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'FINE POTENTIALS AND SUPERMEAN FUNCTIONS ON
STANQARD H~-CONES
by

N. BOBOC and Gh. BUCUR

In the paper [4] we caracterised the elements of a standard
H-cone of functions én a semisaturated set X by = topological
property klower semicontinuity) and an algebraic order Property

(supermean préperty). .

Now we obtain similar results replacing lower semicontinuity
by fine lower semicontinuity but this time using the axiom of
nearly continuityg Lt tern out that in fact the axiom of hear]y
conu1nu1ty is dl o-necessary for the validityvof the remained
results. .

In connection with the above characterization we introduced
‘and studed the nation of fine potential. The existence of a
xStrJCLly pOblthe fine poLentLal on X is in fact equ1valont w1Lh

the axiom of neariy eontinuity.

1..The fine topology and the quasi-continuity

77

% i/ 0 i
In the following‘j will be a standard H-cone of functions

on a semisaturated set X. As for the terminology one can see Cé“]
[6] and ISJG We recall the following notions
a) A map q>:§QX)&g>E+ is callcd a weight if it is lnClCd81Dq

(P (2r)<P(B) if AcB) and P (P)=0. We say that ¢ is a fine (resp.

countable subadditive, right continuous) weight if we have




@(A)=Q%Kf) where A® means the fine closure of A (resp.

f\’;\ ?’2

PEra Je

q%An), ?(A}:inéﬁ5(G}§G open , GDA}).
n=1 n = :

1

i

: , (G
For any x¢X we denote by‘yk the map onu@(X) defined by .

Y@ =R*1(x),  aBix)

It is. obvious that the map“ﬁ% is a fine weight which is

countable subadditive and right continuous.

b) A function'fzxw% R is termed quasi-~continuous tresp.

y : quasi lower semicontinuous or quasi upper semicontinuous)

with respect to the weight P 1f For any positive number £5 0,

L

there exists an open set G_ such that @(%,Lig and the restric- .
< 5 5

tionito X\GS of<f is.a continuous {resp. lower semicontinuous

Or upper semicontinuous) function on X\Gg.

¢) A function f:X-- TR is termed quasi-continuous (resp.

quasi lower semicontinuous or quasi upper semicontinuous) if

there exists a decreasing sequedce_(Gn)n of open subsets of
X such that the restriction to X\Gn of £ is a continuous (resp.
lower semicontinuous or upper semicontinuous) function on X\Gn

for any néN and

peve
B sy
It

oy

(S

Proposition 1.1. If f is a quasi-continuous (resp. quasi

lower semicontinuous or-quasi upper semicdntinuous) function on
X then there exists a semipolar set M such that the funétion.

f. is quasi~continuous (resp. gquasi-lower semicontinuous or
quasi»upper'semicontinuous) With recpect to any weight'?% for

all xexXwM,

-Proof, Let (G,), be a decreasing sequence of open subsets



G
of X:suech that AB n1=0 and such that the restriction to X\Gn of
n

the function f is continuous (resp. lower semicontinuous or upper

semicontinuous) for any né&N. We know (see CG], Theorem %9‘3-)

G G
that the set M:=AB n1{inf B ] ~ is semipolar and therefore
n n
‘the function £ is quaSiﬁcontinuous (resp. .. . ) with respect to

.any weight\(X , XeX\M.

Proposition 1.2. A function f:X~—>R is quasi-continuous

(resp. guasi-lower semicontinuous oOr quasi-upper semicontinuous)
iff there exists a countable subset A of X which is dense in X
such that f is quasi-continuous (resp. quasi-lower semiconti-

nuous Or quasi-upper semicontinuous) with respect to any weight
: \YX o XCA,

Proof. The ‘only if": part follows from the previous propo-
sition using thevfact that any semipolar'set_has no interior
peinti For the "if" part we consider A={xn\neN’}a denéevsubéet
of X such that f is quasi-continuous (resp. < - - ) with fespect

to any weight M”X , neN. For any ne&N we consider an open subset
n

Gn of X such that the restriction to X\Gn of f is continuous

{reep. .~ ) and

Y, (G )< — el 2 s
i 2

Let now (Dn)n be the decreasing sequence of open subsets

of X defined by

LX)
D G,
j>n

From the above cohsideration we have




1 .
< e
Yy (DY, (e e (¥) i<,
il Jene i 2
ﬁence
D D
AB Y (x,)=0 (¥) ieN, AB ™1=0 on X.

n ‘ n

"With the same proof as in_Proposition 3.9 from [ﬂ] we give

the following result:

BProposition 1.3, Let (sn)n be a sequence. of continuous

~-
funetions from &ﬁ. Then the function s:=2_,sn is guasi=conti=
n

nuous with respect to any'weight’Y% ; xé[$<a01

Theorem 1.4. Suppbse that statisfies the axiom of nearly

continuity and let X, be the saturated of X. Then there exists

1

a Borel, fine closed and semipolar subset A of X, such-that any

1

semipolar subset of X.\A is polar.

1

Proof. From [6], Theorem 5.5.8,.we nay consider -a Borel,

fine closed and semipolar subset A of X1 such-that the set

X{\Aris a Green set for the pair (gﬁf*).

We know ([6], Theorem 5.5.8) that a subSet M of X1\A is

* semipolar (resp. pélar) iff it is co-semipolar (resp. co-polar).

On the other hand, since 3ysatisfies the axipm @h neafly con-
tinuity we deduce ([6}, Theorem 5.6. 3) that 94 satisfies the
axiom of pélarity and therefore any semipolar ;ubset of X1\A.
is co=polar and polar as well. 7
g

For a standard H-cone of functions Spon X we denote by 5

the-set:of all fine open subsets G of X such thit there exist

s,te%P, st finiter s<tiandssuch that

6= o<t |




‘ , )
Remark. If(3€(§Zthen there exists s',t'ey; alaly, Ll o gta ]

such that G=[§'<t‘].
Indeed, let s,t&ﬂi s,t finite, s<t such that<;=Es<t].

Since

c=\UJ fs Andtan —l
n=1

we deduce the assertion taking

s'l= 1 *SAN, : t'=t§j

n=1 n.2% . n=1 n-2

-

G lbAn e

n

Propogition 1.5. The family ‘jo is closed under the finite

intersection and countable union.

/

Proof. Eor . a seguence (Gn) from(%é we consider the sequences

: i < = '
(sn)n ; (tn)n o) yysuch that Sn’tn\j' sng_tn Gn [énétn ] for any

neN.

Obviously we have

&08,

S Gn{?_‘— e -—itn].

n=1 n=1 2n L n=1 st

=|sqts,&ls ¥ E,y) Alsy+ty) J

Lemma 1.6+ If K is a compact silbset of X and G is a fine

open:subset of X such that KCG then there exists a sequence

(Gn)n 1n£§; such that
o<

= f <
(zncGn+1 : Kcﬁ:1GnClG

Proof. Let p be a bounded continuous generator of Up.

7

Using ([91, Proposition 1-7) we may choose an open set Dn ITheX

such that X\G(an and

D
Bnp<BX\Gp+Jﬁ on: K.



: \
Since BX Gp<p-on G we deduce that we have
ke B p<p}<:G
n=1
and therefore

Ke[qepl e
where g is the element of Sodefined by

Pyl
=
a=2_ LB "p

The proof is finished taking, for any neN,

6= [prari |- L(q%)@;pl

Theorem 1.7. Suppose that 993atisfies the axiom of nearly
chtiﬁuity and that X is a souslinean and semisaturated set.
Then any positive Borel and fine lower semicontinuous function

on X is quasi-lower semicontinuous.

Proof. First we show that any finite olement s-of.gpis
quasi-continuous. Indeed, taking a nearly continuous and finite
generator p of Soit follows, using the axiom of nearly continuity -
that the element sanp is neariy continuous for any neN. From
Proposition 1.3 we deduce that sanp is quasi~¢ontinuous for
any ngN. By standard arguments we get that s is a quasi-continu-
ous function on X: |

. Let now s,téﬁﬁ, s¢<t ¢l and let G be the element of the fa-
mily ng given by G=[é<t]. Using the above considerations we

deduce that, for any heN, the function fn:XwﬁR defined by

n=inf{»1,ﬂ(t~s)}




is quasi-continuous. Since the sequence (fn)ﬁ increases to the
chéracteristic function 1G of the set G i£ follows that 1; is
a quasi-lower semicontinuous function on: X
We show now that for any Borel and fine open subset G of X
the function 1G is quasiflower.semicontinuous. »
Since'fof any x&G there exists a fine opén neighbourhood

V., such that ch;G we ‘deduce that we have

XNV - X\V

B “pp en X\, B *o¢p  on °VX

where P dis a finite generator of Sﬁ

Hence for 3ny point x &G there ékists a fine open neighbour-
hood Ug (UX: BX VXp(p ) such.that Uxe%% ; ﬁxc;G. Using the fact
that the fine topology on X is quasi-Lindel&f ([9), Theorem 2.3)
we deduce that there exists a sequence (an)n incfi such that the
difference betweén G and Goz=bbxn is a semipolar subset of X.
Using Theorem 1.4.we choose a Borel, fine closed and éemipolér
subset A of G such that any‘semipolar subset of GMA is pdlar.

ﬁet L be a positive finite measure on A such that a subset
M of A is polar Aiff p(M)=0 (See EQ], Theorem 1;10). Since X is
souslinean we deduce that there exists a se@uence (Kn)n of com-
pact.subsets of A such that u(A&JKn)=O. Hence the set Aﬂan ig
poiar. From Lemma 1.6 we may congider a sequehce (Gn)ﬁ ig %%o

such that

K C.G CLG

. Obviously the set G* —QG belongs to %% L}K C;G*c;G From
n
the precedlng considerations we deduce that G LJG* belongs to

G

df G. Since the characteristic function of any pelar subset is

- GOL'ch;G and the difference G\(GOL}GS) is a polar subset



quasi-continuous we get that theﬁfunction 1G is quasi-lqwer semi-
continuous. .

We finish the proof obsérving,that any Borel and fine lower
semicontinuous function £ on X is the limit of the folleowing

increasing sequence (fn)n of quasi-lower semicontinuous functions

on X,

:3‘—\

'Z

1
slp
L,J

2. Fine potentials and fine supermean property

In the sequel we suppose that EP is a standard H-cone of

functions on a semisaturated set X.

Definition. An element pé}ﬂyis termed a fine potential on X

if for any increasing sequence (G )n of fine open subsets of X
such that \WJG =X and such that GfC:G c g for any neN, we have
n=1

Remeirk. Tt is cbvieus that the iset of allifiine potentials is

a solid and convex subcone of ijith respect to the natural .:ader .,
relation and for any sequence (pn)n of fine potentials on X the

- :

function f::ibn is a fine potential on X whenever it is finite
n

efasdense isubsel of X

Whenever we have an increasing sequence (Gn)n of fine open

sets of X such that for any neN)€£<;Gn+1 then there exists an

increasing sequence (Dn)n of Borel and fine open subsets of X

=

such that Gnc;D G D c B Indeed, We take, for any neN,

n+l’ n+1°’

Dn::X\b(X\Gn). Hence an. element pevpls a fine potential if and

only il fof any sequence (Gn)n of fine open and Borel subsets



ef X such that G
X\Gn
we have AB p=
n

, for-any néeN, and such that\)Gn=X
n

£
nCGnH
(057

From the above considerations one can deduce the following

assertion: >,

Proposiktion: 2.1. There exists a strict@%f positive and fine
potential on X iffi any universally continuous element of 9915 a

fine potential oh s

" Pnoposition 2.2. If pé;EFis asfine potentiai on X then the

' natural extention of p to the saturated set X1 of X is also a

fine potential on X1.

proof. Let pésf)be a fine potential on X and let (G ) be a
£

sequence of fine open subsets in X1_such that anCZGn+1 and-
\/)Gn:X1. Since for any fine open set G of X1 we have G!\Xff\X=
n=1 ;

=§fr\X we deduce that the sequence (Gﬂ)n of open subsets on X

defined by G'=G_NX is incréasing to. X and moreever E‘ﬂcG'
He n n+1

. for any n&N where this time ng means the’fine closure in X of

the set G!'.
- n

We have
X ANE ><1\'<;‘f1 KNGE XNG !
B <B sz p<B ey
X.\G X\G!
Ae b e oo
n igl

isen - p-is.a fdne potential on X1 o

Theorem 2.3. The following assertions are equivalent:

1) There exists a strictly positive fine potential on X.



= 10 -

2) Jﬁsatisfies the axiom of nearly continuity.
3) Eor any universally continuous element pewspand any de-
creasing sequence (Fn)n of fine closed subsets of X such that.

Fn+1Cjb(Fn) for any neN and such that/\Fn=¢ we have
: 1A 3

E
/\B np=0
n

Proof. Obviously we have 3)==51) Bor thé relation 1)=>2)
we remark that from Propositions 2.1, 2.2 therejexists a l-coenti=
nueus and fine potential p on X, py0; which is alsora fine poten—
tial on X1. Let now g be an universally bounded element of&ﬁ.
Since any bounded elemeﬂt of sphas é nonempty carrier (see ESLL

. Proposition 1.2) we may consider a kernel V defined on X, such

1

that: for .any positive, boundedj Borel X function f ‘on §1 we have:

vfetp, carr VfC:[f>O3) Vi=qg

We show that V1K=O for any compact subset K ©f X1\X1.

such that @n

Let

(€. ) 'be a sequence of open subsets of X

< G and
Jaterin ! 7

1 +1

such "that Gn:K‘ Since. g is dominated by olp for a suitable posi=
n : :
tive number O e get

X(\Grl XNMG .
v1,=B V1, ${AB P (¥) neN ,

Hence g=V{1. ). To show that g is nearly continuous it will

X
4
be sufficent to prove (see L73 ) that

for any compact subset K of X

T YA A R S PR



Let now K be a compact subs&t of X. and let € be a fine opcn

1

neighbourhood of K. Using Lemma 1.6 we may consider a sequence

(@) of fine open subsets of X such that 5£<;Dn

n n 1

neN and such that KC\V/DH. We consider also a sequence (Un)ﬁ Of
o _
open subsets of X, such that U .U, ‘gév cuny ne N cine SUJ\#\«%D.

+1C_G for any

F

Obviously the sequehce (Fn)n of fine closed subsets of X1

defined by Fn=ﬁn\ D satisfies the relations

[e]

el - s

B c b (V) neN, /M\Fn—¢
neN

Hence we have /\13 p=€ and therefore/\B nq=0. We have also

n : n

W D ‘D

i o on
V(1K)—B Wi )< B V(1K)+B V(1

‘K )

K

Fn G Fn G
K)+B V(1K)éB g+B V(1

SR e

K ; o

for any neN and hence

Fn :
)¢/AB g+B
n

G G )

V(1 (TK)=B V(1K

K

Since the fine open nieghbourhood G of K is arbitrary we .get .

-l
Vi) =B Vi,

2)=>3) Let p be an universally continueus element of

Ji.

and let (Fn)n be a sequence of fine closed-subsets of X suech
that Fn+1c:b(Fn) for any neN and such thatf;Fn=¢ :
For any sé:ﬁgwe have
Iz Fn
B s=s on b(Fn), Bis-c Soho Fi .
iyn
Eon e
B (B "s)=B "s=s on Fi+1 (&) ipmag,

and therefore we deduce



E B I ¢

B p b s (&)= ion

Oon the other hand since the sequence'(Fn)n is decreasing
and Fn=¢ we get
n
B F

(\B "p) (x) =inf B "p(x) (V) xeX.
n s oh

The set X being semisaturated there exists, for any neN
and any xeX, a finite measure ui on: X such . that

F Fon
2 X(s)=8 "slm) ) s

From the above considerations we have:.

g F PR

ug(AB s ui(B 1oy=inf B (B Tp) (x) 2
1 i i :
F.n E.
- inf B p(x)=(AB *p) (x) (¥) .neN
i i
Fn B Fi ; %?
Hence B = (AB lp):/\B p for any né¢N. Since satisfies the
i i . : :
axiom of nearly continuity we deduce that/\B lp is a nearly

i
continuous element of'S)whose fine carrier is contained in any

subset Fn. Using the fact that any nonzero nearly continuous
: Li)‘ , -
clement of J has a nonempty fine carrier on X we get/\B =0,
: , i :

£
Theorem 2.4. Suppose that satisfies the axiom of nearly

continuity. IE peff is finite then:
a) . p. is a fine potential on X iff p is nearly continuous;
b) if X is souslinean and p is bounded £hen the following
assertions are equivalent.
V) pods asiine potential on X.
2) pis.a naturalhpotential on X.

3) for any increasing sequence (Gn)n of Borel and fine open



C L

subsets of X such that\}anx.we have /\ B nsz.
n N\

Proof. a) Using Theorem 2,3 we deduce that any universally
(hence any nearly continuous) element of g?is a fine poﬁential on X.
: s
Suppose now that p 15 a finepotential on X and let g be a
nearly continuousvelement offf, q;O onEX, Sihce the cénvex'cone
of all nearly continuous elements of EPis a band in 37with respect

to the specific order on 9>we may decompose the element p as a

form

pepliptop pl plhiE f)D

‘where p' is nearly continuous and p" has now specific and nearly
continuous (#0) minorant. We show that p"=0, Indeed, p" is a fine

potential and for any neN we have
p":R(p"“ni) +ql i qlég ; q'énq

Since g)satisfies the axiom of nearly continuity it follows

that g! is nearly continuous. Hence we get g'=0 and therefore
Riptenqg)=p" (¥) neN.

Let us denote by Fn the fine closed subset of X defined by

Fn Fn
B pll:B (R(pll_nq))___R(pll_nq) :pH

for any neN. On the other hand we have, for any necN,

o
,-m\f

: 3
Fnet U”n)qép"}‘”l {ngwple (F )

=



; H
Since p" is a fine potential on X we get 0=AB “p"=p" .
'Y\:

b) Suppose now that X is also a souslinean space and that
p is a natural potential on X. We show that for any increasing

sequence (G_)_ of Borel and fine open subset of X such that
X\G
Q)Gn=X we have AB ?p=0. Let (Gn)n be a such type of sequence.
A n

From Theorem 1.7 we deduce that for any néN there exists a se-

qguence (Gn,m)m of open sugseE?Gof ¥ such that Gn,mbGn,m+1 fo;
any méeéN and sucht that/\B_n’m 1=0. For any sequence (mn)neN of
- ,
natural numbers we have
k
(::/1 n,mn)\c;k X 6. Sio
B sevles o o,
X n=1
k
X\Gk X\§51Gn,mn Gn,m\\Gn
B ps<B p+§iB P

Obviously the sequence (Dk) of open subsets of X defined

i keN
by Dk:=\JGn . is increasing to X and therefore, p being a natu-
=l e
ral potential on X, we have
G NG
X\D X\G K n ,;m n
Me S0 as a5 0w
k k k n=1

SInce p fwﬁﬁj bounded we get

e
/\B kp=0.
k

The assertion 3).:$ 1) follows from the remark to the defi-

nition of a fine potential.

Y
o % ;
Theorem 2.5. Suppose that X ds souslinean, [IF E(satisfles

the axiom ofvnearly continuity then for any fine open subset G



of. X the H-cone gh(G) ({3]) satisfies also the axiom of nearly

continuity,

Proof. Let p be a universaly continuous element ofv&/. e

will be sufficient to show that p@BX\Gp is a fine potential on

G with respect to 3&G). We consider a sequence (Gn)n of fine open
and Borel subsets of G which increases to G. Let D be an open
neighbourhood of X\G and let (Dh)n be the sequeoce of fine open
and Borel subsets of X defined_by Dn:Dk)Gn for any neN., Obviously
the sequence (Dn) is increasing to X. Using the hypothesis and
the fact that p is a bounded fine potential on X we get, from

Dheorem-2.4, ,

Oon the other hand, from [é])I) Proposition 2.3, we have, for .

any nenN,

»X\Gn X\(Dan) D
B p¢B ptBip
‘and therefore
G\G

/\B n(p__BX Gp)dBDp“B}x\Gp OH.G :
n g :

XN :
The open set D being arbitrary the element p-B Gp is a

fine potential on G.

Theorem 2.6. Suppose that X is souslinean with respect to »f.

The following assertions are equivalent:
1)E£»possesses a strictly positive fine potential on X.
2) Any positive Borel and fine lower semicontinuous function

2)

£ on % belongs toff Lf



a) £ is finite on a finéfy dense subset of X.
b)) ifer any: xéX and any open Subset D of X, xeD there

XM

exists a fine nezghbourhood Viof x such-that Ve D, 8 S f(xf

where 8x S means the H-measure on X given by

3) Any positive and fine lower semicontinuous function f
on X belongs to g) if:
a) £ is finite on a finely dense subset of X.

b) for any xeX there exists a .fundamental system Z?;

X\V

of fine neighbourhoods of x such’ that E, Fefla) for any V(jj’

Proof. 1):5.2) Let p be a positive, Borei and fine lower
semicontinuous function on X which satisfies_the condition a)
and b) ffbm the statement 2. Using Theorem 2.3 we deduce thatff
satisfies the axiom of nearly conﬁinuity and ﬁherefore from
Thecorem 1.7 ik folldws Ehat 1T is»quaéi—lower semicontinuoué on
X. Using [4] Proposition‘1.4 we.get the existence of a sequence
(s )n O j‘ such that the functlon f 1=8 +f is lowe*semlcontlnuous

n

for any neN and/\snéO.A81nce for any neN the function £  1is lower
- =

semicontinuous and for any xeX and any open subset D of X with
xeD there exists a fine nelghbourhood Viof X Vc;D ‘such that

&i\V(fq)éfn( *)- we deduce, using L4s Theorem 3 5, that f G&F

Let s be the element of gﬂdefined by s=Afn. Obviously we have
: n

Cfeadfiint 5 .
N
n

Since/\sn:O the set
n

P :E.nf 5 o. ]



is a Borel and polar subset of X and we have f=s on X\p.
We shew that for any xd@P we have also f(xo)=s(xo). Since
the set gxo% is polar we deduce that for any decreasing sequence

(Dn)rl of open neighbourhoods of X which is a fundamental system

of neighbourhoods of X, we have
X\D X\D

sup B ns(x )=1lim B P (x )=s(x )
@ o) o)

If. we take for any neN'a fine neighbourhood V. of x  such
XY 3 n o}

that Vncj)n and such that o nfsf(xo) we deduce that we have
; o
E’X<vn XNV MAD
. = s(x_ )2B s (x)
o
XS
and therefore, since the measure &x B does not charge any polar
e i

subset of X\gxoa we deduce the following relation

N : &X\Vn XNV
< = .
B s(xo)\ x_ (s) CXO ,(f)gf(xo?

Hence s(xo)‘gf(xo), s=f.
The assertion 2) =% 3) follows using [4], Theorem 4.4.
3) =»1). Let p be an universally continudﬁs.element of EF

and let (Gn)n be an increasihg sequence of fine épen subsets of

Xesueh that Eic;Gn+1 for any neN and.such ﬁhat\JGn=Xe We have
: : .
'X\GP X\Gn
g:=AB ‘p=inf B P
n n

and ror-any ixeX there evists nOéN with erGn . If we take a fine
o)

neighbourhood VvV Of X, such that ﬁc:gn, we have

(&}

(©] /

Jea 23757



and therefore

X\G
X\ XNV .
B Vq(xo)= ¢ goint 6X (e Tg)-
0 n e} s
o X\En% X\E;’
=1gf B (B q)(xo)=1ﬁf B q(xo)=q(xo) :

Since the function p-q is a positive fine lower semicontinuous
function on. X whichvsatisfies the assertion b) from the above
statement 3 we deduce that pmqeff and'therefgre qg<{p. From

the previous considerations we deduce that the fine carrier
([7]) of g is empty and therefore g=0. Hence p is a fine
potential on X and therefore there exists a stmﬁigpositive

fine'potential GnEX,
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