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INCI inSTT 'Dcpt ,  o f  l /a therna t ics

A b s t r a c t .  I n  t h e  c a s e  B i - r = & . , u ( * . . , )  r v e
.  L  J  r . J  i

a1
c l e n t  a ? .  b y  c h o o - o i n g  s u l t a b l e  t e s t  f u n c t i o n s  i n  t h e

f -  J .

Te g ive an exani , . le  fcr  ivh j -ch o ' 'Z  nal '  be r rn.s i t i . re  o l :

i f  t h e  c o r l r e s p o n d i n g  i n r t i a l  c o e i f i c i e n t s  a r e  e q u a l

?(  a i  .z rk ,Q - r ;  )z lv  .

o b t a i n  t h e  e f f e c t i v e  c o e f f i

1 o c a l  p r o b l e m .

n e g a t i v e ,  e ' v e n

t o  z e r ' o ,

I n t r o C u c t i o n

r f fe  consid.er  a  cord. ,os i te  mater ia l  fcr rnec l  b ; r  a  matr ix  o f  tow re-

s i s t e n c e  i n  v r h i c |  f i b e r s  (  o r  i n c l - u s i o n s  )  o f  h i g h : : e s i s t e n c e  a r e

pe r io i . i  ca l l - y  i nse r teC  .  Then  the  ' l i nens ion  o f  . t h l s  pe r : i o r1s  i s  l - e r$

sma l l  ccmr :a red  v i i t h  t ha t  o f  t he  en t i re 'med ium;  the  cha iac te : : i za i i on

o f  t he  ma te r i . a l  i s  ob ta ined  by  nass ing  to  the  l i n i t  i n  a  fa ' rn l l - y  o f

n rob f  e rns ,  i nde : :eq1  by  the  ra t i o  be tv reen  the  two  r l i r nens ions .  I n  i ' h i s

v r s y  I  t h e  i n i t i a l  r n e d i u m  w i t n  s p a t i a l  p e r i o c i c  c o e f  f  i c i e n t s l  i s

a n n r o x i m a t e d  b y  . a  i n e d i u n  w i t h  c o n s i a n t .  c o e f  f i c i e : r t s ; .  t h e y  a r e  
'  

o b ' -

t a ined  b . l ,  so l r , , i - ng  a  p r :ob1en  in .  a  s ing le  ne : : i o t i .  so  ca l l ed .1oca l

s ta ;nCard  p r :ob lem (  
[ t l  ' [ t ]  ) .  The  rna te r i a l  ob ta j ' ned  j -n  th i s  way (  i r r

. L - l  . L

genera l  non -  i so t ro tp i J  )  
' i r i . r e  

a '  be i i e r  res i s ' t ence  p rone r t i es '  i n  
.  
oe r -

t a i n  d i r e c t i o n s ; .
' , t / e  

c o n s i . i l e y . h e r e  t h e  s t a n c l a : ' d  r r r : n b l e n  ( 1 )  w h r c t r  c h a r p - c t e r \ 7 ' e

t h e  i h e r n a i  c c n d u c t i . r i t y  o f ' e  c o n n o s i t e  n e C i u m  r " r i t h  t w o  c o $ p o n . e n i s '

t he  pe : : i oc l i c i t - ; r  ce l l -  be ing  the  t t r t j - t  squa re  ( f i g ' , ' .  1 )  i  i n  t h i s  cASe  '

t h e  e f f e c t i v e " c o n C u c t i v i t y  i s  g i v e n  b ; r  ( 2 ) :
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T n  q e n e r a l  . , t h e  p : : o b l e m  ( 1 )  h a v e  n o t  a n  e x a c t  s o l u t i o n .

-  Y / e  c o n s i C e r  : / L  = x t  y 2  = y .  F o r  i n s t a n c e , 2 f  t h e  c o e f f j - c i e i t t s  * i j

d . e p e i r r L  o r r l y  o n  x ,  i t  i . s  p o s r i i b l e  t o ' o b t a i n  t h e  e f f e e J : i v e  c o e f f i c i e n t s ;

u s i - n g  t h e  - f l o r n u 1 a s  ( 3 )  g i v e n  i n  
[ r j . ' i l h e s e  

f o r i n u ] a s  r v e r ' e  o b t a l l r e d

us i r : pq  the  l : egu la r : i Ly  c f  t he  so lu t i on  and  the  r i ea ' , "  t r i r r i j - t s  o f  ce : ' ' t a j n

c o m b i n a , t i o n s  o f  t h e  i n i t i a 1  c o e f  f i c i e n t s .  '

o
& r .

- L I
I

)( ] )

.  o  , , o  /  ,  \  t n  j
,  B ; r / ? t t = I Z : . / a . - r \ i f  i  f l-  

- l - L  L l -  \  l l  r L /
n ,

= ( & c c - ? . c t  a t t f  a f  f  \
\  4 - 1 -  L L  l L  t t , /  c

he  paoer ,  \ 4 Ie  ob ta in  t l ^ re  e f fec i i ve  coe f f i -

t es t  . f r : nc t i ons  i n  t he  va r : i a t i ona l  f o r

.  1 : ' l i t h  t h i s  rne thoC ' v re  can  ob ta . i n  so l r re
- l r r t i  n ra .  -  p - . . r r . n  i n  t he  symne t r i c  case  ,  f o rf  u  v ! v r r u ,

c f .  i a l  ) ,
L  J -

n s i C e r  a n  e x a m p l e  c f  a  r : e r i o C i c  m e d i u r n

ob ta in  the  exac t  f o rnu l -as  fo : :  t he  e f - l i ec -

va iue  may  be  oos i t i ve  o l r  nega . t i ' ' r e  f o : :

f  t h e  i n c l u s i o n ,  e v e n  1 f  a 1 2  . = a 2 1  
=

. - {
=  {  V  ? ' , . \

\  t L l

n n t ( \-n21 * r? - i  n r r

In  the  f i rs i  par t  c f  t
^ i  ^ - + ^  h a ,  a h n 6 s i n g  s u i t a b l eu -L  l - ' i :  u  >  v - l  

.  
u l rw

m u l a t i o n  o f  t h e  p r o b l e m  ( 1 )

cha rac te r i za t : - cns  c f  i he  so

a i  i  d  epenC lng  cn  x  and  i '  (

in  the last  Pa: : t  ' , ' /e  co

f o : :  w h i c h  1 t  i s  l : o s s i b L e  t o

t i v e  c c e f f i c i e n t  a ? ^  "  r h i s
! 7

c i i f f e ren t  ' r  c r i en ia t i on  ' r  o

t "72

.  F i rs t ,  we cons i r le r  tne  inc lus ion  to  be  s - r l rn ree t r j -ca l  w i th  : :esoec ' f

to  the  syn in te i ry  ax is  o f  t l i e  un i t  s r iuar :e  Y  (  f ig '  Z  )
( v  . 1 ^  ̂  - - ^  - t , .  ^ ^  Ji Je r  a i i  =A&r , . '  ,  v i ie re  f+  taw.es  the  va fues  o(  and.  p  in  Y ,  (  l i ' -

' c e r )  a n d  o - Y ?  (  n a l r : x  o f  l - c w  r e s r s t e n c e ) .  i T e  u - s e  i h e  t e s t  f u n c t i o n

A  r l  o f  i  r r o t  r r . /  ( a  )  r  w h e : : e  x r  t X o  =  ]  r  x i  b e i n g  ' t h e  c o - o r d c n a t e s
\ T , / u a ! r . v . r v _ _ l z 1 . ,

u r i i " n  d e f i n e  t h e  b o u r i d a r i e s . o f  t h e  r n c i u s i c n '

( 4 )

t ^  \

1 ' ' )  , :<2  )

/  - \
l . T  I  )' " 2 ' , - ' ,

T i - 9 "  2

F T
I  , I
I  t + l
L J

T n  * l r i  e  n D i r :
. l - . 1  u t r r J  v ( r r . ' \ r  I

' i .

o l l o w i n g  s Y r ; l r e t : - ; r  n : : c n e : : t i e s  {  c f

:
. , , n  ^ h , 1  - - - - l
J \ . - . . '  1 1 r t . l  / \ - a

t h e  < l i r e c t i o n  0 x

i i r c  r l  i - r : e c ' u ; o : t  ) Y .

i
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P l .  =  c  o n
1

P oC, i  i r t

? l  even  i . n



' . '

t ' . )  i so f  p r i o b J . e m  \ r /  r $

f  r  -  f  - ' r -
( r )  Jp?i t }* i tp i lx  = - I tZf ra* '

.  r r l  
,  y  I

' n r |
-  - - ^ r  ,  = J  ( x , y ) r x = x i l  .

In  the  fo l lov r lng  we denote  by  a  =  *2  -x l  ano I  i  L  : -

Us ing  the  above symmet : :y  p roner t ies ;  we have

+
( " '

- l - L

(5)  J -P-  =  - (o( -  F  ) ' " ' * t /  (  zx , *  +  "P )
ra
l 2

Thel 
"orpofut ion 

of 
"?r 

fol lows I , ,
.

r
1  1 -  . /  \  ( J  - ^ '  

(  1

(?)  *?r  = ("*)  o . ; ,a 'p ' i lv6 
= (u 1| .  

(d\-  p )  )  I 'n t  =

t "  
C  - r .  =  o ( g  / (  o (  ( t - a ) + Q  a ) .

=  & r r  +  2  t d  - p ) )  P ' '  -  v
t -L t  

f -. r L

T n  . o r d e r  t o ' c o m p a r e  w i t h  t h e  e x a c t . ' f ' : : m u l a  ( l )  w e  c o m p u t e

\  - 1  .-  . ' - 1  (  , .  . / 1  ^ t r H )  
- t = A A u ' ( a . ' ( f - a ) + $ a )

. /

\ L - / L
I .

t ' h e n  t h e  r e l a t i . o n  ( 3 )  f o r  a l t  l t  i s  o b t a i n e d  '  
, '  

'

t r ' o : :  the  e f fec t l ve  eoef f i c ien ts  '1 'Z  and 
"2 t  

we '  have :

( - 2 ^
o o  /  \  . \ - . . - } r ' l D x  

' r  
.^ \ Z  =  

\ " 1 2 ) ' J o r r
Y

^zL l t= fzr ) . [ " r ] r t ' i }2 2 d P -  /  0 y

I - 2 2

r '  o  =  0  ,  because  P '  =  0 (  P*ve r i f y i ng  e .n
whieh give us U.-.Z = uit 

,  -,  - l  . i  -

;";;": '*r*n"th"*i1ent 
i i*o sirre equal to zero) and Pl is Y

. ^ +  - a r a * i n n  i n  f 3 )  i t  1
} ; i l i : :  i ) ) "uenend inq  onry  on  x .  rhe  las t  re la t ion  in  (3 )  i t  i s

s o  v e r i f i e d  ,  b € e a u s e

l_

N D

A L

nv
a

2 2

L e t  u s ' r e n a r k
' n

g ive  us  a \Z-

s-rrrnrnetrY cond i r ion

Grr)
=  0 ,  t h e

/
I

= ( a ^  \ . +  l
. \ .  l l t  Y

that 
'oecaus

=  a 9 -  =  C '
, / l



. ] . , . ' , . : i . ' . ' . . .
I  ' l Tow, 'we  

cons ide r :  a12  f  
o .  r l l e  c leno te  by  

'  ' '  ' :  " '  '  
. .  i

f  - t  : -  v

_ { * r r t  
y ?  .  

) -  = . l } - ' t '  
1 2

u r r = {  t r - l r  ir  
I  P in Y1 ' [d i : t r  v1

T n  t h i s  c a . s e ,  t h e  f o r m  o f  t ? ,  i s : : t h e  s a m e  a s  a b o v e ,  b e c a u s e  t h e

q u a t l o n  f o r  P l  i s  ,  l i '  :  '  ' . '  
i

f - ( . (

J , '? priV"Qpft" . ) 7'z?p7/Vv?Qi7* : I "1'? Q/D*
Y IY  

. t o  ,  - o n * i  n n  o v .  t t , " r " t o r l  w e  o b t a i n  (  5  )  ,
' l r

and VyL/?y  is  o r ]d  in  the  d i rec t ion  Oy;  th 'e re fo re

r '  :
.  O  1 ^ -  - - ^For bll sie have

^  , ,  , .  (  . * ' l  , ) i  .  r -  . r  l - (x -F) ' * r
(s)  ^7. t  = Grt>.  J  ̂ zpot / )*  =fa+d ( r -a)-z({ -d;  ; ; ; - " j ;p ; - -

I
=l ur P +( l-a)fu i  /{n( r-") " P a} )

f l

L  v l  
:

o b t a i n e d  u s i n g  t h e  e x p r e s s i o n  o f  J  D ]  g i v e n  b y  ( 6 )  ,  b u t  $ r l t h  a l l

r
lnstearl of l-L . 

' .2

I
T h e  f o r m u l a  ( 3 )  g i r r e  u s  :

/  \  ' t  f  c  )

( .u ' r * r r )  =  a f re-  +( l -a l  J  zp = {^ t rP . ( r - * \d*  l  id  P

a7.=(^r , / " , . , . )* i , -  =f  ̂ fP 
"( r -a) t* i  

/ Id(1-a)  l f  ' ]  '
' l I  

\  z r  t t f  ] l
..

there fore  v te  ob ta in  the  same resu l t  fo r  
" l -  

o
' " 2 I

o . \

To obta in  a ! ,  r  we havb (  because Tz  =  0  ln  th is  case)

( r -51  a  x l

. ( g ) * , , = Q . , ) * l . ' , , p 2 / l * = ^ t r * ( r - a l F - z ( . c ' , - ? , ; f f i -
Y 

P2' verify an e. T h e a b o v e f o r m u ] - a w a s o b t a i n e d " u s i n g t h e . f a c t t h a t P - v e r ] . : l i .

qua t io r r .  o f  the  same type w i th  those r : f  P l  , rou l -1"  ihe  l igh t  hand

s i d e  o t l  i s  r e r l a " * o . , b v . o t 2 . '  T h a t  
1 :  

* o o  ? ' 2  - ] i 1  h a v e  t h e  s a m e  s v m -

metry p:roperty as P-.We 
"oi"  

that  the expr.esi ion 5r- iven by (g) and

( 9 )  a r e  t h e  s a m e
The cornputa t ion  o f  ^7-Z  is  mac le  us ing  the  re la t ion , :

t

4l

I



; r *

A d  = 1 a  \ +*22  \ - 'ZZ l  '

and vre need to vel l

^  o  ^ o  / a ? -o2r  o r2 '  1 r

u s l n g  { ? )  a n d  ( s )

-(*ri)-r,i$ i{-$;;'
{ l - a ) * f "

=-1"
')

:

J *^.Dpz y):y
Y 

/ . I

i fy that

( r t  ^ tp /  u t

we obta in

have

( 1 0 )

( 1 ] )

( r z )

) . P " j

)  *  P " ] ,
ob ta lned  above .

r
l x  '
\

{  x ( r -xr -x1)  + x ,  (zxr - -L)  /  (xz-* l )  ,
t '
L t - *  

'  
,

i  Pland ?2 give us

( ;
*  )  p ]  =  a ( l -a ) ( " (  -  p  l t { "< ( r -o

(,1

( . 2  c
*  ) ' r *  =  a ( l - a ) ( f -  d ) /  t o L ( t - " .

l-r
i on  o r  a ! , '  a re  the  same wi th  those

-  t l
. v

r r ? ' t  ( U  ( * ) =
\ r ) t  T  \ 4 / , -

Th.e eguat ions o

r
( 1 4 )  )  P l

f2

( z
( 1 5 )  r  l

.  t 7

and the  express

{ r -u )+p "

^o .o ,_o /  { "y1:e= i l fu ] '3_f^y  +( r_a) {_ : i={ ai-r a.\r/ drt-f , r *rzl3rr)* s:': 
r I L c/_ h J-  L L .

: '

(  tr  - f , )zu(r-a )/  I  dJJ-a) * p"I  .
A  * ' '  

L  I  J
i

T h e r e f o r e  i - n  t h i s  c a g €  a l s o  w e  o b t a i n  t h e  - l a s t  o f  t h e  r e l a t i o n s  ( 3 ) .

r is case Pfand, P2 have necessary the *B*:  sym-

met ry  p roner t ies  ,un l i ke  in  the  two d inens iona l  case where  P '  i s

even 1n the direct ion 0x ancl  or lc l  in the direct ion 0y.

F i n a l l y  w e  c o n s i d . e r  e ;  i  =  a . ,  r ( x )  b u t  t h e  i n c l u s i o n  i s  n o t
- L . J  L , l

symmet r ic  w i th  respec t  to  th .e  symrn6t : ry  ax is  o f  the  per iod  Y '  $ /e

. O /' ^-zz =€ zz)t

Y l e  c o n s l d e r  t 4 "

x ' e ( 0 , x r )

x 6 ( x r r x 2 )

x  4  ( x r , 1  )

- !n'1
f,L 

r

f  r \- \ P ' t
"[-t r

( ^ ? - )
.  J T  Y

n )
func t ion  :

C t r ^
( r - - d ) - l  \ p '' M e

' 1 1

f o l l o w i n g  t e s t

1 \ / \ t f

"ri =Grr) + (/' - P )t )d'

1, =(urz)n (tr- f l i5 i '- "r1



' . j ' -  
d *

; -

T,he di f ference between the ease of  sy-nrrnetr ic and :resr:ect lvely
/

non-symmerr ic  inc lus lon  cons is t '  o f  th .?  d l f fe ien t . fo r rns  o ' f  * ' " ^  tes t

f u n c t i o n s . T h e t e s t f u n c t i o n p ; h a v i n g ' , ' ' d h e s a m e d e r ' l l r a t i v e s f o r x =

0 anr l  x= l r t l ie  va lues  o f  P l  on  th ls  par t  o f  Y  are  cance led  '  fn  the

- s y n m e t r l c  c a s e  w e  h a v e  ? 1  '  0  o n  x  =  0  a n c i  f  ' =  f '  ,

.  A n . i n t e r e s t i n g  p r o p e . r t y  i s  t h e  f o l l o w i n g :  i f  w e  c o n s i d e r  ' n ? - I  =

,  constant(  wi th the same value. in 1he f iber aryi  in the mat: : ix)  '  then

r - l / - \
us ing  (15)  we ob ta , 'n  a2 ,  = r  a -ZZ)  '

T h e  c a . s e  R r  i  
= & i  

i ( x ; Y )- 2 .

The las t  re la t ion  g ives  us

( 1 6 )

and

( l

1 P - =
J
RN

we obta in

(0  -  d )  o ,? * .
( r - a ) o ( +  a p

for al t

( r ? )  " i r  
= 6 4 3 *  ( 1 - a 2 ) P  .  2 ( d - - P

/

) J p 1  =
1)A

r -a ) .  P *
lul , the
ca. l  mean

v a l u e .

, x €  ( x a ,  x 2  )

, * $ ( x . ,  , x , )
J *

' (  ,  , ^  \ / ( r r

-  
=  p - [ c ( ( i -a -a2 )  n  P" ( r - * )  

-? (a ( -  
P )RJ / i& \

'  ' I l e . - r ,van t  now to  compute 'us ing  the  rne thod d 'escr ibe t l  in

l in i t  c f  the  coef f i c ien t  
"? i ;  

v . ,e  conpute  lhe  ha : :mon i

a n d . , a f t h e r t h a t , t h e h a r r n o n i c a l t n e a n o f . t h e p r e v i o u s

/

l,'Hx(fr)= { 
(r-a 

" Pvon*'o 
= l't(i*a)n p "I /d P

L !  
L  I '

' r
y / e  c o n s i c l e r  s y m r n e t r i c  i n c l u s i o n ( f i g . 3 ) ,  a n d  o i i  =  

f t O  f  i ,  " v h e r e

p takes  the  va lues  p  ano *  f "  Y l ,  
. lespec t ive ly  

[ ,  '

I  nn"  tes t  func t i ,on  g iven by  (a )  have a  jump ac l?oss

For  th is  reason,  fc l low ing  the  above method r  v , '?  have t rvo

J  pL  and.  5  p !  =  f t  wh ich  sa t is fy  the  re la t ion

B C -  
- - l - ' r - v C

^  ( .  b  (  1  - ' )(  ^  . )  l - - l

l r *  +Pazxr ]  J  t t  n  +  I  Pr  =  -  ( / ' ' -  P) " '
BC 

t r.-=t

R ^. ---*-- . o
d . ( l - a )  * f "  I

o f  [ .
unknowns :

- l  
n r r ro t^

M ' s r

o f  a - .
! _ L

There fo re  ,  t he  l ower  f im i t  i s  g i ven  by



' ' . . ' l

.- . ; ,-.'.
.  t : . : . i , . j' .  ' ;  , : t '
- :  t : : :  :

(18i  ArNtr ' ,  = t i lu,"(  1/1,rH-) -P{*( :L-a*a2)n13at l -at ,u**a)+ P"J.
6 \

Th'e relat ion i ,  V AINF gi-v 'es us

-2(o(  -  p  )  R/ {a( (1-a) .  F*}t a - r ' , '

. A

and v re  ob ta in  ,  i f  &7  p  (  i *  genera l  the  f iber  i s  more  res is ten t

than the rnatr ix)  ,  then R 4 O n This resul t  agrees with the nume-

r l c a l  r e s u l t s  o b t a i n e d  i n  [ t ]  ,  b e c a u s e  i n  t h e  r i s h t  n a r t  o f  i h e

uni t  square Y v.re f r t t "  o l ta i le i  for :  Pf  .  only negat ive values

l {ow r  w€ cons ide t i  a  tes t  func t lon fe  f  (V)  wh lch  is  no t  per j - -

od ic .  T i re  in tegra l  fo r rn  o f  p rob lem ( l )  i s  :

( - - f 1 ^ r r ' ' ' ' r e - r - ' 1

( 19 ) Q = -J t f" l  S "-,  ;p [>r],r  ]v, S ni -\ t{* l f  i  }xtJ nt
+ - I  I  r  t  { _  

- r r  L  a
a Y r f l

-  p  | r raQ iaY i 'n i
f 1 t +

+ \  t *? -ACl
J I  L

Y

AQ

. ,  I r ? ,

t .

normal  to  YZ,  2  = Yl  Y2 and t  I  denotes

ib le  to  sotve the p"o*ur" i  -  to  compuie I  n t  -

i i on  w i th  the  fo l l ow ing  p roper t i es  :  2 :

, y )  ;  a Q t a y ( x , o )  = ? +  / ? v ( x , 1 )  i

s t . ,  e v e n  i n  x  o 1  o d d  i n  ) '

i f  f  i s  e v e n  t h e n  f t '  i s  o r l d ;  b u t  t h e  c o n - ;

i - n s t a n c e  . i f  g ( x )  =  x ( x - l ) ,  t h e n  g ( x )  =

h a v e  s ( 1 )  =  - : r i 5  = . o t - r ( o ) ,

case o f  les t  func t ion  P 
w ich  depend 's  on ly  on

? Y

whev:e i iu the out'',vard"

t h e  j u m p  . .  I t  i s  P o s s

i f  we have a.  test  func

r

1 0 ( o , y )  =  Q t rJ  ' '
') 

| 
f

L  
A Q  =  c o n

-  I t  is  vrel l  known that

v e r s e  i s  n o t  t r u e .  F o r

=  *3 /3  
"212.  

+  A  ;  we

fn the Part icular

- x r w € h a v e

o = -Jt*r f  " ,  .gS?pr/ t*{  +tr)-{(o)
f i  l ; 1 = l

' {"ry1\aA, .f/^,! . {,n"

? -
)

I f  w e  c o n s i d e r { =
'l 

Y'l

( z o ) ,(-fi

x ,  w e  o b t a

=b Ylprt)"
4 * a

see. t ltat

vrhich ver

t h e  r e . l . a t i o n  ( Z O )
r ll

i f l r  Q"  
=  even (

l o l
l r

J

BC
* i  n n
u I r a g J

i i o n s

i s  i n t e r e s
' l  +.est .  func

- W  I  " ,  l .
t +

. l . , v

d J

1" i s  ob ta ineC.  fo r

ln orr i  e: :  to eancel



o.  r .  
' i  

:  . l  , ' .  .  
, ' : i . , " . ' I  .  

' '

- :"  1 -

the mean value of  PJ) t

P r o P o s i t i o n .' ' :

-  G d ,  .  r l l
b e  C  ( Y ) '  @ "  e v e n
T -  T

f  to l }  .  "= 4Q ot-
d , : .

p l t * . ,  )  n  $ ' t *2 )

P r o o  f .

F l rs te  y r ,€  cons ide l '  the  fo l lo rv ing  c ieve loppements  fo r :  d "er iva t ives :

.;

p' t* ;  = p ' t r l -  f / ' t t ) * r  + Q" ' (D*?1tz -  p 'u ( r ) "3rro *r  '  r .

\ {e  have  p  ( z t+ r ) ( * )  odc  and  b  
Q t< ) (x )  even  fo r  kv r ,  t he re fo : re

9 ' ( " r )  n ' Q ' t " r >  =  F ' t o 1  *  P l t D  ,  
: o x  Q ,  w e  h a v e  :

ConsiC.er ing the same d'evel-oppements t

=  f t o )  *  P ' t o )  +  P " to ) / z  +  Q" ' ( o ) i 6  .  P ' '@) / , 4+ " '

Q t o >  = f r Q >  f , t  , * ' f o t t ) / z - F o ' G ) / e  t f ' n ( r ) / z + +  '  .

. t h e n w e o l t * i n , | p o > - f r c l J = p ' t o ) o Q , . t D B .
. r -

I t  fo l lov rs  tha t  i s  no t  poss ib le  to  ob ta in  a  sys tem fo r  the  t rvo  un  *

k n o w n s  '  
D o s s i b l e  t o  c o m p u t e  s o r n e  e l e n e n t s

T.n  some oar t i cu la r  cases  i t  i s

.  o f  t h e  s o f u t i o n .  I n  t h e  c a s e  
" r ,  

:  
t ,  ( * , y ) . ,  1 / 4  4  x , Y  4  3 / 4 J  ' ,  w €

c o n s i d e r  f  { * )  =  ( : r - } / z ) ( x

(
J ,ant = -ty?e+ '
Y-rd

w h e r e  y a  = {  ( * , y )  ,  x  > . ' l z J ,  T h i s  r e s u l t .  a s r : e e s  w i t h  t h e  i n e

qual i tY R L 0.  obta inec l  above '  *

3 . A'particu}.al-;19:igigggg!i-e.3
:.

\ V e c o n s i d e r t h e c o n f i g u r a t i o n g i v e n i n i i f l ' 4 ' w h e r e t h e

un i t  square  conta j .ns  two o-b l ique s t : r j .ns  in  wh ich  the  f iber  i s  in t ro .

d u c e C  o  .
F i g ,  5'  

F i g .  4
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. ! t r /e  denote

the  vers io r$  o f

-t\

i "  9 , '  -

by e i  the versors
t h e  o b l i q t r e  A x i $ "

' 5

of  the  ca . :^ tes ian  ax ls  and tV  f i
t l ie have the re-' l-ations :

.  1 O
" 1 1  

-

r o
.  - - L t

U s i n g  t h e s e

w e  r e c e i v e :

" l"z = aro0,,

T + .  ' i  s l  n o s s i  b l  e  t oI  V  1 u  . y v u u f  
v 4

f o r e  i n  t h i s  c a s e

.  f f  we  cons j -de r  a  con f i gu ra t i on  o f

f i b g r  o r i e n t a t e d  d o w n r i a r d s  ( f i g .  5 ) r  l v e

(7n=A v nken

oin = {it4 d- 2 +d +

seg that .  (n 
"a 

'  + *, '+
ule) o ,  (*b(.

€ p =x? -*'

? f  : )
(-

1 e f ,  B ; . i  = i ( b . ,  * ; .  A - ^  r e p r e s e n t s  t h e  e l a s t i c  c o e f f i c . i e n t s  i n  t h e
- L J  I  . J  y r t  

. -

ob l ique co-o : rdonates  r  A l_ l -  =  AZZ =  , tL  ,  A l2  =  A? l  =  -V? i / . In  ihe

ob l ique co-or ,Conates  the  per iod ic l ty  ce l l  1s  represented  b ; r  a  para- - -

1 le logr3r t  r in  wh ich  a  s l rmmet r ic  s t r ip  o f  f iber  l s  inser ted ,  w i th

t h e  t h i k n e s s  l . t 3 i  A o o  d e n e n c l  o n l y  o n  x ; -  ( '  ' b e i n g  
t h e  o b l i q u e  c c

ordonates) .  I f  l t  ta fes  the  va lues  d- in  the  f j -ber  and l  in  th .e  ma-

t r i x '  v / e  o b t a i n r v i a  ( 3 ) :

0

3d.' /

i o n s

5 z.(x.+( .

^ o
A t 1  =

L L

6 V Y \ Y | A  A  q

2 ) (

^ l f " n
l / l l  Y

2 o ( +  1 )  +  9 ^ 1 /
.  ) '

I  a  r \
\  l p l . +  t l  ,

a n d  p a s s i n g  t o c o - o r d o n a t e s ,

r \
' L  /

{

the sarnel

r e c e i v e :

\

" n

/r;r'o =\s , , o \

I
1 /

+ L ^

, hrz = hzt =f'/*

l 2 (
r ooz l ,

,  
l G

? = (  l
o \

\

I
r l

I

T h e  e i a g t i c

Att = Azz=

. , j
4 r ' r

i_ _i.

. i  1  a
L L

c o e f f : - c i e n t s  i . n ue  co -o r r i ona ie r  &T '22
'  / ' r \

.  i l s i n g  ( l )  v / e  h a v e

o i : i r a

I l oy { -

2 o L +  1 ) ( o f +

=  3 o * / (  Z d -

t

+ l l

)  *  e  e l /  3 {  2o (+  l {T

3(  2o(+  I  ) [T

E|z = 6,d./ ( Za<+ 1)[2

the  car tes ia .n

4 )  /  a z t  2 d \  +

J- - - -  ^  L . .  +  . . , i  + ' !a  +1^  ^' U V  
U g  r  U L I  U  W I  t / I l  L l l g

=21.9

o |z  =  6d - / (  zx+  L ) f f
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i uhere fore  in  th is  case 
"?z  

{ -  o  ,  (F )  d '  '

A  c o n s e q u e n c e  o f  t h e  a b o v e  r e s u l t  i s  t h e

poss ib le  to  ob ta i l  es t innat ions  fo6  oor r - , ,  v r i th

; ; i . ; ;  i i  
" rr .  

r i  
'we 

consid'er " iz 
' / (atz) '

and " i t  Y ie lds  I

o f?(  4or. . arz =

'  
f o l l o w i n o :  i t  i s  n Q ' t

d

r e s p e c t  t o  t h e ' m e a n
it  io l l -ows that ,  for

Papan ico laou,  A^sympto t ic  Ana lys is

l lo r th - i {o l land ,  Ams t  e rd  an '  19?B

1

utz = 0 we have ^1,2.40 , *n1:n' 
]:= i"t 

true in gene::al t. rn the sen*

se  o f  the  r le f in i t ion  g iven in  I  e ]  fo r  the  inequa l l t y  be- tv reen two

syrnrnetr ic '  matr ixr  we can obta' in 
"?i((" t ) '

t i l

t2l

lrl

[+l

[ ' ]
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