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T h e f i r s t o p e r a t o r a l g e b r a a n a l o g u e o f t h e r i g i d i t y p h e .

nomena in representation of groups and ergod'ic theory were ob-

'  '  |^1 r  un e groups G wi th  the Pro:

ta ined by connes (  l2 l  )  '  He used d is 'cret

per ty  T of  .  Kazhdan to consl ruct  type IL '  f  actors  U=t '  (G)  wi ' ! :h

discrere auromorphism sroup o"t 
:1t"1-.- 

^ 
_-":"::"T;:,t::.

factors were shown to have countabl 'e fundamental gr(

d e f i n e d i n | { l , a f a c L t h a t . m a y b e v i e w e d a s a t y p i c a l a n d ' S P e .

c i f i c r i g i d i t ' y p h . e n o m e n a i n o p e r a t - o r a l g e b r a . T h e n i " . [ 3 l C o n n e s

def ined the proper ty  T for  arb i t rary  type I11 factors '  i i r  a  v IAy

thaL makes equivd lent  the proper t lz  {  o f  a  group G and of  i ts

von Neumann a lgebra L (G) '

'  ' ! l - j ^  v  r i g id i t y  resu l ' t s  conce rnan

We Present  in  th is  note some ne! '

| t r e u m a n n . a l g . e b r a s w i t h p r o p r e t v T .f in i te  von I

o u r f i r s t t h e o r e n s h o w s t h a t i n s o m e S e n s e t h e s e t o f s u b

f a c t o r s w i t h p r o p e r t y T o f a n a r b i t r a r l r ' 1 . f a c 1 o r i s ' p o o r "

T o S t a t e i t r v e r e c a l l t h a t t w o v o n N e u i n a n n s u l a l r ; e b r a s B t B o

o f a t y p e l l t f a c t o r } l a r e j - n e r c o n j u g a t e i f t h e r e i s a u r r i t a r y

ut l l  such that  uBu*=Bo. '  AnJthrat  ! *p 
factors M and N are 'ca i lec l

s t a b l e e q u i v a } e n t . i f e i t h e r . t h b r e e x i . s t s a p r o j e c t i o n e € | { s o t h a

N i g i s o n r o r p h i c t o e l v l e o r t h e r e e x i s t s a p r o j e c t i o n f E N s O t h a t

M is  isonorPhic  to  f l ' l f  '

# .

i  9 8 0  l ' l a t h c m a t i c s  S t i b j c c t Class i . f  i ca t i on  '  P r imary  46L : l  0  '



- L l  ^  +  ) r "  T h e  s e t

f i ig0REl"I 1, I 'et 14 be a Serparable type IL' '  f  act<

of gla$sep pf l 'nn-er c-o't l ja94te subfactor:s with prope]:ty T'of I ' t

'  i  ^ -  -  1  v ' : ]  :1-  i  r ro commutant  in  l t1  j -s  coul lLdrr r ( ,  '

h a v . i n g f , u : . l e d r p e n s i o n a l r e } a t j - v e c o m m u t a n t i n M i s c o u n t a b } e '
bfactors wi . th

lloreqver g"ile 'sef of slasses sf stable equivalent su

as lv l )  is  a lso

prgperty T o'f l[ (not nece:ss ri ly with the same unit

.  osunLable '

Thrs L'h.reo:rem gene'ra.lizes the results in ! zf ' Lf ol ' Anottrer

e x g e n s i a r } g f l h o s e r e s u } l s i s g j . v e n b e l o w . o n . t h e o t h e r h a n d t h e

h e o r e n r s r e l a t e d t o a w e l l ] < n o w n p , r 6 b l e m i n o p e r a t o rpfeeedi-ng tnearert t  - : l - 'p ' . : - r-se-*

a x . g e b r a a s k i n g w h e L h e r t h e r e e x i s t s a s e p a r a b } e t v p e l l t f a c t o r

g o n L a i n r n g c o p i e s o f a n y o . L h e r s e p a r q b l e f i n i t e f a c t o r ( c f . L 1 2 ]

p r o b l e ^ . 4 : 4 . ' 2 9 J ' I n d e e d L f i n t h i s p r o b l e r n w e r e q u i r e i n a C d i t i o n

the gubf;aetors tg have sn'ait 'rel-ative commutant then by Thoerem 1

'  ' l  r '  ̂  - -^1-1 c 'n turn there would'  exist  
'  '

the'answer to Lhe problern is no. '  I f  i

s u c h a u n i v e r s a l s e p a r a b } e T l , , f a c t o r t h e n , a g a i n b y t h e t h e o r g n ) .

i t  would fo l low that '  uP to stable eql ivaf"" t : '  
:n" t t  

lvouf!  fe

.  6 L - t -  + - L - i  c  i  q  t - T ' u e  o r  n o t  s e e m s

only countably rnany r ig id factors That th is is t rue or i roL se'

to  be 'a  p rob lem'o ' f  independent  in te res t  
i r

T h e n e x f . r e s u l t s h o w s t h a t f o r a . s e p a r g b ' l e I I t ' ] : : : ' o ] . "

h a v e a c o u n t a b I e f u n d a r n e n t a } g r o u p 9 l l r l : ' , m o r e : " " " ' " l ' ' , u ' 'A  , ' - l )  i t  i s  s u f f i -
^ $  o " h { : A r : I , O I S  : l  \ i ' l  ,  \  L '

countab le  se t  o f  ind ices  o f  sub f  ac to rs  3  ( l ' t l  (  L /

a ' i e n | t o c o n t a i n a s u b f a c t o r w i t h p r o p e r t y T r . v r t h s m a l l r e l a t i v e

eommutant' '

I c t o r "  I f  l 4  c o n -

.  THBOREM 2 '  Le t  M be a  separab le  type  I I t  fa

,  r r ' 1 [ 1  h a s  a  n o n t r i *

t a i n s  a  s u b j - a c t o r  w i L h  p r o p e r t l r  T ) N C ) I ' s o  t n a c  L v l r r  r r q J

!  1 l ' r )  antL Ttul  are countabJ'e '
v ia l  a to rn i c  Pa r : t  t hen  I  q rv

T h e l a s t t . h e o r c n w e c l i : ; c u s s c o l r t a i n s a n e w t y p e o f r i q i d i t y
-  i . -  ope ra to r  a1 -geb ra  o r  i n  e rgod ic '

i esu l t ,  no t  cons idc r :ed  un t i }  now in  ope ra to r  a1 -geb ra  o r  
] "  

e r



theory '  Nanelyr  w€ eompare the di f ferent:
.  ,nr." ;

egu iva lence reLat lon  and show fhd t '  once '

ae t io-n of  a r iqt id '  group '  most of  them are

$en$e o f  o rb i t  equ iva lence t6 l )

a measured

ergodic

t j.n the

:

n  
A n  e r o o d i c  c o  i r e d  e q u i v a l e u c e

THEOREM 3. Let tR,be an ergodic countable measu

rclat ion on a'Rgnatgnie probabi l i ty  space with .R- i t " tar iant  measure

-  
A  , - ^ - ^ J i ^  ^ ^ r j a n

(XrX,u) ,  .SuBpose& cont ,a ins  the  f ree  ergod ic  ac t lon  o f  a  g roup

,wieh property T.  Then there is a countable set  SocLOrr l  such

:  F € X  a n d  l r ( F ) d S ^  t h e  r l s t r i c t i o n " o f  Q  t o  F  i s  n o n -
tha t  whenever  .  . .  o

isornorph ic  to .R. . ,  rn  o ther  words ,  i f  i , I  i s  the  type  Tr1  fac to r  w i {h

normal ized  t race  Z  cons t ruc ted  f rom. f i .as  in  [6 ]  ana i f  A=L* (X iX 'p )

Cl,1 . is  the corresponding Cartan subalgebra t 'hen for any project iop'

e€A w i th 'u (e)dSo there  are  no  isomorph lsms o f  14  on to  e l {e"cary ing

. a '

A onto  
'Ae ;

the  above cond i t ions  and.  i s  so  tha t . t l "  cor fespond ing ' I I1  f .ag tor

.  is  isomorphic to i ts tensor product by the hyperf in i te r l t  factor

Rr  we ge t  bY Thegrem 3"

coRoLLARY. 'The re  ex i s t  sepa rab le  I I 1  f ac to rs  w i th  uncoun lab le

Inany nonc.onjugate car tan subd. lgebras.  More prec ise ly  there ex is ts

a  sepqrab le  t ype  I I t  f ac to r  M  w i th  a  ca r tan ' suba lgeb ra  AcM sc . t i r a t '

f o r . a  c e r t a i n  c o u n t a b l e  s e t  S o c l O r l l  ,  . g i Y e n  
a n l r . p r o j e c t ' i o n  e € A

wi th  G(e )dSo  the re  a re  no  i somorph isms  o f  l ' 1  on to  e i l e  ca ry ing  A

onto Ae,  but  so that  l ixM a R (and thus M:eMe for  a l l  e)  '

.  A} though wi th  a s tatement  of  ergod. ic  theory f  la"vor ,  Theorem 3

h a s a p u r e l y o p e r a t o r a l g e b r a . p r o o f . I t i s i n f a c t t h e i m m e d i a t e

qensequence  o f  t he  fo l l " ow ing  more  genera l :

res t r i c t ions  o f

i . t  contains an

nonisomorPhic



1..

THEOREM 4.  L,et  M be a separ iab le type I I1  factor  an{  BcM a
:

v .on t ieumann subalgebra.  Assume there ex j -s l -  type I I t  subfactors

N^CNCM so  tha t  BcN,  Nr f lN -Cr  N 'A I4=C a r rd  so  tha t  N^  anc l  t he  i nc iu -- 'o- - '  . ,  ( ie+ ttt_\)_, 
o

sion BcIt have the prop*rft:-Tfl6" there e:r ists a countable set

s . c l O , t 1  s u c h  t h a t  f o r  e v e r y  p r o j e c t i o n  e e B  w i t h  g ( e ) d s ^  t , h e r e
oo {

are no f iomorphisms.  of  M onto eMe sending B onto eBe.

Theorems 1,  2 .  and 4 have a comlnon L inb of  proof  :

. '  i '  One begins by contradic t ion and one uses an appropr ia te

separabi l i ty  argumdnt  ( l ike in  11 0]  )  to  get  f rom i t  the ex j -s tence

of  po intwise arb i t rary  c lose subfactot"  * i t f t  proper ty  T (or  mor-

'ph isms 
f rom the same subf  actor  wj - th  proper ty  T)  ;

2o  One  uses  th i s  t o  ge t  comp le te l y  pos i t i ve  maps ,  o f  t he
' same.p rope r t y  

T  sub fac to r ,  c l ose  i n  ce r t . a in  po in t s  to  the  i den t i *

t y  o f  t . ha t .  sub fac . to r  (1 i ke  i n  L tO l ) ; .  l "  t he {one t  uses  the  t r i ck  o f

[  ]  to  show that  these complete ly  pos i t ive maps fo l low.  un i formly

c lose  to  the  i den t i t y ;  4o  then  one  i n te rp re ts  th i s  
: "  

ge t  t ha t

the  i n i t i a l  a lgeb ras  (o r  morph isms)  a re  un i fo rm ly  c lose  (  i n . t he

F - - r  F 6  r -  - - ^ ^ . - 1 ! ^  t l

s e n . s e  o f  t 1 l )  i  5 "  o n e  u s e s  C h r i s t e n s e n ' s  r e s u l t s  t i t l )  t o  o b t a i n

that the algenru" (or morphisms) . te inner gonjugate thus gett ing

a contradic t ion whlch ends the proof .

De ta i l s  o f  a l l  t hese  as  we l l  as

gary technica l  background.  ean be found

an exoosi t i -on of  the neces-

t -' . i n  |  1 1 1
l l r  L  ,  t l  ?
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