(ff r) r /e n(no) suclt t}rnt

! t{,-r.*/* s;rd- lna \< *, ;i6 R, ti:en

l,{F r} } €& $.c;i{r*.,^r";S -1"}.
I

f r

'00

IH.,niA A,13. T:ror eveu*" borurii** m:;i"fovr:r1y ccn'binCI'L1ri func'biora

S --+R .btre e.rcqec:lcc (Vn(#q,.))ii ir: u:rlilornrly convergen'$

,  .  x \ ? 1 5
,ltg0 

v r
f/n'



: t
I

I
I  . .

-- l8*

Prso:F of lrer:nma 2.1]"n fndue*f,r*n v'ri.th resBect

case n=ru=} z"esra.l-t froia (*i). l"Je suppo$e :bliab tlre

f,o.r n-r** ", Srot x,,.€ ffi*, !'is. hnve Y-*(rurn(xopr*r.) )
r

>/ \ Y,"**1(rrf;(sr F*)) Your.r*(xnnrlv) )t
E(&, %r-j]uf fiur+l !&r' a 

i*

?rfr*t 
".) 

frn+tir(:'r.rrq(t\.nrn.*l:a) ) t, o,* ,

esnv€rgent to N, ure have Y;txng{xrru+ E}} >,

7.rLn9r,*( =*n,B(xnr"o*) \ ?. 
IJ 

(3"* 8k} = dn

to vpr*. Slte

J"ernmm is *rue

\
?

Lt fo}lous 'bjt*:,'b

Ilor evc:;r A € f (Zr:) r l?c hP,vc 
/(a)=

:* t tor(.r',tr) V(ar)* - ) Yr*tY,A) v(av)

^r':",iu '*'*- -61$-*

For every n €7l-, 5>0 n:rct for everTl sequcnee (on)tEupuo

t-t*r;rxrrr,) ) ), e.r . Obviotastt, 
;:rg 

d'(xrE*)<rro

If the sequeil^cs (xnlif of S cCInverges *o:r€$n then l"re

finrl txr incrcasing notural lsequ.enco (n,,)O** and a sequellce

(vrrrr)1g nTTt* strcSr t?iat a(:1rv*) <fi'' for everv k 6i'i.

0bviouoLy, 3.ira Y,r;x. For evexXr n 6i{ such t'trat n,r-f n<t*t

dcnote So an ar'*i'brary elenent of B(ir* o rrorlr) A En I wich ie

no'b er:pty. 0l;..riousl$,r (lrrlnaTU* *nc1 J-i-m Yrr=:c.

Proof of T,cn::rs, f,',L1: I,et m< n, y'€ri(U*) and' f e ltqnu)

suclr tlxet YY**-I ru:d l7ulr. *.'

0lnrier:.sly, :-t/cnT )<*r* tt l t(a)*T (at )+E rA ea(zwj

--.T (p.rr-urtr + rL(:*auo) ,

Cou.se qr-r.cnt.Lyr3.i F ,V ) <l; i.r*x ( x'*or}*ni*r) '



- l ? *

. ,

ff]:rercfore t(ll) s nl] [(: 
*** r"^'^ q -

\-*, - *h$/.*.] '* ')  < / (B urir) + {,#l - l)an

X* foillorvs tlre* t( f ,E ) < e, racuc(&cnl"il *t)

sonsequ-cntly, nt1 ,7 1 -4 a rurur(*,**r"i,* *1):

Pruos of Ine:;Kita 2,33. 
- X,et f : t-H, be a fusu-r3i],ecl unj.-

forml;r con'binsoi.rs frr:'iction. ,irnere is a sequerlce { tn)}i
decreasrirrg'to 0 sti,ch tha.b, for cve;y n€Iirxoy6 Ii, if
d(xr'") -4Fx1, ttren l s(x)*e(y) I - 6n t

Let s be a bou-r:d. sf f,. Fcr rve hgrve

lr(x)*s,r(*) I .J

B(xrr. .)  AEo

a6w + a s.{r-an)

t )*t f&n{ y} 1

every x eB,

\{xr*v) <

(y) I V"txndy) + r e Yrr("rce(xrrrr) ) <

0?rriou,r3.y, {fr.}lr is a Eec{tr.ence r',:rlfomrly conver,gent to f/*.
'we eon*inue *he proof of fheorem a.10. proving that

ar Yr./u) iu a toiroSogicaL spaee rritSi approximatians fsr

I A S  € .

' i{I

f
I

a

( E '

the

Let ra<n and f i ,  - ' A  l q  \  -

fi'€ U1_( E-^ J . Ilet
IJ t:[-

i.ie hiive V V'  u.  ' l ju l '

, f t
Yoo(:r',, d-v) = 

|i.n

(*nlw aTuo be a $lequcnse

( : i r f )  =

, o
Yrrp(*pr f )  =?*(xnr)  o

corivelf gent t* x.

Jn;*,irrr)* l"i"t't
.:, F

0onrseciuentJ-;', Yrrf,o * Y* r

let in € i.i, Assrmri:rg ,ul;s'b o r-oS(=n ) n li eE, is rrot a

eorttirr*u.otrs frl,:c'bi.cn. [l:.rrefsy"c *here are g > s encl a soglrence

(%)n in S, r,"i-bh l-ir,r x, s :r rj11cS -birat

Tr.*(J*(:c, )nY'."(:rrr, )) >a ",,yo cac] finrl an increar,sS.ng sequenee

(t\*)H of nn'bu:rrfr in'bcgcr* antr (4r)i1 aI_Tt.*- such "bheut
i$ .k

l"irn ct{lr1rr:c1r}*0 nr:iio fo:: evory }16 li,

l , - (  * , . ( t i r ,  )  r t f  , * r , . ( r ; - ,  ) )  <  z /p  .



2 * t*  L L l  *

ffi:.erc f#-;:, $*{lu,*i.ra* {rfl}U d4%
"[:l-lnt ̂ =(1. * x-- c

i'Tf, u5g

u ' e h $ n r *  * f V f x - } - i*,,ru frrtxn )o*oqr{='4*u }} > z/frv unch coir*:r*ritet;;

f ii), '#rcrefi:r*p '{;hc :ft,:r:*tio:rr :* i--_} Y,o{*ro }* ir€r3* s.s

syeiau*;r *orr**j"lan*rx.*:+ S* f,*33*l'rr* ''&3i:;t 
Y* ** a *gr,r:s*.tS"ern :llffib*

l.xt?:i}:l!y f,r.on {:,;* r( a}} ta {Ir*, g-{ a*}}", eorr**cr3-acnb'J.3ro

(;*6*- Vo*f:;1 *"* eu ETjrl*il ',:i.'i;}r *.i,:pre:esrsll;scno fsr En

iie }:n'rq: *oi: S c. Z * ra;cr* V*fVr"{*} / xrell'rge #p{.urr}3 .

Oorwex:3.1rr us$.nit Jrerx:rn 2.13. r i'b fo3.3or.ls *lffi* r
? t

top VIE'stq:Blf rcl *" l"i:*llo f tsum*,ec],o r:*cLfom',*1,y eoir.'b$.yn.lor,r.* I .

3,ei1 {:ft, at n Y,t/.f} X,.e fl, spissr} *;ri*3r n1:pro:cir:st*.ons f,eir

the *;i.i €" iii"]i!"{,ii i,enxine ?.1.;}, r-ic ot,*r:5sr tir.n'$u for cvssTr

:ir ei'ir, "b3lc seq$ei?so {*,{nen, }}5; $.s T"*S*et*}4y, i}cgine

Y(:ruo )*{ tx* l t t r** r  }}S u(a}c : i*€ : ; '  o
'tl*

T-rc* rr€l{ ;.;:r3 *c6- liro i}*r cr,r*ETr f e #}.(ii""} lre hnvc

a f

* .ti,^',,. \ W=-t::,;;') V,{;"uclr} Y${:r, ,fiy i*
rs q3,

I

* i3lrl IY,*rtrrer'] 
\|*.{::'r,J#} :Y.|.{:r*rfi* t-,is er*ercl *3:,e r+.$cninr*

i l  J  
'  i .  i t  ; ' i

p'i;i*:; {*:"*-} } " t3o:e**r,,r:.*:,-*.}.py Y"(r* Y.,1"

t,,:* f : il;;.-+'.r.i m:5-f*xy::J";ir **nta::;u*ttn einii. hrutrl*rtr* X,** n€fT

isirl. rrr*ri l_i* c,, 'c ;t;,1' ir i; VY.:(fr=)* . l;f i ;: 6 flrr(Xr ) *

i . ; s i r  l r t r r - = *  r '  " '  r r . ' - - o  { , ' f , ' .  t ' t i - a , . , , . - ,Y ( r , n r l : 1 r . . . -V  { i ' } t r ) - - +0
{ ; ; ,  

I  r  i ' " -  s* / , ; / " *  I  s ' -  s  l :o i : \ ' -nr t  t  ,  
{+8,  

' { ; " f -  r . " ' tc r ' ' - t r r  tgno4e-

#,*;:.**cr:cr,rt).;r, '*ir* tlrr*'fu*o:a :lt t-*"Y{xu ,fp;} r li? € ut n is

Gt*,ea:.:i;L:,,u:ritaso 31; :ij*l-1*i;::l tiulns :rr r-*>f {xt, } * :cs€ i.i! * Sg

ffJrilreirffent t* x sw*tr

Y *;'{:r$ u:r}=.,uir !n,..r;,,fi-i tl{=r' eri;;}=



*  r4*

?r*,,:ic*3[*con'bi.iv*T$til:ic thc tnxiquCIl?c$f;r CIf '"1'fo]-l-ors fron L**m* . "J..3.

{}ecau"rie Yi.s rl.e'i;c:nni::ccl try Vu i.'i; foLLollrs t}:.n-* Y i"* rleterruinecl
. -  l ^  \'[:y 

tire r.;ot I t{f, | 
'i , $ ->IlF f bou:nrlcrt, rr::ifornr}y con'bim.r-ctrs },

thercfoy,e {.ilo 6r:(.ll,/T} is e }:t:aSt of *!re 'IAS €.
r'(

Fro:* ff:eeren 2"9.' rre o1:tai.ir t]:at (lt(n), Yrr/it) iw: a J-i.-

ni'b of it:.c 'rro:icc'bivc syr'den (ti(n r") , foptT ,

iil'{Alffi 2.:-4* tltc e&H rcj:')]-*ee 'bhe nsr:urnn*ion (**-i} of

H?rcorcrn 2.1CI. by 'i;hc fol-lorrin,q flsgn:sn11'gion! {Hrr)' is iiro

3 ereasj,ng arrcl {".o*r{*, }* 2r.,:o for evcry na}T $J}d :€eE*.
il

A very -r";:ccaal e€I$e is tha'b r'.*.rere 'bhe appro:cirap,nts ar€,

d"i-sc::e*c,

l)iilrItilttr0i,l a.l5. A [As (trrr, 
"rr, t,,,r r/';t), Ht:rere Eu i"

. 'bhc clir-rere"i;e topolory foy' evcuy iv e',ir, is calLcd. a cliscre'be

approil.ch rycl'i;c:r (naS) c

fhe fcLloT ii'tg 'bhcorer:r sirous 'clxl'b the rc:r.l l-it:e R enElowecl
t

tath 'hlre ulltt*rl' "beipoLo,!,# A :-slblre lin"i t of a SAS. 
,

ffruggti,i :1.L6, lilor cqcry u <11, qLen*tc rytfca-Vir e fr \
\  -  r ' r  (

eirri Ar",r(:c, )=(1* 4. fr:i rr t]irril,.:_i+ (r":r) E[C,=,nr] 
z-,r,

x6J).,u '.".,*erc fnl S:lel 1o2 r.-rre thc irrtc3cr pl,rrt anri thc
t i

frnc'i;:o*.r1 i:;rx'"i: t-rjl i;l:r.: :ed. r*;::'lber *:1. 'Ilte IAS (Snu Ar*/'t*)

: ltas t3:.e lil,ri-t {n, X u }nf i; r i'ilrc:r<:
'11 '  \  ' -  (ptt:* >)€ - i l  _ _'.-f  <2t1;{> Z* ,. . ,  _i1 , :{€ri  .r\n'.:lr )*\r-* .-: "\./ i - 

l; lrrrr12-*, 
r . 

1_?.."=*U ?_,*
.A

3:r r ';-t- ' l- i"t: i-o::, ( ' ,(n)r A=/i) is: a -l"irni-b:for *lre i..Tojcc"hive i lgr!*

are:,i i:ii{}i,} Sr,,ftt o

Proof'* I'b 1* cr.$l/ to vcrrfy I'r..i.L 'LJ::^o hy;lo"bhceis of

ffirc,:cl:r'ci:t 2.:!-0 " r5-fh Er.,*2*t'o ir. ai; ' 1'b v'c::1rLj.1xj 'bo l,llto:t,'bltat



(D,r, [ ,r.6) is a Drts,l  rt  is enougrr to sholv that
l r .nnt t rnr  = I* r r r ,1  ,  for

tret x6 n rnl . ,nrr.
17c have A*.*r tri.rr.r(*, )=

=(1- (ztx) ) A**( [2nxl2-n, )* (zr*) 
\"rfer1x.r.r lz

rf ( zt*) =o then An-*t(*, )= )*rr( Lznrf,Z-n,
*,nrr*l(*, ), because, in this case [r""j=rrr* :,  

'

r f ( e"*) =2-r then ) rrroi I 
",, 

rr(x, ) =
=2-1 trorr([2"r,]t2-n, ) *z-1 l*rr([enxr.r l  2-n, )=
='--t{ ( r- < 2n'*) +2^-* | t 

tpxJTrn + ({ 2*x2 4ny)q '̂ 
fznx+ll e+ (r_ (enx*rnr_n_1, , rt 

z^**i*_rr_r.. 7t^+
+ ( 2mx+rm-n-17 t

.. 
' Iherc 

.a.re tlo rporsj-b-i 
l i t i  .u I f 2,,r,,*rrn-n-17: icln.

9,1':1..,*ont-n-J- f-,',' ' 
, 

=ueit,t-rtl . ,r* oor*i*:;; :;";;'"-". 1;j;"'"'
A''" ' ' 'oLl n"t(" '  )=' tr*rr*r{* '  )  :

fl.liJOn.iJli 
.Z:;; l. Oo" every m < n iicno te Ii_= ( r._ ),n o.r.i

. ; -  t t  l i l  l i l -

,l,Jt i;t, *' 
' 'rl;.1] '. ';,1""( *o' )@' ' '* A,',,', (*,n' j ' ( "o r "', x,') Ii,,

. 11, ._-rtt{r, i rs a Dr,).S ancl hns .bhc tin.Lt (nj, *, i_frr,Zil; ,tz l :crc N i"  t i re rrrod.*ct  of  the i rs,al  toporogies ancl' T r  ( ( " "  \  \  L . -  \ - -  \

, ' " i t *  

\ " i - l r_ t t  

,  
r=  / \ r r (Xo r  )@.  .  .  o ,Ar r (x r r ,  )  fo r  

? r : "y  
(x r ) rO e  l t l l

(  4 , i 1  a n d  A , ,  a r e  r l c f i n e c l  i n  T h e o r c n r  2 . 1 - 6 . ) .
p r o o f "  O b v i o u s .

cvcry *  E r t .

that  x is represen-bcd in base 2 .

,

-l--m

t zin-nSrt"l] = [ztt*],
f en*"r] =zn>:+z-I ;

t )  , l - rJ - i -  1 I ' f  r *J ' f  r , : .T  A. , , r 4  & r t J -  a I \ i l {  Z  r I E ,

C2rftx+rm-n-1* ,-'.,t*, 
r- beacause ii. tiris easc

{ zt*:t[2",i]) = (at*) -rm-n-L ancl
' (

t'o'u',,/v'/)r f (xrt, Bru, Y,,n,,,, , /',:r) and" ( rr;, e;,
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' are t1'/o TA$ r r 1 such t.kr."b E,'1, € c* ( "a 
*) , 6;,/* avt/I\1,, and

. a 0  F .

Y'rrirr= Vw, /Tl,ox r ( ai) for cvex"y' rv4wr u then'

(n;r tir, Pi*r/';t') i-s e*ileit a, r:r'rb*ys,een CIf fire rJA$

- A

(Hrr, 7r,, Y,,r,**./lvi o

gllECInlflii 4.1,i .Let Cr, jj*, Eivo Prrrur/,lr) ?re e fAs and let t'/,

be ei eountnhle cor'i-ral- se-b in lv" $ur--,rpose tha* for every

lveiic, (Er.r, a,") 3$ a neyt,:r,a1:Lc r-re.i;rira'ir1a sprlpe* let

(8r 6, Vr-Oful }:c a l-i:ni.b of .blie ?AS €, anc, l.et ! 
. .. I ,r,,

E'= l3,ir, aj,rY,j,ur/,;) bc a sn't:eyst en sf € . fiuppose -bh,".b E.:"

is cl.osed f"or cvery t? &1?? , Ienotc

r : q 1 1
Cld l,\l

(  T l t  ? l
\ a  a  ( 5  0

E l ten  I  Y ; r ( xo l ; ) * t r  \ . : r€ l r  S r r t *77 . { } t

is a liinit of *he subsystenr 6r . artd 
I, 

, 
' ', 

t,,-t.,'.,.
n

i;,t i i in) ry;/rt) :s er t:::r it of thc projective systcur
A

(i,{(n;) n t.r_o /vtl..

Yr:"r=t,,/o, xr(Z l.tj 
, r'r €if " If u'/ # 

'uircn

.Proof o l?e

evcrTr vl61?, o*rr-'1.

iife ob'bnin 'i;hn"b

cr"n srltlpo:ie tlrs"'b lJ*'r,it is

t'r e C.b(r:i;?) -i;h.ere in :fl 6

cou-ntelble.

-  (n )  r : r i*1. ,
lJ 

t *'o-/'

For

f  
Vgr* f  

t
O

Y;r(:rt )= Yr( f) 7vr€ cb(Er ) . conscqu"ciri;Lyo

{$.' , A t r fr!/il} i-s a $p[}e e ri"bh approxina-i;j.ons fo:: the

rAS €e .

1"lo p::sve'i; ir-n,t r{r *s c]-or-;ecL i::. (I in c)n iy<: ci:cose el fa*

i :r i};  of i ' ruic'; :Lo,rr (f l):rf 
: I  r, ir. :cirhl:.rL'b {e co(:, irr), 0$rl lsr,

f*l'r*l i.ri:.il :t'l"' 
il'Eltr I

\"tli.:::, - :;*;,1{jl,l,rp*:L} * 0r for evesTr t:r (ilir ne !T" l',rc

Ira.rc l ic = e,.(y,,,( i l ,) )*tffr i t  .
i ? 6 i i -  

I '  i ;

ire iI

lct (i l ,ou e,,, f i /,1) bc t. l f l1).r.sc rn.-bh c,,ppro:l in:a.L:ions .fcr
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6' . $'cifir every w€irr d"cfiir.c 1,o(:rrAi *Y#(.'rritr,l)i i i0 ), :r6;lirr'u

*. € (F( Trr). *Iclr::J.1i, *t,,, *r: ei travisi-'i;ir:rr preilmb*I-i.i;I, fi."orr

( l t l "o  c(  a" ) )  ' i ;o  i i i ,  o- (  a) ) ,  s t r , r -cur- r lyo ( l : , , ,  a , , r t1r , / t ;17 is  a

sir;il*e r-ri*3' elp,xc:ciire-i;i.ons f,or € ,

F.ar ev'cr1r rv € lit iil:xcte {*
' i ' t(wt 

3 I( €At.ru * \: i0 i]a:ve

[,c* { be t}ro repy.ese:s*atic}r:, o:* i1's in {HsE o *r.r/W}"

= Vrrr( : ; rJ i r l ro)  = 1.  Co:rscq.rrc i l i1- ;Ju A,rre\ , a

=[;.r 6r; ,/ Y..-(:c
d

t ,{rtei,-,1,} = }
" E r

wr

Tret :etf € ilr?. I*or cvcsXr l"l 6!!', 1,?G h,:lve f*Y;;(dr*$)*

= 
SOrOy,r;f,) 

*L*-,,orr./)= +l(::*l,t,r) + I Y,r:;,Hi) al(tr,oncry).

rlrcr:rcroi"c ;(:c,, o c,\.,) *" 5 
",,, 

r,rriiit*r.,,, r.r.;y) . i:'lecarr.ccL " f iA,,, 
..t 

L

: " r  \
9  i l r - r l *  1 ) d Sog

S u"n*, fyuHr ) V*- (:iudy)*

and. St* f'|.it.,.,
.' trl€lV '"

Vu{;run;} <l evcry f € S*'_ ire o"}.:tn"i-n 
\(*,, o #A,r)*CI "

a scs'j-i],11"y c'rrler*rJ, ccfineil ric-b in ly

i i!i.. tk :['or cveir" rs< n). 'J]ren *Lfu*,fiiir )*r-in ol(t,rcA*]*0.

Er,'b::'c:i,r**1o:r ::robn?rj.1ity frsn

itar cvcry "il c0l,](i i?) *lrere

becai,rse ($n 7;) is n rrrc-bz.j.xable

'Tpir,ee. #onllorx:.crr"i-L;r,Xil.:r(i:tr ) )c. $;(r,') . 0i:v:iourl;;, yY,lr* v.#,
r,ie Wrniicl tjr.c ti;ticju.*i-r.e** of Y folloi"is fror",r .Lh.c 

.ut:inrj-sjjcs,s

o:;' IYJ 
"b
glijj{iliu,: 2. 2s. iicy e.;rcrlf 1**;r,-l-l}r con:l:r*c*, **.,lrlreb.L*

r l ,- l : : . t i : : ie' i ; : , i , t : , , i .1i. : l- , :  {:L",; l- , trra,) ! :1l i : lci l  (So'a} -Lhcrc eFe n p.{.$

( S* , {,',r-;) l'.':i.';li S--. r.irx:.u-i,cr',-lfulc:e i,r€li, i,.:ir-{ a, f'1,.r'ii:i-L7 of'

'i;r::,i':s::l'bl'-n-r:. .;r:-'ol:;.:l.ri-1.:i'i;:i.cr t Yrrrttu -ucir ti:.;,r'i: (;,,i0 a , Jr./i:r1 is

tr ti; ' ir-'h cl 6 5rr, fr*ry'-t). .a.L*oo (;:( :i l, if-^f;tl j.; i:. J-i.i;rlt

Lot ( l*)r;

fov

be

Bhcrsfoo"* Y'*

( i t ' o u  r (  ? , ' ) )

*s f  e 0r . ( l )

tu1'Lf  
1,r x0( a;$ )

" i ; t :  ( l io * r(  r  ' )  )  .

r;ir*h. "i:hclt lf 7.rcf,r/ " "



,"') t**
| ! F ' ^ /  6 !  e -

for thc projcc'bive $y'$teff! {i,l(s,.r} - d.orFn, "
Proof " lTc neerl i;lrc foltq:wj.n,g 1-cr*na

SffiigJ& *"4:"u Evcr'Ir }oe oscltlr sp{et}c' *s h*r*coe?sry r*e *s ee c}osecl

sc'b i-netuilccl *.n (rff , #t. ;i

Froof. [re'b $ he a,n 1"o*or]r*], spu,eee S tn* &&examd,rrpffrs

ccmp.:,e'ci.f$.eation sxtd #*s*4*1" *r* speos fr *.u netr*.aatle"

soncecl$cn'r,*Ly, 'hhere Flre a compaei; K i:rcLuded in ltslirer-f I s

r cube I-r r a.lif endo'ed rzitlr tlre .bopology 
4 fr r zlil , and a

Iroi:eotrozphisn f, : $ *?:(" Lct jl(c)*er. Consj"Aer in (nH, fl

tiae d:'i-stanrce c( ;crlr) = 
I a-ill xr.*Vrrl ( f+l :=;l,rri )*1, r.,&.erc

' n t
x=(trrrlitr, r $={Frr}i.{ . }cfine g: li-[cr!*-+gl by

. " S{..r}=(c1{xner i  o,.ru"d(: lnct }*}}r. * * r x*t:{nht * K-f un} ,

oliviouslyr s is a hor*corr:crg:h$.cnu tre'br,''re*n K-f *ui and, sn(gt) i

3n(g) i.s' el.as:eci in.RiI. Conneguemblyo gof is a ]mrneorcorphisa ,

be"bi,'reen $ $slil h:{ g} *

, 
!,i'e corri;j-i:uc iilre proof of fSreorem Z.*,.S.

Le* sc bo a eto**cl. in (#Ir $) $uc]t that (go a ) i* ho*

meonrorphi.c w:i""bh Sf , ; Lert (Knn TEJI) be the SAs clcfi*

ircfl ih fJreo;'en Z.T'{. For evq:a4 tx€lf, l-et
{ *  -  *  . a  , .  -  &  t  ^

" 
-"-[xeq / 'i;L]cra i.s y e st rnrcir filnt 

-T7rr(;roflx]] 
" 

CI ] ,

,  i  For every ra<11, cienote
:

$ *,?7- +-lirn '- t".t :ry'*i-n.*"JP(s,r) 
: 

Y*= nrn/ 
5'^f(qh)

3lc'* r: < n, .:crre ii;, n ilhnre is x € $e i;uch .i;hat

\,.r.(ttr{1r\ } > * o i l ie hnvc

3 s V,-{;ersr;r} -#_Yr.{xr{y}} V,,*{srs'r}"

!i'e ci;**i:L tl:.s:,i to*().rff,,,)*1 .flc:L' cvoy$ y€ $rr.* finr:lsequenbly,



t", ,"
*"' .f {^ *-

& - V

f ,* is a t::ansiti.on probebiLi'i;y f:rom .$rr- : to l*
, 0"ils/^ioru:ir frrrY Hrxr 

* fop for every a'1sa <F. It

follov'rs '*hsl* { sn, %#,{} *s a pnh"*ysten of the DA$

(s,ruT*r/*l) '

{flo prove thet {$0 r 8? *'y*ftr} }* 1 
l-i:r$.t of the 0A$

(Snr 9*u/:t)E vICI eh.al"L appLy fhcorenr 2,20. Let

qr*f"e ft$ / Yrr(xosrr)*3) o u*rf*fu " For evevv *ds',

thev'e Ls }c€ $T sueh tfiat d(xosr) > a*lt. rw'e obteri"n titat

| frunr( xp sg*1) < 1r thcrefore x { il. Consequen'bly, "H*$0 .

S/i'lF ' , tho honeornorphistn {l S .:s'St

, ' d.efine Lnft, )* Yyr(f (:c) n ) , n+ I{, x € s. Obrri*

ousLy, (sr -a 
r ,/ n/i|) 

g a Linit o:t,the DAs ($rro Y-*/u).-  
f , & t

If (Eruu E,"ru 'fes1.gry'#) *e a grt$r 'blren (txrwr/l'l) ie a

'h nf the nrrn' ioe'hivo s'vs'hem 
A 

lrooflfun$t of the proiec'btvo system {t''l(no,) , Yr.,orny'W} ( so the I

of  Bheorem 2.9.) .  Denote
1

u*l(rrooo)i.*€ ff I /t,,, 
i* a probn'hlli"ty.neasrrre J.

i*rdoiv P l'ri"th_the res'brj.ni:ion of "bfue topology sf I*1.

.  € € * ' ,  f l  . / r , r \  l ^  ^sffis,lA ?.,22o -tf (swr'tono tfs,o, tldj is a *A$ e.nd (suo, a*)

*s a Hau$dol{f *orapact spaee for every vl € 1?1 then ? is 
'a

wup,ac* r*rnpLex o:ii 3{ i

J Proof " Bceuirse

. P(Elr) -i /,+1{(F-) / l, 1.rrobo.bili 'by **o*.o*} is a compac$

e'paoe for crrcry vrr € i'r, i.li fo3lo'urs tl.rat 
-[fF(filv) 

ts compact
lrd

as rvelL. For cvery t?< \,rc and- f € C(ff!?) d-ofS,rte 'rhe furctj.on

4y,.r,f :'{fr{s'") --+ H iis
fcr

eni, g( (r{^ ou} uul * 
ruru(f!* /*vrrV orru, { r) . $hen e.n,,r f is continuous

anrl F* f\ al . (s."",r b)*1(t 01 ) is closed.
t?<tr.rt  f6c(Ei,.r) 

t ' r '  &



*IISBOUI $O usssrts rloeo*drie aqq #o$ sno"g+uriT:rs$iiau q41*.'r p0uds

e $T #tf*,/- 
u ( g )-o ns.) p*r:l (r,r/tt*"^ ott'znttf,) llr,ffr aql. JroJ:

suoT+eu-g::o,rdde 43.T/A osi:ds e $T {*n#;- 2 ug.} r;?lsnor-,$,qs

. '5  ocos d;11 o*r  ro ;coq o$n oer

qo?q.u .fxootlX *,4"onboq3 ffiS suo.ioorT+ CIrl+ TTc "TocI 
rgCIgfid

" (t/o*on\ '(tnmll:,t) wo4s{s oaT+ccf o;ci sri+ ;:0 q.sffF1 B
t r " V ^

sT (*/b , (ulit) p,sr3 (jyo'*t/\ orAi rt'l*) sts oqq. J:s q.l,,lrg1 ,r? rl1

ttt/o,l.d.e rg) uaqg '{ r;s pCImJo1s ss $ stro'pggppr3 rrg o$f,

'gtfs(* '/i 'ii+ js d'raaa' '

#o$ 'or/*( ,,&(nry')1",h o.ro{r, ir ,(tr lnf, t tp)*org} ryguig1 oqq

st',q (a\Tnwnhu (*t 1*o i$lt) socccs orq?l,rnscolu j:o uoqsds :1*ncraci

*cla oi,ig rxoi{+ .d/g sr o fi so frFo"gccloq. $qQ" so uo$sc&?sso# _o{.T$

eq g $sT pur3 d So egtrlo$ sriJo;{g};o $o SCIs ori$ $ dq a4cuag

. rpl 7r,,i "{aorr,s .j[sji oaeete goecimoo oTclur1fi4.ss 13 s'F trr,ne ,*ogl

q.?r4? ilons s{ xrT, f fa +osq?w TB?r?Jofi oTqu+ucrCIc € sT s,fr6q+ sr3.x{s

asorlcing .Sv& € oq (*/t*h re{* ,eg} q.a$ "fA'A }S{Ury#{S

?* - (, A,r/ pTnr ,lni > trr' 'c'r0,,*oni:osuog

' 1tt 7 r.t .d*o*.o rag: '"J/, * ttuoh ,'' 1t,.> eff/t 
lr ( 

ntn I ll n'n n4

o&Bq of,t , 07,>(An/ q-uq+ riorls tj?,iol {'}/o,r=rh, +€q.? osorrclng
/ a  /  r t ^ r r - l  

' ' ]

,|,U,>6t.A./ ,gi)i"'t'^ /r,)= h, 0"d1strog*q6 .ltT?1"ry$ fJulscoaouT pspTmoq

rre sT tt<r*.( t*u*A ( t* 
d { rts {ll':"**o"uq e+srxo +Tmrr srr,ttr
rr, (rf"t 

on n, reuJ , ( ,ot @n,lt /3'""mT T*;- !4t orrTJ:op fi ? ,a."G;ano ;o*q{\

l***^ { n'otd 
n "L\ 7/3**a}rr'\As!r'{ u'u6 {o"nl, A uat { } >

- \  01" ' i l11 t  t  "  
t4 i  t " '  iqon 'o /

? d\ \ ' *dn 
o ' * - , . { l  >  ( ' * *4 ,*d}n(ooou5r t&\ { }# 'o f l  At* r /

'*ottffi *er6{ 7 rAI T }$ *: 
ff ,:ilf*:"{-:: 

*)'?;'!* 
rI.} rt**

susi) SollrcCI* sq.l. .$0 oer€q r3 sT d *d;*nogeqg

q

j



i

:

' * -  L 8 " -

rabl-e spsr.ces ($w,r(rro)u tfr.o,, u/Tlj  ,  ,
' Let ($' * ,"t n.tiVw) be s. s$fl,f i s rirrth appr'.?,Tt,lt*ti.ons 'for

W€' ltave'

(frr', tr { aw}, {*rlrv}, si,nce f,sr evsry ,qc E ;i?}ffixt u } )*e

r€ $o ttrero *m e proba,,h*Ltty neasure ̂ tx, on (E* f ( a ) )

euch thet :co*! s 1xu(riy). $efine Y(xt ,, ju)Y*, ' gn* fun*

ctson xt p,-i( *ir{ne * )}lvEgf r xt€ Er u 1,* 0i.B*nleasura'ble si,xxt

*he f"rxretion f e Ul ,. t /k €T I is O- (a )*$xea.surabl"er 0or1*
I/4

4
seqttenblyu beeatrse xo l--+tLl *, is 6:s-O"( a)*nes,sur-alllerY ie

t  - -

a transttion probabil"i"ty from '(sf ? 0rr ) to (Err-( F) ) .

vriaucne,ss of ,rvs that qf i* th.e re*W 'bhe u:tiq.1tcne,ss qf *har *t folLc

pre,centat ion of  (u t  ,  fo  )  in  (po a(  a  ) ) .

If E is cLoscd. and. (F', a' u'{ir/l 'd} is a space with a3p

proxiroa*ions *or (sr7r '6uur {r*rn./u} the function /*rlf ,

,lte F, is 8-continuous* #onsecltrently, the fir*tct*on

xt r*t'(xt, ), xr e.Ec o is ti-B*contfrruou.s and. (&n a,9-nn/W)

Ls a f.irnit of tho sil$ (Euun lun {unr rli|"} r

rf 6nnai *-s a topolog*.*a1 spaco **note bir $rtt the

ALe:rsnd,rc,ffr s eor*paeti.fica*ion of {sr a ) o .ff*x*f e k " Obvi.-
L - r !

ously, (E; t) .*"c netrtzabLe if ar:d only i f  (fr*z) i .s a

. ' \ r  L:* .$*F.1e r$pacc,  f lenc*e ' .co( t r )=[re c(n]  /  l - t r t  f  (x ]*o ]  ,

t i i i ,stA 2,24o let (sr€ ) and, (E'o'a:t ) be tolologfcaS.

&:pfl,ces ancl Lst V he a tv*nsi"'t*.on nea$u.ro fron (at , o- {et ) )

to (srr(  a))o a *  Y<r"  Ier : ,o 'bc ty i t t  *  t rnnsi 'b* .on pro*

? :eb i .1 i - t17  r ro r : r  ( f ' ,  a ( t ' ) )  to  ( f , - (3 l l  c ic f incd  by
Y , r ' t ,. f ( , r  , : \ ) * / ; i , ( * ) | { ( : ru - t f l , r )+  { * { , r ) ( r *9 (xnn)  }J*X1e, !  ( , . )  €*  .

'fhe fclj-cr,ristg ave ecluivalentl

( : i )  .P{c ,o (n}  } .  C : (a ' } ,

( i*)  VC ctf i i  )  c o( i f ' )  ,
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If o tn arlil*'$:i,*n* (ffq f ) :lr

f,c}3ow$::* ere ec*.t"i"v*1en*b u

{ * * : }
t f4c*{ . r l ) }co*( l r ' }a

o tlrcnc are a cci:pac* ,set K
r A

,su,ch 'bira'b Y(yrCffi) < :

(Ev) F*x" every t'>o p J( 6*Ho

i.n 31 a,';td e r:.ci6ihbor:.rhood I3 of :r

for ever'y yet3.

We hale a,lso nch*s { *} *m}}$.es { **.*} e

Procfo {*}@(i"*}  .  su;:1:ene Y(s*{ i l } }  .so!u'  } .

r,er fe c(i l). r,. 'rc lrave f(f)*Y{{o* ft*l)of(*} '" Bece*,sc

V6 *{t*} G cots) a*rt fqf; ( c')-'ft *l ',?e ob'barn ft#l e eiu'} ,

co:rverscttrr ir Y{ctfril "c(f; } , 
g ec{g) *orc }'(c)*0

/L

rhen .f Cr:* f C'i) lrru , crr:irr 
*g_,fi,rrfl**}}?,t'(x,r)*0 

.

wc o'b"bni.n t ' tsl  +s*(i i ' ) .

(*) . {i i*) " A$stffiee for a coilhrecLi*t5.c,n, tirat tkero

iirs :i €Sr, a>0r e Ecne:ml.1ize,;l seetlence (:*i)1 ec:rvergent

'i;o x, a, noqrlonec cf conl:rc'Ls (%)ll r'r*'i;3r U \,*.Ii *rru

o  . n  
l {  r r

KrrcKi:+L e n efie su*}r thn.* Y(1*oC.%) ) n for eveq/ i ) tr, .

tl:ere Elre m 61'l lurr] 'f eOCI(n) circh 'l;l:nt Vttrr$%) 1 s,/e,

6t --l .tr -*/, i*=tr f lcit**J.=cr o3f <14

For cvc:T:' n>n n:r:il il ir" r tfl (i*o uf)

Gonscrlucn'bi-;r, Y(xrf)- 
tPe:,r*r:f) >#e er:a'p(s:) 4 so(i i t  ) "

t * " v ) *p { : i " i i } ,  } e r *  f  e  s ' r { ,E } r  0< f<1 r  x€s t  e r l *  t >o ,

Ehe:nc &ve r co::pnc'b !i an*- n; ne:gtr'i-i*urho*s" ll af x such th*"h

Y {yr#i;} < el4 for evcry ;re-{J, ltirerc is f r e C*(ri} suclrbhitt

0<fe<J" r isrl  f f6.f$l u frc't  yCU" i 'r '* h*ve

,r, f"*r*.", sp&eee "bhcn *}re



l ' f  (3: , r ) -  t ' (v , r ) [  < nf  {srsx)*s ' f l (*u{ ,x)+ t ' f  (vus'}*V{x,gs) l*

€tV{:ruf i  }* f tyr:r ' } l  + e- .  scn*cqtte*hlyo tfsgl € sb{n} 6

( i**) '*+{i . : i }"  lc* x €}I t  $ t>** t}reve fs n cornpac* sst

Kro:f li r:uciri;l:,,:.'b V{"os,iEo} < 5.12 
" f.lrcv+ a-!.e a ccrr.pnct so'b K

einf,. f 6Cl)(lI) such tl.ui's K:rK0 r 
't1.;q_t^Lt 

Vg-fgr 
S <f 41o

Shere fs a trcf,qhh*urlr*od tl of :s srreh titel'b

lY(xor)*V{y,n} I  < e./q anct" \ t f  ( :r1r}- ' f  (xcr) 1 < r l+, f ,ow
r r  z  iT \ . ; 'n  n ' l r#s:r . i ' r t  ' | : lnn&+ tsvery yet}. \'{e o'lrtni.iybl"lat :

.l ( y, cK) <'f( y, Ei * Y (.y s r) < t't :: o :l| -t'{ x rtX + t/ p.< t'( rr, cK' } + tl 2 ( &
\

fov cvery y€ IJ"

Si{i$nj?l E'*25, i,e,i; t*{Hvs aor, t* u/',;l he a SA$ suelr

the'b Y"u,ryvs{Oo(gu})ac*(Eurr} *or cvcixr H<wr. s} leR
. r y / _ *

(:i) 6 =(itl.,, Er,, 'frr,,t/w} es, a fA$;

e:cists a uiriqr,re ppint c €if such thet **tr, )* .E* for
' Y v ' " l g

.  everY w€tr i 'u

f i.*.i) Tf tfre) snd. ({r,, Er,,} , r,i etif I are rac'bv'ic contact\ .
4 .

spaecn a.irel tff, t, 8;r;1 is ri tini'b of "b?ee tAs 'i 
, tlren

..1- ?

*he fA$ E iurs the 3-tnit {ilu a, tl;l?) s n'here fr*E-feJ,
r'L. t Y

E *'{7u c.r,e Y** f'.y'$ xo-{ Fl,r) for cver^y w € 1T,'

\ j-

P:i-oof , (i) CIbv**usl"yu for evevy w <rf <.?,r'nr
, /r- ,r .r! 'ry -/v1' ' f . ."orr,ofrr*,  *Y;*,,  *ns' ' { , , , . ,rrCc(i-:}-c(tru). ( lJcc r. ,emae 2.2I, ' }

| ,;i, 1

( ri) ( lr \u f( i: !) , t - /r:) i.s a spa*c vi'blr ap?roxsnn * '

. tisns for I a;:* :-q,t *' rr-i''r$ repsCI*entntio* gr, fi"

$c ' : ro tc  A , , ,= ln€ i  /  { - { , r r l * * \ )=1  }  u  weu.  l c "c  we>v"

sor cvery :lE.fu l'rc lrcrve Vr,(*rf*r,r]) sr

F N / v . , Y * ^ r

= \ Vr,*.r, 6;'r{cJ) Y,u, (:r,c'l; ' ' .) ia Y*.,, (or,, rl *J} %' (;t, }*-,1) =
J

(:ii) rf tff, d, {:,/ol ts a }i.i:r*t of tl:o fA$ 3 tbcre



. d l l *

lv
'B Y*ru(au[c*"rt). It foL3s111$ th$t &o*Aur* for e$ory r,{rr?e 4Vd.

t l r r t r  e
I YroyC.n

- t t t
9 r

r gt fsll"orvs "bhn"b A#d" gf$c:ro-bc &*A* o fJccg:,uno

thre erre 3{ . t , : {Z&&s o#*, t  p theirVi( r r  }*F,*  f$r l

' J '  t t  r  -  P - rY a(l , )* , on frre tl',ro ysprebsen[a-htons sf [].] in En 0on$e*

quentl;re A hn,s or*ly CIt1c e3er,:cn.bo A*f- 3 :

(:lrs.X For everr w €t'f anct f ec1)(svr) we trave Yur{r}€s6t$}r

" 
E:?, flccorrlnnee lv:ttl'e rrenne p.zq. sltcrofore {sr'tu ?r*/tty i*

e spa.ce tritir approxiraa*ions fo:r *}re SA$ f " Let

(Sn u G u r* i/rlt ire ano.i;lrer $pecc l-,ri"hir apprnxirm.**ons tav €,

Fpr evers vt €yi, :(€ii0 a:rcl & € f (tv} defj.ne

' l ' r1r{$u: t }*Yu1r{xrAAH*} o s i :en (Et ,  a 'u{ ; . l rv i  is  #.spaee

r'.{-*h ep3:ro:r5-,o:**i.cns fer {ffr", t*, $r*,u/;r}. ,**, i-f'r be *he

repr"cserstntj"on of (iio n a'o fr1/ri,; in (i, 7, i/*1"
/\- .'.L/

Isor  evcsv x€Er vro r l l lvo v*{ : , :nfc l }€yoyrnr( : r ,  * . ' , ,  )*
A.'

= tl't (:e o fcr.rl)*0. ccnncqr'.em"br-ye Vu (** {c }}*0 for eve3? :{ *ur 
:

ilefi.ne 9'* Yrrjjc r fr tz I "t *u*ro**rur, Vg,*- Yrio, w 6lf "
lFa i:rove 'blrat Y(CO(il) ) cCb(nt } rrseirg }cmril Z.ttl" tc.b

i  
)  0r SgGEr n fhey'e nre ccnpert f ie 'r ;$ K Erni l  Ht,  nie.Kt df iu

g?

sucSr that Kc lie an:.s. Y(;rrK) ) 1- €/2 n f]rere is f € c('fri ,
0 {f, *-l-r witSr fTgt e,ncL frrgrqe*O n ?,Jc nur,rrc

Y{f7g)* Yt{f} e #*(iis) o f3:r$c-efore 'bhe::e i.s a ncighbor.u,hood.

lV *i' x slleh ti:et Y{l,.rrf} }L*L for cvey1 y6V, Co:rce-

qncntly, \ ' ( fu[ l i t  ]  < Z : fcr cvcs.:r  y€ V,
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1I/o need. tho proctue'h af rAft,es becauts€ ws shs,ll ntucry
stocha.stic procsss$s clef*ned 0n tha spac6 *f $.ts trajoctcr;r,

Let r be a set of J"ncrices. Tf (Ft, oi)r an,f. (Elrs-{)I

ars :fenili"es cf rneasurel:le space s and. if frtt i.s a transj.*
fJ"on prabab$-1$.ty fc:r 6v*ry t €I r g*3ri;x e- L,.*tArL'J ,
then clenote by py* i;he tbunsJ"ticn pro'bab$.ltty fson

(TTuj., p 6r{ ) tro (Tus., g s'i ) aerined by
T , : .  T  J  

I  * -  I  L '

4 *li((;:i)1s )= € tt (*q u ) for every (:"rq ).,. €TTtr! "L  " I  T

I'or evesy faully of 'Jlt$es ($f.u,,* Ajvf Vi*ouo/r:{r), Cenote
U= jJ*f (i.rr';1,), /wre w, for every ie ,lJ . i$ndow U vsith theJcI ' ' , '

cl-l.reete d. *rcler relatj.on

t f  JcJc anc l  wr*ur i  for  every i€  Jn t r 'or  every u=( ior ,vr ) .ey

denote lf,"iTf.riirr. r %,,. gZivl. * I 'o.r every u=(irrv*\ e.zrrlL i  J .  " r lL-  u  J  
- rvr i

ur={ l rvr { )6e7 u <t t r  ,  cenoto Vooo the t ransf t ion probabi l i . ty

frcm (} io* o'(  zr*o )) 'bo ($or o-( zu)) clef ine<l by

Yno, ( ( . r i ) ;u n )*  
$qr*uog(x i ,  

)o (* r ) - r ,  €Eu!  o
'sEFL$rrIo$ 

2"a6" rf ( ir 'or .-oo Voo$/t.I) is a fA$ t,hen,i.t i

l"s callecL the prarlu"c'b cf fam$"3"y of rf,$e s (sj.r,,, ?iuru Yt*uo f*rlT

. Generallye 
. 
(so r E u., Vuu u /v) ,ir.s not a TA$.

&gjfit{A 2*27o r,et ti}c conrplete separable netrie q)sce

(u, cr). rf l" "V 
€ i,r(ii) and. f e cn(.tl) fire n

l4tr)* f  (r)1.< l l r l l  *(p n f )u rvherc l l*"t l=supl{(*) l  .

Prcof " Yie have lp(f )* V (r)f e

11 5 " . t 7^'r*l( t*,llrrrti* fur*}( [:*, il rr6lJ *r*l *
[ o  r  t i f  l l ]  

s  - -  '  ' - ' 4

+ 
rj,,J,61 

(7n,r'*1( [* llrll o>:] )* 1}or*1( *ll rlt,xl ) )d*l < ellrllr(#,p)

Ir i l , l l ,k\ 2.23n Let I be & ccunteblcl sotn l,et (; l j"u E:.):
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bo a fam.i.ty of nct.u$-aubr.e sepa*eble eoruplote qpaees
qnd' 3efr (si* af)t b* a famt[y'cf iao*rj.aab].e $pflc*ffic ]E
fss ev*trff *6x 41 $"m a trans$,s$.cn prolrab*"&*ty frsm
(e ius ' {a{ } ) 'hc  ($*rv- { rg} }  sush Bhab $re map xr - r r f lg (x '  } ,
x es{s fs wea}e}y ecnt$,n*o&s/ fthen the map yp ( Qor.ut{yu }*
f elJ,u; a 8s els* weakJ.y ecut*,nus*sc T va

T  
' , ,  

- r y Y * ' - . $ a e E v c

*P.rsof. 
Dedote Fn[*f$g e 6:e ql 6* u H,.{e[IFj 

" z]=rx -ze
r  &  

3  
- a

*l* 
\*tx " Otrv$-su$lyu rtz )* 

$ 
o-(a:g)" rret s*.F->sn bs.

a b[gectlcn bebffeen $ and.

ccmplots a€trj"a coryatibte

tro FeE evs.sy sletf fet fo be a
w*.th tho topology E+ou d*<l.

Th& ne fix*.e d *g ccmpat$.ble

a oomplto soparabl"e metr[s

,,efine th,e metri"e d on S by d(xuy)*d A*n,lnf.ru ryc ) for
^ I i  " -  ' r ' f l - -&n

svery n(xt)r , s .f=(rg), tn Eo
nr$-th ths topololgy '6 o (.S,sd.) j"s

spacbo

r.,es f €cb(ned) unJ"fermr.y cont*nusu$o fret a s€qusnse
(%)U ef F c,anvergenft t6 xo De;:o"r;e.To* .f,i,o, *X, o€orin?,

tst e=(a[)r be a f ixed pof"nfi" i .n E,n Deffne for evsrtr i  nel{

X ..*,*':, 
"[;l;];ilH:;'" 

jT;js ira(*i,r
'  *h 

: 
& r '-*n 

*n
$bv*"ous3y r f,r, ;!.e untformly ecn.hj.nuorr$o

Fe:r cv*sy ne X{ clenute

bo*s*p {f*'c"l*r(v}l / :m(x1)3r w(r*)*r, {xg}g *(ru), } ;* * n  * ' n
iile have 

Yifn)* g "lg(**). l?s show by ir.nduetsen th&t*n

fol s{rn} e csifl-sf }. &et xx(%)rrr*ip x?*(*{)roor *. qut ;
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' :

u , r  l

lre have I g +1r{xrgr+r}*o F nL*(x0 set+I)l <'r
,ntC .&.n+1

*!* 5 sn*r{r,r}*; ryrt t.k}ro,dp"}- 5e*oo(o,-,{q s( tx;}rou*v} 1

^t **r{ t*noL n dr} '}

rf we su.ppose tlrat 
"Y-t*"(qrr) 

e co(f,nil it foi'lorvs that

the first 'bcrm converffes to 0 v'rhen (xi)1 *-> (x* )r*31 * *n o

'The seecnd 'besm een ire meljorized. by

e l l  g i l  x ( r y u  ( * o  , ) 1 4 ,  ( : : ;  , ) ) a n d " c o n s e q u c n t l y ,L or:+L *n+1 r o3x+i *n+1

r.* conver$es *o 0 i'*ren *irr*f* 
"?r**r. 

o fberefCIre

P 'T. ( Ob({-T n* ) } c- cofiT n[) for evcry n € ]tr',
Jlr - 

[ ,e &o,

Since the sequence of uiulf,c':nLy con'binuous fru:.etions

(*L(fr*i )it is r,uiifornly corr.;erglcn'b to a1$), $t foLlows that

t u L ( g ) e  c , ^ ( i i n ) ,

FP,CIF0Sit:OiE 2.2g. t* *i:.e fems,]-y of fA$.es
: 

( €t)r * (E,irr, Gi*o {*r,ou /t:lr '}y Ls .,eerurl'bab}e and
& 6

a'.' (Eirr, =rrrffin',:lete se1iewa.b3.e nctriznblc speee for cvcry

*e I ,  wel j*1 'bhen (Er^, zu, Y*url i l )  in a. tA$ ( 'uhe proclrrct

of t i re fnnr-r-1/ (  €i)s ).

'?roof 
" Obyiorx.sr

Bhe fol"lrrld.ng tlrccrci:r g:ilvcs *orrrtjti"ns und.er r,rrkrj.cil, tlre

Sirnit of a r:rod.r.rct of 'lA$es is tlte nroeXtec'b of its lir:ri'bs.



A ts-a--*-:.C 
J '%

*l:":.ft]Rrtr *,3{'n Le* { 
'6*} 

[*{ ffi$"r,tu Er,n* f*n;}{}* be &,

**urt*a'l-rle fr*ai.Ly *g #/r$es .qr,t*h tlurt fqr gvel'y S €iI *lrere

exis'be a. *or:p}e*e *e31enal:le n*ts:re *n**#u o convergents

"qerie,* r witlr p****fve tesrils 
€ 

t** a^nd. fo* svery m € I{

*&r/
( i ) th.e to3:olo g:icai spae e ( ,*ro, Ei*) $.ll *\-ffi*o*.u os

the r,rci;ric $pcrce (SOrcti) r

(*.i) for etre'y *sxnrea-ge*ut #eqas&ee (qo)* nTu*s s

a

S Z ,
T .4,
.:

*he ,$oEl,rence ( fo**(*rru ))uor* ef r.{{n**} *.,s lve'a:{3y convcr€en*o

(i*g) $.f *he trequ,srlce {%}ut*Fnrr, 
.eo&vey$es 

to

x € E * 
'blren 1;r* f;*rr( :rno ) * Ex ,

{ ev} **rr$ Yu ,*r*r { a, }{ :r u t *"* } n E*ro} } t* Fi*
rl -i:t+J,

Ie'b t s* u 7 Lr'f*rr/nl k tne l"irnit sf the ffA,s

flro fA$ proitu*t or$ft,nrly ( grl1, (ffio , ?

has *lre lirsgt ('IJS:.L' pai- $'rlri), rihere
T & I . h

*'"i(x*)sr 
1* $Yu**("'s., 

) fCIs" every rp(ior*j.)u 6u nnd

{*j.}16'TE: . .&f.snp $f, (r'"n*(irh,.., }, )r, is an $.n*reas$ng
. i . & r * v 3 l i l

$oquenoq) of $ witit U'f""I n:nd }firn kr** oo then the fAS
. I t
(n,, ,T,, r.f' ', .,., dt) ?ran the Lj"rsi.'b (t*TH, t @7.r, Y'i' ,/l+),

Rt 'n *ln":? 
I * I '! :rI

In neicl i t icn, the f ,rojcnt inc ogsten ( i ,{(8., ,  }rQ,,, .  / i {)  has
at "tr''n

*he l:!.mit (:,ii(T-iu*)o q, fttj rsr$"bhe pro-jcc'b$.ve n),stem
, - r * * 3 :

(u(]I*r), Sr*,rt) lur* {;lre :"i.rni"t (n( fTu*1, $-7uf .

Proaf . ilenete E*'i-T )]-, o 6 *
a t

1 &
r $*'l-T $u o let

1 * .

Fu,  $ .€ r "

*n {o*nlr}

n'-+** a lrijectS"on hety,reen $ ar:r.$ I. $enote btr d. the
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r ire-bric on S cLefined 1cy d(x, f l= Zz-t ldi (xi , l ' i  )ml
T * r r * n * n

fo r  evcry  :< - ( :c .  ) .  and-  y=(y .  ) '  o f  Su- - L '  L  . '  l - '  r

Obviously,  (1,  A ,  tYu/V) is a spgLcc 'vr i th i lppro:c in:a, t ions

for  ' ' che rAS (Err ,  6u,  qr - ,  /u) .  (see - t ,e i ' ru ta  
2"28. ) .  Because o$

f l r eo rem z "J .A" ,  l ye  cen  suppose  tha t  (E i r  f r )  : s  8 .  subspace

o f  ( S , c t ) ,

, l /

.  Ei= l : :€S / ' there is  , ,  
" . . , t . t  " "  

(Xrr)w*f t r , -  convergent to x
. N

e'nd' Yl*rtt', )=]-i'rir Vrr,',n(*ra, ) wlrere x=fi.{i *r, € Ei '
J l r I  - / t  J r i r r r  1 4  

n

There is a,n l r ,creesi 'ng seolr-ence ( l r r r=( i ;krr .  ) t )*  of  U

sr-rch that ,X, "5 
Z .r, <2{n c.nii

L 6, L ::?,Kyyi aK

s e c u - e n c e  o f  t l  w r ' t h  v n = ( i r t t ; . ) t ) * r , ,  n 6 l {  .  i 7 e  r v e n t t o

nirnl- , , ,  fh"nr ' " rn 2.10. forbhe TAS (tr . ,  ,  Er,  , ' fu , ,  / t i )  "  The
c t - l J  \JLJ  s : rvv  r  v r : r  L  .  &v  

tn  
.  -  

vyL .  ,  t * t *

a.1;pro: : i -nan'cs of  th is gAS er.re inclucied- in (Sra) .  1"1 nCN

'-i--T- eY--.

I  \ _  {  |  ( i -  g . .  )  > . t - Z - n  r , o * ' ( r r  )  "  b c  1 1  i n c 3 c a s i n g
a  e T  1 > 1 t  . \ r  r i i '  

'  r s v  \ u n ' I i
" '  ^ - n i

qy.tr1 u-(v ) 4 j I-- o 0bv::ousl-;r,  3( ' : lr  r-n+l-) >Tig(x' ,2-n)c l r r l l  ^ - \ ^ i r l " . , v r n * ]  
I  

J .
t t'1- -.i-

"'T Yiro;r lrrl-'ri ( "i, 
''3( *i , 

,i-'r;rE iir)'n u"o) t

I f  ther seouenee (*-)r*€TTlI. ,  converges tq x€ S then
' L r  r r  

IT  
tn

'+

the seou.cnce (V. ,  , ,  ( * r r ,  )  ) , r=rn convcrges to  Yrr . . ( * ,  )
"  l " l ' n
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. for everTr ra € ti, { f}eei Se:nr*a. p, fl8 * } .

I* foj"lmrs tlre* (ffil g, *-1'1" /:l) is i;her lj"nr.it of, the SAS' v # l

f n, T \B /r.r\
\ # = o  f  9 n "  S  1 . , *  t r  { i 1  [ a

v f i  t *q  vm v .n
J,$ J'.s . il.t IS

Iet {g'u rt r!r$fi3} 
'bc a #pe+.cs llr*.Sh epprsfr*r*ations f,os

the ffAS pr.orluet of tho fnm$.]"y { €ih. Fqr evesy xest there

exi"sta a prob*,h*.3"i'by ffies,$u.rs .bxe ffI(fi) su,oh" ,ohat

A.* q:, *t{ll (sn ) , n el$" $ince on tlre set of, fu:rcti.ons
/  1\ oTL nTL

i t -l;{ s} I r eg*{fr*} , w{*rrc*}u e-u r r ri.n*te }

/bx J.,s lsr"svn:o *t fellows "Uha.t /^o.i* rxt$que" 0T:veou*lyu

7,i*does i:rst depe:rd en *kre sequense {vo}g i

For evos? ile$o there *.s ur eU sttch *hst ut>ra and

U$ 2r-&*

fh.e ntap x ?kx p x 6Er n d-effnes a *ransi.tisn probab*J-*."b3' tlr

froin {Et,  u-( r t  )}  tp (u, o-( a } }  "  seca,use for erreyy u.6uf
'b!re nap $ F---;" f'.|;u(:r, )* \[fl':r, ] $ x eHt , is $reek3.y eait*

t*nuousn i'h fsrJ.Lowri tlra'e 'hh* m*p x**,Y(*, )o :{ 6n0, *s Afrso

t'Je*3r"l"y c*n*5-:tu*rts" thereforo oil *s .blle r+i:rcsentation .sf

S? i.re E*

:g*x*bi.$ns of *he Theerepm.:&.rd 'e&vious 
, :

; .. 

*he atl:er, a#g*x*bi.ons of *he Theerepte.id
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w dd:?.

tr . f;I;nfl3{eJ3*}J"# " {}-S'fl-} . }$-r:$.te s p{o$s*ttvsrs st il}j}.prsx$n;:,4+*.on

.'baoitsu 
*:lrb*ri,e 8l$nr*n"b{}i.re* floi*p* i{a'fi}r. p 23 efnscn3n 35?*3TS

fi. I*Ut?B/{4i n ii" (1.9{59} S}hr:ren'crs de math.q;iaErbiclu,e Feisc"S$r

]iivre 6, In'fie,ryret$*o:tr S-h"!)nltrerntnn c* SiorFr,r$"sr i

3, CFIfiK$ms J*i?"(fgSS) fnverne ]an:-ts *'f r;rcersnve $pfi,cssr

.. Pr13c:t Loi:,;lon i?:rtlte$ocor 53T o'3$r'"[is3t]*34f;"

4 4o cI,U$i.i$9, *,r':.cl ltili*iis*n{:"gf'*} i}srbe*i":.i.*#,tJ. ,?t prflcerie s'h&*'

. 
es,sti.css l{riitu::a Aeei,Cen*ei rF'u-*3u;,res* (en Hoi:a,rtJ.eln) "

i 5n Cru#til,sssuol- (1?6S) ?:ur:ese ilo.rlrov .?i sunct*$" excesiveo

. 
Sdi"r;ura Acaclcr:i-ci., [u,eirnrost ( *tr ltn:nas:ism) .

i^IAIriOnTrnoJ. *,nd" $IOifeLX.t19?1) Li:r*ts of inversc uys'i;erilc

- 
eif rloil irr-ut€sr Arrrro1::r:t,Fous'$.*r (Sreno'b1e) 2Ls25*5-(! ..

T, Ftiff3$;t?,it" {fgg6} T.,e*tuxtrs sn fflroa.uct0s 'bheoremo

S o Van iio stven*. Scnp s

8u BA0ri;"liI" (1"9?1) Fr'*jceti"ve lirsii;s of proherbi"li 'cy spelceg

L(rrJtivnr*.r.,*cl Anr,]" -3 s 28*5? c

9" scll]itrFEltsc.&. (i969) }ro$e*ti.rre l*.iri"l* sf d"irceted pro*

;icc"bj"ve $)r#tens cf .p::a1:a1:*"1*.*3r c,p&cefin *,tr1'nhrsch*i:rli"alr*

ke*tstheorie u:rri iYclr. 6e.&:i.ete 33e60*$0o

_ 
30" $I:iGliIlrS"{}?04.) hj.ni.ti i lroi.ec"hirrr-r,.i le proccse fi:ri*e'

stuc.l.it lr ce::co*iir* msl'i;er*,36rfase"3e 244*?61 (f,n Honanir'l,n) "

: J"L. rI*F$Su$Ii. (1$?2) i{cnnure $pi:,cs,$ eornce*cd by'co}rr$spei1,*

d enccr|, L1e'i;h., $cc#ltlo 3S u 5*45.


