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ON INDUCTIVE LIMITS OF CERTAIN
* -
C° - ALGEBRAS OF THE FORM -C{X)a@F

by Cornel PASNICU

The study of inductive 1iﬁits of C*;algebras of the
form C(X)® F (with F finite~dimensional C*;aigebra) has been
suggested by E.Gléffros in [5]..Cleérly, for this pfoblem, the
structure of the *-Homomorphisms-between algebras of the ;bove

form is tmportant. This question has been considersed in [11, E21,

Ei Do) Diod o Eit]oans Bigd .

After some preliminaries in. section yiwe consider in
section 2 *-homomorphisms @: C(X>® A+C(Y) @ B compatible (2.3.)
‘with a map 0:Y>K(X)(K(X) the closed subsets of X) whﬁ;h generalize
the homomorphisms compatib}e with a covering considered ih {31, >

Our results are more precise in the following two situations:

é1(y),A_@: X>Y a continuoﬁs supijection:

]

B o(y)

20

0y {p(y)}, @: Y+X continuous 0.7

Given a homomorphism, we find ﬁondftions that insure
the existence of a 0 as in'lé above with which it is compat}ble
(2:8.). We also improve one ofvour.prEVious results (Proposition
2.5. in [81) concerning_ homomorphisms compatible with a p-fold

coverinag (2.91),



g L

in section 3 the thomorpbisms‘C(X)® pA+C(Y)g B are
unftal;A, B, are finite-dimensional énd {he compact spaces X, Y.
are metrizable(excepting PFoposition 3.1.). Our results describe
the local structure of such homomorphisms in terms éf continuous
Hquasiflelds' of finite=dimen§ional’C*-algeyras (j.1.and 3.4
Using classes of inner equivalent injective homomorphisms between
continuous quasifields ;f finite-dimensional C*-aigebras (see 3.3.)
we séudy the set ofbc}asses of inner equivalent homomorphigms
(injective homomorphisms) feom C0X) edClY)ie B 13 W ). A simllac
ana\y;is is done forthe set of .all *-homomorphisms (injective
*"homo%orphnsmC) from-C(X)a A to ClY)e B which ape compatible wrth
a given continuous sujective map from X to Y, the fibre of which

catlsfles a certain continulty property k3.64)

Section 4 contains the main result of this paper. Con-=

slder a system:

: ¢1 : @7
clr g b Chx e 5
with Xk' Ak ac in section 3. We give conditions under which the

above inductive Pimit is “trivial“f}n the sense that it.coincides
with the tensor product of a commutative C*-a\gebra with an
A.F.-algebra. The assumptions on the spaces: Xk lnvolve the
"vanishing of certain. non=-abelian qohowolcgieé (hils occurs for

Xk contractible, for Ifistance) . Moreover, 1t is required that

@l(C(X Yeogl e X YR 1 (gee b, 2.). Foir sieh trivial
< k : Ak :

k+1 Ak

inductive limits we also consider the isomorphism prob‘ém (L. b.).
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For Al andi B unital € -algebras, Hom(A B) (resp.Hom;(Asﬁ
: i :
will denote the set of all unital *“homoﬁorphisms (resp.
all unital injective **homomorpﬁisms) from A to B endowed with

the topology of pointwise convergence. Z(A) denotes the center

and U(A) the group of all unitaries of A. ¢ ,Y€ Hom(A,B) are

called inner equivalent, ovY, if ¢=Adu o ¥ for some ug U ( B). For
McHom{A,B), we denote by M/n the corresponding set of classes

of inner equivalent ‘*~homomorphisms.

For a compact topological space X we use the canonical
Pdentification C(X)g A = C(X,A). If fe C(X)g A and FC X, we denote
|| f F[l:=sup|[f(x)|] if F#0 and Ilf'ﬂ![:=0. For a finite-dimensio-

f - XeF - [ g
nal C -algebra A= ® Ai (where each A, is a finite discrete
i E' :

factor) the inclusions AiCIA, ie |, induce canonical embeddings

Cix)e A, cC(X)a A, i el, and we have C(X)g A = @ C(X)g A

e

P

| ©:X+Y is a continuous map between compact spaces,

A * * -
we denote by @ :C(Y)>C(X) the map @ (f)=f o @, f vy

Let Gibe a topological grotps, GC the sheaf of germs
of continuous G-valued functions on X and H](X,GC) the
corresponding cohomology set; for a contractible compact space

X HI(X,GC)'reduces to the trivial element ([71).

Throughout this section X;Y wil'l denoties compact .
% :
;spaces and A a finlte=dimensional € -algebra.
2. ieteonsider A= @ Ai' whe re I iiic g il nilitie siet
' i€l

and each A, is a finite discrete factor.

i

Denote K(XJ:={F |F is a non-empty closed (i.e.

compact) subset of X}. Consider & e Hom(C(X}® A, C(Y® B), where
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; _ * -
B ls 2 unital C -algebra. For any ve Y, let Xy o K({X) be such
]
thiat lge C X)) | Qle 5 =0} is the kernel of the unital *-homomor-
$ z <

phism:

C(X) 3g>9(g® 1,)(y)e B

A

" Then, for each ye Y, Xy o K(X) is determined by the condition:
g . - 5

[leta 1) (y) 1=l lalx, oll, ge€(x).

ys®

In“aislmilar wayione sees-that for amvlvic ¥ and § e !

there is a unique closed subset X; s of 6 ciicheithait:
. :

|[@(fi)(y)![;[l_f“iﬂlx;,’@]l, fie clx)e A,

Note that X; g €an be theiempty set. Clearly:
; ,

5 i
XY»Q iLJE' XYo(p
2.2, Foriany f =. G fiE ® ,c(xi)a A, and ye Y
e ; il ie | 2 :
we have: :
(1) et () =max 16, 1x] 11,
: le ol .
@) o) (11l IFlx, 4]
since:
[l Ce)ity) | {= [z (e (y) [emax ||l hily) | =
. el iteel
=max |1f %! 1l< max e, =l |1

ig' . Ig'



Moreover: : e
U Xi =X foirianye | I

(3) ¢ is injective (= 5
: e Y Yo

Indeed, by (1) we have:

(GF =max . : :
1o ()] = l|f|ly€LJY ol

b

LJ XI fiseic lioised:.

and each
Y@

y .Y

2.3, Conshder a map 0:Y>K(X), We say that a

*-homomorphism . €Hom (C(X)®, A, C(Y)2 B), where B is any unital

*
C -alagebra, is O-compatible if:

(1) Xy (DCE)(y), Ve

b4
This liiscequlivalient to:

(2) L1e(h) () 1<l 1 g0py 110 Feca Ay yev.

diced )= (20 by 2.2 . (2). Conversely, for any ge C(X) and

ye ¥ we have [lglx,  ll=lleton1,) () I<llalo() || and since

s closed in X it follows that Xy @CIG(y),
, s v

Xy,@

The above argument also shows that'Xy g s the
¢ 9

smallest non-empty closed subset F of X such that oty i

<l F lFIl_for any. £ e ClX)ap,

2.4. Consider ¢ g Hom(C(X)® A, C(YR B), where A= ® Aty
e

s

|l is a finite set and egach Ai is a flnite dlscrete factor, and 3

map ©:Y>K(X). Then, the Follohing.are equivalent:

Gk Lol ieli=f floly)slil fe cr(x)% Aoy e,



e

(2) X 4= 0lyd, vy e¥s T el

- L

Indeed (2) = (1) by 2.2.(1). Conversely, for every
1

i el and y eY, we have Ilfilx; g e e ) G R R g0yl
fi sC(X)@Ai, and since each X;’® is closed in X, we deduce .
s ‘
X =0

V)

2.5. Suppose moreover that (0(y)) is a partition

e

ef X vand thiat @ lsicompati ble with . Then ‘theitfiolfloywing are

equivalent:
()90 s inlective

@) JHeter Gl =] | el ety f ec(x)@ By e Y.

@

lindeed ;- (20 =¥ t1) by 2.2.(3) andi 2 b Conversely,

suppose there are io el y Y cuch thats:

i
Sinece  “9is compatible with. @, we have X
; ) 4

OQCZG(y), Svae Yoo Tihent)

lisiing 2.2 (3 andithe fact that (0 () is a partition of X,

Vinow

one has:

v EY Yo y €Y

‘a contradiction. Hence X;‘¢ = o), yiel, §lc s s andithe

s

conclusion is obtained using again 2.4,

2.6. Proposition. Consider @& Hom (C(X)® A, C(Y)® B)

and a map 95Y+K(X) and suppose there is a unital embedding

Bc:Mn; for some nk& Nl Then ¢ is ©-compatible if and only i



L
G1) eroia ®1A)(y))e mzeiet glfoly) aR GEE) -y Y

where tr denotes the usual trace on Mn.

Ereoof: Eor any Y e Y, consider the uniitals flnlite-
-dimensional *-representation C(X) @A 3 f>o(f)(y) eM . Since this

ls a direct sum of [rreducible *-representations, it follows

>

that for any x ¢X there ls a unital *-reprecentatlion I of
' ‘ Viyid ' X,y

A sulchisthat:

e :
(2 ) o f )l y) C Hx,y(f(y)) e h
; S e
forall FEC(X)®RDA. In partlcular, in this case, each X ls ia

ys® -
finite set. -

Suppose . that ¢ is O-compatible. Using the above dis~-

cussion, for g €&(X) and y €Y we get:

tr (0l gl ) Gy =" 7 g(x)edim I =
A % e X s e
Y, ®
= n-( 5 g(x)an't dim I ) eneco glo(y))
X EX : X’y 3
y,®
.sihce Xy’®C:@(y) and @ being.unital, z nnk'd}m I, y=1.

Xe X . 2
; Yeu @

Conversely, assume (1) and suppose there is yo€ Y such

that X%’nge(yo). Then there is Xq € X ®\§@(y0) and gog-C(X) such

o3

that go(x0)=l and gol]O(yO)LJ(X%’®\ {xo})=0'.

Usting 1) and (2] we have:

o)) = 5 9p (x)edim g -
KQX 0
YO'®

tr(e(gy @1,
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= dim nxo’yog/{o}mn-co gq(0(yy))

S8

a3 conitradiction.

2.7, Consider in particular the map 0:Y+K(X) glven

by 0(y):={ @(y)}, yeY, where @:Y+X is a continuous map. Then ¢

iis. @-compatible [f and only if:

(1) ¢(g®1,) = g oo@ly, gellX).

A

(ol wilu) i )

Indeed, since Xy,®={ @(y)}, we have @(g ®1A)(y)=H A

o ly),y
=glig (¥)) 15, for any g€ C(X) and ye¥Y. Conversely, if (1) holds

then for any ggC(X) and ye Y we have ||q| ky ®|i=![®(g ®1A)(y)l[=

=l gl oly) )i | and since each X is closed, Xy o o(y)}.

y,9

&

On the other hand let B be a finite-dimensional

%* , A -
C -algebra and @:X>Y a continuous surjectjve map, A *-homomorphism

o:C(X) A= (Y) QB {is isald to-be  ©.-compatible Siif:

(g o @mlA) = g@ i
If o ts Injective, then @ is unlquelyadetermlined by

® since we can use 2.5,: we have that (X ) e g partltion

y,®'yeY

ofi X and @-](y)=x e Vi

Y»é”
Let B,® be as in Proposftion 2.6. and consider the

map 0:Y->K(X) given by O(y):=.£1(y), y €Y, where @:X>Y is a

conitinueus silirijection: ln this situation the following assertions

are equivalent:

©

(2) ¢ is O-compatible



(3) @ is ®=-compatible
(4) tr(o(g o o2 1A)(y)) = nig(yj, ety ey

"(tr denotes the usual trace on Mn).

(20 =2(3). For any. geC(Y) and yeY we have:

e @ 1. taleldia

0 08
o(g o © 1A_ , e :

. = ’ ; :
since X So (y) (we use the notation and remarks made in the
' e

" niroof of Propositicn 2.6.).
(3) =2 (k) is_obvfous.

(k) =>(2) By assumption, for any geC(Y) and yeY we have

negly) = 2 glolx))sdimn, = Z ¢ thglt),
chy,® : X,y tsm(Xy’Q) y
where each ¢ (t)>0. Now fix y.,eY, suppose there is t, en(X 1\
y 0 0 Yo ?
\{yo} and let goeC(Y) be such that 90(t0)=1’g0l{y0}lJ(w(X NG
Ygedi  l

=0; then 9=9, and e will contradict the asbove form of

assumption (4). Hence m(Xy ®)={y}, Ve

2.8, The following proposition gives sufificient conditions

B

for a homomorphism ¢ to be compatible with some good ©.

. = .
Proposition. Let B be a finite-dimensional C -algebra

and consider ¢eHom(C(X)®A,C(Y)®B). Assume that the cardinality

of Xy,@ s “lloealily copstant on Y and (Xy,Q)er s a

pakfition oft XL llhens the "map m:x»Y,@(xy Jo=i Gyl iy sia covering

®

¥

map and ¢ is w—&ompatible;

e e e

Proof. -Fix yeY. The assumptions imply thiat there are
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-ngMN and UgV(y’) such that Xy: = XY@“ has exactly n elements for
¥

allvet e X s b aie e a2 ()T and et i e sz Ly ) )

Bil=n s s wleh Vén Vé = @ for p#q.

Nowi, for fixed pell,2,...;nk we claiimithere is Wellly'),
WeclU such that Xy(?Vé#ﬂ for any yeW. lndeed, in the contrary case

there is a net (yi)! o in U which converges to y' such that

o Xyier6=ﬁ. But for geQ(X), g ( %(yf))al, supp gf:V; we have:
| =10 oty <l lolx, 11=11eCs81,)(y)]]-
= lim ||®(g®1A)(yi)|l“”mHngy | 1=0

i i i

a contradiction which proves the claim. Therefore we can choose

Mellfy? ), Vcll, such that X 0 VO#E, eV, B, 2

We prove that ®is continuous. Indeed, If a net

(xj) _ o converaes to xeX.bth{%j)%iﬁx), then, X being

J
compact, we may suppose thattp(xj)+y0¢(dx).

For geC (0 <glx)=1, ngy =0 we have:
. 0 :

[1=11eg@1,) (yg) [[=viml[e(g®1 ) @ (x,))]]-

: 0=][g|x
Yo e
s =tim||al% [1>1imlg(x.) |=]g(x)]|=1
: - ] o ) ] :

a contradiction.

Eoir epch Vel et Xp(y) be the unidie element of

: = 2 P2 o 1= Z i jecti '
xyr1vp, Dl B aleh miap . V+Vp p(V) isi e biljection slnce



® oz, = 1d
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=1
Vi 3

P, - id, : note that Vp =@ (V)N VéeV(zg(y’)).'Moreqver, each

3 v s . . L ]
?p,'s continuous., Indeed, If a net <yk)k€K in V converges to

YeV and z.p(ykbézp(y), we may consider z p(yk)+x for some

xevpctvg = Vé, X # zp(?) and we have y = l;m Y =
’ Ot e :
= limolZ (y )) = ©olx), that is xe® NV’ = XNV’ hence
- © D Yk " 4‘3 (Y) P v P enc
X = 2 (y), a contradiction.

P »

Thus each wp = wlv : vp+v is a homeomorphism with

: P
inverse ZP. Hence ® is a covering map.

Since Xy = @_1(y), Vs follows from 2% 7o st a

® is'@-compatib}e.

2.9, The next propositioh gives the structure of

homomorphisms compatible with a finite coverina, which improves
the result in ( [83 » Proposition 2.5.) by replacing the
absolute retract assumption with contractibility and by'usihg

a shorter argument.

Prroposition. Let- DiX+Y ' be 5 p=fold covering map

(petl) , where X,Y are compact metric spaces and assume Y is

contractible, Then there is.a partition (Ui)?= of X into clopen

i

sets and there exist homeomorphisms zi:Y+U } satisfying

. y (1.<i<p) such that: if ®:C(X) RA>C(Y) 8B is a

@ ~compatible *-homomorphism, then there are ueC(Y, U(B)) and

*-homomorphisms V¥ y

13 2,...,WP:A+B siich “that:

() (y) = Aduly)( 1 Ll G

I @0

for all fe ) QA andivel,

Proofitaisince ¥ is simply connected, Ehere jis g

homeomorphism H:X>Yx{1,2,...,p} such that the diagram:



commiuites, where WU s the ‘canonical prejection.ifFor each l<i<p

we define: Ui = H-1(Yx{i}), the homeomorphism hi:Y+Yx{I} given

by hi(y) =y i) e Hnd z, YU, 52 = 1ohi.

Using P roposition 2.4, from [8] apd the fact that
Y is connected, we find *-homomorphisms Wl,...;W :A+B, a proper
sf Nlsee L7010 . p.17) and u;sC(Vi,U(B))

open covering (Vi)iel

such that:

@ (£) (y) = Adu, () ¥, (Fz, (y))))

I o

for feC(X)a A, eri, fel. (The setiiof Ye in BBl 2.4 depends
on the local ' neighborhood but they can be chosen canonical
Ehd & thiat ie In a flniite cot, so that this lioeally constant

chiollice tof the ¥'s s setually constant). The -comltilintuous maps

|j V'FWVJ%G. the topological group of all unitaries of the
P 0
‘relative commutant of ® _(WP(A)) in B, defined by
; ' k=1 2
* !
./ S, i (U g 2
‘J(y) ,(y) uj(y), ya\EIWVj, i, el satisfy 9795k = 9 ©OF
VoA Y and henee 4V, o). defines an element in H](Y,G ).
i j k e e : €
Siince Y |Is contractibl H](Y, GC) reduces to the distinguished
we._ ma asggﬁg that,
element. Therefore,Yfor any 1€l there exists a continuous

*® ¢
map V,:V,~G such that g, (y)~v (y)v (), yev, N Vj’ el dile

define utY*U(B) by u(y):=m (y)v, (y), yeV., iel. Since

Ui(y)vi(Y) = uj(y)vj(y) for eriF\VJ, Fhijel s sthiemman “u i« owelil=

defined and continuous.
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ft is easy to vérify that:

P
o P (Flz, (D),

@(f)(y) = Ad uly)( .
| k=1

feCiX) @ A, yeX,
§3.

Throughout this section X,Y will denote compact
metric spaces (excepting Proposition 3.1.) and A B finite-

*
dimensional C =-algebras.

In this section we give a local description of
homomorphisms from C(X)® A to C(Y)& B by considering separately
the cases X=point and A=C. We also consider certain classes of

inner equivalent homomorphisms.

3.1. Proposition.Consider seHom(A,C(Y) & B), where
Y is a compact space. For every yle¥ there exist ng(y’),WeHom(A,B}

and ueC(v,u(B)) such that:

(a) = Ad uly)(¥(a)), acA, er.v

Proof.lt is enough to consider the case when

P

For every yeY, consider the unital finite-diménsional
*-representation A 3a+@(3)(y)eM]. Since this is a direct sum of

irreducible *-representations, it follows that (3 )

pi(y)ﬁ{Q,i,Z,,..} and u’({y)eU(1) such that:

©

L L



) il -
n n
: )
for any a 121 a, €

M and yeY.,

k.
i

®

i=1
Since for any i, the map Y3y+tf(®(1k ) (y) )=

=ki ; p;(y)e{o,l,Z,...,} is continuous (here tr 'denotes the

usual trace on Ml)’ (E)V’éV(y’) and (E!)?EHom(A,B) such that:

2(a) (y) = Ad u’(y) (¥(a)), acA, y ev’.

We denote G:=U(B), S:

U(;(A)F) (here @%A)C is the relative
commutant of QXA) tn-B), G/AS:={gS|geG)  and HiG;G/S the canonical
map. G/S will be embedded into the topological space Hom(QXA),B)
by the formula H(g)(?(a)) = Adg(@ka)), geG, aeA. It follows that
we can define a continuous map 0:V’>G/S by @(y)(;ka))=®(a)(y).
yeV’', acA. Since S is a closed subgroup of the Lile group 6, T

has smooth loecal: sections. Thitis, there |ls VEV(y’), Vc:vband

WeC(V,G) such that the diagram:

I
Gi === 6/5
AN A

S lell

v

commutes, which ends the proof.

3.2. We consider on K(X) the topology given by the

~
Pompeiu-Hausdorff metric d, defined by:

r~
d(F,6):=max(supd(x,6), sup d(F,y))
xeF yeG

F,GeK(X). Here d is a metric which gives the topology of X. Denote

T AR



o s
by’F(X)'the.set of all finite non-empty subsets of X. Then

F(X)C K(X) is endowed with the induced topology. ﬁ

The proof of the following lemma is elementary and

-will be omitted.

~

Lemma. Let W be a metric space and a map 0:W+F(X).
The following assertions are equivalent:

(1) eec(v,F(x))

(2) the map W3 w+]{f|e(w)||ek is continuous for

everyvaC(X).

3.3 dLet T be a3 compact space and foirteach tel let

E(t) be a C -algebra. We say thap'((E(t))teT, L) i o contlnuocus

A ‘
quasifield of C -algebras if T is a continuity structure for T

and the {E(t)} 1in the sense of J.H.G.Feiln( 638 e i e. iievery
aeT is a map defined on T suéh that alt)eE(t) for any teT and
(1) T is a *-algebra under the pointwise operatiéns
) G s El e
(3) for any ael, the map T3 t=>||a(t)||eR is

céntinuous,

. * g %
Any continuous field of C -algebras ( [3] ) is a

continuous quasifield.

Let E} = ((Ei(t))teT’ Fi)’ i=1,2, be twd continuous

n ;
quasifields of [ -aldebiras. We say that " ¥ = (%)

el 2 ®

homomorphism from E1 to Ez ik 12 every Wt id a *-homomorphism

* ‘ :
of C -algebras from El(t) to Ez(t); 2°¥ takes T, dnto T,

: : : : -
(if we consider quasifields of unital C -algebras, each Wt is
assumed unital). Ye say that ¥ is injective If each g s

ihjective,



Ste
We denote by Hom(El,'Ez) (resp. Hom'(E1, E,)) the

set of all homomorphisms (resp.injective homomorphisms) from

E}» to EZ'
Gl i C1)
"(Yt' )teTe

(1)

In the unital case we say that V¥
eHom(Ei. EZ)' i=1,2, are inner equivalent, written V

W£1)=Ad u(t)o?iz)

fhicre - Ul such that u(t)eU(Ez(t)) and for

v 2
any teT.
* %
3.4, et B be a C -a]gebra,.Bgﬂn ® Mn R Mn :

. : 1 2 k
EB(X):={F5F(X)IF has at most n elements}.

n:=n_+n

D
1

2 k!

For any @sC(Y,Fn(X)) consider Ee(y):=C(®(y)), yeY
(each o(y) is a discrete topological space) and boa={Y3 y+f’®(y)€

eEe(y)!feC(X)} . Using Lemma 3.2. we see that E(O);=((E9(y)) )

erE@
*
ls a continuous quasifield of € -algebras.
Leit C:=Hom(E(X), €(Y) 2 B), Ci:=HomI(C(X), c(Y) @ B)
and et Z be the comsitant contlnuous field on Y, ef flbre B, We

define a map:

F : 6> U Hoﬁ%(E(@)Jﬂ-
| 0cC (Y, F (X))

by :
F(o):= (Wy,é)er
where V¥ (e V=0 f)(y) for feC X)), yeY sad
Y® Xy;@
XgiY 3 y+Xy’@an(X).

Proposftion. The map F 1s a bl jectiions which lInduces

itn-a clanonical way -2 bitjection of C/¥ ento



U (Hom, (£(0),F)/n)
0cC (Y, 7 (X))
Moreover, Frestricts to a bijection of Ci onto
U Homi(E(G)JU which induces a bijection of Ci/§ onto
Pt :
OeC(Y,Fn(X)) '
i (Homi(E(O),F)/%),*where gy Fh(X)):={feC(Y,Fh(X)){
@EE(Y,E;(X)) >

| U f(y)=x}
veY

i

Proof: ConsiderfF(@ )= (W(i)‘)- ]
CE e 1 S fviel|

Y,
2)

1
qu)1 . Y’q)z

o

L
V.2,

yeY. Then @ (f)(y)
1 ’
1 RS

EEX
[ T
= ¢z(f)(y) for feX) s veY, bence 'F jsilnjective.

: ; 5 Lo o T 1 i
For the surjectivity of F consider V¥ (ﬂy)erE

€ Homi(E(O),F), where OaC(Y,Fn(X)) and define ¢eC by

@(f)(y):=Wy(f[@(y)), feC(X), yeY. Using the definition of

Xy Q(st) and sthie  fact that each Wy is Injective, we have
3 > 5

[IFly  H=Hlete) () [1=]1flely) ||, ye¥, which implies

Y,®©

Xy 55 6(y) for any st. It fol]owg'that,F(@) = VY.
8 g ] ;

Elnad by, «ustng 2.2(3) 1t follows that F(Ci) =

N

= Eg Hom;(E(@);F)-
eec(v,ﬁh(V)) -

3.5. Remark. Consider the continuous map @2 T>¥

given by ¢(y)::y2, yeT(:={ye€]|]|yl=1}). Define 0eC(T, F](T))
O(y):m{¢(y)}={y2}, yeT and two continuous maps f,q:T>C by

fly)=1, gly)l=y, yeT.

/{‘hwz 33¢3

F(o ) =,F(®2), thiaits Sis W(1) = W( e =y for any

by



=g e
Then feFe and g-féfe,“thus ((Ee(y))yef’re) is
. _
not a continuous field of C ~algebras (see [ 3] , 019 )

3.6 Let giXoYe be g continuous surjective map such
thait ¢-](y) Ista finilite subset of % feor any yeY and the map:

«

Y3y>g 1<y)b€F(X)

is continuous. This condition is satisfied if, for instance,

® is a covering map with a fliniite fibre.

Denote by Clqg) the set of ali ®=compatible *-homo-
mofphisms from C(X)RA to C(Y)®B and by c](m) the set

c(o)N Homi(C(X)®A, c(y)es),

Let E:=((E(y))yey,r) be the continuous field of
C*-algebras given by E(y):=C(¢_](y))®A, yeY,I:= |
:={Y3y*f]®-1(y)eE(y)[fsC(X)@A}.(To see that £ is indeed é
continuous ffeld use Lemma 3.2. and standard partl tilon of

unity aEquments) Hlepien b the constént continuous field on Yoo
of ‘fibre B. Define 3 map G:C(¢)+Hom(E}F) by G(¢):=(Wy)yéY : - ;
whe re Wy(F{w-1(y)):=@(f)(y),‘feC(X)QA, yaY..‘

Using 2.5, we easily obtain the following:

Propoesition. The map G is a bijection which induces

a bifjection ‘from CL®) /v onto Hom(E, 7) /.

Moreover G maps ci(w) onto Homi(E,F) and induces

a bijection from ci(w)/& onto Homi(E}F)/W-
' 54,

In this section we prove our main result concerning
*
the stability under inductive limits of C -algebras of the form

*
C(X)RA and isomorphisms of such C ~algebras.

e e 3 e
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b.1. We first clarify the Tocal structure of
O-compatible homomorphisms with 0(y)={@(y)} where @:Y=X is

continuous.

Proposition. Let X,V be cSmpact spaces, A, B flnite-

% o
dimensional C =-algebras, @ Y>X a continuous map and consider

deHom(C(X)RA, C(Y)®B) such that:
¢(9®1A) =go e81,, geC(X).

Then, for each y’eY there exist a neighborhood V of v’ -5
continuous map u:VY»>U(B) and a *-homomorphism ¥Ye Hom(A,B) such

that:

9 (£) (y)=Ad uly) (¥ (f(a{y))))

for feC(X)RA, v e\

Rroof: Fix Melly2), VYehom(A,B) ana ety u(B))
given by Proposition 3.1. for the homomorphism A3a+©(1c(x) Qa)e

eC(Y) @ B. Then, for any ggC(X), ach and yeV we have:
2(g@ a}(y.)f(ﬂgQIA)(V))*‘(@UC(X)Qa)(y))=
=((5 0 @)y).1,). (Ad U(y)(fi’(a))).“—“
=Ad u(y)(¥(goalp(y))))

whiich: completes the proof.

=

L.2. In the situation of the above propositijon

suppose that Y is conpected, Then there are YeHom(A,B), a proper



A

of Y and uieC(Ui, U(Bj) such that:

opgn covering (Ui)iel

e(f)(y)=Ad u,(y) (‘l’(f((ﬂ(y)))')

for fFeC(X)®A, yeU,, iel. For yeY, denote by (¢(C(X)® Aty )
the relative commutant of @(C(X)®A)(y) in B. Since for any
yl’_YZEY fhere is a (inner) *-automorphism of B (depending on
y,; and y,) whil b maps ¢ (C(X)® A) (y,) onto (C(X)®A)(y,),
(@(c(x)@m)(y]))c and (@(C(X)@A}(yz))c are *-isomorphic and

hence:
U((e(c (@ A) (y)) VU ((2(CI® A (v,)) )y hy e

(as topological groups). Assume also that ;he cohomology set
H1(Y,U((®(C(X)@)A)(y))c)c) is reduced to the distinguished

element for some yeY (and hence for all yeY}).

* .
Proposition P ®YVY.

Proof: Define continuous maps_giJ:Uir)Uj+G, where
G i's the unitary group of the relative commutant of WA In. B,

. :
by gij(y):ui(Y) uj(y). yeUif\Uj, Layel,

Since gij'gjk=gik on U;r\Ujﬂ Uy {Ui’gij}isl

1 .
defines an element in H1(Y,G Yo e WA G ) s kelvia) o we Y
~assume _that for € =

ény iel there is a continuous map vI:Ui+G such that

g *
gij(y)=vi(y)vj(y) - yeUiﬂ Uj’ I, jel., Define u:YaU(B) by
u(y):zui(y)vi(y), yeUi, lel, “Since ui(y)vi(y)=uj(y)vj(y) for

yanr\Uj, tojel, - the map-u is»wel1-defined and continuous, and

%
we have ¢=Ad u o (P® V).

4.3, Now consider a system:

s v



= 2 -
o} o)

1 -y
C(X1)®A1-—-—~> C(X2)®A2—-—>

where for each k, Xk ks a compact space, Ak is a finite-dimensio-

*
nal C -algebra, ¢ is an isometric *~-homomorphism such that: =
: k

] = s
kh}®1Ak)b gof®l, ., geC(x)

k+1

A . ° e :
B Xk a surjective continuous map.

e o= dim 0% 9 )
AL

with ¢L:X

Assume that for any k>2, Xk is connected and
1, c
(X, U((@kﬂ(C(Xk_1)®Ak_])(X))‘)C? is reduced to the
distinguished element for some xst(and hence for all anP).Here
- - :
Som 7
(QKJKC(XK_Hka_l)Qd) is the relative commutant 9

o (X @A) (x) In Ay

Then, by Propositlion 4.2, , for: any k>l thetre exists

Yy e Homi(Ak, A ) (unique, up to inner equivalence) such that

k k+1
G ol ¢ 5
2 vQBY, . Let Ar=1lim (Ak,vk)

-3

We thus obtain the following:

* 5 * :
Theerem. The C =—aligebra . ilim (C(Xk)GQAk’@k) is

->

% * :
*-isomorphic to the (spatial) C -tensor product C(X)® A.

4.4, The isomorphism problem for the above

considered inductive limits can be settled in certain cases by
using the following result. We give a proof for the sake of

the completeness.

Piroposition. Let X,Y be compact spaces and A,B unital

* \ »
C -algebras with trivial centers. Then C(X)@ArC(Y)®B if and

only {f X and Y are homeomorphic -and AxB,



agg
_Proof: Suppose that ¢:C(X)® A>C(Y)® B 1s a
k-tsomorphism. Since ¢ maps:Z(C(X)®A) anto ZICH)I®EB),

C(X)~C(Y), i.e. X and Y are homeomorphic.

Let m be a maximal ldeal In C(X) and let X be the
corresponding character of C(X). We consider the surjective
*-homomorphism X@idA:C(X)®A—>€®A. Since ker(X@idA)=m®A, we
have AVE @AVC(X) @A/m@A. But ¢>(m®k)=m’®.18 with m’a maximal
ideal In C(Y), since d)maps”C(X.)@]A (=Z.(C(X)®A)) onto
CV@1,(=z(C(V)® B)‘). We have AQC(X)@JA/m@Ag_@ (c(x)®A)/

/2(m®A)=C(Y)®D B/m’@ BvB, which completes the proof.
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