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A NOTE ON THE CLASSES (BCP),

B. Prunaru

Let & ibe o sepérable, infinite dimensional, complex
Hilbert space and let J. () dehote the algebra of all bounded. linear
operators on &R .

The purpose of this note is to give a new proof of the
faect that (BCP)GCmfﬂz for:all 02801  (see below the terminoloqy).'Our
proof (see Theorem-l} does not involve the more sophisticated techni-
ques of ({11, Chapter VIII) and ig uses systematically the niinimal co-
isometric dilation of a given confraction.

The notation and terminology employed herein agree withL
that in [11 . Nevertheless, we begin by reviewing some useful defini-
tiens from the theory of dual algebras,

Tef TGIJQS, then(Yé(T) denotes the essential-(Calkin) spec
Eeum o Ty St s wéll—known_thatcL(&O is the dual space of the Banach
space ('¢C) of trace-class overators on &% equipped with thé trace- °
norm. The dﬁality is implemented by the bilinear form

S IR T PEL G Le('?c)

A'subalgebra M. of @ that COntéins l&{ and is closed
in the weak-x% topoldqy on in(&Q is caliéd a dual algebra. It follows
from general principles (cf.,[31) that if A ds a3 dual algebra, thenj\,
can bg identified with the dual space: of Q.=(WKU/4i&, whereﬁvk denotés

A e
the preannihilator of A\ in (TC),; under: the pairing
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(TiTl e (), Tej\,l (Lle o,

It is also easy to see (cf 31) that the weak™ topology-that accrues
to‘$y by virtue of being the dual\épace of'qﬁyis identical with the
relative'weak;{E topology that f& inherits as a subspace ofl,@&.

If x and y are vectors from &{, then the rank-one ope-
rator x ® y, defined as usual by (x ®y)(z)=(z,y)x, z<5kq'belonqs to
(Re) and satisfies tr(x'ﬁ_y)=(x,y). Thtis TE A dsa dual algebra,
then[x @ y]€Q,, ' .

Let AC .|, ¥) be a dual algebra and let n be any cardi-
nal number such that lénéT{3 Then S is said to have property (An)

provided every n x n syéfem of simultaneous equations of the form

(where.{[piﬁyg are afbitrary but fixed elementé from QJ\) has a solu
tiop §X£%Oéi<n’ iyi%Oéi<n’ consisting of a pair of sequences of vec-
tors from ¥€ .

The following definitions,-introduced in {I}, involve pro-
perties that dual algebras may have that are related to the propertie:
(An). -

Suppose J\CIJ%O is a dual algebra and 8 is a nonnegati-
ve real number. Then 32@6\) denotes the set of all [Lj in O, such

that there exist sequences jx 1 <°

4§ j=1 and {yi%izl_ln satisfying the

following conditions:

AR Lim sup(f|[x; % y;]=-[cI/] = &

2
(b)uxiﬂél, fydlel, dfices
and
gk) H'[xi ® zll|| Hlz @ x| +Ty; ® 4l [z & v ili0 - (e

" Suppose now that szecfgi Then a dual algebra e

is said to have property X@}r if the closed absolutely convex hull of
7
2 \



_.3 e
the sett{jd\ contains the closed ball B -K-of radius k’ centered at
" the origin in QA It was proved (see [11 , Theorem 3. 7) that iE
J\CQL(&_ is a dual algebra that have property XE)K for some OLQHQK"
then J‘\/ has property (Axy) -

Let D be the open unit disc iﬂ € and let T =910,

A set NCD is said to be dominating for T if aimost
every pQLQt of N° ds a‘nontangential limit of a sequence of pcints
fromb/\ ‘ |

The spaces Hp=prW), 1€p<o® are the usual function
spaces. . .

Tf Teld®) Hs.an absolutely confinuous contraction, we de
‘note by $VT the dual algebra generated by T in L ) and we write Q=
2 |

; For such T, the Sz, ~Naqy Poiag functienal calculus ¢

is a weakx continuous, norm decrea51ng algebra homomorphism of H®
intQJ\(M3 (cf [4]). The class A = @wHﬁ is defined to be the set of all
absolutely continuous contractions T€d@#), for which CﬁT is an isomel
try. If T&A, then one knows (cfI31) that CDT is a weak™ homeomorphis
between H“)anthvT

If TEA and N€ D, then there exists an element ECX]€QT

such that
ey L et e

For any cardinal numberAh satiéfying'léné;bﬂy the class
mn'consists of -all those T in A for which the dusd algebra<ﬁ\T'has
property (A.). -

We close this introductory section by aéfininq an important class of
operators, introduced in 2] Lf f is any contraction inuL&K) and
/*%{D let us write Tu for e Mo transform

T,=(T=-UTI) (I-uT) -1



Then for each Oé@/\l, the class (BCP)G is defined to consist of all

~completely nonunitary contractions T in. - (M) for which the set

YRS

§fA6ID:inf0“é( ('If:f’l‘/u) 1/2)4@ or inf o, ( (T/.AT/f) 1/2) .« 8}
is dominating for T . Let us denote
Lg=1MED: infs— (T L2y 2 g4
/ el
and
R®=$/x€®; inf&é((Tp_ i ”%4@%

SO Té(BCP)@ for some 0<¢841 if and onl’y'if LQ(T}‘U R@(T) is dominating
forl . - ‘
e R e e 21 (see alsoblgﬂ, Chapter ‘VIII) :
(BC_'P)@ operators belong in the ¢lass Ay, « In the next section, we
shall give a more direect proof of the fact that. for everv T€(BCP)@ =
}\T has property X@Jri_)/& T where O«’l%’il-é . This enables one to show,

using the above quoted result ([ﬂ < Theorem 3, 7)5 that (BCP)GC/A%Q.
2.

The main result of this section 1s the following

e r——

Suppose T € A and 0&8G4, If #&D satisfies

inf(‘jé( (T?’I‘;,«.)l-/z)é@, and O/\"t/;l,— ® , then there exists a sequence
/

.(yn)ggl of vectors from the unit ball of d¥ satisfying the following

conditions:



mﬂ[ﬂﬂ"[ﬂgﬁygué@ﬁy ) new

and

b) ) zelf lim({Ty, @ 2 +([z & v 1 =o0.

N>

Proot

Since T€MA, it is easy to see that ?Afm and that for

all x,y in &€ we have:

| [C/ﬂ- [x & y]“ O :\\CCO] -{x & YJK‘O‘T/U

and

2 Q)Yluo. =“(x @)yiuo e
Qrp 5 o?ﬂ

These comments show that we may assume that/u =0.

Sinco inf@%’d?ﬁﬁﬁ)l/2)é@, it follows easily from the
spectral theorem that we may ohoose an orthonormal sequence
(xn)gil in &€ such that\\Txn“§@+€ for all nz.

Let VEL(K) be the minimal isometric dilation of T*. The
space Y may be decomposed as a direct sum\{=ezCF)<$fQ, where
%ﬁgk are Hilbert spaces: and €2(33 is the space of square summable se-~
quences (indexed by Z+) in%{i. With respect to this decomposition,
we have V=Vl ® U, where Vl is, a unilateral shift and U i an abooli-
tely continuous unitary operator., We dlso have T = Vx\&c
(see {41, Chapters 2 and 3).

Let us consider the orthogonal projection P of ¥ onto

Ker VX. Then we have

“Px {l =ﬂxn“2~“vvxxﬁ\2 =l~ﬂTxﬁl?}l-(@+ﬁ)2
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n
Let Ze = TR and i %&Zn’ where P§< denotes the

orthegonal projection’of W eonto kf . We show that . (yn)gil satisfies

a) and b).
First of all, let us remark that

Px (| (p Px %)
. { ‘2 > ‘ - 2. [ =g | 2;/1—(6?+%\2‘+~.;K‘

pr o \\ Px |

henqe
Yozl =1ty 1% @4) 2,

Thus, we obtain

(e -y, ® vl Q{ =lllcl-[ryz @,P’“‘{znl | e

=\[z,, ® 21 -[pyz, @ 2l xSilyy- z 1€0+¢

for all n7%1l, hence (y )ggl satisfies a).
Let x(LMLand write x=x' @ x2, where x Ee, (P and

X%:Q\ Then we have

u&®ymoﬂ&®ygmﬁ=

S iShp e (V )x,y e sup((f(v ) X L

= ‘
fepP fep®
It IS 1 W £ S 1
-([x" @ Zolll g x
e

Since zn'“g 0 and'V?éiCoz this last term tends to
tet el Prbposition G
Now, let us show that UIyn @)Xi\k>0 as n—od
First, we remark that for every FeHE fand form ol n 1

we have;



(S )=y ) B £ (%) x) =

=(z,,F (@) x)=(@-vw¥)x! F(1%)x) =

= ((z-*m) %!, F(r¥)x)=¢ ;xéy ¥ r¥yx)

where D =(I—T;{:T)l/2 o ?(z)=f?§3, Ferl fo:jffL—- :

i Y

P Rell
Suppose now that the sequence %Wyn<® kﬂ&ﬁ:l does not
converge to-O. Then one may find a subsequence (nj);zl and a sequence

in the unit sphere of H® such that 947k 0 and such that
. < W

o

95052

% =ingl(lg . (D)y x>0
. J 5
J J
(see the proof of [3], Lemma 4.5).
; e %0 R ' . %
Using the fiact that7LDTXT x| _1 converges to 0, we fix a positive
integer N such thatIIDTkﬂéquééﬁéfhenone may write, as in the above

~

mentioned proof

N

gj(z)=pj(z)+z mj(z), - z€D

where P s ijng “pj“di~> 0.as j—=>P and\lmjmpé§3, forall 5. Thus

we obtain

%é | (gj (T)Yn_ rX>|$\(pj (T)Yn.rx)‘ &
: J

j
+| (1 (T)TNyn ; )| €\lp o lixl| +HDT:%<T$Nx\l'!,'\m.\\ Q}l\

] e
€ i : §
é:“p.wFUXH + 5 , which is impossible for j
sufficiently large. The proof is complete.
Theorem 1 enables to us to give a new proof of the

following known result:

Theorem 2 (|1}, Theorem 5.2).

Suppose 0<0<1  and TE(BERP)n - Then TG'A%O
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Fix Té(BCP)é and take 04%£1-0 ., First, we show that
e . Indeed, for each/A€iL@(T)U Rg(T) one can find a vector Xﬁ in

the unit ball of %C such that .
| f(/J)—(f(Tw/u,y/A)lé el £l for all £ dinH:

The vector y}xekf, with the above mentioned properties

can be constructed by the same technigues as in the proof of Theorem 1

Taking the supremum aS/} varies over the dominating set

LgURg , we obtain

(1-6-2)(| £l < £ (Tl &) fer®
Since this inequality is valid for all fe¥™, we can repla
ce £ by £f%, obtaining

(1-6-2) I £l Z&ME (m)(| ™.

Taking n-th roots and then letting n tend to infinity yeids\\f&ﬁﬂE(TXk
hence T¢A. Now, if}*e L@ , then it follows from Theorem 1 that
fgﬂ1€¥ééﬁT)‘ The dual case M€ Rg is similar,.hence, for all
NQLgURg » we have [Cﬂléﬂ?{@+%(ﬁT). Since the set Lg(TM)Rg(T) is do-
minating for T4 itifellows: Erom ((1]( Prop.l;Zl)_that Fco [(;ul;
pEL@(T)U R@ﬁTf%=(QT)l, hence %\T has property X@+%,l and consequently

TR, " (6. (11, Theorem ST
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