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}" INE POTENTTALS AND SUPERI,IEAN FUNCTIONS ON

STAND,ARD I]-CONES

by

N.  BOBOC and Gh.  BUCUR

rn  the paper  i+  ]  we caracter ised t i re  e iements of  a  s tanc lard

H-cone of  funct ions on a semj-saturated set  X by a topologica l

proper ty  ( Iower semicont inu i ty)  and.  an.  a tgebra ic  order  proper ty

(supermean  p rope r t y ) .

Now t " re obta in s imi lar  resul ts  rep lac ing lo .wer  semicont i r tu i ty

by f ine lower semj-cont inu i ty  but  th is  t ime us ing the ax iom of

nea r l y  con t i nu i t y . .  r t  t u rn  ou t  t ha t  i n  f ac t  t he  ax iom o f  nea r l y

cont inu i ty  is  a lso necessary for  lhe vat id i t lz  o f  the remainecl

r e s u l t s .

rn  connect lon wi th  the ahove character izat ion we in t roduced

and  s tuded  the  na t i on  o f  f i ne  po ten t i a l "  The  ex i s tence  o f  a

s t r i c t l y  pos i t i ve  f i ne  po ten t i a l  on  x  i s  i n  f ac t  equ iva len t  w i th '

t he  ax iom o f  nea r l y  con t i nu i t y .

1. gbe -{ ine ropqtqsJ ang

In  the fo l lowin n Y wi l l  be a s tandard H- .cone of  funct ions

on a semisat 'uraf .ed set  X.  As for  the terminology one can see (21
'  , - - - l  -  i : ^ ?

L b J  a n d  l U J .  W e  r e c a l l  t h e  f o l l o w l n g  n o t i o n s
d)

)  A  m a p  ? , 5 t x ) - ? F *  i . s  c a I l e . d  a  w e i g h t  i f  i t  i s  i n c r e a s i n g

(9  (A)<P{B)  i f  AcB)  and f  (0 )  =0 .  r t re  say  rhar  ?  i "  a  f  i_ng  ( resp .

coq]] !s@, r ight  _coqLi}uous.)  weight i f  we have



2 "

i  o f  A  ( r e s p .y '  
c x i  

I  r l _ i 1 e  C l O S u r e  O f  A  ( r e S p .
. "i--- .\

?tr- , t i . ,o ' ' tJt ,v(Ar,)  '  f  (a) =t" f t  ic) lc opeu, c)Af )  .

fA
For any x€X we denote by yx the map or)  "Jr (x)  def  ined by,

. A /:l\

Y."  (A)  =R" '1  (x)  ,  ae1-(x)r x

r t  is  obv ior . *s  that  t .he mapf ;  is  a  f ine weight  which is

countabre subaddi - t ive and r ight  
"or rarr r , rou=.

b)  a funct ion f  :X*? l i  is  termed gg@ (resp.
' l

'! -g:g or -gggg ) j

w i th  respec t  t o  t he  we igh t  q  i f  f o r  any  pos i t i . ve  number  t>  0  ,  
' .

it he re  e>< is t s  an  ope r l  se t  G"  such  tha t  9 t c -  1ag  and  the  res t r j - c *  re  ' 5 _  *  :
t j - on  to  X \G"  o f  f  i s  a  con t i nuous  { resp "  l o r , r i e r  semicon t i nuous  ,c -  - \ * v v y

or  u -ppe r  semicon t i nuous )  f unc t i on  on  X rG,  I
c) A function f :X*y F is termed ggu]l_qgl- l i$lre (resr.:

guas.i _Iow*e{ s*eryi-coirrinuogg or gga.q,L3gg@} j-f

t he re  ex j_sLs  a  dec reas ing  sequence  (g r r ) r ,  o f  open  subse ts  o f

X  such  t . ha t  t he  res t r i c t i on  to  X \G*  o f  f  i s  a  con t i nuous  ( resp .n  - -  - - - * -

l ower  semicon t j -nuous  o r  upper  semicon t i nuous )  f unc t i on  on  X \G .

for  any n€N and

X \ G
A e  t 1 = o

n

I{gp"g91_!1g3*l_:_1" If  f  is a quasj-*conrinuous (resp. quasr-

lower  sern iconLinuous or  quasi  upper  semicont inuous)  funct ion on

x then the: :e  ex is ts  a semiporar  set  I r {  such that  the funct ion.

f  .  i s  quas j - - cc rn t j - nuous  ( resp .  quas i * l o i ve r  s ;em icon t i nuous  o r

quasi*upper  semicont inuous)  wi th  respect  to  any weiqht  . \ {_  for./\
a l l  x d X r  M "

Srgo! '  Le t  (Gr r ) r ,  be  a  decreas i r ig  sec iuence o f  open subsets



a G t
of  X  such tha t  AB ' ^1=0 and such tha t  the  res t r i c t ion  to  X \G-  o f

n n;
the funct ion f  is  cont inuous ( r ,esp.  lower  semicont inuous or  upper

semicont inuous)  for  any n€N.  we know (see f5 'J ,  Theorem 3-3.*  )
. G"r Gr.t

tha t  the  se t  M:=n B "1( in f  B  "1  i s  semipo la r  and there fore

the function t is quasi-.continuous (resp

'  i  .  ^ . ,any weightYx '  xeX\M.

) wi th respect to

Propos i t i on  1 .? .  A  func t i on  f :X*5n  i s  quas i - con t i nuous

(resp.  quasi - lower  semicont inuous or  quasi -uppbr  semicont inuous)

i f f  there ex is ts  a countable subset  A of  X which is  dense in  X

such that  f  is  quasi -cont inuous ( resp.  quasi - lower  semicont i -

nuous or  guasi -upper  semj-cont inuous)  wi th  respect  to  any weight

'K, (Gn) < + ( Y )  i e l l  , 2 , . . .  , " ] ,

Let now (Drr)r, be the decreasj-ng sequence of ope subsets

of  X def ined by

D  =  \ - / 6 .- n .  
. .  

- l
l > n

From the above consideration we have

Y* '  xeA'

Proof .  The "on]y  i f "  par t  fo l lows f rom the prev ious propo-

s i t ion us ing the fact  that  any semipolar  set  has no in ter j -or

point .  For  the ' | t i . f  r t  par t  we consj -der  a={xrr \nen}  a dense subset

of  X such that  f  j -s  quasi -cont inuous ( resp.  -  -  -  )  wi th  respect

to  any weight  ' \ f *  
,  n6N.  f 'o t  any neN.we consider  an open subset

G'  o f  X such that  the rest r icL ion to  X\G'  o f  f  is  cont j -nuous

' ( resp )  and



D
t l = o  o n  X .

i s f i e s

)  b e an ' n

funct ion

iqh t  V_  r X

A .v
a t  J .  s a t

we

rh

P r o p o s i t i o n  1 . 3 .  L e t  ( s

LO
funct ions f rom J .  Then the

nuous wi th  respect  to  any

'Theorem 1 .4 .  Suppose

con t inu i t y  and  l e t  X .  be
. l

a  Bore l ,  f i ne  c losed  and

semipo la r  subse t  o f  X1 \A

the saturated of

semipolar  subset

i s  p o l a r :

the ax ioq of  near ly

X.  Then there ex is ts

A  o f  X .  such - tha t  any
I

cont inuous

quas i - con t i -

Proof  .  From [O]  ,  Theorem 5.  5 .  8  ,  \ ,ve may consider  a Bore l ,

f ine c losed and semipolar  subset  A of  X. ,  such that  the set

X 1 \ A - i s  a  G r e e n  s e t  f o r  t h e  p a i r  t $ ' y * ) .

W e  k n o w  I L A J , T h e o r e m  5 . 5 " 8 )  t h a t  a  s u b s e t  M  o f  X . , \ A  i s

semipo la r  ( resp .  po la r )  i f f  i t  i s  co -semipo la r  ( resp .  co -po la r )

On  the  o the r  hand ,  s ince  Ysa t i s f i es  the  ax iom o f  nea r l y  con -

t i nu i t y  we .  deduce  t [ a ] ,  Theorem 5 .5 .3 )  t h ra t  f *  sa t i s f i es  the

axiom of  potar i ty  and therefofe any semipolar  subset  o f  X1\A

is  co-polar  and polar  as wel l  
t  l )  (a

:  For  a s tandard H-cone of  funct ion"  Ion X we denote by A

of  a l l  f ine open subsets G of  X such that  there ex is t

s r t  f l n i t e ,  s l t  a n d  s u c h  t h a t

c= t=.. ]

the set
. , 1

^  * n Q /
s t L t : J ,

tj&i (Dn) -<X,Yx, ("j,.h

Hence
D

n h

/ \ B  " 1

With the

the fol l-owing

( x r )  =0 ( v )  i 6N ,  I  n
ft

same proof as j -n Proposi t ion

resu l t :

( Y )  i  ! n .

sequence.  of

\-/
s z = )  s  i s

n
- 1

r x€ Ls < "oJ.

3 . 9  f r o m  f a ]  w e  g i v e
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Q ( 0
R e m a r k .  I f  G e  j /  t h e n  t h e r e  e x i s t s  s ' r t ' c 7 ,  s ' < 1 ,  t ' ( 1 ,  s ' ( t '

i-

s u c h  t h a t  c =  b ' <  t ' ]
, D

I n d e e d , 1 e t s , t e y , s , t f i n i t e , s ( t s u c h t h a t 6 . = f s 1 t l .

S ince
D

J= L-/ fsnn<tan I

we deduce the asser t ion tak ing

. r q - l g - l

s '=  Z  -L  .  s^n  ,  L ,=) . ,  -+  .  ran
n =  1  n . 2 "  n =  1  n ' 2 "

ca
P. ropos i t i on  1  .5 .  The  f  am i l y  J^  i s  c losed  under  the  f  i n i t e

v

in tersect ion and countable union

&
proo f "  Fo r  a  sequence  (Gn)  f rom Jo  we  cons ide r  t l u  sequences

tp
( s  )  ,  ( t - ) -  i n  J  s u c h  t h a t  s - , t - ( 1  ,  s - 4 t -  C - = G - < t . ^  I  f o r  a n y' - n ' n  '  ' - n ' n  n '  n -  n  n  L  n  n  J

Obviously we have

i -  . . 1
G r n G r =  l " t  * " 2 ( ( s ,  + t r )  n ( s  z * L l l  )

. , t - S !  1 5 / 1 1-. 
".,=l 4 ^.,=.,1 z-' *tr^i'n = 1  "  L n = 1  2 "  "  n = 1  2 "

n ANT

o f X a n d G i s a f i n e

open subset  o f  X such that  KCG then there ex is ts  a sequence

t f /

( c  )  i n  R  such  tha t'  n ' n

Giccr,*r , *t:,cncc

il/
Proof .  Let  p  be a bounded cont inuous generator  o f  J  .

Us ing  ( i 97 ,  P ropos i t i on  1 -71  we  may  choose  an  open  se t  D '  i n  X

such  tha t  X \G  CDn and

D

" " tp<u* tGp* *  
on  K .t n
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s ince 
""*Gpap 

on G we dedu.u '  thu. t  r .  have

. * -  D  a

K c t-/ .1 
" "p<pJ. "n = 1

and therefore

K. fqap]  c c

where q is the element ot  V def ined by

? 
€ 

,., 
D,.,

q= 1 -;B --p
'  r 1 = 1  2 "

.,

The proof  is  f in ished tak ing,  for .  any n€N,

f  t ' l  iGr,,=ln-arf  J= [a*f t , .p<p ]

ir

IB
Theorem 1 .7  .  Suppose  tha t  J  sa t i s f  i es  the  ax iom o f  ne 'a r l y

cont j -nu i ty  and that  X is  a  sousl inean and semisaturated set .

Then any posi t ive Bore l  and f ine lower semicont inuous funct ion

on X is  quasi - lower  semicont inuous.

U
Proof  .  F i rs t  we show that  any f in j - te  e lement  s  of  J  j -s

quasj - -cont inuous.  Indeed,  tak ing a near ly  cont inuous ?r .d  f in i te
r D

generator  p  of  J  i t  fo l lows,  us ing the ax iom of  near ly  cont inu i ty

that  the e lement  s / rnp j -s  near ly  cont inuous for  any ngN.  From

Propos i t i on  1  .3  we  deduce  tha t  snnp  i s  quas i - con t i nuous  fo r

any nSN. By s tandard arguments we get  that  s  is  a  quasi -cont inu-

ous  func t i on  on  X :

.  Let  now s , t  t { ,  s ( t  S1 and le t  G be the e lement  of  the f  a '

Co -,
mi ly  3o  g i ven  by  G=L=< IJ .  Us ing  the  above  cons ide ra t i ons  we

deduce  tha t ,  f a r  any  nGN,  the  func t i on  f r r :X lR  de f i ned  by

f  = i n f  I  r , i ( r - s )  , ?. n  L  )



i s  quas i - con t i nuous .  S ince  the  seguence  ( f r r ) r ,  i nc reases

" ;"":,-i",,.:'=T..";"1:*=',"::.::, :"';. 
rorlows that

we show now that  for  any Bore l .and f ine open subset  G of  X

. the funct ion iC is  quasi - Iower semicont j -nuous

'  s ince for  any x6G there ex is ts  a f j_ne open neighbourhood

V. ,  such that  V-_CC we deduce that  we havex  x -

X\V-- X\V
B *p=p 

on X\G ,  B 
' *p< 

p on 
'?

- t 9o r  J .

there ex is ts  a f ine open neighbour-
rh

Lhat  U*eA ,  UxC G.  Using the fact

i s  q u a s i - L i n d e l d f  ( [ - g J ,  T h e o r e m  2 . 3 1

a  sequence  (Ux r . ) , ,  , "9 ,  such  tha t  t l .

d i f f e rence  be tween  G and  Go ,=Uux '  i s  a  semipo la r  subse t  o f  X .
n

us ing  Theorem 1  .4 .  we  choose  a  Bore r ,  f i ne  c rosed  and  semipo la r

subse t  A  o f  G  such  tha t  any  semipo la r  subse t  o f  G \A  i s  po la r .

Le t  p  be  a  pos i t i ve  f i n i t e  measure  on  A  such  tha t  a  subse t

M  o f  A  i s  p o l a r  t f f  u ( M ) = 0  ( S e e  f g ] ,  T h e o r e m  1 - 1 0 ) .  S i n c e  x  i s

qousl inean we deduce that  there ex j -s ts  a seguence (Krr )  
r ,  o f  com-

pac t  subse ts  o f  A  such  tha t  p (a rUx r r )=O.  Hence  the  se t  a { l x '  iQ
n n , _ n

po1ar .  F rom Lemma 1 .6  we  may  cons ide r  a  sequence  (G* ) r ,  i n  Yo

such that

Kn< cnc G

* .n

1
u

the

i s

Vx

where p is  a  f in i te  generator

Hence for  any point .  x€G
X\V

hood U--  (U- . -= B *p.p 
)  such

X X

that  . the f ine topology on X

we deduce that  there ex is ts

the

v
J O

o f

obviousty  the ser  c$,=[k  be]ongs to '9o, lJo, rc  c6c c .  From
n n

preced ing  cons ide ra t i ons  we  deduce  tha t  GoUG*  be longs  to

,  G o V  G * C . G  a n d  t h e  d i f f e r e n c e  c r ( C o U c A )  i s  a  p o l a r  s u b s e t

G ' .  s i nce  the  cha rac te r i s t i c  f unc t i on  o f  any  po la r  subse t  i s
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quasi -cont inuous we qet  that  the funct j -on 1n is  quasi - lower  semi-
r i j  t J

con t i nuous .

We f in ish the proof  observ ing that  any Bore l  and^ f ine lower

semicont inuous funct ion f  on X is  the l imi t  o f  the fo l lowing.

increasing sequence ( f r r ) r ,  o f  quasi - Iower semicont inuous funct ions

o n  x ,

r - ,=42 ,  r - . ,  1r r  
2 "  i  L  n ' -  J

o
I n  t he  seque l  we  suppose  tha t  J  i s  a ' s tandard  H-cone  o f

func t i ons  on  a  semisa tu ra ted  se t  X .

2.  F ine potent ia ls  and f ine supermean proper ty

r 0
Def in i t i on .  An  e lemen t  p€ : f  i s  t e rmed  a . f i nq  po ten t i a l  on  X

i f  f o r  any  i nc reas j -ng  sequence  (Gr r ) r ,  o f  f i ne  open  subse ts  o f  X

such that  \JC -X and such that  GfCC -  for  anrz r16- \Jr  w€ have
, r =  1 " t - "  

q r r u  D  u v r r  u r r q  e  
" n  

-  
Y n +  1  

'

,  X \ G
A g  D p = o  \

n

Remark .  I t  i s  obv ious  tha t  t he  se t  o f  a l l  f i ne  po ten t i a l s  i s
. a

a  so l i d  and  convex  subcone  o f  
. J  

w i th  respec t  t o  t he  na tu ra l  . :OY:de r .

re la t i on  dnd  fo r  any  sequence  (P r . ) r ,  o f  f i ne  po ten t i a l s  on  X  the

Y/
f unc t i on  f :=1 "P .  i s  a  f i ne  po ten t i a l  on  X  whenever  i t  i s  f i n i t e

n
o f  a  d e n s e  s u b s e t  o f  X .

Whenever  we have an increasing:  sequence (Gn)n of  f ine open

se ts  o f  X  such  tha t  f  o r  any  neN.GI  cG*  f  hen  the re r  ex i s t s  an. . s . . , ) _ n * _ n + . 1

increasi -ng seguence (or- r ) r ,  o f  Bore l  and f  ine open subsets of  X

s u c h  t h a t  G  -  n  r r  t f r - n  T n d e e d r  w €  t a k e ,  f a r  a n y  n e N ,
, - r (  

- n L - n + 1 r  - n * " n + . 1  .  r r r s s \

D -  : = X r b ( x r c . ^ ) .  H e n c e  a n ' e l e m * n t  p e f i "  a  f j - n e  p o t e n t i a l  i f  a n d
n n

n n l  r z  i f  F n vt . l r r ry  -L r  r \ . / r .  any  Sequence (Gr r ) r ,  o f  f  ine  open and BOre l  subSe ' tS



i rat  Gl  CGr. ,+1, for  any nGN, and'  such thatV"r-r="
n,  X\G-

we rrave Ag 
tp=o

From the above considerat ions one can ded'uce the fo l lowing

a s s e r t i o n :

l
:J

n
proposi t ion 2.1.  There ex is ts  a s t tLcyUS," ' .  pos i t ive and f ine

potent la l  on X i f f  any universal ly  cont inuous e lement  of  Y is  a

f i ne  Po ten t i a l  on  X .

, n
' p ropos i t j - on  2J .  1 f  pe ! ' i s  a  f j - ne  po ten t i a l  on  X  then  the

.  natura l -  extent ion of  p  to  the saturate 'd  set  X of  x  is  a lso a
1

f i ne  Po ten t i a l  on  X , t .

p r o o f  .  L e t  p e  9 U "  t  f  i n e  p o t e n t i a l  o n  X  a n d  l e t . ( C r r ) n  b e  a

: f
sequence of  f j -ne open subsets in X1 such that GiC"rr* , |  and

* 1

.  L ,  G - = X n .  S i n c e  f o r  a n y  f i n e  o p e n  s e t  G  o f  X 1  w e  h a v e  G n  X r A X =
. n l

n = l

=GfnX we deduce that  the sequence (Gi)n of  open subsets on X

- - +

def ined bY Gi=Grr . f lx  is  increasing to  x  and moreover  c i "cc i*  1

fo r  any  neN where  th i s  t ime  G ' f  means  the ' f i ne  c . Iosu re  i n  X  o f

# h a  c o . | -  C  t
L l l c .  b c t  o n

.  We have

. - +  - F
x . \G , . * . ,  X . , tG i  _x tG ; . - . x tG ;_

B  I  t r -  , p  
i B  

'  ' ^ n = "  " p ( B  - - p  
,

X  \ G  X \ G ,

A""t  
' " "n (As--  on=o .

i . e .  p  i s  a  f  i n e  P o t e n t i a l  o n  X ' t

T h e o r e m 2 . 3 . T h e f o l l o w i n g a s s e r t i o n s a r e e q u i v a l e n t :

1 ) T h e r e e x i s t s a s t r i c t l y p o s i t i v e f i n e p o t e n t i a l o n X .



1 0

0
2 l  J  sa t i s f i es  the  ax iom o f  nea r l y  con t i nu i t y .

'  r / 1

3)  For  any universal ly  cont inuous e lement  pe . l /and any de-

c reas ing  sequence  (F - ) *  o f  f i ne  c losed .  subse ts  o f  X  such  tha t'  n ' n

Fn+1 t  b (En)  fo r  any  nEN and  such  tha tAFr r=O we  have

F
n h

/ \  B  " P = 0
n

P r o o f  .  O b v i o u s l y  w e  h a v e  3 ) p ) 1 ) .  F o r  t h e  r e l a t i o n  1 ) = +  2 )

t '  w e  r e m a r k  t h a t  f r o m  P r o p o s i t i o n s  2 . 1 ,  2 . 2  t h e r e ' e x i s t s  a  l - c o n t i -

nuous  and  f i ne  po ten t i a l  p  on  X ,  p )0 ,  wh ich  i s  a l so  a  f i ne  po ten -

t ia l  on X. ,  .  Let  now q be an universal ly  bounded e lement  of  9  .

S ince any bounded e lement  of  Y nur .a nonempty carr ier  (see fSJ,

Proposi t ion 1.21 we may consider  a kernel  V def  ined on f . ,  s .uch

that :  for  any posi t iver  bounded,  Bore l  funct ion f  on f . ,  we have:

vf ef , carr vf c trro], v4.=Q

We show tha t  V1K=0  fo r  any  compac t  subse t  K  o f  X r fX r .  Le t

( G * ) -  b e  a  s e q u e n c e  o f  o p e n  s u b s e t s  o f  X n  s u c h  t h a t  G - , n c G  a n d. _ n , n  - _ -  ' _ _ r -  
|  n + l  . r t

such  tha t  
I  

G r r=K . .  S ince  q  i s  domina ted  by  o (p  fo r  a  su i tab le  pos i -
n

: t ive number N, vre get

X N G  X N G
V 1 , , = B  n v 1 - -  

l  x B  t p  ( v )  n 6 N  r' ' K  ' ' . K - - ' -  . -

X  \ , G  X N  G
A N A

/ \  B  " p : . / \ B
n n

.Hence  q=V( l . .  ) .  To  show tha t  q  i s  nea r l y  con t i nuous  i t  w i l l
^ t

be  su f f i cenL  to  p rove  ( see  L7 )  )  t ha t

f,

p ^ ' \ 7  a  1  \  - \ / 1
u  v  \  |  r r  ,  v  I  a ,

f \ n

P = 0 ,
\ a 4  - n
V  l t 7 - V  o

fo r  any  c .ompact  subset  K  o f  X .
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' I

Le t  now K  be  a  compac t  subsd t  o f  X i  and  l e t  G  be  a ' f i ne  open
I

neighbourhood of  K.  Using Lemma 1.6 we may consider  a sequence

( D - ) -  o f  f i n e  o p e n  s u b s e t s  o f  X . ,  s u c h  t h a t  D I a D ^ * 1 C  6  f o r  a n y'  n ' n

neN and  such  tha t  r cLJo - .  we  cons ide r  a l so  a  sequence  (Un)n  o f
n n

,  -  ( . '  ^ r  l -  l l f  - I r r - . '
open sub.sets of x1 suih that Er,*1CUr, {*r o".y rr.€ It{ on-J s".t {lJf\U;l

.  Obv ious ly  the  sequence (F-  )  *  o f  f ine  c losed subsets  o f  X ,
n ' n  I

def ined bv F =U \  D sat is f ies the ret r .a t ions
n n n

: Fn* f . i l (v)' neN, e-Fr,=oneN 
-'

n F - F
H e n c e  w e  h a v e  / \ e  

t p = @  a n d  t h e r e f o r " A B  
^ q = 0 .  

W e  h a v e  a l s g

U  
' . 8  \ D  . D

' '  
v  (  1 * )  = B  t v  ( ' t * ) (  e  n  t v  (  1 K )  n B  n v  ( t  

n )

BFtv (  1 *)  
+ecv (  1 K) 

(nFtq*ecv {  1 o)

.)-

for anv ne-N and hence

F-- t(: c
v  ( 1 K ) S A  s  n q + B b v  (  1 K )  = B u v  ( 1 K )

Since  the  f i ne  open  n ieghbourhood  G o f  K  i s  a rb i t ra ry  we .ge t

v  (  1K)  =BKv i  t  * )  .

2)  =+3)  Let  p  be an un iversa l ly  cont inuous e lement  o f  g

and  le t  (F r r ) ,  be  a  sequence  o f  f i ne  c losed  subse ts  o f  X .  such

t h a t  F n * 1 c b ( F n )  f o r  a n y  n E N  a n d  s u c h  t h a t l t r , = O
n

r A

F o r  a n y  s e Y  w e  h a v e

F ' F

B - i l s = s  o n  b ( F n )  ,  B  t = = n  o n  Y  
u t  '

i->n

F '  F ,  F ,
B  n  ( B  i s  

)  = B  i = = u  o n  F i n  1  
( Y )  L ) n  I

and therefore we deduce
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On

and F'
n

. The set

and any xeXt

F F_-
(Ae nn1 (x)  = in f  e  nP (x)

being semisaturated
' x

f i n i t e  measure  P -  on' n

( Y )  i l n

( Y ) x tX.

the re  e i x i s t s ,

X such that

F  F .
B  n ( B ' a s ) )

the other hand

-Q we get

F'
1 + l

B  ' s

s ince  the  sequence  
' (F r r ) *  

i s  dec reas ing

a

for  any neN

(Y)  .  neN

F

uf ,  (s )  =e ns (x)

From the  above cons idera t ions

F . '  F ,
pl (4  B-  tp t  = i l I  u f  te  rP)  = in f

l i l -

F .  -  F .
> . ,  i n f  B  i + . l p  ( * ) =  ( f  B  a P )  ( x )

i r _

( Y )

have : .we

Ea

IJ

s e y

fr

t  ( B  a p )  ( x )  z

F  F ,  F .  r A
H e n c e  B " ( n B ' i p ) = A e  

i p  f o r  a n y  n € N '  s i n c e  J  s a t i s f i e s  t h e

i i F '
ax iom of  near ly  cont inu i ty  we deduce that f ie  

tp  j -s  a  near ly

-  ( 0  .  - r . - ^
cont lnuous e lement  of  J  whose f ine carr ier  is  conta ined in  any

' i ^ i n g t h e f a c t t h a t a n y n o n z e r o n e a r l y c o lsubset  I ' r . . , .  u-s ing the fact  that  any nonzero near ly  cont inuous

e lemen t  
" ,  

I  n " t  a  nonempty  f i ne  ca r r i e r  on  X  we  ge t l \ "  t n=o '  
-

0
Thegre. ry  2.4.  Suppose that  J  sat is f  ies the ax iom of  near ly

. n
con t i nu i t y .  r f  PGI [  i s  f i n i t e  t hen i

a ) p i s a f i n e p o t e n t i a l ' o n X i f f p i s n e a r l y c o n t i n u o u s ;

b ) i f X i s s o u s l i n e a n a n d p i s b o u n d e d t h e n t h e f o l l o v r i n g

asse r t i ons  a re  equ iva len t '

1  )  p  i s  a  f i n e  P o t e n t i a l  o n  x '

2 \  p . i s . a  n a t u r a l  P o t e n t i a l  o n  X

3)  fo r  any  i nc reas ing  sequence  (Gn)  ̂  
o f  Bo re l  and  f i ne  open
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X \G.-
subse ts  o f  X  such  tha tUG*=X.  we  have  ,A ,  e  tO=O

- n
n - -

P rog f . .  a )  Us ing  Theorem 2 ,3  we  deduce  tha t  any ,un i ve rsa l . l y
t O

(hence  any  nea r l y  con t i nuous )  e lemen t  o f  J  i "  a  f i ne  po ten t i a l  on  X .
V

Suppose now that  p  is  a  f inq 'potent ia l  on X and le t  q  be a
b l -

near ly  cont inuous  e lement  o f  ! ,  { rO on  X.  S ince  the  convex  co l le

o f  a1- l  near ly  cont inuous  e lements  o f  $ i "  i  band t "Ywi th  respec t
r 0

to  the.speci f ic  order  on J  we may decompose the e lement  p as a

form

P = P ' + P "  r  P '  , P "  €  r f

.  where p '  is  near ly  cont inuous and p"  has now speci f ic  and near ly

c o n t i n u o u s  ( 1 0 )  m i n o r a n t .  W e  s h o w  t h a t  P " = 0 .  I n d e e d ,  p "  i s  a  f i n e

potent ia l  and for  any ne 'N we have

(p
Sj-nce J sat is f ies the ax iom of  near ly  cont inu i ty  i t .  fo l lows

t h a t  q ' i s  n e a r l y  c o n t i n u o u s .  H e n c e  w e  9 e t  q t = g  a n d  t h e r e f o r e

R  ( p " - n g )  = p ' l ( Y )  n F N .

.  Le t  us  deno te  by  F  the  f i ne  c losed  subse t .  o f  X  de f i ned  by
n

Frr= nQ -( P"

From the above considerat ions we have

r F
n 1 1

B  t p " = 8  
"  ( R ( p " - n q )  )  = R ( P " - n q )  = p "

for  any nCN. On the other  hand we have,  for  any ntN '

o

F . , * 1 = [ 1 + n ) q s n " ] c  S u . n ' J c  , { ' ,  t

n."  =*  {p"  -n7)  +Q '  r  Q '€ i  ,  q  '<  nq
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:

hr
Since  p "  i s  a  f i ne  po ten t i a l  on  X  we  ge t  OV\B  hp"=p"  

,
T,

b)  Suppose now that  X j -s  a lso a sousl i .nean space and that

p is  a  natura l  potent ia l  on X.  We show that  for  any increasing

sequence (C ) . ' . . ,  o f  Bore l  and f  ine open subset  o f  X such thatn  - -  
x \ G

( rG-=X  we  have  An  
tO=O.  

Le t  (G- ) -  be  a  such  t ype  o f  seguence .
, \ r .  r r  

n 
I l  I r

From Theorem 1 .7  we  deduce  tha t  f o r  any  ngN the re  ex i s t s  a  se -

quence (C* - ) ,n  of  open subsets of  X such that  G-  - )G forr - - - - - - -  ' - r I r I I l  - . .  
G  r G  

- f I r I T l  , " n r m + 1  - " -

any  m6N and  such t  t ha tAg  t ' *  t 1=0 .  Fo r  any  sequence  ( * r r ) r re *  o f
m

natural numbers we have
k

( v G -  ) r c ,  1 -  G  -  \ G

B  
n = t  h r f f i n  

" r a {  
"  

r r * r ,  r , "  
,

n = 1

k
r r t  I  |  ^

Y \ / :  ? ! \ \ J  t 7
, a  n =  |

B  ' - p ( B  :
n r f in

" p +  
L B

G  \ G
n , m  n' n

the  sequence  (OX)  
ta *  o f  open  subse ts  o f  X  de f i ned

is  i nc reas ing  to  X  and  the re fo re .  p  be ing  a  na tu -
n

on Xr  w€ have

n
v

Obvi-ous ly
k

bv D, := \-/  G*  K  n_1  I ' I  r I I ]

r :  I  nnJ -on1 -  i  . a  l
} / v  

e v r r e * * !

X \ D .
A e  o p = g  

I
k

Slnce p .  , ih  
"  

bounded we get

n  - X \ G k
/ \  B  " P = 0 .

t -
N

X \ G .  . ^  k
A n  K n S / \ z B
, \  U  Y  1

k  k n = l

G  \ Gn r m n  n
p

The  asse r t i on  3 )  = )  1 )  f o l l o l vs  f rom t i r e  remark  to  the  de f i -

a

n i t i on  o f  a  f i ne  po ten t i a l .

T h e o r e m  2 , 5 .  S u p p o s e '  t h a t  X  i s  s o u s l i n e a n "  I f  $ " . t i s f  l e s

the  ax iom o f  nea r l y  con t i nu i t y  t hen  fo r  any  f i ne  open  subse t  G



t )

of .  x  the  H-con.  f '  t c )  t  [ : l  f  sa t i s f ies  a lso  the  ax iom o f  near ly

cont inu i ty .

r / )
Proo f .  Le t  p .  be  a  un iversa ty  cont inuous  e lement  o f  -y .  I t

Y\r l
wi l l  be suf f ic ient  to  show that  p*B' -  "p  is  a  f ine potent ia l  on

, A /

G w i th  respec t  t o  ] tC )  .  We  cons ide r  a  sequence  (Gr r ) r ,  o f  f i ne  open

and BOrel  subsets of  G which j -ncreases to  G.  Let  D be an open

neighbourhood of  X\G and le t  (Drr )  
r ,  be the sequence of  f  ine open

and.  Bore l  subsets of  X def ined.by Dr .=D-G* for  any n€N.  Obviously

the  sequence  (Dr r )  i s .  i nc reas ing  to  X .  Us ing  the  hypo thes j - s  and

the fact  that  p  is  a  bounded f ine potent ia l  on X we get ,  f ro in

T h e o r e m  2 . 4 . ,

X \ D
I e  

t p j o
n

On the  o the r  hand . ,  f r om [Z ]  r r  /  
P ropos i t i on  2 :3 ,  we  have ,  f o r  :

any ngN t

rJ  (p-b p,  s  I r  p- r j  p  I

XrGr. ,  _X\  
(DvGrr)  

D
B "PSB P+B-P

and therefore

ut t " t  (p-Bx Gp)- .  gDp-g* tGp on GA
n

The open

f ine potent ia l

s e t  D

o n  G .

being arb i t rary  the e lement  p-gXtGp is  a

( 0
YTheorem 2 .6 .  Suppose  tha t  X  i s  sous l i nean  w i th  respec t  t o

r F l - r n  f n ' l ' l n r . r i n n  : c c n r { - i n n c  i r a  a n r r i r r a l o n l - 'J I I e  J . ( J J - I \ J W - L r r Y  A s J C r  L J U T I J  C r s  s Y U r v q . r s l l u .

r h1  \  \ '  h ^ ^ d ^ c d ^ d  :  c " F - i  C t l y  p O S i t i V e  f  i n e  p O t e n t i a l -  O n  X .t t J P U D D C J J C J c J L ! r \

? \  hn ,z  ̂ cs i t i ve  Bo reL  and  f i ne  l ower  semicon t i nuous  func t i ona  l  f \ r l y  y .  q l r s  !  r l l s  r v w s !  r L r t t r v v r r

, n
f  on  X be longs  to  f  i f
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^ \  s  ' i  ̂  f  in i te  on a f  inety  dense subset  o f  Xd l  L  r -

b)  for  any x(X and any open subset  D of  x ,  xeD there

.  ex i s t s  a  f i ne  ne ighbourhood  V  o f  x  such  tha t  vc ,D ,  tX 'V ( f  )  {  f  { x )

wher"  fXtV means the H-measure on x  g iven by

s*) gx\vs (x)

3)  Any posi t ive and f ine lower semicont inuous funct ion f
:.

: . -  v  1 ^ ^ ' r ^ * ^ -  * - a  0  i f  .on  X  be longs  to  J  L r :

<  : l  r  i q  f l n i t e  e .n  a  f i ne l y  dense  subse t  o f  X .
'  d l  L  - L >  

. g

b) for  any. x6,X there exists a . fundamental  system u*

.  o f  f ine  ne ighbourhoods o f  x  such tha t  LXtu t * f  (x )  fo r  any  ueq. .

Proo f .  1 )= t  2 )  Le t  p  be  a  pos i t i ve ,  Bo re l  and  f i ne  l ower

semicqnt inuous funct ion on X whi .ch sat is f ies the condi t ion a)

' .  ,n

and  b )  f rom the  s taLemen t  2 .  Us ing  Theorem 2 .3  we  deduce  tha tJ

sat is f ies the ax iom of  near ly  cont inu i ty  and therefore f rom

Theorem 1 .7  i t  f o l l ows  tha t  f  i s  quas i - l ower  semicon t i nuous  on

X .  Us ing  fA  I  e ropos i t i on  1  .4  we  ge t  ex i s tence  o f  a  sequence

r l l
( s * ) *  o f  : f  such  tha t  t he  func t i on  f r , t== r r * f  i s  l owe i : semicon t i nuous
' n ' n  ' v '

f o r  any  nCU lndAsr r=O. , .  S ince  fo r  a .ny  n€N the  func t i on  f  i s  l ower  
.

n

semicont inuous and for  any x tX and any open subset  D of  X wi th

xgD there ex is ts  a f , ine neighbourhood v of  x , rv<-D such that

, l p
Lxw( f - )4 f *  ( r )  we  deduce ,  us ing  l -q1 ,  Theorem i . s ,  t ha ' t  f r reJ .

x  n  
t f l

Let  s  be the e l -ement  of  J  aet ined by s=Afn-  Obviously  we have
n

.  f  ( s  1 f  + in f  = r ,
11

Since 
"A " r r=0 

the set
n

-1
.  ' P : = l i n f  

s  > 0  \
l n )

J
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i -s  a  Bore l  and polar  subset  o f  X and we have f=s on x \p

we  show tha t  f o r  any  x< -p  we  have  a l so  f  ( xo )  =s  ( xo ) .  s i nce

the  se t  f " -?  i s  po la r  we  deduce  tha t  f o r  any  dec reas ing  sequencet  . o )

(Drr ) . ,  o f  open neighbourhopds of  xo which is  a  fundamenta l  system

of  neighbourhoods of  xo wb have

.  n  n * ) . eo  u

r f .  we take for  any nEN. a, . f ine neighbourhood V-  of  xo such

that vrrc$r, and such thar Ll tu^r*rt*ot we deduce t lat we have
" o v

^  X (V  X \V  X \D
L  t ( " ) - B  t " ( * ^ ) > e  n s ( x ^ )

x  - ' - - o " -  " ' " o '
o

and  the re fo re ,  s ince  the  measure  L l t u "  does  no t  cha rge  any  po ra r*o
^ n

subse t  o f  X . [ *o1  we  deduce  the  fo l l ow ing  re la t i on

X \ D
B  n s  ( x o )

H e n c e  s ( x o )  t f  ( x o )

The  asse r t . i on

' ^  
X r V

S  L "  t { = y =

U

,  s = f .

2)  =+  3 )

A \ V

t _  t ( r ) $ f ( x ^ )
^o \J

f o l l o w s  u s i n g  f q 7 ,  T h e o r e m  4 . 4 "

and le t

X such

3) =+ 1 )  .  Let  p be an universal ly cont inuous element 
" f  ! f

(Gr r ) r ,  be  an  i nc reas ing  sequence  o f
c

t ha t  G i .  c r r * ,  f o r  any  n6N dnd  such

X \ G .  X \ G
q : = A B  n p = i n f  

B  
- n p

n n

and for  any x6X there ex ls ts  n eN wi th
o

. -
1 -  n A f  \ / PV L

f i ne  open  subse ts  o f

Lhat \Jcn=x.  we have
. n

^o=on
o

we have

I f  we take a f ine

neighbourhood V Of  *o such

, -  = &  - +
. X T V ^ X ' G ;  ^ X ' G ;
lJ lJ p=lj p

G
[o

"'l"( Y )
.^ /lr)

l lenL 5{ >"
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and there fore

- X \ V ,  \  . X \ V  ^ V , - X t G . ,-  B "  ' q ( x , . , ) =  
f *  " q = i n f  t x  ( B  " g ) =

v ^ o n ' ^ o

_ ;  : $
v\  \ r  x \  G-"  x \  G-  

-

= i n f  B x t v  ( B  n q )  ( x  ) = i n f  B  n q  ( x ^ ) = q  ( x ^ )
n  

i r , _ _ O .  n  O .  O .

Since the funct lon p-q is  a  poSi t ive f ine lower semicont inuous

funct ion on X whj -ch sat is f ies the asser t ion b)  f rom the above

s ta temen t  3  we  deduce  tha t  p *qgS  and  the re fq re  q<p .  F rom

the prev ious considerat ions we deduce that  the f ine carr ier

t  fZ ]  I  o f  q  i s  empty  and  the re fo re  q=0 .  .Hence  p  i s  a  f i ne

bs a ttr-r?Wr posit ive
6

f ine potent ia l  on X
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