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PAR4Irol.rc ANp pllrHtrc PA$rg

IN ST$N.DARD ll-Cor\iqg 0F FUIfqTIoNS

by

Luelan BEZNEA

' s

In j l rpc luc t ion .The a in  o f  th is  peper  l s  to  ind ica te  how to  decompose

the  base space o f  a  s tandard  l l - cone o f  func t ions  in  d ls jo ln t  par ts

wh lch  are  parabo l ic  o r  e l l lp t i c  (w i th  respec t  to  the  l l -eone o f

r e s t r l c t l ' o n s ) "  T h e  a c c e p t e d ' n o t l o n s  o f  p a r a b o l l c i t , y  ( p r o p o s e d  i n  [ a ] l

and e lL ip t l c i t y  a r .e  g loba l  onesc

Us j .ng  inc reas ing  fami l l -es  o f  absorbent  se ts ,  the  parabo l1c

a n r l  e l l i p t i c  p a r t s  a r e  s t r u c t u r e d  ( T h e o r e m  3 , 2 ) .

The decompo.si t ion theorems are consequences of a new

c l ra rac ter iza t ion  o f  the  parabn l lc i t y  (Theorem Z. j ) ,
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F

9l"s**l,lsJ-LqnrlJ:gr{"9s":"

" ThJ:ttgFq*t!

fu r ic t . i r ins  on  X"

ll,ig -rl?pgg {

f tn .  are absorbent
: ,€ l  r

a  s c q u o n c e  ( i _ ) G I
i n

' e

absorl ient _sqs ( in x)

A of X ls afueorbent

and natural l .y closedn

firrther on .

rv: i  ] .1 be a s tandard II*cone s.g

l l eca l l  t l i a t  a  e l rbse t  A  o f  X  is  caL led

.  |  ,  .  I  t 0
i f ,  A= 

i  x e X I  s( .x)=0f for  sorue s4f,  .  / r  subset
t D

i f f  ' l - , .  
n€ t  o Er 'ery absorbelr . t  set i ,s f , inely open

JL\ll

The fol lou, ing remark wi l l  nnt be used

I ! - q m  
' k " (  

[ 2 J ,  T h e o r e m  t  a n a  [ ? ] r  E x e r c i s e  7 o 2 . 1 1 ) "  S u p p o s e  t h a t  X  i s

semi -sa tura te t l  a r r t l  Y  so f is f ies  the  na t ,u ra l  sheaf  p roper ty  (For  these

n o t l . o n s  
" r "  [ : ] . ) .  T h e n  A E x  i . s  a b s o r t r e n t  i f f  i t  i s  a  f i n e l y  o p e n

and na tura l l y  c losed subse i ;  o f  X .

P r o o f  n l  e t  A , ' . = x r A  a n d  x € A u  F r o m  P r o p o s i t l o n  / +  . j , 1 e  i n  [ l J ,  i t  f o i . r o w s1 *

that the l l -nneasur* nAt ls suppor. ter l  t ry A.r*b(At).  On the other hand2
b x ' s I

Theorem 3"6  in  t5 ]  i , , rp f ies  tha t ,  BA!  l s  car r ied  by  the  na l ,u ra l
. . i+  6x

hounc la ry  o f  A . r "  I lence u f '=  Q,  fo r  every  x€A anc l  there fore .4 .=

= { x e  x / n f t A t " } = r } , o * '

.  For  [ {GX,  we deuot*  ny f r f  the f ine c}osure of  I r { .

?he fo l lowing asser t icns are t i l roct  consequencesof  the

standard. II-coue propert ies and of the quasi-Lintlel i i f  principle for

t t r e  f i n e  t o p o l o g y  ( s e e ( e " g i  i n  [ t ]  ) .

1- r11,*Bcrr l l t r * " (FJ,  Lernma 2.1) .  I f  (O*)ra,  is  a  farn l ty  o f  absorbont  sets

tn  X .  t hen  ;

a) ffif *",i
b)  f i re re  ex is ts

? or = G\n,

s e t s  i n  X "
'*--'--f

* LJ An and
n ^ n

such that
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.  - n
If [ ,{ ie a nonompty subsst of X* we denote ty t[U thei

convex csne of t l te rnstrtct ions to $,[ bf, t tre elsft ients of T . I t ]  tr{ is

subfuasi .c  ( ioe.  L I6b( [ I ] ] ,  t t ren fn '  is  a  s t ,ant t rar t l  X l*cone of  funct ions

on l*I isonorphi.c rvith the stand.ard l{*cons nutt/} (see [t*],  Coroi.Lrtry.

5 " 2 " 6  e )  )  "

flryq s.{}-g $-qc yg, {s{gr $o. l;ts .{.eub!eslg}" s"9!. M, Hgsregsgg}*K
t-he!- thg f{:Sang qf *rnpti.sJr-g q! [r Le {or,

The flne topoltigli on M (wj.th respect. t,o f*l t" obvi.ously

the lnduced tapology on M by the f , j .ne topology on Xn

fue-&oparir.s"t[aJrlemma*.?]"If  A, S are absorbent sets in X, BgA

( i . e ,  B€A and  B#A)  and  $GArBr  then :  D  l s  an  abso rben t  se t  j - n  A rB

t f f  DUB is  an absorbent  eet  in  "A,

$?" P;e{abol}g pnd F{L1p*Lc lra[g.qr Sqgtllgs M ef ill.g,

Iqqseg$s**x:-

The base spaee x of t ire standard H*cone of functJ-ons I ,*

cal lerl  p.atqf,ol" ig tIAJ, Defir i j . t fen t. l+] i f  there exists a strtat ly

{ncreaslng faml ly  (At , ) te [our ]ot  a ' t rsorbent  eeta in 'x  such that  i

( a .1 j  Aa  =  u .=k - r  - r.u>t . -u-  . - t - -  
udA*- o for  a l l  t€10r1 "

Farticu.l"arly rve have AO* d "nd 
Ar* Xo

If .r1, B are absorhent sets tn. X rcith BgA let 3

,A*.d*{o /  D is absorbent in X, B$ngu}

Ite wiite u4u instead of &| 
,o 

o

The fol lowing deflnttron fs cf t ire serme type ae f irat

g l v e n  i "  [ s ] u  $ 1 "

Tho base space X af { ,* catled j*.UXgS-g # t"f lx*$"
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Xhs: Iss a.*r-l e "kvtrg.*sjs.: es$tr*, h{ sf, x p+Ls&"s}*-s.es

efu-pl,gqs y9 $9sfi.*$rr 39 qq lliq !.qqe ei:*g,e, "gg..ug, *mdgn€ g:-sgsg,
t Qo{ .fsns.gl,sff. Vu.

fuL$Sp"fl"gst Xf Xr $X ts a finely elcnse euhset of X then ;

a) fne ahsorbent sets l"n Xs ere ln bi jectio*u i .n the naturral weyo

wit,h the absorherrt sets ln X.

b )  X r1s  pa rabo} l c  ( reep .  e13 . i p t1c )  r r f  X  l s  pa rabo l l . c . ( respo  e l l i p t l c ) *

&2 L*er t$g"  a)  I f  X is  e l t r . ip t ic"and MGX le subbasie,  then M is  o l l " lp t lc .

. b) Let M be a subhasic sutrset of X" Thsn M ts el l ipdlc tf f  for e\rery

abso rben t  se t  A  i n  X  e i t he r  MgA o r  MGX\A .

c )  Le t  (o r ) * . ,  be  a  fa rn i l y  o f  e l l i p t i c  subse ts  o f  X  w i th  
f i u r *  d ,

Then L/ f t ,  ls ett i .pt le 
"] .€  I

r i) I f  GCX J,s el l lpt lc and f lnely open, then: O le a lna.xlm&l oI"l*"pti .c

subset of X lf f  thcre exist t ivo absorbent set,s ln Xu A and ts, B FA

such that  G*LrBo

fggf p.. The assnrt lons a) and b) aro clearo

nrd let A€,rt.- such that
1 € r 1 - X

lf u..n"t f $ rind 
H 

-,t-#Au llenee t.he::e exisrs io€I wrrh s{inA+de

theref, 'ore l , t .QA by assert lon b)" The hypotheoi.e ff1,t,# d t$pl j"es, 0  1 € I  r

.now that l ; / t ' toeao r ' , 'hlch gives a contradict lon"

d)  From h)  eas l ly  resul ts  that  A\B is  a  nax lmal  e l l lp t lc  eubset  o f ,  X

l f  A and B are absorbont  ant l  A\  B is '  e l l ip t ic ,

Let O be a maximal el l ipt ic f inelSr open subset of X" l {e tako:

r " , | 1
A : * l  l  t C  /  C  i e  a b s o r b e n t ,  C G C }

l
l

i

and
. f-i--;-r 

f l
B:=1- r  lC  /  C  i . s  absorbent ,  C  C (x r  C lnA t  .

t J

0t rv ioue ly  $qArB and G t re lng  eL} lp t l . c ,  aga ln  assent lon  b)  *mp l i .es

/1
that cff,o ^= f henco S* A\B from the mnximalf ' [y of G.f i

.IJ A/l
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A*JhSS"fg"gr" f f f *" n standarcl ll*cone of frrnctions on Xo

foi.Iutr lng s{;a&ernents are eetrui.valent I

a. i  X i .n p*.r 'abotrlce -

b)  X has no f i .ne ly  open eL}"$.pt i .c  subsetsn

{,hs

c) i ."or e\rcry pa:t.r (ArB) of absorbent set.s in X rulth $$4, rve
n

have fd', o# trt.r i , l l

g;*fu From Remgrrk, 1.2 and Lqr*ma 2.? c) and. cl) rve alrearly know

that  b )  ( * )e )  e

n a)=*)tr l f i  ! ,et  (At l tE[Out]  bn, the famtl"y rvhi .ch slesc.r ibes the parabol i r :$. ty

o f  X  and sup l tose  tha t  there  ox ls ts  a  f ine ly  open o l l fp t l c  subsc t  G

cf  xn  c+  + ,  r f  rse  c te f i -ne  t ;+ in f  
{ te [o r r ]  /Gnr t t f  r [ ]  ,  then  Lerun i i : r  p "2  t i ]

lmp l i -es  tha t  GqAt  \  
h /U* ,  

rvh icFr  c "on t rad ic ts  (4" ' l )o
o c r A

* e):)a) ' t t  One can supFose that J ts generatecl 'by a trounctred

poten t ia l  lEerne l  V  wh ic f r  i s  ahso lu te ly  coht inuous  rv i th  respec t  to

a  f in l t ,e  measurn  
/  

on  X.  Th is  i s  poss ib . te  beca,use the  na tura l

ex tens l ,o r ,  ( ,  o f  f  on  the  i . rase  se t  X ,  l s  sa tura ted  l renc  *  € ,  i s

genera tec l  in  t t r i s  rvay  ( " "o  [ l t ] i  l r ' e  usc ]  a lso  I lemark  2 '1 )  "

i r l r s tu  l e t  us  show thn t :

( a " a )

pA
uu*

fv(') )pl
J-oas t  one o

ls nouernpt): Suppos;e that p,.4**4r" Using ltemark 1.1, the set pe.

resul t ,s  i : rduct ive ly  grdered,  hence by Zornrs lemma fhere ex ls te

a ruaximal absiorbent set A €o,f i . . .  Suppose that /, iV(A)< 13 . lVe l iavc
P  i t  {  

- l

/)
f o r  evc ry  B€ (C , / tV ( l t ) )  t he rc  ex i sLs  A€ IJT1  s . t "  FV(A)  

=F  , .
A ' I

X Jt  is  a  c lesss of  ahsorbcnt  sets  i .n  X,  rve def lne:

p&,-  {oe,rQ I  y,  t " )  -<P }
ancl

pn
r J t t =

Hl .po t t res j "s  c )  imp i  ies

{re ,rt1
that at

A
f the sets ptl {,,* and



-6-

n  . r  d  ,  / )
,.ILo ., # 0 a.riet nULo ., = 0 o from the rnaxtrni;Llity of A lr"l ,2Lf(,.. *J l " r i  n  l u  A r A  l r  l L

I4)
Therefor*  , i t^ . ,  +d and rTrr  can choose a mln lura l  e l .e inent  S. f  CI f '

/r]. Jil ? z\
I'n /t

t to  , .  lTe ot i t ; l in  rJ t^  Ar  = 6 ,  ccr r t rac lJ"c t fng the h i 'pot leesJs c) .
& r i  J l r j y

I lence AV(A) = {L
l l

From this nornent.  rve can l"epror iucr+ the proof of Theorem 3.?

F T b

l n  feJ .  n to**  p rec ise ly ,  fo r :  ever1"  d3 'ad lc  na t iona.L  numi :e r  te [Or t ] ,

an abeorbeni set ( ln X) 4* can be constructad. by tnt luet*.ei t r lend
E

us ing  (g ,Z ' ) ,  such tha t  n

( 2 , 3 )
4v(n*) 

*t fv(x) and l f  s (  t  then ArGAt .

f he  des i red  fam i f y  (A t ) te [Or t ]  wh ieh  ve r i f i es  (e " t )  i s  ob ta lned

f 1
ex tend ing  the  cons t ruc t l on  o f  A ,  f o r  eve ry  teL0 r l J  ,  such  tha t

( 2 . ,  r e n a l n s  v a l i d , 0

A direct, consequenee, *f the above theorem ie the f,o1.Low$.ngr

?*t Qo:q]l irr: :" a) | f  X is parabolic and A€X is f inelSr openn then G

1 s  p a r a b o l l c .

b)  Le t  (o t r ) ru

Then L/ &{., is
r€I  J .

c l r f  G l  , G z

,  
t " ro  a  fzun i l  y  o f  para t ro l i c  (subbas ic )  subsets  o f  X .

pareibo 1i  c ,

are f inel) '  CIpen subsets of X such that G, is .parabol ic

and  On  ie  e l l i r t i . c ,  t , hen  GrAGe =  $  e

[?.:-,Qsgg*I.gg3lto]} T-"q.remt !+"rypfqs..ry

lVe can fonlnulat,e the fol lowlng decornposit , ion theorem:

r/)
3.1 Eklgfg, Let Ybe standard l l*cone of fur iei ionton X and P.be the

greatest f inely open parabol ic subset of X" Denot i t rg t :y S the unlon

of  a l l .  open c l l lp t l c  subsets  o f  X ,  we have!  X  *  puTf  an t l  PAIN *  d  {

I , l r :oo f  .  Obv ious ly ,  f rom Coro l la ry  2 .4  {he . re  ex is ts ' the  gren tes t  f lne i .y
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opcn  pa rabo l l ; c  subse t  P  o f  X  anc t  P l *  *  0 ,  f f  D  *s  a  f l ne l y  spen

subset  of  Xn D6P,  then f rorn fhoorern 2.3 t ;here ex ls ts  a f ine ly  open

et l lp t ic  subset  a f  n  ,  heuce Df \B # $ and t .he proof  : [s  f ln is ] rer l " f f

I f J . i s a t o t a l l 1 , o r c 1 e r : g d s e t ' , w e d e n o t e b y 3 t ' l t 1 r e

s e t  o f ' a l t .  i d e a l s  o f  J  ( i . e "  f  €  7 ( t )  t f f  I G J  a n d .  J ( f ,  i € I

l m p l i e s ' J €  I ) "

l{e pnesent now the structure of the paralol lc ancl e}l ipt, ic

par ts ,  us ing absorbent  sets .
,/)

l.g-e TbSg"Igjp. Let Y be a standard l{*cone of f*nctions on X eind P*

be the greatest  parabol ic  absarbent  set  in  X.  I f  Pa + Xr  thore

exis ts  a to ta l ly  ordered sot  J ,  a t  most  countable,  such that :

a )  Fo r  eve ry  J  €J ,  t he re  ex i s t6  a  pa i r  (n ruCn)  o f  a .bso rben t  so ts
. J J

w i t h :  P ^ e B - G C *  r  E . : = C . \ 8 ,  i s  a  ( n a x i m a l )  e l l i p t i c  f l n e l y  o p e nA -  J ' '  J  J  J

s u b s e t  o f  X  a n d  i <  j ( : ) t r G B j  ,  
. - ' . f

b) For everv r € 7("1), ret rrs cef ine or,"H% , cr,=f61}r l i  and

. \ 7 t l l ; e . r ]  r "
Then P,  i s  para t ro l i c  l f  i t  i s  ncnempty ,

j

c)  (nr )J  

" ,  

ls  the fami . ly  o f  rnax lmal  e l " l ip t ic  f lne ly  open subsets

o f  X n

d) E and F having the rneaning of the above theor$miwe have 2

n  * L - / t u r / i € " T ]

l i r
i

( 3 , 1 )

and

( 3 . 2 ) P g U t P i ' r P i 1 r € J ( r ) I  ,
rvhere for eve'y r € Jtt l ,  pl  denotos the. totarly thi-n setf f i f -S'cr,

e)  I f  J  l s  a  to ta l l y  o rdered se t  such tha t  a )  and.  c )  a re  sa t ls f ied

r^.,

and if  mcreovor J(J) 
: :*.*t:r,  

*o*t*"r[ tn:"

I  
'=L- / - t  Pr  /  r€  J (J ) ]  "
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I l l"g_*$_, Fr*sr Cov6trlary g.l t  t i)  and ltemark ** ' !  b)$ th*re exlets the

greatest p;r : .abo}.*"c ahscr 'ben* sef $. l r  Xu denoted F*o

ry-'  Le t  I  be  * ] re  sc l t  o f  f nn i . l . i es  ($ j rCJ ]  j a * ,  * ' he re  J  fe ' a

t,otaJ.try orderrert ..;et su,ch t,hat, ftlr e1"er1. j6"31ff.. aind Cr ar$ at,s{irhe.nt
J J

se 'bs in  X wl t t r  PaC I lJScj ,  #*^ur . , *  4  and 1(J(* )Cf  €BJ"  T l ruorem ?*3

and P** X $nrply that fr*.u *o*o*p*f,* The i.nelusfon {wl.t}r orcler}
.

hetrveen the total ly ordered. setg $.nrluaes i in stsd*r.on , " 
fhis

re3at , ion 1s i r rduct lve anr l  le t  (8 . .C.) . - -  be a maxfrun] .  e lement
J "  J  J e . j

Aesertlon b) i .s a consequenee of the ruaxi.n:al l t ,y, r. lsing agaJ.n

Theorem 2 "3o

qrden

(
o f  f  6

Let D be a f lnely open ol} lpt ic eubset of, X s,nd suppose thnt

t

O# 
HEru 

l lence by Lemrea 2,2 b)  Dnl ;5 /Ur= +,  I f  we e le f tne Io=
|  , \  ^ {

= {  j€J /  DnCr= *J  t .hen Io€ J(J}  and i l  CF,  "  T i rerefore,  I ' I  is  not
L .,'. o o

par"abol tc  and th is  contradlc ts  b lu  So that  aseer* ion c)  and {3,1)  are

provetl. Let us remarlc that under t,he contlit.!.ons. of a) we hal"e t tr) (-*>cl o

(1.3)  ls  an obvl .ous conssqu*nce of ,  (3" f )o  As i "n  tho proof  o f '

Coro} . Iary '4"4 f r r  [a ]  ,one cnn ver i fy  1 ,hat  P{ .  is  a  to ta. l ly  th i^n sot . ,
f,n.

f o r  e v e r " y ' I € J ( . i ) .

. lfe &ffr suppose tfiat X

of any rerui-1r*lar set f s emptyo

asse r t l on  e )  i s  va l i d ,D

is  saturatedo hence the f ine inter ior

Frorn  t3 ,21  reeu l f ,e  now eas i l y  tha t

3_,J ligig*I5s, a) It i.s lrossllrle that J shouid not be we].l ordered (see

Exarnple 2lrelslv), ln contnast ivith the lvel l" eirdered fannily of absorbe*rt

sets generndecl iru [e] o
^t

b)  Nct  a lL  t ] : rer  set .s  P,  , f  6J{J}  are necessar i ly  empt ,3 ' (see Exannple 3 i .

In the f,er'3.lowtrng exarnplos, ttrre star:dard H*con€ of fwrot,ions

on X wLll bo tlic cclne of pos:l.l"tve superha.rrncnlc fwrctions on a

p - t rar ruunic  s1:ace.(XoU) wi th  countab}e t raso ( in  the senso or  [Z] ] ,
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iv . i . th  1€1, { {x }  (see  [ fJnp*so  t ' ! ] i "

k*ff:*ggs" 1" Let s*{*{ut} and for eny $p{in set ff *f X }et ?/q*} **

ttre se* trf 3*lv*r sotuEc$riLin{tr$Llse l*r's*x" f' i.nlte nurnerlcaX fuitef,i"c}ns i.t

on t I  sueh f i rat  ,  u 
l {*rr*J11 $ 

*s 3*c*!-}y *"**reas3.ng (e** 
[ f ]us]ro*rx.ern

4o1.2)  a l le l  u l r , rn r  
)d  u  

i s  hype: 'haruo* i .e  f  o r  the  Lap lace  equat* .ono
I  t t  

a

Obvious}y rvc hal 'o I t)*-{*1 , i{  antl  i i -{Or 1 } o

2o  Le t  x * ( - t r1 )  an r l  F$x  bs  a  cLcsoq l  se f  o f  x  sueh  tha t ,  x rF  Ls

d.ense i .n  xu 'sher i ,  fo l raw: i .ng [g ] (eee a luo [z ] ,  Exerc: i .ee 3o.r  *1?]s

thec'e ex{*ts a Eaucr space orr X (lv}r ich ccntaLns.t}re consta$*s} sr.ecir

that dhe abrrorben{ sefls (different f,nom 4} and x} ars exacta}" the

i ir{er,rals (- iox] with xeF" One c;rn verify.that rve have obtaineg a

p*Bauor  space.  lYe r lenoie by J  i l re  set  a f  a l r  Lef t  ext r .eml t , ior  j  o f

t hc  co rnponen ts  ( JsJo )  o f  t he  o l ren  ee t  x \Fo  t r f  wc  ta rce  E* * ( j o j$  nx
\J

fon every j€Ju ' i ;he farui ly (I iJi3a., uotisf ies ths eondit. ions a) mntl e)

af  ' fheorem 3ul ,  Obvlous ly  nr*$o for  every l ;€?( t ) .

A su* tab}e ch+lce of  the c t rosed set  F provss Relnar le  3.3 a)"

3o Let  X be the l ,opologica l  eubspace of  l iz

( * r , t  tx {o}U{ t  }x{oor  }  "
For evory open set u of ) i ,  we denot,e rry U(u) the set of al l  ] .awer

seruieorlffnuous, lorvex' finj.{,e nuri:ea"ical functi"o}}s u on U such that

(xr'+u{xr0}} *s }r3'perharmonic f'or the strusture Lntr'ocluced i.n

l ixanple 2 anrl (y'r+u(0sy)). 1s 16ca1.ly j .ncrea*tmg (yfuere tSese trvo

functLens are def: i .ned) 
" 

I , le use 6he notatlone of the above exampleu

wi th X. , * ( -1e1) iurd supposo t t ra t  O(suFl r "  L f  ; iGX1 is  a nonelapty

ahsorbent sef, f.n x,, trren ax{o} fs ar;sorbont *n x antt if x6lr, x}0

t, lr t ;n i*tnx] x{o}U{oi* n, i"s also ,a}:sorbent in x, wtre:re x* donotes

tl :e J.n*erval. {Sr1}c Lai us f lx a naur,-oid. fclsa} freT{. i) such i lrat

0 (  nup lo "  l r hen  l ve  can  i ; ak .e  I | , ; ; : ( - . { r3 ]  x  {O}u  C j  r * ( ( - {u jg  nXr }x  {A }



*t S*

,  , ) j , " , {Fru i 'J f i  x . ! }  x  {* }y{*}Xx*

aet,s whicl :  give t , l ro i lec*rn1r**J. i l i .* l :

n*no: i iptyo 3"n'  pi ; r ' t , icu.Lar ' ,  * . f  **

t , ' , . , f r  n  . \
* : , r . - fdiut t  -  ; - /  ar €sl ,  x,p3f r

i.f i(3 CI ru"rcl I] . r *t-f,.{ u i.*} U{*} x x*

i"f JcJ \ [u, o T:ltc'ss err' 'e t,]rtr lrlisltl,1']:em{;

c -f, ".i u rv:i- *ih F- e*;:ty ernen Ir* ", [* ] * ,t*

"r.a,.:,,, r"*{#}U{* s;} / oe ruf *=pr} +.*r

t ,he* Ln*I, '  a$ci  : l* i i r  { toU{* * * f} i }  }-
o '
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