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ON T!-OWCHART THECRXES I

to  the memoiy of  C.  C.  ELGOT'

Abstrqct. We give a calculus for the classes of 
'determinist ic 

f lowclrart

schemes with respect to the strong equivalence relation, sinri lar to the ealculus of

the classes of polynomials with respect to the reduction of similar terms. 
\
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4 .  I nb roduc t i on

.A.  This  paper  is  an at tempt  to  devblop Backus ' ic leas 16,71,  namely to  construct

a mathernat ica l  theory in  which pfoqram t ransformat ions are a l lowed,  and in  which

comectness can be obta ined us ing s imple a lgebra ic  computat ions.

As prograrn representat ion we use f lowchar t  schemes.  -Many of  the i r  usefu l

proper t ies are known f rom [24,  77,  32f ,  but  wi th  the above a im in  mind we prefer

the a lgebra ic  v iewpoint  o f  E lgot  [17,  fB: | .  I t  is  wel l  known that  the operat ions of

' rs t ructured programming"  are not  enough for  represent inq a l l  schemes 125,  ?67,

essent ia l ly  due to  the i r  one- input /one-ex i t  feature"  The basic  Elgot 's  idea in  [ fS]  ls

to  use many- input /many-ex i t  schemes wi th  composi t ion,  tup l ing and i terat ion as

basic  operat ions.  P ic tor ia l ly ,  these operat ions are
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the i r  in tended in terpretat ion at  the

Every scheme can be obLained f rom

We al low the program t ransformat ions which respect  t i re  s l - ronq equiva lence

re lat ion in  [18] .

The main point of this paper is to give a calculus fr:r the classes of

c le termin is t ic  f lowchar t  schemes wi th .  respect- to  the s t ronq equiva lence re la t ion,

essent ia l ly  s inr i lar  to  the ca lcu lus of  the c lasses of  po lynorn ia ls  wi th  respect  to  the

reduct ion of  s imi lar  terms.
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semanl ica l  leve l  w i l l  be  g iven in  Subsec t io i r  B .

the  a tomic  schemes us ing  these opera t ions .  .
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B. For the begirr{ng we f ix the standard model for the interpretation cf

f lowchar t  sehemes.  This  model ,  proposed in  [ "17]  by Elgot ,  consis ts  in  the fo l lowir rq.

F ix  a set  D represent ing the set  o f  a l l  va lue-vectors for  the reqis ters . in  a

'ln m
comput ing device.  A program scheme F -  

fJ  is  in terpreted as a par t ip l

+
funct ion f  :  [m]xD*e- ] [n ]xO ( in  th is  paper  [m]  denotes the set  [1 , . . . ,m]  wi tn

the meaning that  i f  program execut ion begins at  l ine k€[m]  of  the program wi th

in i t ia l  va lue-vector  d  and i f  f (k ,d)  = ( j ,d ' )  ,  then dr  is  the new value-vector  when

program hal ts  at  l ine jg [n] .

The set  o f  a l l  par t ia l  funct ions f rom [m. ]x  O to [n ]xD wi l l  be denoted by

Pfn'(m,n); when .D. has exactly one element we shall  write Pfn. instead of PfnO .

The in tended in terpretat ion of  the above.  in formal  op"r" i ion,  is  the fo l lowing.
i .

Cornposit ion: for f €Pfn'(m,n), g€Pfn'(nrp) we cJefine f epg €Pfn,(m,p) as

(f .oSXl,d) = q(f( j ,d)) ,  foi ( j ,d) € [m]x D.

Tupllnq: for f€ PfnO(m,R), g6Pfnp(n,p) we def ine (f,g)O 6 Pfn'(m+n,p) as

( f ,g)U( j ,d)  = " i f  .  jg tml  then f ( j ,d)  e lse g( j -m,d) ' r  ,  for  ( j ,d)  €  [m+n]  xD.

.l
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sequence:

ined,  i f  such

ra ic  s t ructur

example in  m

(jr,dr) is t lre last defineeJ value (i .e. jr)*) irr the

( j0 ,d0)  = ( j ,d)  and for  t<  )0,  ( j t+ t ,dk* l - )  =  t ( ju ,do) ;

an r  does not  ex is ts

st rong i terat ion theor ies in  Sect ion I  is

+ n
I le ra t ion :  fo r  f  €Pfn ' (mrm+n)  we de f ine  t  "ePfn ' (m,n)  as
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C. We come bacl< now to the syntact ica l  level  in  order  to  obta in a r igurous

def in iL ion for  f lowchar t  schemes.  The usual  prqgrams,  wr i t ten as f lowchar t

schemes,  a l low two consecut ive genera l izat ions.  The f ina l  resul t  is  par t ia l ly

s imi lar  wi th  Petr i  nets  [28]  (where two k inds of  e lements appear :  t rans i t ions ancJ

places), and differs from all  rdpresentaLions of f lowchart schemes I istecJ in [4,ch.4].

The f i rs t  genera l izat ion,  appeared in  I97O-I975 in  t l re  context  o f  the s tudy

of  th 'e  s t rong behaviour  of  program bchemes U8,24,2I ] ,  consis t  in  rep lac ing the

concrete slatements frorn vert ices rvith symbols. More exactly, consider a set g

of double-ranked variables, i .e. every q-€ X has a number f in of inputs and

another  number (or t  o f  outputs  -another  wr i t ing is  f€X(c,n,  q ,ur)  - ;  s imi lar ly ,

for 'a  sequence e in  the f ree monoid I *  ,  e ,n ( respect ive ly ,  
"out )  

denotes t l ie

sum of  inputs ( respect ive ly ,  t i re  sum of  outputs)  o f  the le t ters  of  e .

The seconcJ qenei 'al ization (which'- as far as I know - appears only in [1'41)

considers an abst ract ,  r ' theoryt '  T ,  whose morphisms T(m,n) ,  m,n,?0 are used for

connect ions l re tween ver t ices in  a f lowchar t  schemes.  [For  the usual  f lowchar t

schemes this theory is the t-heory of part ial functions Pfn. ,  and the morphisnrs can

be seen as determin is t ic  t ranssmis ions of  contro l  between verL ices,  wi thout  change

of  memory.J

can be ordered as in  F igure l .b  and

the basis  of .  connect ions) .

The usual f lov,rchart scheme in Figure 1,a

can be br ie f ly  represented as in  F igure l .c  (on

0 0 0
0 0 1
1 0 0
0 0 0

0 0 0
0 0 0
0 , . 0  0
0 1 0

( c )



1 , 5

( b )

l'igure 1 .

J m
In conclusion, a program scheme n is abstracted to a l:l&Wghart over T

t{-.n -
wi th  m inputs and n outputs ,  which is  def ined as a pai r  F = ( l re) ,  where

g

o c r l ^v E c l

I  G T(m+eout ,n+ein)

is a sequence of i ts vert ices, and

- r

.g ives the connect ions.

the interpretation 0f a f lowchart in a concrete

is given by the Elgot formula (see the begii l ing of

Denote this.,set by Flgl(m,n). A f lowchart theory is Ft5,T , for so'me f and T.

This idea of using an abstract theory T for the: transsmision of data between

ver t ices in  f lowchar t  schemes is  very impor tant ,  even i f  the problem of  the type of

T is not completly solved. In this paper we pled for the 1.rse of stronsr i teration

.  The next  s tep is  to  g ive a prec ise meaning to  the above in formal  operat ions on
' : .

f lowchar t  schemes.  Since every morphism in ' .T can be seen as an r rempty

f lowchar t , "  composi t ion,  tup l ing and i terat ion must  be def ined in  T.  In  Sect ion 2

we shall  see how these operations can be natural ly extended from T to arbitrary

f lowcharts.

I t  remains to  c lar i fy

computat ion theory.  TNs

Sect ion 5) .

-  -"1

l l
rl . I
t ' :  rr--
fr - J

I
I
I

I
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D. Three adrrances of the present p:l f ,g.r are worth mentioning here:

(t) The introduction - in a constructiveway - of a natural equivalence relation ff i

on f lowchatrs  in  F!1.  - .  [S ince in  lhe case of  usual  f  lowchar ts  ( i .e"  F[= )  * ,  ic
rrt | -nPfn.'

t f re  s t ronq equiva lence re la t ion in  [18] ,  we equal ly  ca l l  E the s t ronq equiva lence

re lat ion. l

(2) Tl^re use of strong iteration theories as a necessary and suff icient semantical

model for support t lreories in order to =q*equivalent f lowcharts have the same

interpretaLi  on.

( : )  Our  main technica l  resul t  says that  the e lasses of  a-equiva lent  f - f lowchar ts

over  a sLronq i teraLion t l reory T is  the s t rong i terat ion theory f ree ly  g 'enerated by

adding X to  T.

Le t make some commenls  on  these.US

(1)  l t  is  wel l  known t l re  necessi ty  of .s tudy inq some equiva lence re la t ions on

programs l tg ,  Z l , lS l .  S ince i t  is  undecid ib le  when two programs are funct ional ly

equiva lent .  ( i .e .  when they def ine the same input-output  par t ia l  funet icrn)  for

ext remly poor  c lasses of  nonnronadic  programs lZ7l ,  we must  rest r icL oursel fs  to

the s t . r 'ong equiva lence re la t ion ( i .e .  two programs are s t rongly  equiva lent  i f  for

each input  they make t l re  same steps in  execut ion) .  I t  is  known f rom Elgot 's  papers
r ; tE

( for  exanrpfe ty ' ] )  that  the c lasses of  s t - rongly  equiva lent  f lowchar t  schemes form.an

f terative) algebraic theory, but this result is not constnuctive. 
'  
We ne-gd e- -crgg-d

f  lowchar t  represent .at ion and s imple comDut iug ru les to  check d i rect ly  the

,a-lqebraic-g-t!.Ugtule*gi the clas-ses o.{ str-ggqly eqgiy.a,lent flor,Ychaqt sghemqs.

'  
Beside the fk :vrchar t  representat ion in  Subsect ion C i t  is  imperat ive to  use an

equiva lence re la t ion conta i r r ing the fo l lowing two basic  re la t ions ( the p ic tures f rom

[]01 are a lso usefu l ) .
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( i )  n-9 f - '  i f f  Fr  can be obta ined f rom F by adding some unaecessib le

ver t ices.

iEx_amp le .  f  2+F1 ,  w i th  F I and F2 f rom Figure 2.  m

(s)  f i+ f  i f f  F '  
" "n  

U,  obta ined f rom F by ident i fy ing some ver t ices wiLh

the same label and whose output connecti.ons

can be obta ined f rom F '  by par t ia l ly  unfo ld ing

Example. .  Fz-b F3 ,  wi th  F?,  andF3 f rom

NgJ'rq,xamole-- There is no F with only one S:-vertex such that f+ -!+ f ;

part icularly, f  U-:/*f l  (F4 and Fl are those from Figure 2). B

are equal  a f ter  ident i f icat ion (or  F

some ver t ices) .

F igure 2.  F

r

I
I
t_

1t
I
I
I

I
I
I
t _ J*

I
Y

( n 1 (re I

Figure p-

(ry) (r'4)

Our equivalence relation r i  is the congruence relatio.n generated bV J+ g Jp..

Theorem 4.1 g ives a good and construct ive character izat ion for  th is  re la t ion and

Corol lary  6.3 says that  E is  a  genera l izat ion of  the s t rong equiva lence re la t ion in

the abst ract  context  o f  F lg,T.

In  conc lus ion ,  we be l i ve  tha t  in  the  de termin is t i c  case the  bas ic  f lowehar t

I

I
I
I
I

I

theory is  that  o f  the e lasses of  F-equiva lent  f lowchar ts .
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e)  We neecJ a semant ica l  model  in  which H-equ!val t rn t  f lowchur ts  l t t ive l . l ie

same in terpretaLion.  Sucfr  rnor le l  proves to  be the s t rong i terat ion t l rec l ' ies (see

thei r  ax ionrs in  Sect ion 1) .  The s l r r :nq i te la t ion theor ies (as iure l l  as i terat !on

Lheor ies in  [1 ] ,20;  see 2I ,  far  the i r  name]  arrd theor ies wi t l r  i teraLe in  h3,  14] )  are

genera l izat ior rscr f  both pointec j  i tera l - ive t l reor ies in  h0]  and rat ional  t .heot ' ies in  t . l ] .

The new axiom (I4s) is Sfgg$l. I ts necessity for our aim (e*equivalerrt f lowcharts

have !he same inLerpretat ion)  is  proved in  Sect ion 7,  whi le  i t ,s  suf f ic iency is

conta ined in  the proof  o f  ou l  main theorem (Theorem 6.1)"  In  conclus ion,  we take

for  the supporL theory a s t ronq i terat ion Lheory '

( ] )  We can now t ry  do descr ibe the a lqebra ic  s t ructure of  Ft ; ,1 /g r  when T is

a s t ronq i terat ion theory.  l -he ax ioms (Ct) ,  (C2) ,  (T l , ) ,  (TZ) ,  ( lOp) ,  ( t rZ)  anO ( l3p)  in

Sect ion t  ho ld even in  F l { , r . 'The le f t  s icJe of  the equat ion. in  (T l )  ( respect ive lyr  in

(T4) ,  ( l l ) )  is  i .y  ( ruup"ct ive ly ,  J"u )  equiva lent  wi th  the r ight  s ide.  A techn!ca l

analysis of ( l4s), based on t lre characterizaLion theorem for ff i  (Theorem lt.1),

completes the p ic ture:  l= tg,T/H is  a s t rong i terat ior r  theory,  too.

lv loreover ,  the proper ty  that  5  -equiva lenL f lowcl rar ts  have the same

interpretat ion in  a l l  s t rong i t -erat ion theor ies and the universal i ty  proper ty  ( l ike in

[9, 14]) show -that Ot;,r/= is the strong iteration t lreory freely generalecl by

addinq X to  the s t long i tera l - ion theory T.

The f i rs t  proof  o f  the main resul t  in  th is  paper  appeared in  [ ] ]1"  A par l ia l

s i r r r i lar . resul t  was obLained for .  the nondetermin isL ic  ca$e in  [ ]4 ]  t rs ing a$ supf ior l

t lreory a malrix theory. In order. to have a uniform representation for usual

f lowcharts vre st i l l  represent morphisrns in Pfn. also as matrices over l0,t] .
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E.  In  Sect ion I  s t ronq i terat ion theor ies are in t roduced.  Sect ion 2 o ives the

basic  def in i t ions on f lowchar ts .  
'The 

basic  
"ongrr* r , "e  

re la t ion $$ is  'def ined in

Section 3r using as support theor"y T a paraiteration theory; i t  is shown thert

F l f , , t /=  is  a  para i teraLion Lheory.  A characLer izat ion theorem for  e i  is  g iven in

Sect ion 4; '  th is  is  used in  the next  sect ion to  pfove that  Ftu. , . , .7  is  a  sLrong i terat ion
, 

at t'*.

theory,  i f  T-  is  so.  The main Lheorem is  pr r :ved ih  Sect ion 5 (us ing a l l  the above

results). Section 7 gives a comparison of different types of theories. Some f. inal

remarks are g iven in  Sect ion B.

1
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.F i rs t  o f  a l l  we wi l l  def ine s t rong i teraLion theor ies.  Fcrr  t l re  sake of  s i rnp l ic i ty

we work in the nonsorted earse, but al l  the results in this paper holcl for sorLecJ

theor ies,  too.  D

An a l .gebra ic lheory T inL29r17,  lJ  is  g iven by:  a fami l ,y  o f  morphisms T(m,n) ,

mrn)0 lwhen T is  known in  context .  we a l low the notat ion f  :  m-+n,  instead of

f  e  T(m,n) ] ;  two b inary operat ions:  composi t ion o &nd tup l ing (  ,  )  ;  and some

dist inguis f led morphisms I r le  T(n,n) ,  0n€ T(0,n) ,  and x l le  T( ] . ,n) ,  for  ie  [n ] .

Moreover  "  and (  , t )  have to  ver i fy  the fo l lowing s ix  ax ioms.  Wi th the

composi t ion T has to  be a category l  th is  means that

For  ax iomat iz ing the tup l ing we need two ax ioms for  i ts  extension to  an arb i t rary

nunrber  of  morphisms

(C] )  f " (g ,h )  =  ( f .g ) 'h  1

( c 2 )  f . t  = f  = 1  , f  .' n m

(T1)  <f ,  (g ,h))  *  ( ( f ,g) ,  h)  ,

(Tz)  <D = ( f ,0n)  = (On, f )  =  f

and two others for !h" unique

components, .  
'

f o r  f  : m - 4 n r  g : n - * " p  a n d  h : p - > q ;

f o r  f  : m - p p 1 .

f ? t  f  : m - | q ,

a n d  ( ) = 0  e
n '

source sp l i t ing

g : n . - L q  a n d  h : p * l q i

f o r  f :  m  - | n ,

of  an arb i t rary  morphism in to

(Tl)  f i  = x i r . ( f1, . . . , fn)  ,  for .  f1, . . . , fn :  1-+nr

( r+ )  <x ! . f , . " " , * ? , , f ) = f  ,  f o r  f  :m -an .

A plei lglat ion thegry. T in If  1] is ein algebraic

and i € [n];

:

theory  in  wh ich  an  i te ra t ion

i s  def ined.

+ :  T(m,m+n) - -*  T(m,n) ,  for  m,n)0.
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L e t u s a g r e e o n t h e f o l l o w i n g : 1 , , - . , + 0 - . . a n c I 0 . * 1 , . , . d e n o t e s . * * l n , . . : , * * - i l >

ancl respectively aoT.i ,".., *Tllirr i lre sum of f €T(p,m) and qe 'I(q,n) is

defined by f n q = (f( lm+0,.,),  g(0*+ -1.,. ,));  rf  clenotes (0**-1,-,,  lrn+0n); every

par t ia l  funct ion ye Ffn. (m,n)  can be seen as a morphism yT in  an arb i t rary

pre! terat ion theory T ( rne in terpretat ior r  o f  the r rowhere def ined funct icn

4n,n : [nr] --e+ [n] is '  1;1"0n), but we asree to rJropp the index.

Before the.  main def  in i t ion we denote three ax ioms for  i terat ion.

( i o )  ( f ( I n + g ) ) * = f * g ,  f o r  f  : m - > m + n r  g : n * p 9

( l l )  q ( f ( q + l ' ) ) ' F = ( g f ) * ,  f o r  f  : m . - > , n + p ,  g : n - " } " m ;

(14 )  i f  f ( y+ l ^ )  =  yg  then  f *  =  yg*  ,  f o r  f  :  m- ;m+p ,  g :  n -+n+p' p l

'  func t ion  y : [mJ-+ [n1 .

and a

DEFINITION

lEe ra t , l on  t u l t r l s

.1 .1.  A pre i terat ion theory is  a  s t rgnq i terat io !  . theoly  i f  the

the fo l lowing f ive ax ioms:

a

( l0p) ,  w l r i ch  i s  (10)  on ly  fo r  g  o f  Lhe. fo rm 0 .o ln  o r  ln+0. ;

( I l )  f < f - , l n ) = f - ' ,  f o r  f  : m - - ) m + n ;

(12) ( f(<lmrl , . , . ' )  + 1n))* = f++ ,  for f  :  rn-p m+m+n;

( I :p ; ,  wh ich  is  ( I l )  on ly  fo r  g  o f  the  fo rnr  t r iOO,

( l4s ) ,  wh ic t r  i s  (14)  on ly  fo r  sur jec t i ve  func t ions  y .  H

qgfU]elf- l :L As we wil l  see in Corollary 1.10 and Proposit ion t. l2 i f '"

rest r ic t ior rs  in  (10) ,  ( l l )  and ( I4)  rvas imposecl  on ly  s ince we want  an ax iomat ic

system wlr ic l r  can be easi ly  ver i f ied.

The ax iorr  (10)  says that  t f re  i terat ion l ras a "uni iorm behaviour"  wi th  respect  to

the last n vari 'ables of f-:  m --* m+n (hence these last variables can be seen as

parameters) .  t3y (11) ,  the i terat ion g ives a "canonica l "  so lut ion for  the Elgot



4n
recur.sive systerrl  x = f(xrl^). In this contextu the axiorns (12) arrd (1,{p) show that' n

the canonica l  so iut ion of  a  system can' 'be expresses in  terms of  t f ie 'canonica l

so lut iongof  i ts  cornponents in  a way s imi iar  to  the Gauss subst i tu t ic rn method for

so lv ing l inear  sysLems (Proposi t ion . I "9 ,  be low).  The last  ax iom explesses the

preserv inq of  the canonica l  so lut ion when we rename the ver iab les,  not  necessar i ly

in  an in ject ive way,  but  in  a c tns is tent ,  way,  i .e .  i f  tv ro var iab les have the sarne

rename then the r iqht -  s icJe of  the i r  equal ions are the $ame af t r : r  renaming.  g .

Essent ia l ly ,  the d i ference between

in [21]  and theor ies wi th  iLerate in  [ l ] l

(14) .  In  theor ies wi th  i terate i t  is  used

In i terat ion theor ies

st rong i terat ion theor ies,

eonsists in t lre powet of

i te raL ion  theor ies

the i 'ax ioms o f  type

0At;, which is (14) only for transposit ions y = r: ,

and it  fol lows that (14) holds for arbitrary bi jective functions.

i t  is  used the fo l lowing equat ional  ax iom, s t ronger  than ( la t ) ,

( lAp) ,  which is  ( l4s)  appl ied only  i f  there are h:  n  - -pm+p and

Y1r. . . ,Yrn ;  [m]  - - ]  [m]  rv i th  y iy '=  y t  Y ie [m. ] ,  such that

q -  h(y+1, . . , )  and 1 = (xT yh(y. ,+1^) , . . . ,  xT-yh(y-+t^)>.  .P  J ' ' ' I - 1 "  ' - ' ' n r ' ' / m  p

E><aqples ... l l j l  nonexaryples= It is well  known that al l  t 'natur.al ' .  i terat!onrt

theor ies fu l f i l  a l l  the ax ioms (10) ,  ( I l ) ,  ( lz ) ,  q131and ( I4)  l is ted above.  par t icu lar ly ,

a l l  eo-cont- inuous theor ies in  [2 ] ,  ra t ional  theor ies in  [ ] .J ,  po inted i terat ive theor ies

in [10] ,  and metr ic  i terat ion theor ies in  [ ]5 ] 'are s t rong;  i ter :a t ion theor ies:  a lso i l re

i terat ion def  ined in  a par t ia l ly  ac ld i t ive category in  [5 ]  fu l f i ls  these ax ioms.

" 'The fo l lowir rg three examples of  w-cont !nuous (hence rat ional )  i l reor ies are

very impor tant  ones.



. Efenplg-It- (basic example) trfnr-,
L)

In t rocJuct ion is  er  s t ronq i t .erat ior r  theory;

i teration tf ieory. [Wlreir D has aL least

not  a  pointed i terat ive theory. . l  A

wi th t l re  operaLions

nar t inr r lar lv .  f * f  r r

two elemerrts F$srD

AA' l t

f rom Subsect ion B of
1 f.irl'iu i.e11{c ci i4:;i

is the irilfratl'strorrq

i s  noL idea i ,  hence is

Example 1.5- L-et S? be a rant<ec1 aphabet; t lre theor.y

CT*(m,n)  = {m-tupies of  par t ia l  sL- t rees.wi th  leaves

i n ,

cLz

labeled in {* ! , . . . , * l  33

with the f irst order substitut ion (trees for leaves)' ' t f$as composiLion, Lhe natural

tup l ingr  and the i terat ion.  q iven by Kleene's  f ix  po int  Lheorem is  a s t rong i terat ion

theory.

The subtheory Rra of  ra t ional  $?- t rees in  CTr,  ( i .e .  o f  t rees obta ined by

unfo lL l ing the usual ,  f in i te  gf  - f lowchar t  schemes [Z] ] )  is  a  s t rong i terat ion theory"

[ l t  fo l lows f rom [20]  tnat  Rra is  even the s t rong iLerat ion theory f ree ly  generated

by sa.l O

Exarnple 1.6,  The theory generated by the re la t ions over  a set  D and denoted

by RelO (more exact ly ,  the morphisms in  Rel ' (m,n)  are the re la t ions between

[m]x D and [nJ xD,  a lso representec i  as matr ices of  re la t ions ovef  D)  wi th  the

composi t ion of  re la t ions,  the tup l inq g iven by <[ f ] ,  [qD = [ l ] ,  and the i terat ion.'  - : -  
L q J

giuun by [f n]* = [f ]" [g], where [f]".  = trn U l_f l  u [f ] .  U.." .  ,  for

f  €Re !O(m,m) ,  gCRet ' (m ,n ) .  i s  a  s t rong  i t e ra t i on  theo ry .  n

Example 1.2.  The theorV f \ , f /=  of  the c lasses of  s t rongly  equiva lent :

f lowcl rarLs over  a s t ronq i terat ion theory T is  a  s t ronq i terat ion theory (Theorem

f.1) ;  par t icu lar lV f ! ,Rfn. /g  is  the s t rong i tera l ion theory f ree ly  generated be X.

lWrren S,., 
= I ,  Vce 1 tHe theorie, oI und F]r,$rf* /g are isonrorplr icl the last

theory has the ac lvantage of  consis t ing only  in  e lements of  f in i te  s t ructure. ]  f i



None.xarlrl lu l& For 5e with

Esik provect in [ZZ] thaL the quot ler-r t

I

0

t \
'"1

of  theor ies and about  the

necessi ty  of  s t ronq i terat i .on theor ies wi l l  be sa id in  Sect ion 7.  In  the remainder  of

this sectiorr we wil l  prove that the restr ict ions in ( lOp;, ( l lp) ancJ (l4s) are

super f luous.

Whi le  sLrong i terat ion theor ies,  iLer i i t ior l l l reor ies,

d i f fer  by the i r  ax ioms of  type (14) ,  in  the presented

another  new parL.  The ' "pai r inqt ,  ax iom in  h l ,  2 l ]

(p) (f,g)+ = (f+((g(f*,1nnp))1?r(o<f*,.1,-,*p>)n>

'  
f o r  f  : m = + * m + n { . p  a n d  g : n

is  rep laced by two s impler  ones ( IZ)  and ( I lp) .  Before

tecf rn ique for  obta in i r rq  new ident i t ies"

anly  two e lements:  .LeK( l ,0)  and

of  R,-  by the congruence generatec l
b,t-

CT
, l \

/ \
f ^ \

l l

4 i  . iL^
t l

4h
l l l

f€5e(1,2)

b y

a'nd tf-reories with i terate

ax iomat ic  system there is

is  an i terat ion

c

T I
v l

it -r-

ry  which iltheo is  noL a s t rong i terat ion t l reory.

-*m+n+p,

prov ing th is we speci fy  a

(TECh-l) Suppose (P) ancl. (I4L) hold in T. Given a system f :  m -+rn.r.n.+p,

g:  n-Fm+n+p conrpute rv i th  (P)  the f -component  anc j  t f re  g-component  of  i ts

so lut ion ( f ,g)+,  i .e"  f+<h, f  ̂> ,  respect ive ly  h,  where h = (q( f+,1- ,  - ) )o .  For  the'  p  ,  |  -  r  ' - ,  t * n * p

perrnuterJ system <S(s[+ j .O) ,  f (s [+ lO)>,  again wi th  (p)  compute the g-component

and' the f -component  of  i ts  so lut ion.  Ident i fy  the f *component  ( respect ive ly ,  the

g-component)  o f  the so lLr t ions of  t l re  g iven system and the permuted sy 's tem" The

conclus ion is :  these two ident i t ies hold in  T.  m



tfr'l 
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. PROPOSITION 1.9. Suppose that vre have a preiteration theory 
' f  

in v,,hich

( l0p) '  ( l l )  and ( l r i t )  no ld;  then the pai r ing ax iom (P)  hot r is  in  T i f f  ( IZ)  and ( i lp)  ho i t

i n  T .

Proof .  (a)  Suppose thaL (P)  ho lds in  T.  (TECH) for  the g-componenL of  the

syst.enr (g(0rr.,+'1rn+00), f(I*+0,r.,+10)) provir les (I3); and for the f-conrponent of

the iystern ( f ,  l rn+0**O) prov ides ( I2) .

(b)  Suppose that  ( l2)  and ( i lp)  no la i r r  T.  I t  can be proved that

(() (<f,g>(lrr.,+on+-10))+ =

Indeed, wi th ( l lp)  we have

(1*+cn) (<f ,g>(t*+on+to))+ = (( tm+OnXf,q))+ =

now (et) follows by using (l l),

(<t ,q ; ( l *+0n+Jo))+ = <f ,g>( l .nn0n* lp)  ( f+ , . . . ,1  > =

Using (l4t) and (l :p) i t  fot lows rhar (D) hotds for q

f  :  r+q-*q+p we have

for  f  :  m*pm.rp and g:  n* tsm+p.
+ &( f ' .  o ( f ' . 1  > > .' t a

Y

f * i

< f+,  g<f+, I

Iw
offform Indeed, for

p

0 + lr q

(0r+1oXf(orotono))o = (0r+10)sf l*f tfor.ro*oXu;q+ro))*

= (10+0.) (sf ttio*0.+to))+ = ((ro+or)sff)+ = ((0r+tqx)+.

A s i rn i lar  compuLat ion as in  (x) ,  but  wiLh ( I l )  tor  g  = Omnln leads to

(P)  (<f ,g>(0*+ln+p))+ = <f*<g*, lp) ,  g*) ,  for  f  :  m-+n+p and g:  n-*n+p.

For f,9 as in (P), using in turn (I2), (d.), ( l0p) anct (f ) we have

( fl , g)+ = 
!(f , 

gX1 
*+ 0 ,.n-r- I n* oXl *+ 0n* I m+ n+ oX(l mo n, I rr,* n>n lo))-u

= (< f ,tJ >(1. mo 0 ri.,o I n*. pXL rn+ 0n+ I m* no O) 
)**

= <( f (1m*O*nln*p))* ,  g( l **0** ln*p)  <( f ( l *+0, , . ' * ln*o))* ,  f  *nnno,  >*

. = ((f{ ' ,  g(f*,.1nr.p)>(0n-,ot 
nno))*

= <ft '<(g<f*,rn*o>)*, ror,  (g<fn, ln*o>)+>.

This proves (P) .  0



COROL-LARY L.-10.  $uppose rhaL

preiteration t l ieory Ti then (l i j )  and (l j)

| / "
4W

(I0p), (li.), (t2), (t)p) and (tAr) hoirj in a

l - . . - , l J  i -  1 -
I  l \ . J l . U  I l  I  |  .

P-ii t i :L \{e know :frc' ,n l .rc,posil- ion 1..9 that (P) trokjs in T, hence we cat-r apply

(T[Ct-l).  F:or f I  m **'rn+n and g : n-+.p, Lhis technique applied to Lhe

f-component, of the system <f(l  ,  n \ ^/!-,

conrext *ris was proved in [21]). ,",-r: ';"--r"-:l ,:;"::T:::ff:
. (TECH) appl ied to  the g-cornponent  of  i l re  system ( f (0m+lr r+O),  e( l *+On*o) ,

extends (l lp). g1

In a sl ightly different form the fol lowing iclentit ies are known from [20, .14.1.

coRoLLARY r .11.  In  a theory wi th  i terate the fo l towinq hold.

(a )  ( f ,  q (0 - - r l . -  ) ) *  =  ( f * . 1  +0  )  (  + '  \  .. , r  y \ - m  " . n + O t ,  -  . , .  r t n * r p /  \ 9  r f ' 2 r  T O f  t :  m . + m + n + p ,  g :  n  + n + p ;

(b)  ( f (1-+0n+10) ,  g(0m*1n*p))o '= ( f+ ,g+) ,  . for  f  r  m-Fm+p and g 3 n -+n+p;

(c)  qo<fn,  ( f<g* , tnno>sl )+> = (9(rm*n,  { ts [  n)o>)* ,

f o r  g : m - + m + n + q ,  f  : q _ + m + n + : .

(Therefore (a) ,  (b)  and (c)  ho ld in  a s t rong . i terat ion theory,  too. )

eI99! For'(c) use (TECH) for the

PRoPOslr ioN 1.12.  The ax iom ( I4)  ho lds in  a s t rong i tenat ion theory.

Pfoqf, The f irst step is to prove that (I4) hcl lcls for arbitrary irr jective functions

y.  Usinq (14)  for  b i ject ions,  we can suppose that  these in ject ions have tn"

par t ic r - r lar  for rn 1.+00.  consequent ly ,  le t .  f  :  r - .pr+p,  q ;  r+q-*r+q+p be such thar t

f ( l . r '0o+1o)  = (1.+0. , )q ,  hence g = ( f (J-+0^+1.- ) ,  cr r ) .  Us ing (p)  we have 6re desi red,  y ,  p  r  r l  -  -  r  q  p . ' .

identity (. lr*"Oo)eo = f*.

g-componenL of  ( f ,q)s ! -  -  .  f lm + n '



-.;-r

1

, d{t't

For the second step,  suppose that  f (yr . l^ )= yg,  for  f  r  m+rn+p,  g:  n .Pn+p' p

and a function y" Take a decomposit ion of y a; y. = yuyi l  where . y, is a

sur ject ive funet ion and Y1 is  an in ject ive funct ion;  take two funct ions u 3 f  -+m

such  tha t  uv  =  1 *  and  v :  n -+ r  such  tha t  y ; v  =  l . i  and  se t  f ' =  y ,q (v+ l_ ) .  I t, s  r  "  - . . - . -  , l -  - 1 . .  r l _  p

fol lows that f(yr+10) = y*f '  and uf(yry,+lo) = yig" From the f irst identity and (i4s)
, -+ ^.+we nave f  =  yr t '  .  From the second one we have f r (y .+ l_)  = V,q(vV,+ l  )  =

.  
' '  

I  P '  
/  l r \ - r  l ' ^ P '

uf(yuy,vy,+10) = uf(y+10) = uyg = ylgr henee by the f irst step we obtain f,* = yigo.

Consequently, f* = y.yig* = yg+. n

.n,



,{$
" .?""-tlslysls$lltssriol

As it  ' -vas shor,vn in Subsectiorr C of Intrr:cJuction

(see iLs definit ion there) vue neecl a cjur.rble*ranked

flowcharts and a f i theol 'yrr which gives morphisms for

is supposed to be a preiLerat, ion theory"

for a f lnwchart  theory Flo* r
tsgt I

set  o f  var iab les far  a torn ic

conneritions. In this section '['

V/e wil l  use sotrre standard notation : a f lowchart Fe F-I",r(m;n) is F = ( l ,e),

where e e E* anu Ic  T(m+eout ,n+ein)  I  q  denotes e,n i  and ( i r t )  is  the sp l i t ing

of  I  in to  bhe input  i  :  m 9n+ein and the t ransfer  t  :  eout4n+ein.

r
x > 0
r r .  * 4
J  ' - !

I

X: =X-1 . t

x > l  :

x $ 1

Figure 3.

'  x = 0
r r  r -  1
J  a -  t

x : * 1 .

t

Fxamp lg2 . l .

over a concrete

an example of  a
s

where i , t6Pfn
Clt

i(],(x,y))= "if

t ( I , (x,y))= " ;1

Like an X-polynomia l  over  a concrete r ing R,  a s  - f lowchar t

theory T is a mixture of concrete ancj abstract elements. Here is

unusual  f lowchar t  (see F igure 3) .  The f lowchar t  is  F = (< i , t ) ,  q) ,

,(-trZ) (here <xr cjenotes Lhe set of natural numbers) are

x = 0 then (1, ( .1 ,1))  e lse (2, (x , l ) ) , , '

x  *1 then (1, (x ,y) )  e lse (2, (x-1,y) ) , , '

v (x'y) e w';,

v (x,y)e.e'; '. n



:
f / \:  J t , i

'

.  The operations on f lowcharts ( informally definecl irr Subsection A of Intrr:ducti-

on)  have the fo l lowing exact  c le f in i t ions.  . l. { . . .

n r rtrLt- INITION 2.2 (basic operal ions nn f lowcharts).

"  
Comp_qs. i_ t ic{ l i  for  F 3 rn-+n,  F ' :  n*Fp we c le f ine F.F ' :  m+p as

F"Fr  = ( ( l ( i t+ l  XtO*s! , ) ,  t ' (10+00+lO,) ) ,  ee ' ) .q . '  p  q " ,  ' - p  - q  - q " '

Tup l i nq :  f o r  F :  m-pp ,  F t :  n - ;p ,  us ing  x  =  I . ^ - ^+0^ ,  and  x ,=  l _^+0_+ l * ,  wep + q  q  p * q ' * q , " - .
de f i ne  (F ,  F ' )  :  m+n+p  as

(F,  Ft )  = ( ( ix r  i rx t ,  tx ,  t tx r ) ,  eet ) .

I terat ion j  for  F 3 m+m+n we def ine F+' :  m-+n as

r +  f r  t : *  ,  r  \  n
r  - ( l ( t  r 1' n + q '

Qomrnent  ?- .1 .  The cornpl icat ions in  the def in i t ions of  i terat ion of  f lowchant

schemes in [19, 4], of more recently in [12], are due to the fact f lrat i t  was not used

a suppor t  theory,  wi th  a def ined i terat ion.  In  a s l ight ly  d i f ferenL form the present

definit ion of i teration appeared in [14.1. f t  .  :
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.hflllryg|rp n t _sgs1 v 9 Q1s9

f-{ere, arrd in section 4, we r,vi}l sr-rppc.rse firat T is a pgig$g;+,tig theor;,, i.e. a

preiferatiarr theory in r,vhir:h i tei.at iolr fulf i ls the ;:arametep axiorn ( i0)" ' f fr is 
axicm

is necessary for  Lhe compat ib i l i ty  o f  i te tat ion wi th  the

ff (to be defined below)"

equiva lence re la t ion

The bas ic  equ iva ience re la t ion  Et  can  be  in t roduced as  the  equ iva lence

relat ion generated b),  the natural  relat i r tns JF ,  - : -F in $urbsect iol  D of

Introduct ir :n" Roughly speaking, tw,o f lorvcharts are E*equivalerrt  i f  they make the

$ame steps in execut ion, The foi lovr ing claim (which holcjs true, see Corol lary 6.1)

g ives  some h in ts  fo r  the  unders tand inq  o f  th is  no t ibn .

CLAIM 1.1. When T = Pfn. and O;^ = l-,
l t  I

g-equiva lent  i f f they unfo ld the same t ree ( i ,e .  +

We now give the exact def ini t ions of J l  6p6 *"[+. in the abstract context of

F I * r . .  Be fore  th is ,  we neecJ  some nota t ion  t
Z,c I

For a sLr inq e e .S* ,  lu l  denot-es i ts  length and €1r . . . ;

e,e'€ f i  
x denote bf pstr* (e,e') 1ps set of al l  pai.t iaL function

which preserves letters, i .e" i f  f(k) = j  then 
"k 

= u' j  ;  ciearly pStr*

f '-sorted algebraic theory. Every part ial function ys FStr, (e,er) lras

natural ly t 'blocl<" extensions to inputs and to outputs cJenoted bv

yln : e1,.,*)er1n and respeclively, yout : eout*e'out.

[ l r r  fact ,  the in-e><tension is  the urr ique funcLor  f rom p5tr ,  to  pfn.  q iven by

e -*  
f in  

and * l?  *  0{u, . . . . *u- r ) ,n  o 1("* ) i , . ,  *  0("k*r . . . "  
o  ) in  ;  

s imi tar ly ,  wi th

t l re  out -extension. ]  St r*  denotes the {  -sot red a lgebra ic  subtheory of  pst rg r

which consists of al l  total ly cJefined functions.

[:or

I ie'l]

l s a

two

V gefl ,  two f lowcharts are

is the strong equivalence in []Sl).f f i

" .1.r  
i ts  let ters '

J'jirorn tiell to



DEI-II\ ITII]N 3.2

(also denoted: f 
TF

,t'i

(bas!c relatir:n *+),Tlre f lowchart F is qirnulatel via y in F'

F?) ,  i f  ye Str . - (e ,eu)  and
l^'

l ( l  +v .  )  t \  \ "  l * t
'  

n  /  !n '  
= \J ' rT l ' f  ) 'oa, t l l ' '  Lr

repreeented as inat r ices over

and by 0* ^ the zero rntr n
|  |  t t t  I

fr: l lowing.

l. lrg (case when y is an injective function).The fol lowinrl

EXgrulgJ.l", Take T = Ffn" with its rnorplrisrns

{O,i} ; denote by 1,.o i lre ident.iLy rn x m matrix

matr ix.  Tv,ro gener ic examples of  s imulal ions are the

u

d

a f

I
u' l  u,J

I L

" 1 t  
D t z

Drt Dzz

F -

i s  a  s i rnu lat ioh i f f

n

o
@
l r  o .  T
f  e  " l e l , l e ' l j

fa

" 1

c
ẑ

* T r

In other words,

adding an inaccessib le

reader is invited to exl-end
:

exemples of  s imulat ions

the

v i a

tu

6r

e' l; ll]
.Ll il

s r u B e l
D' ,  ruo , ,  Ior,,u rrr)

A

,  where

tr- -.--_- ,-*-\''-'  [ r .  n  . . l " ]' * le l  "  ie l , le t l '

[ - t  B  o l  
' l -a ,  

Bn B^  1
l l : ? l r 1 ? - l
L c  D  o J  L c r  D r , r  o r r J  o
i f f  tr t  can be obtained from F by

part er,

2t|tP=(case when y is a surjective function). The

fol lotving part icular example in orcler to obtain

arb i t rary  sur ject ive funet ions.  The fo l lowing

h , *
" 4

I

r .

i s a s i m u l a l i o n  i f f  l C "
f '
l c ^' L Z

T\

I Z

U is the natural



extension tn  matr ices of  t f re  tsoolean union in  lo , t l .  in  o ther  words,  r ;  is

t-r, l
sinrulaiLed via | |  lel l  in F' i f f  Fr can be r:btninecl frarn F by makinq two copies of

l . ' i" i l

i ts  vert ices and slrar ing thei l  inLernal  cnnnexions, i .e,  by a part ia l ty unfolc l ing of  i ts

vert ices.  n

- T l r e s e e x a m p l e s s h o w t h a t W e C a n t a k e a s t ' h e e x a c t d e f i r r i t i o n i i o r J + a n c 1 j * 3

in the abstract context of Ftgtr the restr ict ions of the simu{ation to

in ject ive funct ions y  
.  and respect ive ly  to  sur ject ive funct ions y .  S ince

- i
-+ S 3r " -4 (temma 4.2.a below) i t  fol lcrws that J* U ."9+ and *F generate the

same equiva lence re la t ion ;  in  th is  sect ion we prefer  t ,o  work wi th  -#.

Lt rMMA ] .4 .  Suppose that  the suppor t  theory is  a  para i terat ion theory.  I f

Fa+F'  and Ft  : f+  F ' t  ,  Lhen we have (when the operat ions make sense)  fI  t  y l  r -  '  -  - r

(a)  F.F.  F ' .F ' .  z
i  Y+Y . '  I '

f

(b) <F,F-r> ff i i+ (F',F',);
l -  V f V -  |-  '  l I  r

(n) F-+-r rr+\ v /  .  
v ,

Proof. Routine computations. For (c)u we need (I0). El

The s imulat ion. - ! "  is  a  ref lex ive and t rans i t ive re la l ion,  but  no i  a  symrnetr ica l

.  !  one.  Denot"  *+ 
-1 

by +- .

DEFINITION 1.5. W*,uy that F is gg*guelg'r!with F' (rvrirten Fs F,) i f  (F,t-,)
' is in the transit ive closure of -+ U {-. m

Since *F r +* are reflexive and transit ive ielat ions we have the fol. lowing

charac ter  iz  a  t ion l



r s  F ,  i f f

TF.IIOREM ]"F. If

para i terat ion theory.

thcre a.re F1,..", f t ,-. , ,

r . i;f r, *n*. F, .
' _ r  ' L

Y1r ' " . r  Yu* i  "  such

. . F  "  
* b  f "n-l )rn n

6l ,')

,{.,;}

I  t - . ^+
L t  t d  [ ,

"+*".' Ft ,
V .' r l + l

\
!

pROPOSITION 3.6.  I f  the suppor t  theory is  a  para i te . rat ion Lhecry,  gren

equiva lence re la t ior i  *  is  compat ib ie  wiLh the composi t ion,  t t re  tup l ing and

i terat ion (hence i t  !s  a  congruence) .

Proof. Since -* r . .6* are reflexlve relations we can

simulat ions for  *  have the sarne length n.  The proof

L-emma J.4.  U

the

the

Slgql By Proposit ion 1.5'the operations are rvel l  defined in. Fl..  -/- .  Sini 'e
)  l ' *

l r l

i s  a  para i terat ion theory,  then Fl . -  _ /*' - I , T ' *

suppose that two clrains r:f

now d i rect ly  fo l lows f rsm

(f,i l e Fr*r.(m,n)

ln , 0n and xj. '  i rr

i n  F l o . '  ,  h e n c e
4 t l

and (T4) .ho lc j  in

every f e T(mrn) ma), be seen as Llre "empty; '  f lowchart

(1,  denotes the empty s t r ing)  we can take as specia l  morp l r isms

tlN,T the corresponcling nrorphisms in T.

An easy computation shorvs that (Cl), (C2), (Tl) and (T2) holct

in OrS,r/* ,  too. The fol lowing computation 
'shows 

that (T))

Flg,1/g , hence FiX,T/g is an algebraic theory.



n i
t /,1* l

This  proves (T l ) "

For'(T4) we have to show tlrat

<x l r , . . . , x r l r>H F ,  fo r  Fsm*Fn"

Let *k denotes I n o 0(t -t)q * lq * 0(*-t 
;o; 

t lren the left side is
- m ] * 1 * D(<x!  i r1, . . . ,* [ i * t t ,  tx l , . . , , txm>, * i "  ] "he fo l lowinql  ver i f icat ion shows t l raL

^  
^a*T 

f , . . . , x f i f )  can  be  s imu la tecJ  v ia  (1" , . , . , i . " ) . in  F :

(x 
!  i " l , . , . , *  [ i *  

* , t* ] , . . , , t*  *)  (1n +.  (1or^. . . r lo))

<x l  i , . . . , * [ i , t , . . . , t>  =  (1m *  a luour , . i , , r "our r )  ( i , t ) .

Thls proves (T4).

'  The fol lowing computat ion completes the proof,  by ver i fy inq the parameter

a x i o m  ( 1 0 ) ;  F o r  F :  m + n l + n  a n d  F ' :  n - l p  w e  h a v e ,

(F(lm+F'))+ = (<l(1m+ i '+loXt.*npnrqq,), t ' (0r ' . . ,+lo+Oqolo,)) .

<i+(i ,+tqXro*r! ,) ,  tp*q+q,>, :*,)

= (<l <i*, ln*q)( i 'oloXroos!,) ,  t ' ( lo+00+Jo,)),  ee,) = F+F,. U



el xf
d'; 

"I

t. 4 "g.h ar;: c tq rj z a! i on ili e ore m f or $idlgyqtl$! qqi, iy4qir gg

l-et  *  c lenotes the rest l icLion of  *F to bi ject ive funcl- ions y (rvhen i rsv F-,**

say that F is .iscmoi'pllic v,rith F'); then s g -s.' n Jr- n 4L f} rL " we say that

f lowchart F is nl l t l lgl i f  there is no F,.s F with le' ldlel .  The relations i#

+I  arereduc- . t ions (when f -  i+  f - '  or  F+lF- ,  we have le , l * le l ) .

The fol lowing characterization theorem says that two f lowclrarts are

= -equiva lent  i f f  in  two steps ( f i rs t ly ,  ident i fy ing ver t ices and secondly ,  de let inq

inaceessib le  ver t ices)  they can be reduced to the same f lowchar t .

the

and

THEOREM 4.1. F =  i * '+ .+ .49- .

s

I

I

i .

$ ,

"#*
"€-g-

yes

yes

yes

yes

yes

yes

yes

yes

yes yes

n0 no

yes yes

yes yes

Table 1"  is x . y G y . x ?

A complete p ic ture of  the commut ing re la t lons is  g iven in  Table I  but  for  our

a im ( i .e .  for  a  proof  o f  Theorenr  4.1)  bes ides obvious commutat ions,  we need only

the commutat ions f rom the fo l lowing lemma.

LEMMA 4 .2 .  I n  F [ * .
. . & t l

i q(a ) - l+ . :+e  * |g&.J+ ;

; i :(b)-+", . : -  e* "  l* ;

i -(c)d- .  & s  $ ,<I ;

("o) +9.' +l- € +* € *L . *L ,

the fo l lowing eommutat ions hold.

(co) qS- . J+ E i*f,&;



f f i f.{. F

(d)-.q-" i*g -S.4.:-.

Bfogl_gt*![ggignl1:L-_U:gfn'1gl=g[U1e*4,2. Since t, jo, *: and +[ are
reflexive, transit, ive relations and by Lemma' 4.2 (the points (a), (ao)) r,ve have

c i-+g-+ '  "+ ,  <* 'g .+: - "+g i t  fo l iows that  the congruence E can be wr i t ten as
P

F :* F, iff I n * 0 such that F $n F',

where g = &'+t- .  $"{-9- .  From Lemma 4,2
i c

9.-+ .and g.+:-  are included in f  t .  hence F
nonobv ious inc lus ion  s  F  g  .  n

For a gener ie  f lowchar t  F = ( ( i , t ) ,e)  and je t le lJ  we shai l  denoLe by 
i , ;  i l re

component  of  t  conresponding to  the outputs  of  
" i ,  

namely t ,  =  (*1" , f  )out .  t .  For
J  )  ) .

a function y€Strr(e,e'), Ker(y) = {{. i,r.) f j ,r.e Ilel] ano v(j) = v(r<)] denores its

kernel  and Im(y) denotes i ts ranqe.

Remark  /+ .J .  Suppose we are  q iven

ye Str*,(e,e')  such that
A

(j,k) € Ker(y) implies tr(ln+f,n) = tO(In+y,n);

then there exists a unique Fr sueh . that F - i+ Fr, namely
t r t - ( ( 1  \ t / r  \  ' \r '  - . \ \ . tm+vout)  I  ( tn+Y1n) :  

9 ' ) '  where v€Str* (eret )  is  an arb i t rary  le f t  inverse of  y

( i . e .  v v = l  ) .
u ,

conversely, i f  r? F' i  for a (not necessary surjective) function y, then y

fulfils ({,) for f. A

(d)

eas i l y  f o l l ows  tha t  q .& ,  g .& ,

is  t rans i t ive.  This  proves the

F :  m*n  and  a  su r jec t i ve  func t i on

.

we are g iven F ;  m.-yn and an in ject ive funct ion. Relrarl< 4"]t.  Suppose

yGStr*(e',e) sr-rch that
2a

(p) ( l *+your)  I
l m

(1n+(y- ly1in) = (1*+yorr)  l ,



S]'*{/ .+"
e l

- t
wh€,re Y 

' '€tr5tr*(e,e') 
is the part ial function defined on!y on Im(y) and such thatI,

- 1  ' t ' ( .

YY 
* = 1", i  then there exists a urriqLie' F' such that Ftn"1 [.r 

'  
nanrely

t r - t - ( ( 1  \ r / 1  . - 1  \  ^ r \r  |  =  \ \ lm{- } 'Out /  I  \ . tn+Y in / ,  e ' / .

converselyr i f  F  *&F'  for  an in ject ive funct ion y ,  then y fu l f i ls  ( l l , )  for  l= .  LJy  ) ,  . l  ,

Lernnra 4.5" (a)  I f  r$+F' ,  F- ;+F" ,  and there ex is ts  !€$tno(g, ,er ' )  such thatv v l
y.= y,y,, ,  then F'Jf,?t=".

(U) tt O' .f O, F,, *+ F, and ther.e exists y,u6:$ttr*(e,,,e,) such that y = y,,y,,

then F" ; , *  n ' .

Pnqt  (a)  Let  v€Str* (er ,e)  be such that  vy '= 1. " , ;  then l '=  ( lm+vout) .

i  (1n+y ' .n) .  Hence

l '( lnoy"in) = (-1.+vour)l(}n+V,n) = (1 
m+(vy)uut)1" = (L*+y,,out)I, , .

(b) Duat. n

Proof  of  Lemm.q L2.  S ince (no) ,  ( "o)  d i rect ly  fo l lows f rom (a) ,  respect ive ly  (c)

we have to  prove only  the commutat ions (a) ,  (b) ,  (c)  and (d) .

(a)  Tf ,e  f i rsL inc lus ion is  obv ious.  For  the second one suppose F -+ F '  ;  then by

Remark 4.3 i t '  fo l lows that  ( i ,k )€Ker(y)  impr ies r . ( l -+y.^)  = t , . (1 . -*v ,  ) .  Take a'  J '  n  ' l n '  k ' - n ' ' t n ' -

fur rc t ion.  S ince Xer(y)  = Ker(yr )  and y1y1-1 = 1 the above i rnp l icat ion holds for

ys t  too.  Remark 4. f  shows that  ys generate$a s imulat ion for  F and by

Lemma 4.51 y ,  a lso q ives a s inr t " r la t ion.

(b) Suppose that F j* r 'f r". It is easy to find two injections
1

et f i r  e t  54 
" t t  

in  St r , . ,  such that  z ,y ,  =  2, ,y , ,  =s !  and yt - ly ,  , , , - ) ' r , ,  =  y- ly  ( th"z '  z "  L '
- l*  notat ion is  that  in  RemarR 4.4) .  The funct ion y  generates a s imulat ion for  F '



because i t  fu l f i ls  the (p)-condi t ion in  lRemark 4.4 :

(1) -concl i t ion f r : r  F ;  .hence ' .d . .

(1*uYour) l  =  (1-+2"ourXl , . , . . ,+y"out)  I  ( lnn{y, , -1r , , ; .n ;

= (1,.n+(z'y')our) I  ( ln*(y"-ly") i ,-,)

. . . .  
= ' ' ( l rnnz 'ourXl*+Y'out)  I  (1n*(y ' -1x ' ) ,nXln+(y"- l  y" ) ,n)

(1.*yorr )  l '  (1n+(y-1y) ,n) .

In  addi t ion,  by Lemm a 4.5,  z? and 2, ,  are (obv ious ly  in ject ive)  s imulat ions"

indcecl, y'  and y" fulf i l  the

an isomorph ic  representaL ion  o f  F '  we
. I

1"*0".  .  Set F '  = (<1"(1n*(1n,,+0*.) ,n) ,

a routine ' computation slrows that

be the  leasL equ iva lence re la t ion  in
t .

shal l  use the fo l lowing construct ive

(c)  Suppose that  O'+ F &F, , ,  Us ingy '  y"

may suppose that y, has the part icular form

( n  * l  ' \  r r l t  , f . , r r , t  \  r  ^ r r -  \ -. -e ,  ,  e . rour ,  r .n - ry r r+1" . ) in ) ,  u t tg . ) ;  then
' c l '

F' ;;#+ F 1f--** F',..' - e .  t e t t -  
e .

(d) Suppose that F'+g f J.4 p". Let ^,

t le l l  conta in ing Ker(y ' )  and Ker(y") .  We

de f  i n i t i on

j r . ,k  i f t  J  
there is  a  sequence of  e lements in  t ie l l  c jenoted j=n1: . . . rnr=k

( such that (n.,nr*r) € Ker(y') U Ker(y,,),  for s( r.

The re la t ion ru,  as wel l  as Ker(y ' )  and Ker(y ' , )  does not  ident i fy  e lements

J,k+l le l l  w i th  e,  I  eu;  hence i t  has a fepresentat ion au= Ker(y) ,  for  a  sur ject ive
'l 

. Ilunction yG Strt(ere' ') .  Let e' ; t  e' ' ( ; i i  e" be the inducerJ surjections in Strr,

that fulf i l  y 'z'= y"t ' : . ;  y. w.e shail  show that y. generates a simuration for F,

namely that i [  tuft i i lki , l-condit ion in Remark 4.j  t  indeed, we know that

( j 'k )C Ker(y ' )  impl ies t r ( ln+y ' .n)  = tO( ]n+y ' ,n)  and s imi lar ly  for  y , , i  these,  the fact

that  ( i ,k )€ Ker(y)  i rnp l ies that  there ex isr l= f i1 r . . . r r l r=k  w i th

(n . rnu*r )  €  Ker(y ' )  U Ker(y") ,  for 's4 r ,  and the equal i t ies y tz t  = yrz ,  = y  leac l  to

the desired relation: t. ,(1n.rV,p = tO(ln+y.n), for ( j ,k) € Ker(y).



In addi l iu lr ,  by Li :rnma 4"1;,  z,  atncl

r) fi
,t..J

ztr  are (obr ' !cusly si111,.rr , ' i ive) simulai ions" [_]

CORnLL-ARY 1+"6. Two e;cirr iv i ' r let t i -  r ' i in ir i ia l  f l t - . rr i ,c l i : l l t .s i : re iscir-nol"r ,hic" i " . l l

Clol ' tOLLAfiY /+.7"

impliers F'kt l :-  tc {J

A f lorvchart  l : is rnirr irnal iif (P- j.4" 1'-' 0r r *i"l* r')



) *
f l l  i

5" FIo,  T/*  pre$ervos r i t rong i terat ion theory.s t rueture of  T
4 .  1  -

ry -.,.f**T* -

THEOREM 5"1" If ,  T is a strong iteratlon theory, lherr $.1* 7/.* i"s a strong
4 s l

i terat ion theory.

Ptoqf. By Theorem ).8, [=l* -r/g is a paralteration theory. I f  rernains to
4 s l

ver i fy  that  the ax ioms (11) ,  (12) ,  ( l lp)  and ( l4s)  in  Sect ion I  ho ld in  FIg. r / * .

For  ( l i . )  we have to  show Lhat

F<Ft , . ]_> E F* ,  for  F :  m- | .m+n.,---n

The le f t  s ide is  (A,  ee) ,  where A = < I  (< i< i+,1^,  ^) ,1^+0^)  + l_Xt^+s*a) ,' n + q ' n  q  , q " " n  
- q "

t (< i+,1^.  ̂XI^+0-- r : .^ ) ) .  The fo l lowinq computat ion shols  that  [ . (F1, t - )  can be.' n + q  n  q  q  ' )  I -  ' ' * n

s imu la ted  v ia  <1e , l e>  i n  F+ .

A ( ] ^ . + ( 1 ^ , 1 - ) ) = ( t l . , . | . 1 t l z : * . | \ \ _ / r , ' / 1 , 1 > ) l < i * , ] > . . ',  . r r h  ' - q r -q ,  /  -  \ r \ r  , - n *q r t  " - ,  r . n+Qr l  =  \ _ rm ' r - \ I e_  . t _ r , .  ,  _  . _  7 - . r - r+, , T y  r  _ o u t  . , o u t  , , , . q

. .This 
prov'es (11).

The fol lowing two axioms hold even in Fl *,.  
'For 

(IZ) suppose t-hat
I

F :  m - F m + m + n ;  t h e n ,

F*o = { l< i * ,1 , . , . ,on*o)( ( i< ' * , lmun*6,>) ' t , tn*or ,  s)  = ( l ( i++, ino, l  
nr .o>,  e)

= (  I  ( (1m,1.>orn*q)  <( i (< lm, l ,n)+ lnno))o,  tn*or ,  e)  = (F((1_,1.* )+rn))+.

.  
For  ( I3)  suppose that  F :  m-$n+pr  f  e  T(n,m);  then

f  ( r ( f+ to))*  = { i fo t "our)  t ( t * ,0*oX( i ( f+ io+o))* , lono>,  
" ) . .  .

.  3  = ( ( f+ .1.  )  l<( t i )+ , l , - ,  ̂> ,  e)  = ( f  F)+.
"out  P+q '

.  .  For the last axiom (IAs) rve have to show r.hat: i f  F : m -#m+p, F' :  n -+nr.p and

the sur ject ion y :  [m]-+[n]  are such thg l r r {x*r^)E 
yF, ,  then F+3 yFr+. ;

f - - - - - - - ,H.- . " -  - - - , . . . - . " . - - - . .  - . - ' * - " " ' * - l

We shal l  use Theorem 4.1.  Wi thout  loss of  genera l i ty  we can suppose that  F '  is

a.min imal  f lowcl rar t .  I t  fo l lows that  yF '  is  r ' r r in imal  too fsuppose there is  F ' ,  wi t t r



le i l l4 , le ' l  and (yF ' - '3q prr  or  y f '+  F, , ) ;  us inq a w:  [n ]+[m]  such that' 1  ' 2

.v/! =.] ^ and Lernma 3.4.a i t  fol lora,/s that (Fr = wyF' d* *O', or Fr,4j* wF',),
a i  "zz  

'2

"but  -e f .  Coro l lary  4.7-  th is  is  ccrnt rary  to  the m!n imal i ty  o f  f - ' ] .  By l "heorem 4"1

the equiva lence F(y+lo)qyf '  now can be replaced wi th  two s imulat ions,  i .e .  there
' r '

exis ts  F '  such that

P(y+I-).fu ,t 4 vr,.
P  U  V J  

-

The.seccrnd  s imu la t ion  shows tha t  i l  =  y i , ( l ^ , , .+v .^ ) ;  hence F I  =  yFr l  where,  n + p  l n ' .

F2  =  ( ( i ' ( l ^ . -+v , - ) ,  t l> ,  
" l ) .  

By  us ing  Lemma J .4 .a  fo r  yF t4- !  up ,  and a  w suc l - r' n + P l n - / ' V r

that wy = ln ,  we obtain F2 = wyF2 gf rvyF' = F' ;  uslnE Lemma J./r .c this gives

7 2 *  ,  |  7 1 *.  * v t  .

Now ( l4s)  w i l l  be  proved i f  we w i l l  show tha t

F(y+lo) + yF2 implies F+ {+vn' l

The hypothesis  leads to  the ident i ty  l (y+ l -+u. - )  =  (yr .u^. . . )12.  Take the rest r ic t ionp tn .  out .

o f  th is  ident i ty  ,o ,n"r ] : l l : ts  and apply  ( I4s)  in  T;  i t  fo l lows rhat  ( i (1 .+p+u1n))+ =
_ + LC r.Srte.c.

y i ' :  Us ing th is  faet ,  [ f ie i " impl icat ion easi ly  fo l lows,  namely,

,  r . *  r  r  / rl< i ' ' lD+o>(1, . ,+u,n)  = l ( ( i ( lm+nnu1n))n,  Ip*r in)
r Y

=  l ( y+10+u ,n )4 i ' n ,  l p *q r )  =  ( I *nuo r tXy*1 " ro . , r ) t ' a t ' o ,  t r o *0 . ) .

The proof  o f t lreorem is now eomoleted. Ethe



? q
ell d'J

6 .  The  ma in  resu l t

For the truqi,f inq we ltave to clef ine the interpre{:at, ion of a S-f lowchart o,rer T

in an arlr i trary strcnq iteration Llreory A. The forrnula is knovun (for exarnple [/+J),

anC is  s imi lar  wi th  t l re  Elgot  representat - i r :n  of  "normal  descr ip t ions ' r  in  [17] .

Firstly, we have to interprete the variafrles using a rglh:pfe.qglyll]g._fuJl-c-tjql.

Yd tq+G ( i .e .  
fq(a)e 

Q(.s1n,  a ;ur) ) ;  sebondly ,  thre morphisms in  T have to  be

interpreted uslng a -strTg itqt3_t-lql t lqp nlqtp[iqn gr: T-+G (namely, t tr is is.

giveri by a farni ly of funct, ions yi l"t  :  T(rl ,n) - lG(mrn) rvhich prcserves ln, dn,
n 

rn) ;  then the in terpretat ion of  F = ( ( i , t ) re)  isx , ' r  compos i t i on ;  t up l i ng ,  and  i Le ra t . i ,

Yq

Clear ly ,  s t rong.  i terat ion theor ies wi th

We can novy stale our nrain theorem.

and keepinq f ix  .G = T = Ffn*2 .and tE,  = t r "  H

the corresponding in terpretat ion

(p
r {

(1  , (x ,y) )

(1 ' (x ,y) )

(1 ' (x 'y) )

--+ (1'(x,yxx))

*+" (1,(x,y+ x))

Table 2. Some interpretations of t lre unusuel f low'chart fron't

Example 2.1 in  i ts  suppor t  theony.

g#{<i,t>,") = rf1(i) <rn, (y{(e) f /tsflf >,

where f i  r  I , " - -1O is the monoid extension of

wi th Lhe sunr of  morphisms.

Example 2.1 cont inued,  Some in terpretat ions

are g iven in  Table 2,  vary ing

,  consider ing A as a monoid

for the f lowchart in Exarnple 2.1

the above morphisrns form a category,



q ' 7

'fHf 
OF.[t"1 6"]., tr! * 1/x'L, I

q;eneri l ted hy X ln the cateqory

I*"
r^

E *.-_+.

Yx

In  the in terpretat ion r : f  ( ( i , t ) ,e)  :  m

t q

n f

the coprf ldLrct. of T "and the ttreory f reely

st rong iLr : ra l ion t l recr ies.' ; .

rt

{ - T

Piggt rl-re cjifficult. par:t of lire proof (narnel5,, tu shon, ti-ii,,t f=lx.T/H is a

sLronq iteration Lheorl,) wets slrovrn in Theorem 5..1. I t  remains ,,r"or** i lre

uni r rersa l i ty  proper ty .  More exacLly ,  we shai l  show t l ra t  the c l is jo in t  un ion Xl tT

can (injeci ively) be embedded in 
,f l*. , f  

/ .A by a rarrk-preseu*rving function

I>. tE+Fl ; ,T/= and a s t ronq i terat inn theory rnorphism 11 ;  T-+F!x,1/= such

that for every strong iteration theory Q, every rank-preserv ing funct ion

f -  : I - f  G ,  and every s t rong i terat ion theory morphisrn ?f rT4Q ,  there ex is tEr  a' ) r

unique strong iberation theory morphism Eur ot;,r/* -f  e such that IE,y*= airf l
*

arrd iT,y" = yr.

trl,
. -  |

:tf r

t l

d
n
q

Y

x, t/s

Yf and bo replace fg"(*)91(r) witfr a

( f  )  a t  th is  po int  ive wi l i  prove that  two E -equiva lent  f lo lchar ts  have i l - re  sanre

interpretation in G, hence f# i ,  well-defined on ott,r/H . For this, i t  is enough

to prove rhar oTu F'| : m-p n implies g#tr.l = ,/t{r'). since y$ (")vou, =

v1r,ef{ (e') an'J l(1,.. ,+y1n) = (1nn-yout)l '  i t  fol lows easily that b(y,r.,+rr.,) = y1nb," By

Proposit ion 1.J2, (I4) holcjs in cJ; this reads to b+ = yb,+. consequenf, ly,

{  fn i  =  i (Jn,b*)  = i ( ln ,y ipb,+)  = i ,< ln ,b,+> = q* tn, ) .

Flo ,  -FF: i= - /= clenotes the
4 r I  4 9 1  ^

Ir are: I .  = It*. pr ,  wlrere
& 1  ' 4

(2)  Let  pr  :

embeddingr  t ;  ,

canon ica l  p ro jec t ion ;  t t ren

I! | {-FFl*r is lr(e, = ,'},,".t

- b n  i n  Q  w e

n
a n o  a s '  w t i l t

n

agree to  omi t  the

h

writ. ing o.f

the

,ff),



n ,
4J-r
q,t I

and IT = I 'T'pr , vrhere I ' ,  ;  T *trXg,., is I 'T(f) = (f,L). Al l  the f lnwcharte i i i  t i - ,e

ranrJe'of l*t l  I ,  are nonisomorpfric, m!nirnal f lowcharts, hence by Corollary 4.,6

t h e y  a r e  n o n e q u i v a l e n t . ' f h e r e f o r ,

+ 
vn l :nr . ,  there lore I * I I I ,  is  rea l ly  an embedcl ing.  In  ac ld i t ion

11'c f "= \g1,  anc l  t * r fU '= VI .

Tl-re rernainder of the proof is sinri lar to those from [9, ] .41 and is sket.clred here

only for t. lre sal<e of completehess. D

(2.a)  At  th is  po int  we wi l l  show that  ,gS , ,  a  s t rong i terat ion theory morphisrn,

i .e .  i t  preserves the operaLions"  
.

For composit ion, take F : m-f nr Fr : n *}, p; Lhen

{.
f '  ( t - .F ' )  = i (1r . .1oX"lo+s[,)  ( to,  (a( i '+ loXro+s!,) ,  a,( to+00+10,)>n!*a)*>.

Using corol lary r . r r .a the i terated part  is  (b(ro+i 's! ' ) ,  b ' (00+ro,o))o =

<b*i ' .Qt,  lo+00)(b,+rJo);  hence 
'  ' -  

.  

'  
{

,1+rn. p-') = i(i'+r*xr 
o*s!,) <rp, b+i,s;'<b,*,ro>, b,,'>

i< i '<1p,b i+>,  b+i '< . lo ,br+>> -  q f {n) ,g t { t= , ; .

Fo r  t up i i ng r take  F  :  m-pp ,  F '  :  n  -9p ;  us ing  co ro la ry  r , t r . b  and  Lhe  no ta t i ons

*  = 1p. .q*00,  ,  x t= lo+0 '+J-or  we l rave

f{aF,O')) = ( i  x, i 'x ') ( lp, (( ax,arx') s;t* O')*,

='(ixri ,x,><lp,b+,br*> = < dftr, 1f,tr,)>.

For i terat ion t .ake F :  m +m+n;  us ing ( l l )  anct  Ct i ro i tary  l . t l .c  we have

*
y'(t*) = i( i+, lnoo)( ln,(a( i+,t .n'  

o>sf l)*) 
= ( i( l*nn,bo>)* = (g*(n))*.

poinL we wi l l  show that  the extension y*  , ,  un,ou" .  c lear ly ,  i t

dhat  an arb i t rary  F = ( ( i , t ) ,e) :  rn-+n .car i  be represented as

.  (2 .b)  At  th is

enough to shov,r

l s

F = IT(i) <tn, (r; (e) rr(rsfl))+>.



,  
t  .  . -

2 t {
vJ +l

l o  show l -h is  we re rnark  tha l  (11 .  (e )  I - - ( tsQ) )+  -  1o ' -ou t1" .  r  r r -Q "  r  r4

{.n - , .1 rr  

'  
4 

'  '  r1\r"o'- ' ' i /  = t"q \ [+lq^sn+'Lq) '  e) r

\ \uha.r." '  r"zoe);  hence the r ight i :art  is equal to ( i , f ,x( In+q,t>re) = (( i , t ) ,e) = F"' u ' f r

The proof af the lhsorem is now corr ipleLecl"  u-r

+

coRoLLARY 6.2 (case of usr:al f lowcharts)" Fl* 
"r** 

/ ,* is the strong'n ' -[uPfn" 
ff

i terat ion theory f ree ly  qenerat 'cd by X.  n

COROLLARY 6.3" Suppose that 
{n 

= I,  V q-e{ ; then two g-f lowchart,s

over'$ry'n. are 3 -equivalent i f f  t frey unfolcJ the same tree. .1

P|99-L i t  is known from [20] tfrat t fre theory of rational S-trees in [2]1,

denoted bI  R: , is  the i terat ion theory f ree ly  generated bv X.  s ince R,  is  a lso a

strong iterati .on tr.*oryk the strorrg i teration theory freely generatecJ by f,.  Using

Corollary 6.2 we check that R .. anrt trt_. I
a 

'nt l .  r l l rPfn./= ate isonrorplr ir:  theoriesl this

says that  the natura l  in terpretat ion tg t r :  Ft "  oo^ / .=*  R*,  which extend thet  & r r  ! f l , . =  
A '

,d^
function O * 

# \ n.,, and the unique morphism gptn : pfn.-# R* is anx "f " "" l J',I'r' E

isomorphisrrr. Now the. coroi lary is provecl using *re observation that g+ i,  ,r,u

unfolding cf f lowcharts. i l  
" I
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7. 4*c q m qa r i s o n o tj ifj ej .g I ! }3eg__gl"llggr i gt

. :

A  lac l<  o f  the  i te ra t i ve  th*or ies  in  I f7 .J  cons isLs  in  Lhe c je f in i ton  o f  i te ra t i cn  on lv
I

for .  ideal  rnorphisms.  This  wa$ remedied in  pointec l  i terat ive theor ies in  [ ]0 ]  by

extending the i terat ion to  a '  to ta i ly  def ined operat ion.  However ,  a  pointer l
a

i terat ive Lheory s t i l l  have to  fu l f i l  two ve ly  rest r ic t ive condi t ions:  f i rs t ly ,  i t  mt is t

be an "ideal" theory (and [5$nr..,  is not ideal, when D . has at least two elements);
, L J

secondly ,  the Elgot  i terat ion equat ion must  have a unique so lut ion for  .each ideal
t .

morphlsm ( t l r is  is  a  very s t rong condi t ion,  indeed:  i t  impl ies that  ( I4)  ho lds i f  'y  is

replaced by an arbitrary morphism, as far as f,  g are assumed icJeal).

A l l  types of  ordered theor ies,  for  example rat ional  theor ies in  [ ] ] ,  are not  f i t ted

s ince they are nob pure a lgebra ic  objects .

Al l  the  above prob lems are  overcome in  s t ronq i terat ion theor ies

i terat ion t l roer ies, and theories wit l r  i ter.atel  as a whole, they are pure algei:raic

ob jec ts  and they  have a  to t .a l  i te ra t ion  rvh ic l r  fu l f i l s  a  fe rv  na tura l  ax io rns .  I t

remains  to  compare  among t l rese  Lheor ies .  The compar !son w i l l  
' be  

cJone by

s tudy inq  the  t rans format ions  o f  f lowchar t  schemes wh ich  preserves  in te rpre ta t ions

in  a l l  theor ics  o f  a  g iven  type .

Firs t ly ,  we look at  the usual  f lowchar ts .  Theor ies wi th  iLerate are too weak ( i t

seems that  on ly  the permutat ion of  ver t ices respecL the above ment ionated

condi t ion)"  I terat ion theor ies are good theor ie .s  and saLis fy  the above condi t ion for

a l l  t ransformat ions which respect  the s t ronq equiva lence ( in  fact  th is  vyas the

reason for  the i r  considerat ion) .

Secondly ,  we pass to  the genera l ized f  lowchar ts  in

genera l iza l ion of  the s t rong equiva lence in  th is  ccrntext .  We

t{r.lt and to the

fo l lowinghave the



.l ^f

tr, I

PROPOSITION 7.1.  Suppose i l ra t  S(L, l )  t  W ,  i f  s t ror rgty  equiva lenf .  f luwchar t -s

in Flo-,- l iave the same interpr:etaLion in T, then (I4) holds in T.
.?- |

Flrq.q{, Take f, q, y as in (I4) and ersX (r,r). clearly, the following is a

simulat ion

The interpretations of F, F' in T v,rhen rg(r) = l l€T(l,L) ancl {E, = l ,  are fn,

respect ive ly  yg+;  hence the condi t ion ( i4)  ho lds in  T,  i l

Consequentiy' the support_4ggry flus! [e a s-tloru-.iteralio!-r theory. While this

is clear, the usofir lness of i teration theories come from the fol lowing

f  ggt .7 .?. :  Suppose that  the suppor t  theory sat is f  ies

(p )  i f  f  ,  r -n * *+p ,  g :  n -+n r .p  anc l  .  y :  [m ] -+ [n ]  a re  such  tha t  f ( y+ ] ^ )  =  yg r' ' P

then  the re  ex i s t  h€T(  n , rn+p )  and  y r , . . . , y . :  [m ] *+ [m]  w i th  y , y  =  y rV  i € [m ] ,

s u c h t h a t  f = ' " m ' ' t  a  \  m  "  r  \ \<x  
i  

yh (y '+10 ) r . " . ,  x  *Vh (Vrn+10) )  and  U ;O(V+  lO) ;

then t .wo x -equiva lent  f lowchar ts  have the same in terpretat ion in  a l l  i terat ion

theor ies.

Hint  for  proqf"  Use (p)  for  a  f iner  analys is  than (1)  in  the proof  o f  Theorem 6.1. l f ,

The above condi t ion (p)  ho lds when the suppor t  theory is ' (a  "syntact ica l t ' theory)

CTsn,  Ry 1 or  Pfn.  ,  but  does not  ho lds when the suppor t  theory is  (a  "semant ica l ' l/ q 4

theory) Pfnr-, with D having at least tvro elemenLs.'  L ) .
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8.  F ina l  renrarks

(a)  Whi le  at  the theoret ica l  level  we have a ca lcu lus for  the c lasses of  s t ror rg ly

t  equiva lent  f lowcharL schemes,  essent ia l ly  s imi lar  to  the ca lcu lus of  po lynomia ls ,  a t

' .  
l L ,,  ur rc  pfoct i r :a l  leve l  the s i tuat ion is  much worse,  namely we have nct  a  good and

powerfu l  representat ion of  f in i te  par t ia l  funct ions in  Pfn^ s imi lar  to  the Arabian

representat ion of  natura l  numbers.

(b)  When t l re  a lgebra ic  s t ructure for  suppor t . theor ies ' in  the determin isL ic  case

wil l  be unanimous accepted, I propose to be called Elqot t!-rsoryl moreover I

propose st rong i terat ion theor ies as a candidate to  th is  not ion

. Aet$oyledqegreftg

I  would l ike to  thank V.  E.  Cazanescu _for  many Usefu l  d iscuss ions in  severa l

s tages of  th is  research.  AIso,  I  thank Gr.  Arsene for  the help in  qrder  to  have a

bet ter  presentat ior t .

I
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