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. The first operator algebra analogue of the rigidity phe=
nomena in representation of groups and ergodlc theory were ob-
tained by-Connes (2l He used discrete groups G with the pro-
perty T of Kazhdan to construct type 111-£actors M=L(G)'with :
dlscrete automorphlsm group Aut M/Int .M. As a consegquence these
factors were shown to have countable fundamental group &(d) {as
defined 1n ‘91),'a fact that may be viewed as a typlcal and spe;

cific rigidity phenomena in opera‘or algebra. Then in. K31 eonnes

~defined the property T for arbltrary typé II1 factors, in a way

thatimakes equivalent the propertv T of a group G and - of its
von Neumann algebra T(G) .

We present in this note some new rlgldlty results c01CLrn1n
flnlte von Neumann algebras w1th propretv T,

our first theorem shows that i1 some sense ehe:set Cf_sab~

factors'with property T of an arbitrary 111 factor isypoor.
To state it we reeall>that two~von Neumana subalgepras B, BO
of a type 111 factor M are iner copjagate if there is 2 et
ue% such that hBu* B, Athhat two factors M and ﬁlare.called
stable-equivalent.lf elther there e%;sts a progection etM sO £
N is isomoréhic to eMe or there exists a projection f¢N so that

M is isomorphic to ENE.
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PHEOREM 1. Let M be & separablc type II1 factor. The set

of classes of inner conjugate cubfactors w1th property T eof M

having finite dimensional relatlve commutant in M is countable.

" Moreover the set o glasses of stable equivalent subfactors with

property T of M (not neceSSarily'uith the same unit as M) is also

_eountable.

This theorem generalizes the results in:i2]i el Anorher
extensi@n.of those ¥ sults is given below. On~the other hand the
pxe@@ding theorem ls related to a well known problem in operator
algebra asking whether there exists a separable tvype 11, factor
containing copies of any other separable finite factor (cf. lel
proplem 4.4 29, Indeea'if in this,oroblem we require in additien

the subfactors to have small relatlve commutant then by Thoerem 1

: the- answer to the problem i's no: Lf in turn there would ex1st

such a universal separable II1 factor then, agaln by the theorem)
it would follow that, up: to stable equlvalence, there would be
only countably many rigid factors. That thiis s true or not seems
to Pe a problem. of lndependent 1nterest; '

The next result shows that for @ separable 11, factor M to
have a oountable fundamental group *(M) or,bmore generally, a
countable ot of indices OF subiactors ‘3(%) 7l it is Shffl‘
cient to contain a subfactor with plOperty T with small relative

commutant..

THEOREM.9 Let M be a separable type I 1'faotor. I+ M con-
talns a sublactor w1th propertv T, NcM,so that N'NAM has a nontri~
vlal atomic part then }(M) and %(M) are countable.

The last theorem we discuss contains a new type of riqldity

result, not considered until now in operator algebra or in ergodic
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theory. Namely, we compare the different restrictions of a neasured

equrva]ence relatlon and show thdt once, it contains an ergodic

actlon of .a rigid grouo, most of them are nonlsomorphrc (in the

sense of orbit equivalence 61y .

THEOREM 3. Let jabe'an ergodic countable measured eguivalence

“relation on a 'nonatomic- probability space with X-invariant measure .

(ki) Supposeﬁkzcontains the free ergodic action of a group

with property T, Then there is a countable set S’c[o,1] such

that whenever FeX and ul F)¢S the restrlctlon “‘0f & to F is non-

isomorphic to~;1q Inother words, 1f,A is. the type II1 factor with

normalized trace & constructed from R as in {6 and SRR e )

clit is the corresponding Cartan subalgebra then for any projection,

eéA'with %(e)és there are no lsomorphlsms of M onto e%e caryrng

S

A onto Ae

Tem”

Since the group measure algebra constructed in |57 satisfies

'.the above COHdlthnb and is. so that the correspondlng 1T, factor:-
ads rsomorphrc to 1ts tensor product by the hyperflnlte II factor

'R, we get by Theqrem 3

COROLLARY.'There exist separable 1T, factors with uncountable

.

s many nonconjugate Cartan subalgebras. More precisely there exists

a separable type II1 factor M wrth a Cartan subalgebra ‘ACM sC that,

'for a-certain countable sek -5 Cﬁp 11 given any- prOﬂectron ech

with (e NJS there are no 1comorohlsms of M onto eMe carylng A
onto Ae, but so that MxM ® R (and thus MzeMe for all e).

AlthOugn w1th a statement of ergodic theory flavor, Theorem 5
has a purely operator algebra proof. It is in fact the immediate

consequence of the following more general:



THEOREM 4. Let M be a separgble type II, factor and BcM a

1

von Neumann subalgebra. Asaume there exist type II{ subfactors

_NOLNCM so that BCN, NéﬂN (1 'ﬂM C and so that N and the inciu--

sion BcN have. the propeff}ﬂT‘ Then there exists a countable set

Sa:[0,1l such .that for every projection eéB with z(ekjsc there

. are no isomorphisms of M onto eMe sending B onto eBe.

Thébrems 1, 2. and 4 have a common line of proof:
1° One begins'by contradiction and one uses an approﬁriate
separability argument (like in 1101) to get. from. it the existence

of pointwise arbitrary close subfactors with property T (or mor- -

"phisms from the same subfactor with property T);

2° One uses this to get completeiy positive maps, of the
same property 4 subfactor, close in certaln po;nts to the 1dtnt1~
ty-oF that subfactor (llke it L10l), 2355 theﬂone uses the trlck of
[4] to show that these completely p051tlve maps follow unlformly
close to the 1dent1ty, 4° then one 1nterpretc thlS to get that |
thé initial algebras (or morphlsms) are unlformly close (Jn the
senge of {1]); 5° one uses Chrlstensen s results (L1l) to obtain
that the algebtasl(or ﬁorphisms)iare innet conjagate thus gettinéA
a contradictidh wﬁich ends thé_?roof,

. Détails of all thesé as.wéll_as-an exposition of the'neées"

sary technical background can be found in [111;
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