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MESH INDEPENDENCE TOR GALEF.KIN A]?PROACH

IJ9 LNq., IHE . cH.oLESKr JAgJgW
BASTS AS PRECONDTTTONERS .

by.
* )

Dumltru ADAI{

A b s t r a c t .  P r e c o n d i t i o n i n g  t h e  d i s c r e t e  s y s t e m  o b t a i n e d  b y

t h e  G a l e r k i n  m e t h o d  f o r  a  b o u n d e d  e l  l  i p t i c  l  i n e a r p r o b l e m  b y

t h e  C h o l e s k i  f a c t o r s  o f  t h e  G r a m  m a t r i x  o f  b a s i s  w e  o b t a i n  a n

m e s h  i n d e p e n d e n t  s p e c t r a l  c o n d i  t i o n  n u m b e r .  H o r e o v e r ,  t h e

r a t e  o f  c o n v e r ! ; e n c e  f o r  t h e  m u l t i g r i d  a l g o r i t h m  w i t h  R i c h a r d s o n

r e l a x a t i o n  f o r  t h e  p r e c o n d i t i o n e d  s y s t e m  i s  a l s o  m e s h  i n d e p e n -

d e n t .

1' l
I .  I n t roduc t i on .  Le t  * f  Ue  an  rea l  sepa rab le  H i l be r t

s p a c e r . f t  a n  i n v d r t i b l e  l i n e a r  o p e r a t b r  o n  i t  a n d  l e t l ? k ( ,

k = 0 ,  L . , 2 , . . .  a n  i n c l u d i n q .  f i n i t e  d i m e n s i o n  s u b s p a c e s  s e q u e n c e  i n

?+ ,  where every subspace ) f  O is  considered be spanned by a l inear

, , J ,  L  
' l i

independent t"r"::tl l l:-,t;": t 
r."rjrr",,r"o probrem in ?r:

( 1 .  1 )
S r : f * ,

us ing  the  Ga le rk in  me thod  co r respond ing  to lg  -  i . e .  t o  f i nd "

- ' \ r  i  , r - -  - - ^ - r r - -  - *  n  
"  

'  n r + - h n ^ ^ h A l  n  
1 l

Utu #X such that  the rez iduum g^ - ; [UO be or thogonal  onto 11 I  
-

we obta in the d iscrete approx imat ion 5 '7stem in the real  space

,Ti\ .f,\ "l il l ( p r  d i m l K o  =  d i m l l - k  = x k t

\ -T ie  Nc t tLoy tc t .L  ln t t i iu te ,  (on  Sc ie -n t .L4 ic  and Te-c t r tnLea.L  Cne 'c t t ion ,
D e p a t t t m z n t  o { ,  M c t t l , t e - n t c t t i c t ,  B d . ? c t e i - i  2 2 0  , 7 9  6 2 2  B u c | t c t n o , s t , B - 0 [ ' { A N I A  '
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( 1 .  2 ) Aouo = ?il

where the matr ix AO and the Vector i f ;  f , . r r"  the entr ies tT '=r-l

=(JL4; i ,  + *  )  and t i f  I  ,=(r* ,+ i  )  . ,  L, j=1,nk .  I {e consider 1n

the followirrg that the inner product i ir ) l O i= same as in H

and the real =p."" 1R, ,- is equipped with the Euclidean inner- K o '

p r o d u c t  d e n o t e d  b y  t h e  s u b s c r i p t  k .  M o r e o v e r r  w e  l o o k  ( 1 . 2 )

as a operator  equat j -on.  orRf  .  The condi t ion number of  At  is

def ined by

cond(Au)  =  i l ao l l k  lA ; I l k

I t .  is known that the condit ion number for the boundary value

problems in  the Sobolev spaces grows exponent ia l ly  for  the

noda l  bas i s  o f  f i n i t e  e lemen t .  Pa r t i cu la r l y ,  Yse ren tan t

shows (  1 ,5]  )  that ,  whent  1 i -s  the sobolev space Hl  (D or  a  c lo-

sed subspace of i t ;  JL j-s a plane bounded Ocfnain; A is the

Riesz representat ion of  a  b i ' l j -near  fbrm corresponding to .  a

et l ip t ic  boundary va lue problern wi th  } |  the so lut ion spacei

? l f  i s  t he  space  o f  f i n i t e  e lemen t  f unc t i ons  p iecew i -se  l i nea r

on a t r iangulat ion of  "0  and cont inupus on i t ;  the h ierarch i -

c a l  b a s e s  i s  u s e d ,  i . e .  { r f , = + i - r ,  J = L r t k - I ,  k = 1  , 2 1 . . .  1  t h e n

the condi t ion number grows quadrat ica l ly  wi th  the number of

l eve l s  k ,  f o r  t he  p recond i t i oned  d i sc re te  ma t r i x  w i th  the

Cholesk i  factors  of  the matr ix  C k Wi th the entr ies

, r 1  r  a  t r
c r i = ( o l , i , q l 7 ,  i r j = l r n o  a n d  . i j = , ' r j  o t h e r w i s e ,  i . e . :

rJ  Ja  I \

whe::e we denote by itAg\lg the spectral norm of Ak.

cond (L
- 1 ^  ,  - * r  1  ! .  

o t  
( k + r )  2 ,

k Aktk ' - '  f  Kz



where V and c( are th:

and krrk, areconstants

element  spaces.  By L;X is  denotda the inverse of  the t ranspose of

J * u * K
-  \ / - X  - r - :  c ^  ^ u ^ - ^  -  |  

+

Lk,  whereYr, f i  are the Cholesk i  factors :  CO=LOLf , '

f n  t h i s  paper  we  genera l i ze  th i s  resu l t  ob ta in ing  mesh

independent  condi t ion number for  the precondi t ioned d iscrete matr ix

wi th  the cholesk i  factors  of  the Gram matr ix  o f  bas is  and some pro*

per ty  for  the mul t igr id  rate of  converqence'

Now, not t ing that  the entr ies of  the.  so lut io5t  vector

p rob lem (L .2 )  a re  the  coe f f i c i en ts  o f  t he  func t i on  uUe  ? i r

g i ven  bas i s  ,  uk  be ing . the  d i sc re te  apo rox ima t ion  so lu t i on  o f

we def ine the b i ject ion operator  jk  o t 'RO onto l lO by

( 1 . 3 )

T
t

f q \  r . l l\ ( / r l  -  
i
}l

j = l r n g r

boundness and e l l iPt ic i tv

the in f luen 'ce of  the f in i te

* K-l'
I- K -

I

3 -

constants of

what contains

of  the

in the

( 1 . 1 ) ,

iu.i=fi ,

where  l . i \  j = r r t t J  i s  the  na tu ra l  bas i s  o f  ?o '  Hence ,  uo= i * f r ' o

and f  or  every vector  in ' iRO we denote the corresponding funct ion '

tn l i f ,  by the operator  ) * ,  suppr iming Lhe overbare

Let  ?O be the or thogonal  pro ject ion operator  corresponding to  ) lO '

Fo r  eve ry  k7 l  we  cons ide r  t he  fo l l ow ing  d i sc re t i za t i on  d iag ram

$ t = f f o t e o , P k - r ,  j *  j r - r ,  r [ - 1 )  '

"'o o )i$ -*L-'
/'iil
tl<g

\
I
I

"L
Ru_

r . - ' l  
L  -  l

w h e r e  i g , j k _ l , t [ - t  a r e  t h e  a d j o i n t  l i n e a r  o p e r a t o r s  o f  j ' ' t  j "  d e -

f ined bY

( 1 . 4 ) (  j t u t ,  i l t  ) t  = (uk ,  j k f , r  t



d  4 -

analogously for  k-1.  level  and an ful I  rank l inear operator

k - / ' i i \ . . , i i l l .
I : '  "  de f  i ned  on  lK , -  "  

i n to  lK ' - ,  bY- l c - I  ' K - r  K '
' .  

(  
j

t1  R\  , rk  u  n  \  =<d . , .k -1: :  . .
\ r . J /  . l k - l ' k - l r  ' k / k  = \ u k - l t  . k  t k / : . - 1

' J l  V e R  u  € R .
f o r  e v e r y  u , ?  f r r - ,  v  ' l  N r , r  u  r -  i  " ' r - _ r  .-  r !  

' k '  '  
k  

- k  t  k - l  k - 1 '

n -
This d.iagram produces for every l inear operator J{ on}

the l inear operator aO on?O def ined by

F

(1. 6 ) Ak=IkXkJ*

, '

where f t . , .  is  the l inear operator -BUJO4,PO,t f r .  l+k- discrete aporoxi-
. - K  -  A

-  f ,  . k
mat ion  o f  I ,  When  J  r - s  oe r rned  by  (1 .3 )  r ' t hen  the  ma t r j . x  rep resen-

'  ta t ion of  A k  in  the natura l  bas is  i=  the Gal i rk in  matr ix  and the i '

e x i s t s  a  p a i r  o f  t h e ' i n t e r g r i d  t r a n s f e r  o p e r a t o r s  ( r [ - r ,  , l - t ,  d e -

termined by the representat ion of  the X O-,  
-  bas is  in  l - {k  such that

the di-agram (Sr) is commutative

tr:.- rP:.- r=tX- 
ti 

uno( 1 . 7 )

d .

*.

Moreove r ,  t h .e  N ico la ldes  va r ia t i ona l  re la t i on  ho lds  ( see  f f ]  ) :

(1 .8 )  Ak- t= r f - too t [ - ,

+ T
Now, le t  fx  and -Q be the Riesz representat ions of  an

bounded l inear functi-onal t  on 1+ and respective of an bounded

t'

el l ip t ic  b j - l inear  form ot ,  
' | l  

,  i .e .  th-ere ex is t  d ,  and C,  such that

( 1 . 9 )  [ 3 t u , v ) 1 4 - p  i l \ r n  l \ v l l

n  -  \ l
( 1 . . 1 0 )  

'  
J  ( u r u )  > /  o t  t l u { t -  ,  f o r  e v e r y  U t V  e  F l  '



. J

- t

Then ( f . f )  i s  equ iva len t  w i th  the  fo l low ing  prob lem:  g iven f ,  to

' f  ind u e 14 such that for  every v e } l  
'  

holds:

( 1 . 1 1 )  a  (  u , v ) = f  ( v )

We note that for every 0 . .  v . e
K '  K

D

.  we have on leve1 k:
K

( ouil*,?o) o={Sork,ok ; duo, vo)

where with the o.ur convent ion u O=JkiOeTlO; and

G  1 1  ^ \o t t  K t  ( I . 21  co r responds  to  the  d i - sc re te  p rob lem

where  t f=L t * ,  and , tO  n* ing  i nve r t i b le  ope ra to r

(  1  .  1o )  ho lds on : )+ 
k .

We ment ion the fo l lowing resul t  due

the  hypo thes i s  i s  f u l l - f i ed :  i )  t he re  ex i s t s  . a re

re la t i on  og  Tk  andRU -  no rms :

the d iscrete problem

' - ' t l  
f t  l  -4*on f l  k :  l t  kq  k=rk  ,

on H 
o b. . t . r="

to  i l l  :  i f  one  o f

uni form equi -va lence

cr ll ikrro fi*Soir u kll # c2 il ikuk lt

i i )  t he  fam i f y  fQ i l := t , r t  i  i s  o r thonorma le  i n  l [ ,  t hen  the  cond i - .

t ion number of  the d iscret ized matr ix  is  mesh independent :

cond(Al . )  {  C,  where C not  d .epend of  level  k  Bgt ,  when 
'1+ is  an

o r  i nc lud ,ed  i n to  Sobo lev  space  l { * t+ ) ,  m7r1 ,  and } lO  i s  an  f i n i t e  e le -

men t  subspace  o f  i t ,  t hen  j - )  i s  no t  f ound  w i th  C1  independen t  o f  k -

because  a  such  un i fo rm equ iva lence  re la t i on  ho ld  w i th  L2  ( . t t ) -no rm

and  i i )  1s  no  p rac t i ca l  moda l i t y  t o  be  used

2 .  M e s h  i n o e p e n d e n t  p r e c o n d i t i o n i n q .  T h e  d i s c r e t i z a t i o n

C \  i - -  a r - ^ ^ - -  
^ a

d iagram " {  , .  permi ts  to  cons ider  the  fo l low inq  l inear  opera tor  on  lK  
k

d e f i n e d  b y :



L . : . 1 - , ! , , . . i , - . ; -

il

" i

i*

. : :

f q  r \\ 6 . - ,  
Gk  =TkTk

- 6

t.

w h e r e  
' l ' , -  

i s  t h e  a d j o i n t  o f  J  
^  d e f  i n e d  b y  ( 1 . 4 )  .

' J K

2 . I .  Lemma.  The  ma t r i x  rep resen ta t i on  o f  Lhe  l i nea r

operator  Gk in  the natura l  bas is  ogRf  is  the Gram matr ix  correspon-

d i n g  t o . t h e  f a r n i l y i { / :  = l r n p } .

k
ggggg.  Le t  g i * ,  i ,  j= l ,no  the  en t r j -es  o f  the  mat r ix

L J

representat ion of  GOi because

th is  ent r ies are the Gram matr ix  o f  the considered fami ly  ent r ies.

For  to  s impl i fy  the notat ions we use a common notat ion

both the l inear  operator  on 1R O 
and the i r  matr ix  representat ion in

the  na tu ra l  bas i s .

Now, corresponding to  Cholesk l  factor i2at ion in to low

and upper  d iagonal  matr ix ,  te t  fo l lowing factor izat ion in? 'O of  the

l inear  operator  GO

|&
(2.2) Gu=LoLfr

where r,UR.O-t?.U has a 1owdiagonal matrix representation in the

natura l  bas is  and l f ;  is  the i r  ad jo in t .  A immediate consequence of

th is factor izat ion is:  for  every i l f f lUr w€ have:

iluk tl ; il ]kilrrll = ilrf dotlo

because riuk ll 2 = (Jki* Iki o) 
= (J 

olk[i. , ix) x
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( 2 . 4 )

( 2  . 5 ) .

( 2  . 6 )

where

A  - 1  - +
n  - T  * n , T
.fl', -Ir- f1'. J-r,

K  K  K K

A +  - ]  - , e

K K K

/a

precondi t ioned Galerk in  matr ix  AL is  mesh. independent
J!

n ,  L  t P( 2 . 7 )  c o n d  ( A o )  3  
:

indeed,  the fo l lowing est i -mat ions hold:

n  . .   _ 1
(2.8)  i i  Ar l i  r  L P ,  l l  Ak- l l  oL r /x

P r o o f  ,  I f  ( 2 . 8 )  h o l d s ,  t h e n  w e  o b t a i n  i m m e d i a t e  ( 2 : 7 ) .

U s i n g  ( 2 . 5 )  |  ( 2 . 3 )  a n d  ( L , ! 2 )  w e  h a v e  i  ! . o r  e v e r v  i l  U r ! o e ? u ,it

{f

l< to"f ilo , rf voy k \= I (Arir, !x) rl = | &tu *V x)l ,
L t t i , |khl ivkl l  = t i l r f [o i lk ' [L i lnki lk 

\

T h i s  i m p l i e s  t h e  f i r s t  i n e q u a l i t y  i n  ( 2 . 8 ) .  F o r  t h e  l a s t r  l e t :

.  * -=(Gouu,  uk)k  =(Lr t r rkr  rk)k

= 11r,f usIi

The precondi t ioned system considered here is :

+ ^ A'1'
AOUO=ff  ,

'  A  + -
a n d  [ . , ,  i s  s o l u t i o n  o f  ( 1 . 2 )  i f f  u k = L i l t k  i s  s o l u t i o n  o f  ( 2 . 4 )  .

K

2 .L .  Theorem.  The  spec t ra l  cond i t i on  number  o f  t he



e $\.;u,Aitro>ol

s * u A;t [otlu. rlilsll p

It[-tno11 k-f lil otti=

U h;tuoil i =qr,f ta[lrolol il l=ll5olo;rr,unol il 2

4 f latrnolt"u[p,xkallr,r.ilr.)l
= 

"t l<*oruai1r,oilo,r 
kAirrol 

o y1

= * \<"rJ r. , ef,lro[:*]r. I

f r o m  ( 1 . 7 )  |  ( 1 . 1 0 )  a n d  1 z . l ) .  T h e n ,  f o r  e v e r v  i l u * ? o  I

11 t; lAon oa *tl[o\\* 
and bv this we have proved the theorem' 

"

2,L.  Remark.  The precondi t ioned s lzstem ver i ' f ies the

Nicola ides var . ia t ional  re la t ions

r \ 1 . - 1  A 1 -  r b(2.s) )X-t= tt l-rr*, to-r=tl-t iotf-,

where the "precondi t ioned"  t ransfer .  operators are def ined by

^.k  - ,  * ,k  r  - *  ?k-  l=r . -1  rk-  l r .
( 2 . I 0 )  I t _ f = L L t i . _ l r k _ l  r  t k  = t k - l . k  ' k

a n d  t h i s  i s  e a s y  t o  s e e  f r o m  ( 1 . 8 )  a n d  ( 2 ' 5 )

The next lemma offers an lmportant tool in mult iqrid'

es t ima t i -ons .

F -a,il\

2 .2 .  Lemma.  Fo r  eve ry  u  
k€ lKk  ho lds

( 2 . 1 1 )

, : . .  i l t [ - t l [  <  t ,  and fo t  
" r r . ty  

r inear  operator ] t - r  on 'Rk- l t
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Proof "  F l rs t l v  we observe  tha t

(z'.Lz) \t[-roo- rtl-tl\o *iloo-,\\o-,

t[-r]l-t="f (Jk) -t{, 
ior[-r) (h-r{-rr-] trfi]urJ t]r.r 

-1\

4,i 
o, -t{nu- 

rlo- 
1 rIu- r}k- 

t ) 
- tJo- 

rnu-r} tlol 
- 
L

= 4riol-bo-rrJol-\

C}"

where we are used the commutat iv i ty  o f  the d iagrann x 'k  rest r ic ted

tolo: Jr.-rnr.-r=tf-1Ju .r ,a the both representat ions of the Gram ope

rator  Gr- t= i t  - r io- t="u-r " f ; - r .  I \ I i th  th is ,  for  everv d#Ro,

, il tl- tu-oil 
i- r= (il- rtf- to 

*ioru
: (Lil ( xk) 

- tnu-rJ 
it"oro, ilr)r

=l lnr.- r r i  o11uor l l  2

L1;.rnlr,ouoll '= ( t;oTk) 
-t"ol 

:., Lt r t)r

=(tr,or,f ) -lr,uio, r,ulu>o=il foil fl

H e n c e  ( 2 . 1 1 )  h o l d s .  N o w l  f o r  e v e r y  i k ,  V O t R o ,

. . l(tf- rDr._ ri[-t[,o?o]ul = \(Dr.- rtf-t; o,?[- 
tioru_, 

I

4 [or.-rll :.-r$tf-til o11 o-, 1\i[-ttollu-,

< llou- rll :.- r llt r.l r.llV r.il r

t h a t  p r o v e s  ( 2 . 1 2 ) . 6



* 1 0 -

. lfi1]9ig{,i,S,*gp-*y. .gg.*9 . As 'described 
in the classi

:uf  
l i terature of  muLt igr idf  one i terat ion of  the two-qr id alqc

r i thm fo r  (2 .4 )  cons is t  in .a  smooth ing  s tep  fo l lowed by  a  coarse-

gr id conect ion (  [3J I  La]  )  :
A +

i . )  smooth inq s tep:  q iven UJ ,  compute
# '  . K

n - i - i + t  
" A  

A  A i  i  A  A +  \, i r - ' ' = ( r o : o k A k ) U t r ' + D k f ; ,  i = 0 r .  . .  r V - t

n - i  n  A i  , \ ,  A i  * l
w h e r e ' A ! n  = U J ;  l e t  U , = U l t !

K  K '  K  K  )

ii ) aq*gqg -sgi"q*9g;f,99.t+9"l*,-?]-9,p" : conpute

I  j + I j  j _ }k  l -1  +k -1  , l *  *  :u[ =ui+tk_rAf]f Ir .  * ( fO-AOuO)

l  i r  1 - r  1 r - rok=tk -  
lAk-  1 rk

A A A

Rk= fk-DkAk

We suppose that  o? is  a 'b i l inear  symmetr ic  form,  hence An is  svnune

tr ic  and posi t j -ve operator  o t tT(O and j -n  th is  case we consider  the

R icha rdson  re laxa t i on  p rocess  as  smoo the r ,  i . e .

A

(3 .4)  Dk=dt  rk  o  wi th  Dr= l / f  for  every k71

For nonsymmetric problems consideri"o fio=-,fif we

ob ta in  same t ype  es t ima t ions  ( see  i l ]  ) .

Th ls  a lgor i thm def ines the l inear  i terat j -on operator  or r '1RO

A  A  n  n i
( 3 . 1 )  M k =  ( T k - B k A k )  R k

where I , -  is  the ident i ty  on ' iR. ' -  and
K

( 3 . 2 )

( 3 , 3 )



: 1 1
.

3 . L .  L e m m a .  F o r  t h e  p r e c o n d i t i o n e d  s v s t e m  ( 2 . 4 )
'  the fo l lowinq smoothing and approximat i -on oropert ies hold:

(3.5 ) ll A*fi,llg(Ss rJ I , 'i,"'*

( 3 " 6 )  s ( t ) = 3 / [ B d + t / 2 ) 7  a n d

A  - 1  A(3 .7 )  l 1  Ak ' -Bk t r .  (2 / *

Sgg[ .  Wi th l ) j l  j= l rnk rhe e iqenvatuesor  iO and f  de-

no t ing  the  spec t ra l  rad ius r  we  ob ta in
. t

, , 4  , t 1 , ,  r  n *    A.|\Ai.\llp1.u"p, tr-atol: )' J =Y q.\)
J

. 'r .J_
- (  i  sup [x( l -x) ' ]  4  pgf ' l l

t t"k 0(x(1

b e c a u s e  0 { d k ) . j  (  t  f r o m  ( 2 . 8 ) .  T h e  l a s t  i r r e q u a i i t v  i s  s i v e n  l n  I 3 J .

N o w .  b y  ( 2 . 8 )  a n d  ( 2 . L 2 )  |

l\ii'-io[ oe l1A;tlo.litf-ri;]ril-111o ( z/,t.
I

Now we  to  ab le , to  g i ve  the  conve rqence  resu l t  o f  t he

same t ype  as  i n  L :1 .

a ir. r' {qg"gt9-T:g_{ .gqn.yglEglgg. (two-srid alsorithm) . Let
?
b f i xed  in  (0 r l )  in te rva l .  Then there  ex is ts  r )o  denend ing  on ly  I

such that for  every J 7 io

( 3 . 8 ) l f iki lk< $n (? )(1 4 r

i .e .  the rate of  convergence for  the two-gr id  a lgor i thm of  the

precondi t ioned system is  bounded by a mesh inc lependent  cons{-ant .



.  Then by

P r o o f r  I t  i s su f  f , i ce  to . .cho ise ' s u c h  t h a t

lemma 3 . I ,  fo r  every

k = l r . . . r t -  : -

( k + 1 )  q r i d ,

?o

bys (io)(fri
c  7 i "

the monotony of g and

R
  r t  u A-Bkl lk l lA
:

D

.>{r
I p a ; v ( t ) < 5 ( r . E

( 3 . e )

( 3 . 1 0 )

l ^ t l  f n

Mt=  ( I t - I ;Ao* I ;A r )  R i

A ^k+r . ""#, x-Iik i " t
t *r=Ir*r-Io 

- (Ik-Mk) \-I[*r\*r\+r'

^ l (

Nott ing wi th  l {k* l  the

we obta in

two-gr id i terat ion oPerator on

we obta in

[o=  *  s ($ )  7 [ f f [ * r \ \o* ,  r rom theorem 3 '1 ,

llfto*rll k+r-4V do 11i,o riru

f r o m  ( 3 , i 0 ' )  v i a  ( 2 . L 2 )  |  ( 2 . 8 )  a n d  ( 3 . 5 ) .  r n [ f ]  w e  p r o v e d  t h e

fo l lowing theorem i

h fiu$ glli;t

0  .  _  -  " t l

.  Now,  LeL ' t7 /2 .  T^ I i t h  t he  f i nne r  l eve l  ' f t g  and  co+rse r

level  l l  ^  we can def  i .ne in  a s imi . lar  way 'as far  two-gr id  a lgor i thmt
, r o

the mul t igr id  a lgor i thm changing the exact  so lver  on coarse level

.  I  t  

'  

L  ! 1 ^ ^  4 . i * - ^ -KrK=r  1 .  o  t t n -L  an  mu l t i g r i d  a lgo r i t hm W. i t h ' t he  f i nne r  g r i d  k .  Le t

*  and f ,  f i .xed,  The mul t igr id  i terat ion operator  i -s  def ined by the

fol lowing re cursior, (r+i),

tlA-iig.t. r fil
o o - L I ' r

ilu* r=ff ,l* r* t l* $fA; I t f * ri,:. * rii* r

Sr= 5g tr I



t {' t J ,

: : : ,

3 ,2 ,  Theorem o f  conve rg 'ence  (mu l t i { t r i d  a lqb r i t hm) .  I f'
f i  . r  -  .  .  

. \t d '  +  A  -  {1  { -hon  fo r  eve ry  YDI  the re  ex i s t s  9^  depend ing  on l y  f4- v ' v \ )  \ * t  \ )  . / *  - o

such that for  every i2 Jo

i " e .  t he  mu l t i g r i d  a lgo r i t hm fo r . t he  p recond i t i oned  sys tem:coov€ r -

ges wi th  the rate of  convergence mesh independent ,  where '2  is  the

solut j -on of  the equat ion

- f
(3 .1 '2)  f  (2)= bo?"-1u*  Ff  =  0

so lu t i on  wh ich  l i es  i n  (0 .1 )  i n te rva l .

He re  to  i s  t he  sma l l es t  i n tege r  f o r  wh ic f r  q ( l o )<  * 't [ t  g

We lurn out to initial problan (1.2) considering for it the two-crrid li-

near iteration operator q.

( 3 . 1 3 )  M O =  ( I O - s O A k ) R k

where 
"x=t[-rai lr i f-1 

and Ro=ro-cckPrAk"

r t  is  easy to ver i fy that  for  D'-=GJ' ' ,  where G., .  is  the.Gram matr ix,- K - i < ' K

"  we obta in the fo l lowing connexion between the in i t ia l  and precondi -

t ioned two-gr id  i terat ion operators:

(3 .11 )  l l  f r r i l  e1? ,  <  1

i

( 3 . 1 4  )

4

. l l lUklll k =lli,f i lortn

A + - *
M. =L.-M. L. 

--
K  K K K

Because the Grammian is  a symmetr ic  and posi t ive def in i te  matr ix

we can in€roduce the "G, . -energy"  inner  product  and the corr 'espon-
J(

ding norm ottR:.

l l i

Denoting by l l lMkll l the j-nduced operator norm by this normf we obtai

the interest ing resul t  ;



4 A
l & t

L '
I

:
I

I

l

I

t k  * k - - *
. ( 4 . 1  l "  = J ' ' L k

' ' A .

Then,  the precondl t ioned Galerk in  matr ix  AO is  obta i -ned by:

A  A  A ,  
$

(4 .2)  en=Ipf ts io

A
.  - r  

' - n  '
where  J  o  i s  t he  ad jo in t  o t  J  

K

rriuo!ufiis l||oi*fikl,klvilll kI\\ ru.ll\= sup 
'-" 

- = sur? @@'r K"' I o?o lli\ o111o ltl 'V s111o

11fio tr,f vor11 o=sup

11r,[volls

Hence the fo l lowing lemma holds:

*3J .  For  any bounded and,  e l l ip t ic  problem

we can construct  an two-gr id  a lgor i thm for  h is  Gale rk in  d iscret j - -

sat ions us ing an adequate re laxat ion process,  such that  the rate

o f  conve rgence is  mesh  independen t ;  i " e .  choss ing  the  re laxa t i on

by R,-=I , . -cD,-G] IA,  where G,  is  the Grammian of  the f in i te  e lement*  K  K  K K  K  K

basis,  and 
f  p=1/6> we have

g(Mk) E111ruoitl=lltrkl\ o ( #, s (l )

f o r  eve ry iT ioand  i o  g i ven  by  the  theo rem 3 .1 .  -
E

4.  E igenvalue problem. We def ine the l inear  operator
#

a  A y

^  .  o n ( p o n t o l t g r J ' '  b y

= 1iit,.\lr_



.i

1 5. : ] :

A  1 .  Theorem.  The "precond i t ioned"  d isc re t i za t ion  d iaqram= .
A
( \  L - r i - - ^  - f J  - - - - ^ - -.  Dp is a commutative diagram

.    :  ^ k - 1 ^  ' .

( 4 .  3 )  J , -  -  P -  -  =  T : -  * ' r  n
r { - 1 *  k - l  

t k  " k ' k

where the l inear t ransformat ion Je is a uni tary t ransformat ion

- 1i '1D
ot re onto ,\e D

(4."4)  3*  = t ; '

wi th€=k- I r  k ,  such tha t  fo r  every  l inear  opera torA o"  T  there
A -::r

exists a unique l inear operator a u on Re ful1f  i ing the fo l lowing

proper t ies :
'\

i )  The  ma t r i x  rep resen ta t i on  i n  t he  na tu ra l  bas i s  o f  AU_

j - s  the  p recond i t i oned  Ga le rk in  ma t r i x .

i i )  The Nico la id .es var ia t ional  re la t ion holds:

(4. s) io_,_=tx-tiotf_,

u

:

i i i )  The 1 le  -  d isc re t .e  approx i .mat ion  opera torA"+*  .$ -Pe,  
" { *

and the  precond i t ioned Ga lerk in  mat r ix  have Same spec t rum,  i .e .

( 4 . 6 )  c l l u ) =  S ( i e t

i v )  )  e  S1f i . , ,  i f  f  j -s  a  so lut ion of  the fo l lowing e igen-
€

value problem

t A  ? \  n  i  - \ r :  f r
\ . * .  / /  ^ e r e - A - g r e

\ ^ rhoro  A -  i  s  the  Ga lerk in  ;na{ - r i  w  anr : l  c  i s  the  Gr f im ' ro ian  Of  theW l r e !  u  r a g  I t  , C

1 l. I +  -  DaS f  S



1 6

s' ram then (1r1"\
|I"g.t" Because ,0 

U is a commutative diagr --t*.t &

A

a

q4-J*y , i /1,5) and i)  hold as we proved before. ev (4/t)  io=3*Au5* l ,  i .u.

A* uta JLu are s imi lar  opera:ors;  hence lhev " t :  "u*:  " t : : t t "* '

.Now, because ) Ge -A*=Lu ()1..-o* I \. we obtaj-n: lG.Tr"=A*ir. if f

i"fiu=rfi. with t"=lf,[. what proves'*) " *

F-"pCf\.  Let { t i1 r" an orthonormal eigenvectors system
A

for  the symmetr ic  pos i t ive l i r iear  operator 'AO. Then the correspon-

ding \k -  e igenfunct ions system o1 I t  { t i  t  ,  iS ) f lor thonormal be-

p i  ^ - l r . i  . .
cause t i=. iu ' f f i  ,  i= l rno and t i re corresponding ei .genvectors system

of the eigenvalue problem {l1})rltt is Go-energy inner product

orthonormal because <0i , t i )o=(" ;a i ,  { . t i )o=(ckui \1 i )k '  l {oreover,

the spectrum of  the Galerk in  mat . r ix  co inc ides wi th  the spectrum

of  t f re  l f  O 
-  d isereteappr .ox in ia t ion operator  $U i f  f  the Grammian

Gt is  the ident i tY oPerator .

4 .L .  T ,eng ta .  The  two-g r id  a lgo r i t hms  o t lO  and ' i (O  desc r i -

bed bv the l inear  j - terat ion operators

(4. B) Sk= (ik-?k-rlolrro-rAol t iu-dr*hl "

i  and respect ive l .y  UV i l f .  f rom (3.1)  are equiva lente in  the sense

that  the i r  have same rate of  convergence'  ;

l {99f .  
I t  easy to  observe that  the s imi lar i tv  re la t ion

h o l d s :

.  n  , .  A ; 4
(4 .9)  l lO=JOftOJ*-

and  th i s  p roves  l emma. .
E



. j  1 -i , - 1 1  : l

h ie ra rch i ca l

on level  k  in

. i

i.i
l

f in i te  e lement  ba-

ses we can

where Dt - l

i n  t h e  T k

recurence

I
I
I
I

I
t
I

J

5. ggglg- For the

gpl i t  the Gram *uatt* , ,

r r l
lG* "  I  s * t \

G n =  l - " - - l  
- - " 1

l ^ . x -  r  I

L n;' I b*-uJ

i s  a  d iagona l  m

basis  have d i

between the ChoI

r l
I  t  . r
l L e - t  t

l , =  I  - r' t -  l -  *
t l
I t r

Lk-u  I

atr i

s j o i

esk i

IJ

E u-t

x when the

nt suPPort.

factors

new functions
-1 

Lit t'{:.

s.There exist.s

int roCuced

the f.ol1.owing

with

":.- ruf*r=Bk- I
*  a - L  F .

Ef.- fnf- l  =Dk-I-ni-1bt<-1"k- l

Because  D t - t  i s  a  d iagona l  ma t r i x  and  BO- t  j - s  a  sDarse

matr ixr  W€ can compute by reQl f  rence the Cholesk i  factors  us ing the

las t  re la t i ons  -

Now, we remark that

ty of the continuous Problem and

proper tY in  our  considerat ions '

R E F E R E N C E S

we no used a l ly  regular i tY Proper-

approx imat ion of  f in i te  e lement

n  t rMr r ' l  # i  n r i  r j  conve fgence  fO f
U .  I  I ' r U I L r Y ! ! '

^ r n h 1  o m q  r r  P r o n r  i  n  t  -  S e f  i e S
,  P f ( J U - L E l t t D  t  r ! u 1 . !

I N C R E S T .

nonsymmetr ic  var ia t ional

i n  M a t h . N o -  3 9  / L 9 8 6  ,

ttl ADAM,
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