e : INSTITUTUL NATIONAL

L ‘ - PENTRU CREATIE
Ml e ' STHNTIFICA SI TEHNICA

ISSN 0250 3638

(29

PARABOLIC AND ELLIPTIC PARTS IN STANDARD H-CONES OF
|  FUNCTIONS -
.by
Lucian BEZNEA
PREPRINT SERIES IN MATHEMATICS

No.4/1986

N\

BUCURESTI
XXMX%SQO%



PARABOLIC AND ELLIPTIC PARTS IN STANDARD
H-CONES OF FUNCTIONS

by

Lucian BEZNEA*)

Januany_7986

%)

Department of Mathematics, The National Institute fon Selentific and

Technical Creation, Bd.Pacii 220, 79622 Bucharest, Romania.



PARABOLIC AND ELLIPTIC PARTS

IN STANDARD H-CONES OF  FUNCTIONS

°

by

Lucian BEZNEA

Introduction.The aim of this paper is to indicate how to decompose

the ba&evspéce of a standard ll~cone of functions in disjoint parts
which are parabolic or elliptic (with respect to the H-cone of
restrictions). The accepted notions of parabolicity (proposed in [2])
and ellipticity are global enes. |

Using increasing families of absorbent sets, the pérabolic
and elliptic parts are structured (Theorem 3.2).

The decomposition theorems are consequences of a new

characterization of the paraholicity (Theorem 2.3).



04 Pt niinnrdas,

Throughout this paper tf'will be a standard Hecone of

functions on X.

Recall that a subset A of X is called absorbent set (in X)

‘if A= {X&X/é(_x)w0}' for some Séff . A subset A of X is ahsorbent

iff 1X\A€ff . BEvery absorbent set is‘finely open and naturally closed.
The following remark will not be used further on .

Remark.( [2], Theorem 1 and [7], Exercise 7.2.11). Suppose that X is

semi-gaturated and 99 satisfies the natural sheaf property (For these

notions see [5],). Then AgX is absorbent iff it is a finely open

and naturally closed subsé@ of X. .

Proof.Let A;I'.:X\A and x € A, From Proposition 4.3.12 in [&J, ii follows

3t

that the H-measure BAi is supported by A1zﬁ(A1). On the other hand;
Theorem 3.6 in [5} implies that BAi is carried by the natural
; W X

beoundary of A1° Hence Béi{iﬁ 0, for evefy:xe.ﬁ and therefore A=
- xe}i/B';{\A(x)er} .0

For McX, we denote by.ﬁf the fine closure of M.

The following aséertiens are direct conseguencesof the
stgndard H-cone prbperfies and of the quasi-Lindel6f principle for

the fine topology (see(2.9) in [1] ).

is a family of absorbent sets

Jgjmlgmuu%a(@], Lemma 2.1). If (Ai)iel

in X, then :

1 o \ : 5 ;
a) }Ef‘Ai and'géfﬁi are absorbent sets in X,

£ -0 £
b) There exists a sequence (i_)CI such that L%J/A =\ /A and
g n T i n i

n
XA = [FNA .
1 8 e no

n
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If M is & nonempty subset of X, we denote by ({joM the

convex cone of the restrictions to I@%‘(;’oi‘ the elements of (fc If Mis
subbasic (i.e. MEh(M}), theln EFM is a standard H-cone of functions
on M iscmorphic with the standard H-cone BM(bﬂ} (see [&]9 Corollary
5..6. 000 '

From now on, we refer to the (subbasic) set M, understanding

that the H-cone of functions on M is

M°
The fine topology on M (with respect' to \Jo,ﬁ) is obviously

the induced topology on M by the fine topology on X,

1.2 Remari{.,([EI,LemmaE:,z)sI'f A, B are absorbent sets in X, BGA

(icee BEA and B#A) and DCANB, then: D is an absorbent set in ANB

iff DUB is an absorbent set in A,

§2, Parabolic and Elliptic Parts, Another Characterization of the

Parabolicitv,

The base space X of the standard H-cone of functions fis
called parabolic (EZL Definition 44) if there exists a strictly
increasing family (At)téfogﬂ of absorbent sets in¥ aucl} that ¢

: e ;

2 = = & E
(2:1) (o hma=SIRT | for all t€0,1] »
Particularly we have AO== ¢ and A1== Xo
If Ay B are absorbent setg in X wj:'th B&A let
ﬂﬁ,ﬁm{n / D is absorbent in X, BC_;I)QA} o
.We wirite (JQA instead of 6,a °
The following definition is of the same type as that

given; in [8],, §1¢

The base space X of (:)0 is called elliptic if U%X«-: d)o



When we call a (subbasic) subset M of X parabolic or

elliptic, we consider it as the base space of the standard H-conse

o

2.1 Remarks If X'CX is a finely dense subset of X then ¢

a) The absorbent sets in X' are in bijection, in the natural Way,
&

with the abseorbenit sets in X.

b} Xgi; parabolic (resp. elliptic) iff X is parabolic (resp. elliptic),
2.2 Lemma, a) If X is elliptic and MGX is subbasic, then M is elliptic.
- b) Let ﬁ he a subﬁa@ic subset of X. Then M is elliptic iff for every
abgorbent set A in X either MCA or ME&X A,

¢) Let (M) . be a family of euiptic subgeté of X with @uﬁeé

Then }é{mi is elliptic, ,

a) If GEX is elliptic and finely open, then: G is a maximal elliptic

subc‘et of X 1ff there exist two absorbent sets in Xs A and B, B§A

such that G _A ~:Be

oof, The assertions a) and b) are clear.

¢) Suppose that i\é’{mi is not elliptic and let A€ ‘][Z)}{ such that
M. Na ¢ ana S ML A, Hence there exists i o€T with M mﬁ:és
1€l & el i ()‘

-thexrefore Pi CA by assertion b). The hypothesis @“i * {f) implies
-now that i_;)/fx-iigﬁ, which gives a contradiction.
d) From b) easily results that ANB is a maximal elliptic subset of X
if A and B are absorbent and ANB is elliptice :
Let G be a maximal elliptic finely open subset of X, We take:
A:mf\{c / C is absorbent, GQC} ‘

and

S ———

B e U {C o €‘ is absorbent, CC(}\\G)f\A}
Obviously GCANB and G being elliptic, ‘again assertion b) implies

that UQB 2 ff) hence G= ANB from the maximality of G.[J
9 :



2.3 Theorem, If tﬁ i8 a standard Hecone of functions on X, the

following statements are equivalent :
a) X is parabolic,
b) X has no finely open elliptic subsets.,
¢) For every pair (A,B) of absorbent sets in X with BGA, we
have ‘}%B }\ )é ‘i}?’o
Proof, From Remark 1.2 and Lemma 2.2 ¢) and d) we already know
that b)) {&=)c).
¥ o} e b 4] 6 :
1) =)b)" Let {At)té[o 1

of X and suppose thal there exists a finely open elliptic subset G

be the family which describes the parabolicity

of X, G# ¢, If we define % ;m,:inf {&é[ﬁg’l] /G .ﬂAt:;E@} , then Lemma 2.2 B)
implies that GGA, ~ \.-.C./A , which contradicts (2.1).
e)=>Da)" One can suppose that g)x% generated by a bounded
potential kernel V which is absolutely continuous with respect to
a finite meagure/ﬁ4 on X. This is pbssible because the natural

extension %1 of :f on the base set X, 1s saturated hence sz is

1
generated in this way (See[&]; we use also Remark 2.1).

irst, let us show that: :
(2.2) . for every ﬁé((‘ /Lé"%?{ X)) there exists Aé\/@ el /L&V{A)rsﬁ ,,[

It d% is 2 class of absorbent sets in X, we'defipe: '

ﬂﬂ::{nea@/ /uV(B)é(&}
_zmd. :
~~{B€«/7;L/ /A\'(B)};ﬁ} B

Hypqthoszc c) implies that at least one of the sets @d%% and bf%x.
is nonempiy Sappogg that Bu/zxﬁ$. Usging Remark 1.1, ‘the setlyf%k

results inductively grdered, hence by Zorn's lemma there exists

a maximal absorbent set A éfﬁ UQ)‘{" Suppose that /AV(A)( f’:& o We have



uéaﬂ 2 %=¢ *NJ bfg ¢ From the maximality of A in Lf?
£k A

Therefore L X %:ﬁ and we can choose a minimal element A' of

&
d? « We ahtajrztfg = ¢ centradicting the hspothm 318 ¢€)e
AX ‘ A AT s T =2

Hence /AJ{A) mﬁ %
From this moment we can reproduce the praof‘of Theorem 3.7
S ‘
in Eéla More precisely, for every dvadic rational number té[@ @}
an absorbent set (in X) Ai can be constructed by indugtion and
uging (2.2), such that:
s " ¥ O ; :
(2.3) /uf(A ) = /&V(K) and if s ¢t then ASQEAt 5
. 2 e hieh v £i 2 ig obtaineg
The desired family (A 3 vefo, {? w%i@h erifies (2.1) is obtained

extending “the construction of A

. for every te[0,1] , such that

(2.3) remains valid. O

A direct consequence of the above theorem is the followings

2.4 Corollary. a) If X is parabolic and GEX is finely open, then G
is parabolic

b) Let {M €.i be a family of parabolic (subbasic) subsets of X,
’I‘hen_ L,/M is parabolic,

¢c) If G, , G, are finely open subsets of X such that G1 is parabolic

1 2
and G, is elliptic, then 6 NG, =6 .

53 Decomposgition Theorems, Examples.,

We can formulate the following decomposition %Theorems
3.1 Theorem. Let 99be standard H-cone of functionson X and P he‘the
greatest finely open pafabolic subset of X, Denotilig by E the union
of all open elliptic subsets of X, we have: X = PLfEf and PNE = ¢

Preof, Obviously, from Corollary 2.4 there exists the greatest finely
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(3:2) e pcu{p L Bt Iéj(g)} »

<

open parabolic subset P of X and PNE = ¢ . If D is a finely open
subset of X, DQ&PQ ih@ﬁ from Theorem 2.3 there exists a fimely‘ap&n
elliptic subset ¢f D , hence ﬁfﬁE # ¢ and the prdﬁf ig finished.}

If J is a totally ordered set, we denote by ij(&) the
set of all ideals of J {i.e. I € J(J) 1ff ICJ and jLd, 1 €1
impliegj e 1). .

We present now the structure of the parabolic and elliptic

parts, using absorbent sets.

3.2 Theorem. Let E( be a standard H-cone of functions on X and P

be the greatest p&raholic absorhené set in X. If Pu.* X, there
exists a totally ordered set J, at most countable, such that:

a) For every j €J, there existg a pair (ngc } of absorbent sets

J

withz P CB ¢, : B.:=C . NB. is a (maximal) elliptic finely open
s i L el ( - =

subset of X and i< j<&=» C_.C;BJ. .

b) For every L € V(J)9 let us define B, and

ST T

7 J i‘f
‘= 3 & ’ :. £ 4 = > }
Pos=C \‘bI {particularly P¢ P and IJ X~ \*/i ] /J € })

s C £

I I ;
Then Px ig parabolic if it is nonempty.,
c)'(Ej)jé'J is the family of maximal elliptic finely open subsets
of X
d) E and P.having the meaning of the ab0ve‘thearﬁmfwe have:

). . B wu{f?.j/jé\}’}

and

‘

where for every I é'j(J)9 P} denotes the totally thim set \Eécj‘\ézfj
e) If J is a totally ordered set such that a) and c¢) are satisfied

and if moreover U(J) is at most countable then

fn"(jf{ P/ i€j(3)} .
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Proof. From Corollary 2.4 b) and Remark 2.1 b), there exists the
greatest parabolic absorbent set in X, denoted P&e
f@ be the set of families (ﬁjﬁc )_MJg where J is-a
% o

ﬂotally ordered set such that,for every ;;é&f,)ﬁ"j and 01 are absorhent
sets in X with P C B g;C V’L ¢ = $ and i(j(xm)@iggﬂjo Theorem 243
. ‘

and P %:X imply that grvi» ﬂanﬁmphy The inclusion (with order)
" between the totally ordered sets induces an order on 9740 This oxder

relation is inductive and let (B, c }jél be a maximal element of gr)a

Agsertion b) is a candaquenoe of the maxiwalltyg using again

o

- Theorem 2.3.
Let D be a finely open elliptic subset of X and suppose that
¥ i 9 L /E _.._" o >4 : e
Dg \d Nz By« Hence by Lemma 2.2 b) DO\ T, $o If we define I_

= {jﬁJ / Df‘sf)im a})} "Z,hen Ioé ’J(J) and EC;P o Thereforé,. P. is not

I I
o

parabolic and.this contradicts hl. So that asgertionrc) and (3.1) are

Q

proved. Let us remark that under the conditiona~of a) we have g b) ¢=Ycl)e
(3.2) is an obvious consequence of (3.1). 4s in tﬁe proof of
Cofollary 4ok in {2] sone can verify that P% is a totally thin set,
for every IG?{J); |
We éan suppose that X is saturated, hence the fine interiorx
of any &emi«pnlax set is emply, From (33’) results now easily thdt
assertion e) is valid.QD

3.3 Remark., a) It is posﬁibievthat J should not be well ordered (see

Example 2 below), in contrast with the well ordered family of absorbent
sets generated in [6]9
T = 67(3} are necessarily empty (see Example 3}

In the following examples, the standard H~-cone of functions

b} Not all the sets P

on X will be the cone of positive superharmonic functions on a

p ~harmonic space (Xslj) with countable base (in the sense of [7]),
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=9-
with 1€}J{X} {see E&jgpage 113} .
Examples, 1. Let X=(-1,1) and for any open set U of X let ?j(ﬁ} be
the sel of lower semicontinucus, lower finite numerical fﬁmc@iang u
on U Sush-@gat ¢ ul(wﬁ;@]f\g is locally iﬁcregsing (see [?]??h@orem
2@192}vaud ui{ﬂgi}/TU is hyperharmonic for the Laplace equation.
Obviously we have : P&u{m?:ﬁj and E=(0y1)0
2 Lét X=(=1,1) and FCX be a closed set of ﬁ such that X\F is
dense in X, Then, following [9](see also [7], Exercice 3.1.17),
there éxists a Bauer space aﬁ X {(which contains. the constaﬁis) guch
that the absorbent sets (different from $ and X) are exactly the
intervals'(»isxg with x€F. One can verify that we have obtained a
g}mﬁauer space., We denote by J the set of'all 1eft extremities J of
the components (joj') of the open get X\F. If Wé take Ejm(j,jf]fﬁx

: d A

for every j€J, the family (E ) satisfies the conditions a) and ¢)

J 'j €J
of Theorem 3.2. Obviously Pim$, for every Iéfj(J)@

A suitablé choice of the closed set F proves Remark 3.3 a)e

3. Let X be the topological gubgpacé.@f Rz
(»1,1)x{o}Lj{o}X(o;1)e '

For every open get U of X, we denote by YJ(U) the set of all lower
semicontinuous, lower finite numerical functions u on U such that
(xt—+u(x,0)) is hyperharmonic for the structure intreduced in
Example 2 and (ye-u(0,y)) is locally increasing (where these two
Ffunctions are defined)., We use the notations of the above exampleg
with X1m(«1,f)anﬂ suppose that 0{suplfe. If AQ;X1 ig a nonempty
absorbent set in K1 then AX{O} is absorbent in X and if x€F, x0
then émf?ﬁ]?ﬁ{ﬁ}k}{ﬁ})ixz iE also absorbent in X, where X2 denotes
the interval (0,1} Let us fix a nomvoid ideal Ioéij(d) such that

0< supl o ‘Then we can take B;} 3%(*%;3] X {O}g Cj :=(E437 N X,i}}( {G}
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if JeJN '}560 These are the absorbent sets which give the decomposition
of X, with Pﬂ empty and PE{ m{@}’t&?ia noenempty. In particular, if we

4]
take Fef - Ul 2 ¢ £/ ne, mo} ana 1 ={fUi% - 2/ new, ms
: 2 s o e ¥ae .

£

I 3

@
0 .

then P=P and E=XN\ (P U{{ B g@}% Yo
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