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Abstract. In the case aij:aij(xl> we obtain the effective coeffi -
ient a?ﬁ by choosing suitable test functions in the local prodlem.

[V

; . 3 )
We give an example for which 2o MAY he pnsitive or negative,even
if the corresponding initial coe

b [ ]

effic Leﬂts are equal to zero.

Introduction

We consider a commnosite material formed by a matrix of low re-

sistence in which fibers ( or inclusions ) of high resistence are

periodically inserted. When the dimension of .this periods 1s very
small com,arei with that of the entire medium, the CuaTaCtPTl zation .

of the material is obtained by passing to the limit in a family of

problems, indexed by the ratio between the two dimensions. In this

way, the initial medium with spatial periodic coeffic 1eni is
avproximated by a medium with constant coefficients;. they are lob’-

tained by solving a problem in. a single nerlod - so called 1oca1

guankard problem ( [1\ { X . The material obtained in this wa v ( in
general non- 1sotroplc ) have a better resis tence nro“erties in cer-
tain directions. ’ '
We consider here the standard- vroblem 1 (1) which chafa terize
s

the thermal conductivity of a comp051te medium with two com iponents,
ty cell being the unit square (fig. 1); in thlg case,

e
the effective»conductivity is given by (2)2
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where <> = 5‘9 dy/1Y] denote thé mean value over T
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In general .,the problem (l) have not an.exact solution.

- We consider ¥q =X, y? =¥.. For instarice,if the coeffchezt. aj 4
. % o
denb&u only on x, 1t is UOanbiu to :;Ualn the 9’f©o+_ve coefficients

5]

7 ;
using the formulas (3) glven in {)3 . These ormu7as were obtained
using the regularity of the solution and the weak 1imits of Pevtajn.

combinations of the initial coefficients.

o _ ) . By & , PP
(3) 2] = (Maypy s afy/aii=ean/eny ?f,l e
2 -0 0 O ‘
- 1 agp, —a5q ajp/aij <?? anq a19/471>

In the first part of the paper, we obtain the effective coeffi-
oosi S table test functio cns in the VdTlaulOﬂal for -
ion:-of ihe pr b (1) Wlbh this method ‘we can obtain some

g7
characterizations of the solutions,even in the symmetric case , for
A

g on

In the last vpart we consider an example of a riodic medi

ch it is éossible to obtain the exact form Wa% for the effec-
efficient a®_. This value may be Dositive or negative for

different " nrlenuatlon " of the inclusion, even if = 0 .

1. The case aj, ='aij(x)

Pirst, we consider the inclusion to be symmetrical with resnect
2

to the symmetry axis of the unit square ¥ ( fig. 2 )
Let aj s =;&813 , wnere f&.ta%es the values A and & in Y2 { Tiw
ber) and  Y-Y,( matrix of lo registence). We use the test function
¢> ef y ordonates
bi

P4 ,' x & (0,%,)
(4) ¢ =) : = g, 2
'(ﬁo(x 1)/x Q{é(AQ,l)

~

- [ 1 » o | . : v ok ™ i > P
1 this case , we have the followlng symmeiry nroperties ( cf.

P .= 0 on x=0 and x=1
P odd in the direction Ox

| : )
AL . I R 1 T N
l»? even in the-direction VY.

)
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- Using the above

mhen the relation (3) for a%l it i

5

The function(@ heing ¥ periodic,the

(5)7 .. .'jf,ty—a'l?!/a’x.’aq)/bx

—&fb{?/’b X |

In the following we denote by a = X, =%

) arxy/( 2%k 4 ap)

The .computation of agl follows - |
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" 131@7’/33’}: 3 <a11>
+ 2 (A —%j\g

pl
oo
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a‘\
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variational formulation

. and r;:{~(x,y),x:x;§.

synmmetry proverties, we have

+ (O\—-p) ‘;Plnl -

O’\@ /(A (l—a)+§3a).

fn-order to ‘compare with the exact formula (3) , we compute

4 ’ .-.__L ~1 . ;
<1/all> j:{ a. /ol +(1—a)/() } = o((ﬁ / 0"\(1_—-&)-» (}_a) .

)]

For the effective coefficients aao and agl

O
?12

¢ ;
+ 5 a253p1/ay

9
v
which give us - 22 = a2 =0, because P
' e 12 21 _
guation with the rieht hand side.equal to
riodit, agﬁ dependine only on X. The last
so verified , because

s > :(\g 2

. oA . .
ILet us remarx that because

N

. O o)
give us aj, = @57 = O.
.L? & ok

2

) /
a 9 e 0y ={a
U &,

ay, = Ay = 05

obtained- .

we have

- <a1?> “'jaug "o | ke
v o |

2
= ©( P verifying an €
sero) and P is T oe

relation in (3) it is al

\,

27

the svmmeilry condition



a
Yow, we consider aj, %:O, We denote by

‘ o in Y, W \\x_f. yykin-yz
a = . = .
11 By :
P in ¥4 ;Lérim Yy

i

: o ' = i 5 '
, In this case, the form of 214 ig~the same .as above, because the e-

; 1.
quation for P~ 1s

> s -y
= 5 810 Pl /0 %0 (P/)x & J a4 50 pl/0y 2@/‘9:{ = - j a14-0 ¢/ 0x
Y Y ' P

. .
and 27P/dy is odd in the direction Oy; therefore we obtain (5)

9
but. with a1y instéad of/L.
For .agl we have '
o(_ )qx )
T T B e
™ a)+(§a

il

{ a]tp +F1—a)&j{}'/{fk(l—a) + @a}

obtained using the expression of _§ »l given by (6) , but with a

11
ri

instead of i

mhe formula (3) give us

<<a21/a1£> fvd.+(7—13§\/% { F %(lméﬁﬂg} /C<F .
aglz <aél/a11>ai {G)L? +(1..m5m} / OU“L a) \5’1]

% . . . o '
therefore we obtain the same rpsult for g °
. ')

&4

s

x e ' L 4 2 T .
To obtain ai? , we havée ( because I" = 0 in this case

(?—g) & X,
a%l ~a) +@a

(9) 312 <315> g 113P /9 = a]‘+(1 a)gy—ka F

The above formula was obtolned using the fact that P? verify an e -
. '|
quation of the same type with those of P~ , but in the right hand

N

side aq; is revlaced by a,, o That is why P will have the same sym-
metry properiy as Pl.We note that the exprgssion plv n by (8) and
(9) are the same.

The computation of a is made using the relation :

i
B

'\)
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> ja ?PR/Qy -—< >_?(X’é\) LZ( Jax
)+ﬁa

énd wve need to verify that
(X~ ér) 8%y
9"(1-a)+{5a

.O ._
831 A1p/27) <91 1?/31\>
Using (7) and (8) we obtain :
%a)HB+(1—a)&%} 2“ ajﬁf
o

dﬁ&l%ﬁﬁ+ag

()L‘*Cg‘)ga_(l-a)/{ol(l—a) -4 %(}

. ' : 2.
] o (o] ' " \(g = =
e g 3‘12/311“@21 a12/7';‘11>“’ +(1“a/”"““!"

Therefore in this cas¢ also we obtain the last of the relations (3).
1133 "1 s 3 R 1
We emphasize that inthis case P and P? have necessary the same sym-

; ; y . 2
metry properties ,unlike in the two dimensional case where P is
even in the direction Ox Qnd odd in the direction Oy.

Finally we consider a,. = (X) but the inclusion is not
symmetric with respect to the %vmmetrv axis of the period Y. Ve
_have , ' . :
10wy ey ¢ (4 MSP $01
| . M o
“a(11) &Y - te Lo_{ pt
#411) 2%, a1y + (1 E)Jagp (r ?S

Bl e ey §>gg? 7}

.We consider the folloulng test function

| g * Yy , x&(0,%) .
(13) © P ()= x(Loxpmxgdw x9(235-1) /(xpm%1), x & (x4%5)
t 1w ‘ , 5 Xé‘(Xzal )

The eguations of pland P give us

(14) . SPl - J)pl = ,a(1-a}(o(~P )/«504 (1-a) +Pa}
. rz rq . )
2. ! ) ,
(15) , S -g P = - a(1-a)()*- g)/{oé(l—a) +Pa},
- rg_ rl
and the expression of a?n are the same with those obtained above.

.1J
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The difference between the case of symmetric and respectively
| : :

ﬁonwn*mrd+ric inelusion consist of @ thg aifferent forms of the test
fUH“tLOn.. The test function $J' having the same derivatives for x=

i ‘ A :
0 and x=1,the values of P on.this. part of ~ T are canceled. In the

symmetric case we have Pl =0 onx=20and X-=-1,
An-interesting property is_the'following:-lp we.consider a__ =

e
constant( with the same value in the fiber and in the matrix), then
using (15) we obtain agz =<??é>. ’

D The case a. . =a, . 5
9 _c se 313 alJ(X,J)

i
FJ- !
C e
g
D
[
@

We consi¢er symmetric inclusion(fig.3), and .
. Y, dJ
/i,tales the values @ and & in Yq,

respectively Y? 8
The test function  given by (4) nave a jump across of Tﬁ
e

e

~eason, following the above method, we have two unknowns

4 4 '
5 £ and P = R which satisfy the relation
BC F,-Bc - ‘
{Qoaqkpa/xq} jPl SPl, oE (o"’wﬁ)az
. o i = AR _
BC [;~%u _

The last relation gives us

T -'5:1 by A R |
= Q (1-a)X+ ap A{l-a) +§‘aP'_.).

BC

. 0
and we obtain for ajq

2. 2 Y ' :; 1 '
t27) ail =cla + (1~a“)@ + 2l =P P+ =
! BC
\
= (?y{oL(T a-a° ) -;? a(l-a) - (y\ P}E}/ A1=a)+ Pag.
‘We..want now to compute,using the method qescrlbpﬁ in ( 1 the lower
1imit of %the coefficient ayy; we compute the Tharmon ical mean of a,

= i
and, afther that, the harmonical mean o; the previous value.

Therefore , the lower Timit is given by
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o

(18) AINF MH ( 1/vH ) x?‘{cé(1;a~nv)gfpaﬁl-aq}/fgxl-a)¢f;a},
hd X AR : L ; ‘ J

i

ohg

e L 0 ' M
e relation a4 > AINF gives us
-?(d F))h/{cfk( 2)rgay 0
and we obtain ; 043>p ( in general the flber is more req1q+ent

than the mqtrlw\ then R £ 0. This result agrees with the nume -
rical results obtained in FS] because in the right vart of the
unit square Y we have obtained for Pl. only negative &aluek,

Now , we consider a test function e 7(Y)  which is not peri-

odic. The integral form of problem (1) is :

- -‘ { §’{:’ ' N v
(19) S‘[/&(,] q}vi % bV é n i-—- 'P'E&/\,L\T/bﬂlj nl -
.2
jv*9¢’av.~n' + j}&?lzﬁ
BV X .
where & is the outward normal to Y,, =, = ¥4 ¥, and [ ] denotes
2 1 o :

7

the jump . It is possible to solve the problem - to compute Uf?*'

4

test function with the following properties : =

J@(OJ)
L2

-Tt is well known that if £ is éven then f¥ is odd; but the con -

if we have a

>

il

D L,y) 5 Py(x,0) = % Ay

const., even in x or odd in Ve

versée is not true. For instance if g(x) = x(x-1), then g(x)
x3/3 - x2/2 + A ; we have g(1) ~1/6 =0 %—g(@), |
In the particular case of test function ? wich depends only on

il

il

.Xx , we have

<90§ jéf)/Qi #>{1)«<p(0)} ]

jvl[#] Q%‘ N @/D} % Jg/@l‘ﬁ@

Y

If we consider @ = x, we obtaln :

(20) 2[WQ;{P1 = fé?l/ax ;Qujf
5 AR

: y 5 \ 5 5 . § 5
It is interesting to see that the relation (20) is obtained for

7t . s L R A 3 o . + & 2 v"
211 test. functions which verify dﬂlz even { in order to cancel]



Legan
o o Cpd
the mean value of P )

Proposition.

gi)é <L), {9” even = @5(51) + (:x?)

i

4$ (1-§@f

Proof. _ .
Pirst, we consider the following developpements for "derivatives:

gf(xii“ %¥(0)+ '§;%Q)X1 - %M(O>X§/2 +.¢¥V(O)Xg/6'+.,.
§'(x,) = 95'(1)- 335”(1);{1 + ¢7(1)x3/2 -7)”’(1)3%/6 ..

iR

{

We have {)(7K+i)( x) o0dd and ¢>(?“>(x) even for kxz 1, therefore

43/( <) +@ (x,) ﬁ/(o) ﬁ/ -

—

sidering the same developpem ntc; for @ , we have

b1y =P+ ploy + plorz - 506 + B0V 20n. ..
o) -p) - §l1) 4 é”(lf/z P (16 + P20 s
."t"rle;-q.";,ge o e A {? (1) - @ (f),} %(0) ¥ é W g

It follows that 1% not pos ssible to obi tain a system for the two un S

knowns. v ; 4 =2
Tn some particular cases 1t is possible to compute some elements
of the solution. In the case Y, = { (x,7) , /4L x5 & )/d} , We

consider @ () = (x=172)(x - 1) , and (20) gives us -

d _
where. Y4 { (xyy) » % ?vl/E} . This re%@lt agrees with the ine -
- .

quality R £ O obtained above.

3. A particular configuration
we consider the configuration given 11 #ig, 4 , where the
unit square contains two oblique strips in which the fiber is intro-
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If we consid

fiber orientated
. <

Ty = @mu—

N {} 8%

2

—p
1 the versors

obligue

23016

oy

D
0
1
represents

s All

of the cartesian axis
Wa have the relations :

and by

>

:JEQ%DE;

>

the elastic coex¢101onts in the

°p

= Aoq

= -V%Z.In the

s the periodicity cell is represented by a para.

depend only

ta
1, 4
axes wvne
%
( i ) :

T
Y

1)

O

,in which a symmetric

alue

-4

er a configuratio

downwards (fig.

strip of fiber is

on

s o in

p (
the Tiber

inserted, with
oeinﬁ the oblique co -
and 1 in the ma-

gd}/ B(QMJfl)fg

n of

0

>xpressions and passing to the cartesian

the same type,but with

N

o/ (20 12

5), we recelve:

-

v ZVZ S'g)fs

e
i

Ld

ot

co-Qracnates are:
> Y i
Using (3) we have



o

gnd it yields : ; :
ag? = - V2( 4ot - +ck* ﬂ)/ 1?’ 20k+ 1),1

therefore in this case aiq < 0, (F) o v

+
O

o
)

A conse} uwence of the above result is th follo@in%% it is not
_possible to i estimations ior aqo with respect to the mean |

value of al?' If we consider al? T<f<q1§>; it foliow§ that’, for
8yo = 0 we have AZO wbich is not true in gen@Tal . In the Sen~'
se of the definitlon given 1n [6} for the inequality between - two

rmme i e tri ) - 0./
symmetric matrix, we can obtain aiié\ai§°
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