
t " " ' "
.  . :  

' .  t . . : .

INSTITUTUL
DE

MATEMATICA

INST|TUTUt- runrrorunt
PENTRU CREATIE

STI INTIF ICA SI  TEHNICA

t s s N  0 2 5 0  3 6 3 8

A NOTE ON THE CLASSBS (BCP) ̂
tt

lrr r
v f

Bebe PRUNARU

PREPRINT SERIES rN ]{ATHEMATICS

N o . 4 B / 1 9 8 6

BUCURESTI ln**fiqtl



a NlnrFr,' a\\T rFlfF rlT I C Car Cr 1 D^n Ir r  r r v f  !  v I \  - t _ l t J _ )  \ - - L f \ D D f J J  t I J L . H  , 0

by

Bebe PRUNARU*)

Sepf;embey, 19Bd

. )
"' Depet'Lnent of l4atLtemat'tc:;, L'/'Lc it/abional Instz'tute for Scientif.tc and.

Technical  Creat iot t ,  Bd. l :aci i  220, 79622 Buelmres'b, Romania.



, C

A NOTE ON TI{E CLASSES (BCF)O

B. Prunaru

a  separab le ,  i n f i n i t e  d imens iona l ,  pog rp lex

(&q denote the a lgebra of  a l l  bouncled,  I lnear

1 .

. L e r K b e

Hi lber t  space and le t  J* .

operators on K .

that in l t l

t ions from

The purpose of  th is  note is  to  q ive a ne$r  r : roof  o f  the

fac t  t ha t  (BQP)6CA i6 .  f o r  a l l  04e (1  ( see  be l .ow  the  Le rm ino loqy ) .  Our

proof  (see Theorem l )  does not  involve the more sophis t icated techni . r

ques  o f  (  F l  ,  Chap te r  V r I r )  and  i t  uses  sys temat i ca l l y  t he  n r i n in ra l  co -

i somet r i c  d i l a t i on  o f  a  g i ven  con t rac t i on .

The notat ion and terminology emoroyed here in agree vr i th

.  Never theless,  we begin by rev ierv ing some usefu l .  def in i -

t he  theo ry  o f  dua l  a lgeb ras .

I f  T€ { (&0  ,  t hen  q :  (T )  deno tes  the  essen t i a l

t rum of  T.  r t  is  wel l -known thatJ-  tK is  the c lua l_ sDa.ce

space (?C) of  t race-c lass operators o. ,  t {  equipped wj- th

norm. The duar i ty  is  implemented by the b i l inear  for rn

( r ,  L )  = t r  (TL)  , rc{(K) ,

A subal .gebra 4. .  o f  " t  
(&q t fa t  conta ins 1 O4 and is  c losed

in the weak-*  topology on "L (&S 1s ca1led a dual  a lqebra.  f t  fo l lorvs

f r o m  g e n e r a l  p r i n c i p l e s  ( c g . f : l )  t h a t  i f f i  i s  a  d u a l  a l g e b r a ,  t h e n J \ ,

can be  j -dent i f ied  w i th  the  dua l  space '  og  en=( tC)  /a+ l  ,  *h . re f i  denotes
(,F\ t \)v

.  
(Ca lk in )  spec

of  the Banach

the t race-

v.

r € ( k )

the preannih iJator  o f  A, i n  (?C) ,  under .  t he  pa l r i nc r



f T f  r1r
Lr{(:) ,  T e & oJt

I t  is  a lso easy to see (ct  [ : l )  t f r .at  the weakx topology that accrues, \ '
to  A- "  by  v i r tue  o f  be ing  the  dua l  space o f  o .o  i s  iden t ica l  w i th  the

rtI)

tc

r - l
.JJ-\

l-r
rll

v

T

b

( Tr

(

re la t ive weakx topology

f f x a n d y

ra to r  x  ( t l  y ,  de f i ned  as

( t c )  and  sa t i s f  1es  t r  ( x

then[* e VJ€Quv.

tha t  &  inher i ts  as

are  vec tors  f rom t { ,

u s u a l  b y  ( x  @  y )  ( z ) =

€  y ) = ( x r y ) .  T h u s ,  i f

a  s u b s p a c e  o f d  d { .

then the rank-one ope-

( z r 1 t ) x ,  z e f , { ,  b e l o n q s  t o

.A-  is  a  dual  a lgebra,

[-r -i
._ t-J, o:J

(where J i-1, . f l
\  -  r ] ' ' t

tion { *il 6.i. ,, ,

tors f rom H.

ve rear ""*o.::T"" l:lT'.::":.:T.
tha t  there  ex is t  seguence= l "JE i  and

fo l low ing  cond i t ions :

c\) l im sup l l l [" i  
" 

y;] - |-"_1 ttt
1

n
( .c  )  l l  x r l l41  ,  l r  y r l t41 ,  14 iz -e<:

i (n

arb i t rary  but  f ixed e lementS f rom Q r ,  )  has a so lu-!t\

1 t i r_n t  cons i s t i nq  o f  a  pa i r  o f  sequences  o f  vec -

a lgebra  and 0  is  a  nonnegat i -

se t  o f  a l l  b l  
'n  

e ,J \  such

f  vr l  Fr . in K sat isfvins the

1 8

=fxu  €
* f

0 ( i ,

are

s , ,  ?
( * -l-J

The fo l lowing def  in i . t ions,  in t roduced in  Lr l  ,  invo l r re  pro"

per t ies that  dual  a lgebras may have that  are re l -a ted to  the proper t ier

(An )  .

and

q: r  i  r i  { -n

f I i11", I ,l\1

' s u p p o s e  
n o w

have property

*f't" e*

+- l - '  -+
L I I O  L

X^ ,) 'v , d

"i1\\ @ 4 i 1  + \ t [ " e v J \ l > o  (  ] z* l l  I  v ., , f : 1

(r.
he  c lI 5 i f

Then

o s e d

t t

t

a  dua l  a lgeb ra  (  )

abso lu te l v  convex  hu11  o f

Let /" c { t t(t  be a dual algebra and tet n be *y cardi-

nal- number such

prov ided every

that  1{n<No

n x n sys'tem

Then .A ,  i s  sa id

o f  s imu l taneous

to have proper ty  (An)

equat ions of  the {orm



the set  3(^S) contains the 
"r"=. :  

; r t t .  B^ . ;*  of  radius ?^ centered ar
$ -  , , [ .  0  

-

t h o  n r i r r i n  ' i n  
Q , r .  I t  w a s  p r o v e d  ( s e e  [ t _ l  ,  T h e o r e m  3 . 7 )  t h a t  i f^ U \ , -  ! l v v s u  \ r s E  L r - l  t  l l l c ; t , r e l t t  J '

, \CJ- t . \ ( l  is  a  dual  a lgebra that  haVe proper ty  XR r l  for  so ine 0<S(\ r
* f [  

r v l . r e  v : \ ,  . - \ ,

h ,then, f ,L  has proper ty  (A\ .J  .

Let  0  be the open uni t  d isc in  C and 1et  f [  d  tO.

A set  A Cn is  sa id to  be dominat ing for  
- { -  

i f  a lmost

every pol . l t  o f  T is  a  nontangent ia l  l imi t  o f  a  seguence of  po ints
. A
f r o m  / \

.  
The spaces HP=ltP f l f  ) ,  14p<d are the usual function

spaces

I f  Te l (K )  i s .an  abso lu te l y  co4 t i nuous  con t rac t i on ,  we  de

note by l4 ,  -  the dual  a lgebra generated by T in  I  tH)  and we wr i te  e ='  ' 1 '  -  
- J  -  : : 1 a

.'Yr

For  such  T t  t he  Sz . -Naqy lFo iaS  func t i -ona l  ca l cu lus  p ,

is  a  weak* cont inuous,  norm decreasing a lgebra homomorphisrn of  Hca

in toJ -  (H )  ( c f  l 4 l ) .  The  c lass  A  =  A ( * {  i s  de f i ned  to  be  the  se t  o f  a t l

,  absbrute ly  cont inuous contract lons Te{(* { )  ,  for  which 4T. is  an isome'-

t ry .  I f  TeA,  then one knows (c f  [3 ] )  i l ra t  O* is  a  weak* homeomorphis

between H€ and A T.

such that  

and \  €  tp '  then ex is ts  an e lement  fc l ]e  o*

4 r ( r ) , f  C \ f )  = r ( \ ) ,  r € i f o .

For any card inal  nunrber  n sdt is fy ing l4n+ 1to the c lass

h^  cons i - s t s  o f  a l l  t hose  T  i n  A  fo r  wh ich  the  dua l  a lgeb ra  A* 'hu tI I

r - l r ^ha rJ . \ /  /  A  \
\ a r h  /  .

l 1

we c lose  th i s  i n t roduc to ry  sec t i on  by  de f i n ing  an  impor tan t  c lass  o f

operators.  in t roduced in  [p .7 .  r f  T is  any contract ion i "d t* t l  and

y'4;n,  let  us wr i te T,A for the Mcbius t ransfor:m
t ' /
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:
i s  de f ined to  cons is t  o f  a l l

and

so T€ (BcP)g

forll- .

As i t  was shown in

(BC-P) 
0 operators belong in  the

sha l1  g i ve  a  more  d i rec t  p roo f

41, frr" property x0*€ 
14 .

using the above quoted

2 .

The  ma in  resu l t  o f  t h i s  sec t i on the fo l lowing

Theorem 1

Suppose T  €  A ,  and O+-6(L .  T f  /+D sa t is f ies

I S
t

in fc-u {e f i rpL12)<E,  and o l - t ( I -  O r  then. . there ex is ts  a  sequence
/ l

( v - )€ .  o f  vec to rs  f rom the  un i t  ba l l  o f  d (  sa t i s f y ing  the  fo l l ow ing' '  n '  n = I

cond i - t i ons :

Then for each o-<O(f  ,  the c lass (BcP)CI

completely nonunitary contractions T. in 'L dq for which the set

J a j

{1er: inrq t  t$rr t l / \<8 or inrs-"  (  ( r / rPL/z),<03

i s  dominat ing for  l l Let  us denote

r*={rr.rQD: inr6" {t$ryr)r/z) 181

n*=i1eo ) inrfe (e/*.) t /2) 461

for  some 0(Saf  i f  and only

l " t

c l a s s  A g o .  f n  t h e  n e x t  s e c t i o n r  w €

o f  t he  
. f ac t  

t ha t  f o r  eve r lT  T€ (BCP)6  r

,  where  04 t (1 *8  .  Th i s  enab les  one  tp  show,

resu l t  (  h l  ,  Theorem 3 .7 )  r  t ha t  (BCP)OCAf " "

i f  Lg(T) 'U  n6{ r )  i s  dominat inq

( s e e  a l s o  n ] ,  C h a p t e r  V I I I )  .



and

") ff t?il- &,, s yJt{{E+t, r\rnenr

b) t\\t ,€K 
_1im( \\[v' o ,lf i  *(t, s v,rl{[ l=0.
n-;tr-

Proof

.  Since TeA, i t  is  
"qsy 

to see that t r . ,€{a and that for
r t

a l l  x r y  i n  b (  we  have :

1) 1\ t l  [* e f l( or 
=r\[.J -[x & y](

*̂r 
/t

f

and

These comments show that  we may assume that  f  
=0.

s ince in f [  { t$ , r r )L /2)<6,  i r  fo l lows eas i ly  f rom rhe
spectra l  theorem that  we may choose an or thonormal  sequence

(",-,)Fr 1n K su.ch rhat \\ rx,.\\(S+? for all nVr.

Let v€i( t { )  be the minimar isometrd-c di lat ion of  r* .  The

^ 
space K may be decomposed as a direct  sum \{=€, f$ l  @R, where'  
I  R are Hi lbert  spaces .rra €2 t} l  is  the space of  sguare summable se-

i  quences  ( indexed by  z+)  t . ,  K .  w i th  respec t  Lo  th is  decompos i t i -on ,

we have v=vtr  6 u,  where v,  is  a uni lateral  shi f t  and u is an absolu-

tely cont inuous uni tary operator.  I {e also have T.= v* \ t (
( s e e  [ 4 ] ,  C h a p t e r s  2  a n d  3 ) .

Let  us consider  the or thogonal  pro ject ion p of  K onto

Ker  V*.  Then we have

1  .  ,  +  , 2  )  ^  a\\Pxrrt\ 
'=l\xr\l '-1[vv*x,.,\\ ' =1- llTxrrl\t7L- G+g1 z



6 -

Px-
I I

Let, Z__ = ..!o=- and vn  l l  P x  t ll l  _  - - n r \

orthogonal  project ion of  K onto ( ,  .

a )  a n d  b )  .  : i ;

F i r s t  o f  a l l f  l e t  us  remark  tha t

= 
k,r, ,  

where Pnq denotes the

TrIe show that (Vrr)S, sat isf ies

rl y"t[ '= \!,I""*l]d, l,!nof"o'x.)[,rr.r,, rtn*r,F, lffi* 
=rlPx

hence

;il'>rr- t6+t)2=f,

^
f \Yr , -  ,n l l t  =1- t lyn i l

Thusr  w€ obta in

,4 ( 0 + f  1 2 .

"t&, 
Then we have

= l t [ x  6

x r Y n )  1  =

yJ {leu* =

sup I  ( f  (v f  )
telP r
t[ f {loos 1

x1,  z r r ) f .
' t ,

x

that  \ l lvn e x f  t l+0 as

that for every f€Flo's

n *>c,c)

and for al l  r i>r l  t

lltcJ -Lvr, G vJl' 
% 

lllcol-[nK,,, e enz;{{ 
Qun 

=

=ll[r; e ,J -fenz,., € ,Jil o,rn<llv,r-z,rllcd*t

fo r  a l l  n )1 ,  hence (V , r )  
S ,  sa t is f  ies  a )  .

Let  x€&L and wri te *=*1 s *2,  where *1e(2tFl  and

ll[x @ vJ {'n-T

sup  1 ( r  ( v * )
f€ lfjs

tt ftL$1

Since 
" r , - f r  

0  and uf  €ao,  th is  las t  term tends . to
o  ( c r  L r l  ,  P ropos i t l on  6 ,5  ) .

Now, le t  us show

. 
F i rs t r  w€ r lmark

we  have :



N X.n'  
) r 

' f 
(7) =f (2) , f€If '"r Xl = J-' tr FXr,\\

suppose now that the sequence f tt[v,_, 6 
"]itl$, 

does nor

I
I

I  = ,  n l l (  ( n  / . n \( J  - r ' ! t \  \ V . i  \ r , Y n , r X ) l )  0
j ' ' ^ j

g + ' ( z )  = p - i  ( z ) + z N m .  ( z )  ,  z € D
J J J

*.i[,"fl<

suf  f  ic ient ly  l -arge.  The proof  i 's  complete

Theorem I  enables to  us to  g ive a new proof  o f  the

fo l l ow inq  known  resu l t :

Th_eorgm 2  (  L { ,  Theorem 5 .2) ,

( f  ( T ) . y , r , x ) = ( y r . ,  ? ( t * ) * )  =  ( p H z n ,  F { t * ; * 7 =

= {zr r ,?  G*)x)  =  (  ( r -w*)  x l ,?  ( r * )  * )  =

= ( (r-r*r)  xl ,  ? tr* l  " l= tofr"; ,  Y (r*)*) n

where Dr= ( r - r * r  )L /z

converg ie to  0.  Then one may f  ind a subsequence (n-  )  [ ,  and a sequence
. J J

'  (g .  )  t l  in  the uni t  sphere of  H€ such that  9 . ,  - -?  0 and such that
J J-L -  

I  t t *

( s e e  t h e  p r o o f  o f  L g l ,  L e m m a  4 . 5 ) .

using the fact  that f  l lorxrxt" i l l : .  converges to 0,  we f ix a posi t ive

intege:: N such that lf orx.iNxlt<Ef.rrre!1one may write, as in the above

ment ioned proof 

r-  6

where p j  ,  mr€I fp ,  \ \  p j \ tcp*> 0 as 3->& and \ l  m. \ l * - (  3 ,  for  a l l  j .  Thus.
. ) "

we obta in

+ |  (m,  ( r ) rNyn. , , * ) l< \ lp r1 l * { \x1 l  + l lo rx rxN" \ [  t t
( J

r t (

4 t \n i t l * \ l  x t t  *  Z ,  wlr ich is i rnpossible for  j

Suppose 0+0<1 and T€(BcP)6 .  Then t€ Ag.



C

:
"p roo f

Fix  Te(Kp)6  and.  take  o( t4 r -6  .  F i rs t r  we show tha t

T € 4 .  r n d e e d ,  f o r  e a c h  / € L 6 ( T ) U  i . . g ( T )  o n e  c a n  f i n d  a  v e c t o r  y p , i n
/ /

of  K  such tha t

f  r f ) - ( r t r ) v y , o f i l ( f U + t l l t  r t 1 *  r o r  a l l r i n H t

The vector ypeK, wi th the above ment ioned propert j -es

can be constructed by the same techni .ques as in  the proof  o f  Theorem I

Taking the supremum u= 
/U 

varies over the dominating set

f ,60n6 r  we obta in

&

( 1-8-?) ll r \l.p < i\r (r)ll ({ ) r€.r*b

'  S ince th is  inequal i tv  is  va l id  for  a l l  fe f ,  we can repla
. - n

ce f  by f "  I  obta in ing

(  1-0-t  )  t l  r1$<111 (r)  l t  n.

Taking n-th roots and then let t lng n tend to inf in i ty y-elds 11 f t f "<lFtr [ l

hence  T ( /A .  Now,  i f  / u€  L0 ,  t hen  i t  f o l l ows  f rom Theorem I  t ha t

f?, l€;{^ lS*)  .  rhe dual  case /€ nO is s imi lar ,  hence ,  f -or  a l l

!  7 u € L 6 U n 6  r  w €  h a v e  t ( 7 r 1 €  X 6 * t ( $ o , ) .  s i n c e  t h e  s e t  L 5 ( r ) U n 6 ( r )  i s  d o -

'  m ina t ing  fo r  T ,  i t  fo l lows f rom ( [ i l ,  p rop , i .21)  t .ha t  66bt  lCy l  ,

1 € r , 6 ( T ) U  R O ( t [ = ( O r ) 1 ,  h e n c e  A ,  f , r =  p r o p e r t y  x 6 * t r t  a n d  c o n s e q u e n t l v

K A X . ' (  e f  , L r ] ,  r h e o r e m  3 . 7 ) .
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