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PROJBCTIVF. GROUP REPRESENTATTONS AND

, GEOMETRIC STRUCTURES
) ,

by

'  a t i  r t l T ) r n T I \ T, rvrrrC€8. MARTIN
^:

\

INTRODUCTION

Let E be a smooth f inite dinrensional real Vector bundle

wi th the typ ica l  f ibre v .  Assume that  F is  a  f in i te  group and

le t  t  be  a  p ro jec t i ve  rep resen ta t i on  o f  F  i n  v .  Le t  G( t )  be

the subgrouP of  GL(V)  def ined bY

c  ( r )  = { a t G L  ( v }  : a t  ( x )  a - r = t  ( x )  ;  x c F }  .  
)

Following the usuaL terminology in f ibre bundles theory tql

.  we.  shal l  sqy that  the bundle E has.  a  G(r ) :s t ructure i f  the: :e

e x i s t s  a  s m o o t h  a t l a s  i ( h i ' V r ) : i s l ] ' f o r  E  s u c h  t h a t  t h e  t r a n s i - '

t i o n  f u n c t i o n s  { g i j : i ,  j e I } ' o f  t h i s  a t l a s  h a v e  t h e i r  v a l u e l s  i n

'  G ( r i .

o u r m a i n o b j e c t i v e i n t h e p r . e s e n t p a p e r i s t o g i v e a

uni f ied t ra tment  of  a l l  these st ructures.  The s implest  examples

a r i s e i n . c o n n e c t i o n w i t h t h e p r o j e c t i v e r e p r e s e n t a t i o n s o f t h e .

cyc l ic  group of  order  two.  I4ore prec ise ly  i "u t  Sect ion 1 below)

A l t h o u g h o u t d j . f f e r e n t o b j e c t . s h a v e t o b e s t u d i e d i n t h e

d i f f e ren t  conc re te ' cases ,  ou r  hope  i s  l ha t  t he 'p rese in t  app roach

wi l l  make i t  ev ident  that  some qenera l  resul ts  fo l low f r 'om Lhe



).-; .
sanie a lgebra i .c  ma-n ipul -at ions.  r ' ,1 . " '

The presentat ion ls  sorneivhat  exposi tory  and the paper

i s  o r g a n i z e d  a s  f o l l o w s

The f i rs t  sect ion begins by recal l ing the not i .on of  a

two-cocyc le for  a  group and cont inues wi th  the construct ior i  o f

the convo]u| ion 'a lgebra assocj -ated wi th  a two- 'cocyc le '  A number

of  examples wj - th  a geometr ica l  s ign i f icance is  a lso d: -scussed' '

The second par t  analyses the d.er ivat ions in  a uni ta l

and associat ive a lgebra over  a convolut . ion a lgebra.  This  sec-

t ion conta ines the main technica l  resul ts  of  the paper : '

The  th j_ rd  and  f i na l  sec t i on  dea ls  w i th  a  geomet r i ca l  ques -

t i o n . T o b e m Q r e s p e c i f i c , l e t u s S u p p o s e t h a t E i s a s m o o t h

vec to r  bund le  endowed  w i th  a  G( r ) - s t ruc tu re '  The  p rob len r  i s

l irruat connectl ions on
that  o{ ,  an expl i -c i t  descr ip t ion of  a l l

E  wh ich  p rese rve  i n  an  app rop r ia te  sense  the  g i ven 'G( t ) - s t ruc tu re '

1. CONVOLUTION ALGEBR'AS

we beg in  by  reca l l i ng  a .  f ew  bas i c  fac ts  conce r l t "n  two -

-cocyc les ancl  convolut ion a lgebras reader  vrho wants to  get

a h is tor ica l  perspect ive and a deeper  ins ight  in to these top ics

shou l -d  re fe r  f o r  exampre  to  l r ] ,  l s l  o r  i g i '

F  is  a  f ixed"  f in i te  group,  noLed n ' ' r : l t i -

be - the mul t - i -p l icat ive group of  a l l

f r : r  F wi th  va lues in  Rt(  we shal - l  mean

s u c h . t h a t

1  .1  .  SuPPose  tha t

p l i c a t i v e l Y ,  a n d  l e t  R *

nonze ro  rea l  numbers .

By 'a  two-cocv lce

a map m of  FxF in to R*

t 1

( 1

1 l

. 2 )

m ( x r e )  = m ( e r x )

m  ( x  r y ) m  ( x y ,  z  )

x g F r

, Y z \ m { Y  o z l ;

- 1  i

= m  ( x ry . -  f l
^ l Y  t L c . L  I



where e denotes the ident i tY of  F.

)
Under  pointwise mul t ip l icat ion the s9t  Z"  lF l  o f  a l - l

R*-va luec l  two*cocvc les for  I r  becomes an abel isn group.  I ts
".' : :.

ident i ty  is  the two-cocyc le m- def j -ned by m,  (xr l l )  = : i  (xryeF)  .-  - o  '  o
2

Given m and m, j -n  Z-  (F ' )  ,  they are sa id to  be cohomologous '

mlmr in  symbols,  i f  there ex is ts  a map k of  F in to R* such that

- 1
m '  ( x , y )  = m ( x . Y ) k ( x ) k ( x Y )  k ( v )  i

b

f

1 . 2 .  A s s u m e  t h a t  m  i s

e the real  vector  space of

and g in  C (F)  one def  j -nes

t 1 . 4 1  .  f * g ( x ) =  I  f  ( x V ) g ( , Y - 1
YeF

F r o m  ( 1 . 1 )  a n d  { 1 . 2 1  i t  f o l l o w s  e a s i l y  t h a t ,  u n d e r  t h e  o p e r a t i o n

(1 .4 )  as  mu l t i p l i ca t i on ,  C ( } ' )  becomes  a  rea l  un i ta l  and  asso -

c ia t i ve  a igeb ra ,  deno ted  by  C(F rm)  and .  re fe r red  to  -as  the ' con -

volut ion a lgebra associated wi th  m.

.  Let  us m.ent ion t .hat  C(F,mo) is  the usual  rea l  group a1-

gebra corresponding to  F.  I t  is  a lso easy to  prove that  i f  m

and  mr  a re  cohomo logous ,  t hen  the  a lgeb ras  C(F rm)  and  C(F rm ' )

( 1 . 3 )

are isomorphic .

( 1 . s )

The  se t  t " *

( 1 . 4 )  l e a d s

( 1 . 6 )

e * ( x ) = 1  i  
" * ( y ) = 0

: x e F ]  i s  a  l i n e a r  b a s i s  o f

to  the re la t i -ons

x r l r e F '

a f ixed two-cocY'c le  for  F.  Let  C( I ' )

a l l  rea l  va lued funct ions on F.  For

a n  e l e m e n t '  f t g , 6 g  C ( F '  )  b y

- 1
) m ( x y , y  

' )  
,

(

( y d F , - - J , .  \y f ' x t

C ( F r m )  a n d  t h e  e q u a t i o n

x e F .

Fo r  any  x  i n  F  one  de f i nes  the  e lemen t  e *  i n  C {F rm)1  by

x r y e F .



i 4 -

The bas is  {e . - :xeF}  w i l l  be  ca l led  the  canon ica l  bas is  o fx
1 -  I E  m I

. v  \ !  , i . u ,  .

1 .3 .  We m iqh t  men t ion  tha t  t he  a lgeb ra  C(F 'n )  t oge the r

with the map

. t o : F  *  C ( F r m ) ,  t o ( x ) = € x  ( x e F )

; .  
has the fo l lowing universal  proper ty :  i f  A i "s  an associat ive

i -

rea l  a lgebra wi th  uni t  1  and t  is  a  map of  F in to A such that

( i )  t  ( e ) = 1  ,

( i i )  t ( x ) t ( y ) = m ( x , y ) t ( x y )  ;  x r y E F r

then there ex is ts  a morphism of  rea l  a t rgebras ) , :C(Frm) - f  A and

o n e . o n l y ;  s u c h  t h a t  T = l ' r ^ .
. o

'We make now a br ie f  ,d igress j -on.  Throughout  in  what  f  o l lows,
a .

. h r r  4  C (F im) -a lgeb ra  we  sha l l  mean  a  rea l  un i ta l  and  assoc ia t i ve
. ,  

e J  s  v  \  r  t r r r y  
q + y  u v !  s  Y v v  * : - -  * * '

- i

a lgeb ra  A  toge the r  w i th  a  morph i . sm o f  rea l  a lgeb ras  ) . :C (F 'm)  +

+ A. The rnap tr is referred to as the structural rnorphism of A .

m !  = * n ]  n a  : * a  l . r =  c  i  n  f  n r  n r r r  n r i r n n c a cr.r l€ D€Xt two examples are basic for our purposes.

'  a)  Suppose that  V is  a .  f in i te  d imensj -onal  rea l  vector

-  space ,  m  i s  a .  f  i xed  two-cocyc le  i n  z2  ( v l ,  and  l e t .  End (V)  be

j -sms of  V.  We recal l  that  by a

pro ject ive representat ion of  F in  V,  wi th  the mul t ip l ier  m,

one means a map 'r of F j-nto End (V) such that r

( f  ) .  t  ( e ) = i v  t  :

( j - i ) ' r ( x ) t ( Y ) = m ( x , Y ) t ( x Y )  ;  x ' Y e F '

w h e r e  1 , ,  i s  t h e ' i d e n t i t y  m a P  o f  V .
V

From the  un i ve rsa l  p rope r t y  o f  C (F ,m)  desc r ibed  above  i t

.  is  c lear  that  there is  a  natura l  correspondence between the

p ro jec t i ve  rep resen ta t i ons  o f  F  i n  V ,  w i th  the  mu l t i p l i e r  rn ,



. ' : ' ' : ] : - , . ' . ' 1 L : : ' l q - . . . , : ' . j ] j l . l : . | ' . ; l . : ]

t ' l ' - - J - . .

'
".

and the  C(Frm)-a lgebra  s t ruc tupes  on  End(V)  .'lril t'

b)  Assume now that  E.  is  a  smooth f in i te  d imensional  rea l  n i

vector  hundle wi th  the typ ica l  f ibre V,  anc l  te t  r  be a pro jecr' '

t ive representat ion of  F 1n V"  We denote by G(r)  the subgr6up

of  GL (V)  def  ined by

4 l

( 1 . 7 )  c ( r ) = { a E G t { V ) : a t ( x ) a ' = ' r ( x ) ;  x e F }

An e lementary and standard argument  shows that  E has a G( ' r ) -

- s t ruc tu re  i f  and  on l y .  i f  t he  a lgeb ra  end  (E )  o f  a l l  smoo th

vec to r  bund le  endomorph isms  o f  E  i s  a  C(F rm) -a lgeb ra ,  where
t

m is  the mul t ip l ier  o f  " r  (compare for  instance wi th  the proof

o f  P r o p o s i t i o n  1 . 1  i n  L 6 l  )  .

. l4ore about s[rooth vector bundles endowed with such..a

st ructur :e  wi l l  be d j -scussed in  the last  sect ion of  the paper .. e;...

1 .4.  We cont inue by present ing some examples of  conl ro lu-

t i on  a lgeb ras .  The  fo l l ow ing  resu l i t  w i t l  be  used  
' seve ra l . t imes

.
i n  the  seque l .  The  p ioo f  needs .on l y  m ino r  ca l cu la t i ons  .and

i s ' o m i t t e d .  .

PROPOSITION 1;  Let  C be a f in i te  d imensional  associat ive 
'

r ea l  a lgeb ra  w i th  un i t  1 .  Assume tha t  t he re .ex i s t :

( i )  a  f in i te  group F wi th  the order  equal  to  the d imen-

s lon of  C ;

( i i )  a  l i n e a r  b a - s i s  t C - , * " n i  o f  C  w i t h  C ^ ' = 1  ,- x e

( i i i )  . a  map  m o f  FxF  in to  R* ,  such  tha t

( 1  . 8 )  C . , * C . . = m ( x r y )  C . , . ,  i  x ' y e F .
. X Y X Y

Then m is  a two-c.ocyc le for  'E and t ie  a lgebra C is



i  ^ , ^ h ^ F ^ t r a . i  ^  * , a  r i  / r i '  h \r s u r n o r p h i c  t o  c ( F r m ) .

This s imple resul t  wi l l  enable us to show that certainr J 4 I +

1  ̂ ebras re la ted to  a number of  in terest inq qeometr i -c  s t ruc-'  c t l - v g . l J J -  o . D  J .  c r q  L s u

+-rr ros are in  fact  convolut - ion a lgebras.  The two-cocyc le m in t ro-L q ! t

.  / r r rned  by  (1 .8 )  i s  ca l l ed  the  cocyc le  assoc ia ted  w i th  the  bas i s.  g q v \

.  ! - r r ; A t , . r  J .  .. x

: \  r F l - ' n  c i m n ' l  n a +  ^ - = m n 1  n q  a n n p n r  r . v h l r n  F = { e , , x l  i  s  t h e
. t  

c t , ,  J - I I E  > I r l t l J I g D U  € A o i t t / l s J  q l / I / s q r  w r r s r r  r  -  
L u  r ^ . j  r r  L r r

)
nwe l i c  g roup  o f  o rde r  two .  Le t  m^  be  the ' i den t i t y  o f  7 ' '  (F l-  - " o  - -  - - - - - - - - - r

r .  and 1et  m. ,  be the two-cocyc le def ined by

. ,  ( e  r e )  = x n 1  ( e  r x )  = m l  ( x  , Q l  = 1  t  m 1  ( x  r . X )  = - 1  .

I f  m  i s  an  a rb i t ra ry  two -cocyc le  fo r  F ,  t hen  one  has

*=*o or ' f t= l [1  .  Thus,  thene ex is t j  in  th is  case only  two non--

isonlorphic  convolut ion a lge l : ras,  C (F rmo) and g (F rm. ,  )  "

The  a lgeb ra  C(F ,mo)  i s  i - somorph j - c  t o  R  @ n ' '  an  a lgeb ra

re lated to  the so-caI l "ed product  s t ructures (see Ex- .amele 2-10

. ? - n ^ t ^  .  \ l - l - ^ - ^ - - - 1 ^ i - L ^ Aj - n  L6 l  ) ,  and .  t he  a lgeb ra  C{F ,m. , }  i s  i somorph ic  to . 'C ,  t he  a lge -

bra of  complex numbers.

b )  A  genera l i za t i on  o f  t he .a fgeb ras  R  O R  and  C  i s  g i ven

by  the  c lass  o . f  a lgeb ras  Pn , r ,  where  n? :2  i 9  an  i . n tege r  and

.  e = t 1  .  W e .  e x p l i c i t l y  s e t  :

( 1 . 9 )  p r , , r = R L t l t  ( r n - a )  ,

where Rf t l  is  the a lgebra of  rea l  po lynomla ls  of . the var iab le '
L J

. n- t ,  and ( tn-e )  denotes the ideai  generate, l  by t " -s .

.  T a k i n g  t h e  i m a g e s  o f  t h e  p o l y n o m i a l s  1 r  t r . . . r t t - 1  i t t

P '  ,  on€ obta ins a l inear  bas is  in  ?.^  Apply ing Proposi t ion 1
i l r e  

'  r r ; L

to our case v.re f j .nd a two-cocycle for  the group Z/nl , .  I t  turng



out  that  P,  ^  is*  isomorphic  to  a convol -ut ion a lgebrao r  9  , .11.
, We should remark that th, i :  algebras P^ ^ appear in connec-

I l r u  { i

t ion wi th  the so-cal led polynomia l  s t ruc. tures.

c)  Another  exanple is  that  o f  the a lgebra H of  quatern ions.

The usual  bas is  of  H over  R leads to  a two-cocyc le for  the group

nf  I ( le in  and,  hence,  H is  a lso isomorphic  to  convolut lon a lgebra". -  a  - '

d)  Our  last  c lass of  examples is  g iven by the Cl i f ford
d

.a lgebras.  We shal l  now out l ine the concrete descr ip t ion 'o f  these

^ ' 1  r  a  r.  i  a lgebras.  The reader who is interested in a more detai led d. is-

c u s s i o n  i s  r e f e r r e d  t " ' [ r ] ,  [ + ]  o r  [ O ] ,  
:

J r i - - ^  a - r - -  - - l  r  r -Le t  p  and  q  be  two  pos i t i ve  5 -n tege rs ,  w i th  p+q=n l i .  The

C l i f f o rd  a lgeb ra  gPrQ i s  t he  rea l  un i ta l  and  assoc iaL i ve  a l seb ra

g e n e r a t e d  b y  a  s e t  { e r , e 2 , . . 1 r p r r }  w i t h  r e } a t i o n s

( 1  . 1 2 )  e - € . . * € . € .  = 0  i  1 S i ,  j S n ,  t f l .'  l - l  l L

L e t  F  b e .  t h e  s e t  o f  a l l  s u b s e t s  o f  { 1  , 2 r . . .  , n } .  F o r  I  a n d  . J '  i n

F one d.ef ines

( 1  . 1  3 )  r A J =  ( r u J )  -  ( r o J )  .

3
T T n A n r  + I - , i  a  n n a r a + i n n  F  L a a n n n  - l ^ ^ 1 . i  ^ *  ^ €  ^ - t ^ -  1 nu. t rs€r '  th is  operat ion F becomes an abel ian group of  order  '2- - .

I \ T a v #  f n r  t  r  z l a f i n a c  . F h a  ^ P ' QNext ,  for  any . I ' in  F ene def j -nes the e lement  e. .  o f  u
I

.  ' a s  f o l l o w s 3  '

( i )  . s , * = 1 '
.  ' w

( i i 1  i f  r = { i  ( 1 )  ,  i ( 2 ' )  , .  .  .  , i  ( s )  }  w i t h  1 s i  ( 1 )  < i  ( 2 )  < . ' . .

. < . i ( s ) S n ,  t h e n

t i . r a t  € - = € , r r \ € i / r r . . . e . r - \|  - l  r ( 1 ) t i ( z ) " ' e i ( = )



' i

- .  I  B  
' x :  

: :  ,

n ^

T h e  e l e m e n t s  { e r : t e r i  t " f l . a  b a s i s  o f  g P r \ i  a n d  f g r  r * {

I  a n d  J  i n  F  t h e r e  i s  a  n u m b e r  m ( I r J )  ,  w h i c h  i s  + 1  o r  - 1 ,  n i

such that

( 1 . 1 5 )  e - " J = * ( I , J ) " r ^ "
J - u '

' - "  
Proposi t ion 1 impl ies that  m j -s  a two*cocyc le l for  g  and '

the c l i f ford a lgebra gPrQ is  isomorphic  !o  a convolut ion a lge-

b r a .  N o t e  L h a t  c 0 ' 1  ,  C 1 ' 0  a n d  C 2 ' 0  a r e  i s o m o r p h i c ,  r e s p e c t i v e l y ,

t o  R @ R ,  C  a n d .  H .

2.  DERIVATIONS-IN C (F,m) -ALGEBRAS

Throughou t  t h i s  sec t i on  A  w i l l  deno te  a  f i xed  C(F rm) -a19e*

b ra  w i th  the  s t ruc tu ra l  morph ism l . :C (F rm)  +  A .  By  {e  : xeF}  we

deno te  the  canon ica l  bas i s  o f  C  (F rm)  and  l e t ' l  ( e . - )  =b  ( x )  ( xeF)  .' x '
'  f i . '  .'  

Our  a im in  what  fo l lows is  to  descr ibe the set  o f  a1 l

d e r i v a t i o n s E i n A w h i c h s a t i s f y a s y S t e m o f e q u a t i o n s o f t h e

a  ( b  ( x )  )  = a  ( x )  ;  x e F '  a  ( x )  e A '

: . .
2 .1 . .  A  de r i va t i on  i n  t he  a lgeb ra  A  i s  by  de f i n i - t i on  a

real . I inear  map 3 of '  A in to A wi th  the proper ty

t 2 . 1 1  a ( a a ' ) = ( A a ) a ' + a ( E a ' )  i  d r & ' e A .

The  space  o f  a l l  de r i va t i ons - in  A  w i l l  be  deno ted  by  Der (A ) .

For any a and a' in A one defines their commutator

;. .r
l  a , a t  l  b v .
L '

F ' l

( 2  . 2 1  L .  r  t  ' J  = . a  ' - a  ' a

F o r  a  f i x e d  a ,  t h e  m a p  0 ( a ) : A .  - >  A r ' 0 ( a ) 3 r = ' [ t r " ' J  ( a ' e A )  i s  a

v



:  . l

'der ivat ion in  A ,  ca l l -ed lhu i r r r ier  der ivat ion ccrre 'sponding Lo
\

a .  The  func t l on  0  o f  A  i n lo  ne r (A )  i s  rea l  l i nea r "  I n  ce r ta in

cases a l l  der ivat j ,ons a-re inner ,  For  example i f  A=End(V) ,
1. :

where V is  a  rea l  f in i te  d imensional  vector  space.

z . z .  r n  o r d e r  t o ' s t a t e  t h e  m a i n  r e s u l t s  o f  t h i s : s e c t i o n
.

we need a few pre l iminary consLruct ions

Consider  f i rs t  the tensor  product  o f  rea l  vector  spaces

A @ C (F rm) . Ari element A j-n this tensor product is of the f orm

( 2 .  3 ) [ =  I  a ( * )  @ . * i  a ( x ) e A
xeF

Le t  L (A r l )  be  the  subspace  o f  a l l  e lemen ts  A  o f  t he

fo rm (2 .3 )  wh ich  sa t i s f y  t he  equa t lons  
:

1 2 . 4 \  a  ( x ) b  ( y )  + b  ( x ) a  t y )  = m ( x , Y l a  ( x y )  ;  x ' Y  e  F "

Recal l .  that  b  (x)  = L (ex)  {xeF)  ,  he.nce 
.

( 2 .  5 )  b . ( x )  b  ( y )  = m  ( x , Y )  b  ( x y )  ;  '  X  r Y e F

Nex t  we  in t rod .uce  a  l i nea r  map  Q:Der (A )  ' *  L (A r l )  by  the

formula

( 2 " ' o l  0 ( 0 ) =  [ _ a t n ( x )  ) @ e x ;  D e D e r ( A ) .
x e F

A n  o b v j - o u s  c o n s e q u e n c e  o f  ( 2 . 5 )  a n d  ( 2 . 1 1  i s  t h a t  0 ( a )  r e a l l y

b e l o n g s  t o  L ( A r l )  f o r  e a c h  d e r i v a t i o n  0 '

Our  a i -m  i s  t o  so l ve  equa t ions  o f  t he  fo rm o (D)=A ,

A g L ( A r t r ) .  T h e  e s s e n t i a l  s t e p  i n  t h i s . i s  a c c o m p l i s h e d  b y  t h e

cons t ruc t i on  o f  a  L inea r  map  { r : I J (n r l t  -+  d ,  w i th  the  p rope r t y

t h a t  O ( 0 U ( A ) ) = A ,  f o r  a l l  A  i n  L ( A , l ) '
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PROPOSIT ION 2 '  Fo r  each  A=  [ -a (x )  @t *
x e F

in L (A ,  ) . )  we def ine

, - 4  - . 1  - 1 .

t . )  
" \  

r l ( A ) = ( o r d  r t - 1  I  i l ( x ' " ' - 1 ) - i t ( * ) U ( * - 1 )
l L . l l  Y \ r r '  _ - i -xeF

.Fhen the inner  der ivat ion S=0 ( r l  (A)  )  sat is f  ies the equat ion
' L  l l 9 r l

0 ( D ) = a '

hnn^F .  i { e  have  to  p rove  tha tyKU(Jr  : -  -

( 2 . 8 )  U ( A ) b ( v ) - b ( v ) 0 ( a ) = a ( v )  t  v e F '
:

i xed  and  no te ' t ha t
SuPPose that  Y in  F is  f

i l  ( a ) b  ( y )  -  ( o r d .  F )  
- 1  

* L u * ( * , * - t r  
) ' 1  u ' ( x ) b  ( * - 1  ) u  ( y )  .

From (2 . '5  )  one has

4  - 1

b ( x  
1 ) u ( Y ) = m ( x  I ' Y ) b ( x  ' Y )  '

and  the  equa t ion  Q '4 )  l eads  to

- 1  - 1  .  
- 1

a  ( x )  b  ( x  ' y )  + b  ( x )  a  ( x  ' y )  = *  ( x  ' x  
' : ' )  a  ( y )  '

Consequent lY one obta ins

t 2 .g l  U  (A )  b  (Y )  =c  
f  cz

where

- 1  .  - 1 . - 1  - 1

( 2 . 1 0  c . , = ( o r d  F ) - 1 * l u * ( x ' x  
1 ) - t * ( x - l ' - Y ) m ( x ' x ' y ) a ( y ) '

_ttto

( 2 . 1 1 1  c z =  ( o r d  F )  
- 1 - L " - ( x ' x  1 )  - t * ( * - 1  

' y ) b  ( x )  a ( x - 1 v )  '

The  re la t i on  t2 'B i  w i I I  f o l l ow  f rom t2 'g \  i f  i t  i s  shown

that
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1 2 . 1 2 )  c 1 = a ( Y ) ,

1 2 . 1 3 l l  c z = - b  ( Y )  U  ( A )  '

T o  t h i s  e n d ,  n o t e  f i r s t  t h a t  ( 1 . 1 )  a n d .  ( 1 . 2 7  i m p l y

- 1  - 1  - 1 ,
( 2 . 1 4 )  . m ( x , x  

' y ) m ( x  '  
, y )  = m ( x r x  ' )  

;  x e F "

'

The  l a . s t  i den t i t y  and  the  fo rmu la  (2 .10 )  c lea r l - y  g i ve  (2 .121  '

I t  r ema ins  to  p rove  (2 .131  .  F rom Q.14 )  , one  ob ta ins  a l so

. - 1  r  .  - 1  , - 1  
'  ' 1

c r = ( o r d  F ) - '  I  m ( x . , x  
' y )  ' b ( x ) a { x  ' Y ) ,

" xEE

thus ,  a f te r  t he  t rans fo rma t ion  x+YX,  one  f i nds

'  
- 1  ' '  - 1  - 1  * 1

( 2 . 1 5 )  c o = ( o r d  F ) - '  I  * ( Y X r x  
' )  ' b ( y x ) a ( x  ' ) '

z  - _ = nxeF

On the other hand one has

( 2 . 1 6 )  b ( y ) r l ( a ) - ( o r d  F ) - 1  [ - m ( x , * - 1 ) - 1 u ( y ) a ( x ) b { x - 1  } '
x e F

A n  o b v i o u s  c o n s e q u e n c e  o f  ( 2 . 4 1  j - s  t h a t  a ( e ) = 0 .  H e n c e ,

b y  ( 2 . 4 1  a g a i n ,  o n e  o b t a i n s

- 1  - 1
a  ( x ) b  ( x - '  )  = - b  ( x )  a  ( x  '  

)  ,

thus
- 1  - 1  .

b ( y ) a ( x ) b  ( x - '  )  = - l n ( Y , x ) b  ( y x ) a ( x '  ) '

From t2.16) i t  fo l lows t 'hat

- l z . 1 7 l  b ( y ) Q ( a )  = - ( o r d  r )  1  
L m ( x , x  

t ) - 1 * ( v r x ) b t v x ) a ( x - 1 ) '

xeF

.  f i - t , a l l y ,  n o t e  t h a t  ( 1 ' 1 )  a n o  1 1  ' 2 )  y i e l d

1  - 1

( 2 . 1 8 )  m ( Y r x ) m ( Y x r x  
' )  = m ( x r x  ' )  

;  x e F '
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N o w ,  ( 2 . 1 3 )  f o l l o w s  e a s j - } y  f r o m  ( 2 . 1 8 )  ,  ( 2 . 1 5 )  a n d  ( 2 . 1 7  ) .  T h e

proof of  Proposi t ion 2 is complete.

by

- o f

2 . 3 .  P r o p o s i t i o n  2

( 2 . 6 )  i s  s u r j e c t i v e .

Proposi t ion 2 can be
1

L e t  o e r ( A )  ̂  b e  t h e

shows at once that the maP Q defined

Actual lyr  dr l  a l ternat ive formulat ion

given as fo l lows

subspace  o f  Der  (A )  de f i ned  bY

:  E  ( b  ( x )  )  = 0 ;  x e F )  r( 2 . 1 e ) ne r  (A )  ̂ =  {  Eeoer  {A  )

bnd  le t .  r :Oer (A ) l  -+  Der (A )  be .  t he  i nc lus ion  map .  Then  we  have :

THEORBM 1.  The sequence of  vector

1 1
( 2 . 2 0 1  0  - +  D e r ( A ) "  ' i  D e r

is  exact ; .  moreover ,  the maP

t ing  fo r  t he  sequence  {2 .201

THEOREM 2 .  Le t  X :Der

X= id -OU$,  where  i d  i s  t he

i )  
. X  

i s  a  P r o j e c t i o n
? 1

Xt =X and i rnage (1)  =Der (  A )  "

i i )  f o r  a  f i xed  A  i n

g ienera l  so lut ion

spaces

+ Q

Der  (A )  p rov ides  a  .  sP l i t -

be the map derJnea uY

o f  D e r ( A ) .  T h e n  w e  h a v e :
1

o n t o  D e r ( A ) " ,  t h a t  i s ,

2 . 4 .  T h e o r e m  1  e n a b l e s  u s  t o  r e p r e s e n t  t h e  s p a c e  D e r ( A )

a s  a  d i r e c t  s u m  o f  O e r ( A ) . t r  a n d  L ( A r l ) ,  i n  a  s p e c i f i c  w a y .  A n

immediate cons'equence of this representatj-on can be stated

in the next form.

'j

( A )  +  D e r ( A )

identity maP

f rom Der  (A )

i

L ( A , I )  t h e  e q u a t i o n  0 ( a ) = A  h a s  t h e

E ' e D e r  ( A )  .( 2 , 2 1 ) E = X ( a ' ) + 0 { t ( A ) ;



. .  2 .5 .  we  conc lude  t i r i s  sec t i -on  w i th  a  few  remarks "  r t  i s

;  an inner  der iyat ior ro

;then  x (a )  i s  a l so  an  i nne r  de r i va t i on .  More .  p rec i se l y ,  J -e t

Xo rA  - '  A  be  the  map  de f i ned  by

t ar  2 . 2 2 )  X o ( a 1 = ( o r d  E ) - 1  I  * ( * , * - 1 ) - r o ( * ) a b ( x - 1 ) ;  a e A
x e F

A  d j - r e c t  c o m p u t a t i o n  s h o w s  t h a t  X ( 0 ( a )  ) = 0 ( X o ( a ) )  f o r  a l l  a  i n  A .

Actual ly  the map 1^ is  a  pro ject ion of  A onto the commutant  o f"o
f -  t i r e  se t  { t r  ( x )  : xeF} . '

.  rn addit ion to Theorem 1. we f ind Lhat the system of com-

mutator  equat ions

where  A=  )  a (x )  x  e - -  i s  an  e1e -men t  o f  L {A r l } ,  has  the  genera l  :
xir x

( 2 . 2 4 )  . = X o  ( a  '  )  + U  ( A )  ;  a ,  e A  .

3.  I , INEAR CONNECTIONS oN SMooTH C (F,m) -BUNDLES

By  a  smoo th  C(F rm) -bund le  we  sha l ]  mean  a  smoo th  vec to r

i s m  o f  r e a l  a l g e b r a s  ) , : C ( F r m )  - >
i,

'  - +  En ' r (E ) .  We  reca l l  t ha t  End  (E )  i s  t he  a lgeb ra  o f  a l l  smoo th

' -  r ran{-n1 'bundle endomorphisns of  E.  Our  a im in  th is  sect ion is{  v v v e v

t o  p resen t  a  geon te t r i ca l  app l i ca t i on  o f  Theorem 2 .  An  ou t l i ne

nn ' l  r r  u r i  I  1  } . a  n ' i  r r anvrr r r  wi l l  be g iven and the deta i led proofs  wi l l  be omi t ted.
-  

We have to  note that  Theorem 3 below,  the main resul t  o f

t h i s  sec t i on ,  g i ves  the  un i f i ed  fo rm o f  ce r ta in  we l l * known

resul ts  concern ing product ,  complex or  quatern j -on ic  s t ructures.

We refer  the reader  to  l2 i  ,  l l i ,  i8 l  and to  the papers quotec i

there

' t

(2  .21)  [  . , r  (x  ) l  =a  lx l  i  xeF ,
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3 .  i .  We  beg ln  by  reca l . l i ng  some no ta t i ons  and  de f i n i t . i ons .

Assume that  E is  a  srnooth vector  bundle over  the smooth

man j - fo lc l  M.  Let  C* ( t4)  be the a lgebra of  rea l  va lued s inooth

func t i ons  on  14  and  l _e t  f  (H )  be  the  C* ( I { ) -modu le  o f  a l1  smoo t } :

sect j -ons of  E.  Accord ing to  an usual  j -somorphj -sm we shalL

i .dent j - fy throughout  in  what  fo l l -ows the a lgebra Encl (E)  wi t i r  the
O

F I'  r -  rM) -a lgeb ra  o f  a l j -  C - ( t " t )  - l i nea r  maps  f rom f  (E )  i n to  I  (E ) .

The  space  Der (C- ( t ' . t )  )  o f  de r i va t i ons  i n  t he  a lgeb ra  C* ( t t )

i s  exac t l y  t he  space  X (U)  o f  a l l  smoo th  vec to . r  f i e l ds  on  E .

The  space  Der (Enc i (E ) )  w i l l  be  deno ted  s j -mp ly  b , y  X ( rv ,B )  .  No te

tha t  X  (MrE)  has  a  na tu ra l  s t ruc t .u re  o f  c - ( I 4 ) -n rodu le .  rn  o rde r

and  X  (M,E)  \ , / e  have

to  reca l l  t he  no t i on  o f  t i nea r  connec t i -ons  on  E .

.  A  l i nea r  connec t i on  on  E  i s  by  Ce f in i t i on  a  rea l  b j - I i nea r

'  m a p  V  o f  X ( M ) x f  ( B )  i n t o  f  ( E )  s u c h  t h a t

( 3 . 1 )  V ( o X r o ) = g V ( X , o )  ,

( 3 . 2 1  V  ( X  r  0 o )  = X  { o )  o ' + u V  ( X ,  o )  ,

f o r  a l - I  X  i +  X { M )  ,  o  i n  f  ( E )  a n d  s  i n  c * ( t t ) . '  s u p p o s e  t h a t  v  i s  a .

.  
f  ixed l inear  connect ion on E and le t  us def  ine for  any X j -n  X (M)

a  m a p  V  ( X )  o f  f  ( E )  i n t o  f  ( E )  b y

( 3 . 3 )  V  ( x 1 o = V  ( X , o )  ;  o e f  ( E )

I -n  add i t i onb  one  i n t roduces  a  func t j -on  0 tx l  wh ich  assoc ia tes  w i th

a n y  T  i n  E n d ( E )  t h e  m a p  ? t x ) r  o f  f  ( E )  j - n t o  f  ( B )  g i v e n  b y

( 3 ' , a )  ? ( x ) t = V ( x )  " r - r " V ( X ) .

A n  i m m e d i a t e  c o m p u t a t i o n  s h o w s  t h a L  ? t r l r  i s  C - ( l , t ) - l j _ n e a r ,
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t f

t h e r e f o r e  8 ( x ) r  i s  a n  e l _ e m e n t  o f  E n d ( E )  "  A c t u a l l y  ? t x t  i s  a
 dev i ta t i on  1n  the  a rgeb ra  E4d( r )  and  the  map  v :  x (M)  ->  x (MrB)  i s

'c-  
( i " l )  - l inear

3 .2 -  suppose  now tha t  F  i s  a  f i n i t e  q roup ,  m  i s  a  two -

- b u n d l e .  D e n o t e  b y  l : C ( F , m )  +  E n d ( E )  t h e  s t r u c t u r a l  m o r p h i s m

a n d  l e t  ) . ( e * ) = S ( x )  ( x e F ) .  T h e  s e t  I = { S ( x ) : x e F }  i s  r e f e r r e d  t o

a s  a  C ( F r m ) - s t r u c t u r e  o n  E "

Given a l inear  connect ion V on n we shal l  say that  v

p r e s e r v e s  t h e  C ( F r m ) - s t r u c t u r e  I  i f

( 3 . 5 )  0 ( x ) s ( x ) = g ;  X e X ( M ) ,  x a r .\ \ ' '

Fo l rowing an a l ready in t roduced notat ion,  one has that  the l i -
:

near  connect ion v  preserves the s t ruJture i  i r  and only  i f  t "he
A 1

d e r i v a t i o n s  v ( x )  b e l o n g  t o  X ( M , E )  ̂  f o r  a l }  x  i n  x ( M ) .

The main resul t  o f  th is  sect ion g ives a concrete des- .

cr i -p t ion of  a l l  l - j -near  connect ions on E which preserve . t .he

st ructure I .  rh is  descr ip t ion appears in  fact  as an appl ica-

t ion of  Theorem 2

More prec ise ly ,  i f  v  is  a  l inear  connect ion on E and"  x

i s  a  v e c t o r  f i e 1 d .  i n  X ( ] { )  w e  d e f i n e  f i r s t  t h e  m a p  X V ( X ) : f  ( e ) - }

- '  f  (E )  by

( 3 . 6 )  . X V ( c ) = ( o r d  F ) - 1  I _ m ( * , x - 1 ) S ( x )  o V ( x )  
" r ( * - 1 )

.  x e F

Nex t  re t  us  deno te  by  xv  the  map  o f  X (M)x f  (E )  i n to  r (E )  ob ta ined .

as  fo l l ows :

( 3 . 7 )  X V ( X , o ) = X V ( X ) o ;  X e X { M ) ,  o e f ( E )
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By a straightforward computati 'bn one finds that xv is a r-inear

connecti-on on E and moreover we have:

pRoposrrroN 3.  Let v be a l inear connect ion on E. Thqn

i )  1V preserves  the  s t ruc tu re  I ,  and- t

'  i i )  v  p reserves  the  s t ruc tu re  I  i r  and on lv  i . f  v=xV./ \  _

3-3-  More genera l ly ,  Theorem 2 furn i -shes a descr ip t i_on

of  the set  o f  a l l  l inear  connect ions v  on E which sat is fv  a

system of  equat ions of .  the form

( 3 .  B )  V  ( X )  S  ( x )  = T  ( x )  ( x )  ;  X e  X ( M )  r  x e F r  i

w h e r e  r = { r ( x ) : . x e F }  i s  a  c o l l e c t j - o n  o f  c - ( u ) - l i n e a r  f t a p s  f r o m

x ( M )  i n t o  E n d ( E ) .  A c c o r d i n g  t o  t h e  r e s u l t s  o f  s e c t i o n  2 , . t h e

next  ana. logue of  the second par t  o f  Theorem 2 fo l lows.

THEOREM 3 .  The  sys tem o f  equa t i ons  (3 .b )  has  so lu t l ons

i f  and  on l y  i f

( 3 . . 9 )  T ( x )  ( x ) S ( y ) + S ( x ) r ( y )  ( x ) = m ( x , y ) T ( x y )  ( x )

fo r  a l l  X  i n  X (M)  and  x . r y  i n  F .

r f .  t he  co r lec t i on  sa t i s f i es  the  cond i t i - ons  (3 .9 )  t hen
l

the  sys tem (3 .8 )  has  the  genera l  so lu t ion

(  3 .  1 0  )  V = X V ' + r 1 ,  ( f  )

where  v '  i s  a  l i nea r  connec t i on  on  En  and  u ( r )  i s  t he  map  o f

X  (1 .1 )  x f  (n )  i n to  I  (E )  de f  i ned  by

( 3 . 1 1 )  U ( r )  ( x , o ) = ( o r d  F ) t 1  I . . * ( * , " - 1 ) - r r ( * )  ( x l s ( * - 1 ) o ;
xeF

x e X  ( M )  ,  o e f  ( E )  "

ii
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