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WITH INSTANTANSOT]$ PTASTICITY

i , t.r.*, i, .,

by Sanda Cleja-'figoiu

: :
r. INTRODUCTION ' 

-.

: In the present paper we eonsider aeeeleration waves (a.w.1 whieh are.

piopagating in an elastoviseoplastic (e.v.p.) bociy with instantaneous plastieity ( i .p.)
' l

subjeetgd to-a large deformation.

The elastoviseoplastie behaviour of the bod3r in a, fixed material point, X (in
!r+.;,, , -'117 .,

t , . ) :  . : 1 . . .  . ; . . ; , i

the framework of' thermodynamies with internal variables) :'was deseribed bv

Teodosiu [1], i \{andei [2,3], Halphen [+], Dafal ias[5], Loret [6], and it  was based on

the goneept of relqxed (unstressed or natural) eonfiguration whieh was developed

by Lee, Lin [?,3]. The deformation gradient is mult ipl ieatively deeomposed into i ts

elastie, Fe, and its plastic part, FP. .Both these tensors are deseribed by gome

eonstitutive and evolution equations in terms of thg seeond Piola-Kirehhoff stress.. _._) |
- h J

tensor, 3i , with respeet to the relaxed eonfiguration. The state of materials

depends on a eertain set of internal variables, r,vhieh are introdueed "by som:

evolution equations.

lvhen a body 6,undergoes.an inelastie deformation, i t  general ly has not a

global natural eonfiguration and therefore Soos {91 has introdueed the eoneept of

.eurrent relaxed isoelinic eonfiguration in the.deseript ion.of the e.v,p. behaviour of
'

the body at a f ixed material point X. This eoneept is based on the local

configuration of the material point which was elaborated by Noll [10'1L]. .

Brief ly . in the seeond seetion'.we reeall  the basieal assumptionslt2] of the

approach to theri^noelastoyisconlnrctic lroCy eonsidered here. The beherriottr oi the
. '

body at X€fi is described with respe€et to a eurrent local relaxed eonfiguration,

K--^, whieh is an equivalenee elass of all eonfiguration eoineiding in a neighborhoorj* x f '  ' - - - - -

. z

!

ii

body as ',.reii as the
*r

i

'{+$t"
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properties of the aeoustie tensor for an aeeeleration waves are obtained in third
-*'u'S1:,l

section. If a stress state of the UoOy eor'r'ffidhds to a unloading or to a neutral

proeess, or i t  is inside of the current yield surfaee, then the aeoustie tensor results

symmetric and it  is similar to those obtained bv lVang and Trttesdell  [13] but the

measures of the deformation is the elastic part of the deformation gradient F.

In . the,  for th  seet ion we prove t l re  ex is tence of  the aeoust ie  tensor  for  any

e.v.p..state of the body and we give the eondit ion in whieh the aeoustie tensor

beeomes symmetrie. The existenee of the plastie potential (with respeet to the
'  ^ ' T

variable Za 1pe1'tte"Ji = CeJf - used by Halphen.[4], Teodosiu, Sidoroff [14J,

Halphen and Nguyen [tSD whieh 
'wil l  

bg either made piausible by analvsing the

mierostural rearrangements (see Mandei 121 - in the ease of '  small qlastie

deformation; Teodosiu, Sidoroff [14]) or simpli l  postulated by Haiphen [4], leads to

the svmmetry of the aeousti{ensor.

All  eonsideration in the f i f th seetion refere to the ease pf e.v.p. body with
f - :

i.p. .when elA$r:ic deformations are small. If th€i elastie constitutive equation is
. ^

invert ible with respeet to elastie Cauehy-Green tensor, C=, ' then the aeoustie

tensor is symmetrie i f  and only i f  the assoeiated plastie f low low is assumed

relative to the instantaneous plastie term only. In the simplest ease when the

elastie eonstitut ive equation is isotropie and l inear we anal5rse the propagation of

the longitudinal anf, transverse a.w.

The a.w. whieh are propagating in an elastie bod5r subjeeted tb large strain

were considgred by l{ang and Tnresdell  [13] and similar probiem for a viscopiastic

bodv, de.seribed by some rat$onstitut ive equation, r,n;as.eonsidered by Suliciu [16].

The fol lowing notation w111 be useda

A 
- a three-dimensional euelicl ian space with the transiation veetor space

. r .  .  .  T .  T' l / - , L in  
=  i  A :11 -+4 f  l i nea r ! ,  Sym =  I  A€L in ,  A  =  A '1 ,  where  A '  i s  t he  t ranspose

9f  An Inv l inc l in  -  the set  o f  a l l  inr rer t ib le  l inear  rnappings;  Psym -  the set  o i  a l i

pos i t i ve  symmet r i e  mapp ings ,  OcJh  =  |  Oe  l i n .  QQT =  I J ,  i  -  t he  i den t i t v  t enso r ,



. . :

.1,-t,:.r:,i j:.

.  A l

a@b and A@8, and so on, the tensor produet of  a,b e f  and A,B€Lin respeet ively;

.  a.  b,  A .  B = t r  ABT -  the sealar produet of  a,b el f  and A,BaLin respeet ively;
. 

l-, -i .r

eonfiguration, i .e. the equivalenee eiass defined by the configuration K; V -the

gradient f ield; KXt t loeal configuration of a f ixed X at the moment t,  whieh ean

be ident i f ied (see Nol i  [10,11])  wi th  the inver t ib le  l inear  t ransformat ion of  f r -  ( t f , "
'  l \ '

e i  i f  h  i s  a .sea la r  va lued func t ion  then ?eh(C,d)EL in ,  fo r  C6 l in ;  {e l r ,  iA j r -

. the rymmetrie and the antisymmetrie parts of the tensor A, respectively.
v

:

2. ELASTOVIS C OP LASTI C CONSTITUTIVE E8 UATIONS

Let .f i  be a thermoelastoviseo;i lastie body with instantaneous plastieity. The

betraviour. of the body at X wil l  be deseribed in terms of the fol lowinE eonstitut ive

assumpt ions J121:

A. t .  For  any (* ,0) ,  where X, : f ix i l - - r8  is  the *o i ion of  . the body and '

g: , f  x  R-r (0,+*)  is  the ternperature f ie ld ,  there ex is t :  Kxt ,6 Inv l in  |T* , t )  g

gurrent. logi l  r?lqTe-d gonfiguration and f 
**f O - the set of internal variables,

sueh that:

A.2. The thermoelastie eonstitut ive equation is of the form:

- 3

. - l

where { is the speeif ie Heimholtz energ'y and

c e = ( F e ) T F e ,  r o r i t h  F e a F * 1  = V L ( x , t ) x - l  , .  ( z )
^ * t  x t '

is the left Cauehv:Green elastie strain tensor; f  . .  is the Piola-l( irahhoff stress
: l \xt

tensor related to T {the Caueh_v sti :ess tensor) by the relation

lu =,0", rexre)-ir(re)-T

and gX 
. is the densitv reiativ to I(*, definecj bv:

"  - "x t

(3)
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(4)

r : i i " :_ ,  
, , ,  :

'  
E = P  -  P
5 = 5 f  = P d e t F *

with' 9 ,"9(x,t),  where x =X, (X,t), the a

-, .1
\

\ \\. \ :

etual m&ss densitv. l

A.3. K*r and du,'  are given by the fol lowing evolution equations:
A c  i ,  

-. . :

i r P 1 p P 1 - 1 = A K ' ( T , e , d ) + ( . } r r ) B , . ( T , 0 , d ' } '^x t .  
,  

^ *a  nx t

a .

-  4 = I , ,  ( J i , 6 , d ) + < i , ,  ) r r , ,  ( 7 , e , * )
'  nx t  ^x t  Axt

where FP is the plastie tensor relative to

and is defined by:

: l

reference configuration k of the body

(6)

(5)

the

tPs f 'P, = K-.(Vt<(X))-1;
^xt  r \  t

FP and d satisfy the init ial eondition Fp(0) = FB , d(O) = do.

^xt  nxt
iside the eurrent yield surfais S(t) which is defined by the plastie iunetio_n l* . "txt
follows: :

s ( t ) = I  ( f i , 9 ) € s y m  x R / T n  ( I  , g , q ) = o l ."xt

We assoeiate, say for instanee, the funetion An

- n .
Ak(Z,  Ft )  = AK (z)

xt

to .the funetion Ao, in order to specify the dependenee on' K;,*. Further thenxt xr

eonfiguration k wil l  be omited. We suppose that al l  eonstitut ive and evolution

functions are eontinuous on their arguments, but F and h have al l  the f irst order

part ial derivatives eontinuous.

On S(t) the foi lowinq eonsistenev eondit ions

1 +  ̂ .?aT *  ?*oF .  B(F$T =  0 ,  2d?.  t . *  2 -or .  AFP =  0
.  t . .  r .

hold. ,  .  
'

Here . lK -the plastie loading iactor is defined on S(t) by the relation,_.xt---_--__T

(7)

(8)



' { 1 * , - '

'  1 = ) ! , ,  = D * F ' i + 3 B g e
r\. Jt

xt

' a n c l ( l > = * ( , \ + t I l  ) .
t ' '

Let us (for insta.nee) denote bY

eonstitutive funetion h:

,lr:,, . t:,

c -

t

/
\ .

\ .
\ '\-. 

-

the composit ion of

. ' .

(e)

fr with the elastie

(10)

(1  1 )

(1 2j

( i3 )

r 4  A \

Under the

piastie factor

F r"",o,d rrP) = Fo{nutc",  0,d,FP), 0,  d,FP)

A.4. On S(t) the plastie loading faetor I is defined in 
1 

unique way by

last adsumption it was proved.the existenee of the egmpiementary

r t . ,  = (ppl - l  2  i  t rp l - r  "6.  )oFd *?af  i *
/  Kxt  - .  

-c"-

.  
^ '  

r  ? _F(rE)r .7,  -  z )  ^3.1c"fr1-
p P  

- C e  '  ' s

T
(with C = F I F), whieh hhs the same sign as iu. , sueh that:^ ' x t

< 1 , .  , = 1 / : p < F u  > .
^x t  o  

. /  " * t

Here f,-the hardening parameter is defined on S(t l  UV
' :

r = 2  r " f  . { c " f r } r -  ? n ? . x -  ? r o 7 . i r p > o

a.pd 'd'is positive

' By using the eomplementary plastie (whieh has the meaning of the rate of

the eurrent yieid surfaee'in the dbformation spaee) i t  fol lows that (Fp,d) are

solutions of some differential equations with init ial data for any given (t,A).
. i

The relations (2), anC.(6) involve t l ' re mult ipl ieative deeomporit ion of 
"the

. 'deforrnat ion gradient  re la t ive to  *  in to i ts  e last ie  and p last !e  por ts :

F z9/ .8 ,  txv  k(x) ) - i  =  FeFP

From (4)  and (14)  i t  resul ts

(14 )  '
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w h e r e 9 ^ i s t h e i n i t i a l m a s s d e n s i t y . , ' - . . . . ,
l ( , )

Tn what fol lows we suppose that the funetions relative to the referenceL )

'  
r -  , a \  - - ^  - ^ ^  J - -  _ n

eonfiguration k, see forrnula (?), are not dependent on FP, i .e. they obey the I ' t ime

ree eondit ionr' ,  and that the )speeif ie Helmholtz energy function is expressedlnvarlar

-  lsee Teod"os iu [19?0] ,  Mandel  [19T11)  by:
.

' " x t  l: - -

From (1) and (tn) we get fol lowing form of the thermoelastic eonstitut ive equation:

T = z?2 ^+rce,o)= hk(ce,g,d,FPl
c e  

' ' (17)

' p

Therefore the funetion F, introduced by (10),'depends on Fp only through

a nq = 9^/cet FP, i.e.'  .  r o

From (t3), togather with ( i8) anO (8) we obtain the fol lowing expression of .
..

the hardening parameter:

t= q i lsl .),^Jt""rl, + (fr . ?rr? )tr B + r > o,
C E '

D, 7 '  2f) ' " t l , (* t )  = 2 oF'  \ ' t ,  for  a l l  u6svm,
"  c - '  c

Qal

i  der ived f rom ( i8) .

In that fol lows the prbcesses (1,0) wil l  be supposed to be isotermic, i .e.

-  
A  l , | |  r  ^  !  ! r  -  ! - ! r : - ra = A - ,  where 6o is  the in i t ia l  temperature 'o '  - o

t t F  n n n n l n l t f r l r3. TT{E PROPAGATION CONDITIONS : .

Niost of the notation anrj definit ions used are as in Truesdell ,  Noll  [19] and

(18)



Wang, Truesdell [13].
. 7

The aeeeleration wave (a.w.) is a ,u5#l,q.r surfaee s, in k(.?): P(x,t) = 0

with the property that

Vflx, t) I  o on {(x,1; = n (21)

whieh is singular. with respeet to the seeond derivatives of the motion /, , fne

image of thea.w . in fr( . f i ,  t )= . f  ,  ,  denoted b5r f ,  ,  , ,  eharaeterized by

f t x , t ) = Q 6 - 1 ( x , t ) , x ) 1  ,  ( z z )

. .
' 

We denote the'unit normal of { anO fr}y n and fi respeetively. Then

v+- v6n =  +  , n = f f i  ( 2 3 )
lvfrl

From (23) and Q2) i t  fol lows that

'  ' t i '

. n = F-'tfi'' I  vOl

The normal speeds I and u are introdueed bv

(24t

.(25)l l =  -
a 4 /  z , r
i l / r ' ' o \  '  u=-  T t l ledr

I f  we introduee the intr inbee spegd of f, ,  U:
:

U = u - v . n  ( 2 6 )

where v is the veloeity of the material point X at time t on f,, tf,en

, ,  l v+ f
.  [ '= U' : - :  (27)

I  v Q t
'

Sinee the f irst derivatives of f '  are.eontinuous on the surfaee f],  
"t  

uff t

there exists a veetors f ield 3, defined on f, and ealled the-amplitude veetor of the



. :
,

a.w. in the eonf igurat ion {  suen that (see Wang, Truesdel]  [13],  Ti ' t resdel l ,  Toupin

.  t20l);

. .

Here [f] denotes the jump of f on the surface 90. - : '  '  :-
. . 1

We suppose that .FP and ( 4re continuous on the wave. Then from (14) we

s€e that Fe is also eontinuous sinee IF] = 0. From e]astie eonstitut ive equation (1?)

with (2) and (4) we get l f , ]  = 0 and therefore [fro] = 0, where 3/o is the Piola-

Kirehhoff qtress tensor relative to k and defined by: -

?i = det,o1pP1-1i i  (rP)-T or fr^ = (d"t r ' )E-l tr-T (29)
o o

Sinee d is not singular with respeet to iYo there existsE€ Sym such that
t v

ldivf;oi = trf i ,  |?i i  o/v,J 
= -i l  [  (30)

The jump eondition for itP and & foilow from the evolutibn equations (5): :

t i ,p l  = h(rXBFp@ \stT X; i l ,  t i r l  = h( i  Xm@ 4y ) t i l  
'  (31)

l v h e r e  h ( t r )  i s  t h e  H e a v y s i d e  f u n c t i o n :  h ( , \ ) = 1 i f  1 l  ) 0  a n d  h ( l  ) = 0  i f  A  J 0 .  W e

-  a n

note that we have no jumps for Fp and I in the ease of thermoelastoviseoplastie- . - - _ - "

body, i .e. when B and m are everv where zero. lVe ean obtain tne jump [ ie1

j  ' -

replaeing (28)o and (31)1 in (14) derived with respeet to t:
z r '

i  =  } "nP  +  Ee iP  /ae \

a Then

n . - l  o -  ^  ^. r  1 ie l  =  - -u (sSnXFP)- t  -  h ( l  XFeB @2oT ) t i i l  (33)

' tut ive.equat ion (1?) wi th respect to ' tNow differentianting the elastie eonstitutive.equation (l
. a  : t

we obta in  the  fo l lq lv ing  re la t ion  be tween the  ju rnps  o f  c l .and J '  :  ' '

{I+ * n(i )tr. s( XO ?r ?' )lt r, I = zq ? 2 
*^tr ib"f

C *
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|;1).1

,:;ir. ;l':,,i4-6.1i,,41,r,cji:ri: i"iii;

.  t .

I ,  is unit forth order tensor. lVe
4

lbel = tf exne)r + (Fe)TIiel

and

t6et  = -2fr1{EP)-r tn@s)FeJs -  2h(t  x lcenls@ )rr  ) td l

follows.

" If we introduee the forth order tensor fo defineO Uy

to=  14  *  h ( . \ ) t rB( f r6 )  2nT )+  4h( r ) f  t? ,  ̂ \ l c "BJs)G)ar rg'  
c e - '

then f rom (34)  sn6 (35)  we obta in

xot,t( I = -4u 9, 
:"V 

itFl- 'r 1n6E)FeJs

t1 Xois an invertible for-the order tensor for anv elastoplastie state. then

:.
tr itg I I 

-n[ Y.,A' J itrD-r(n @s)Fe] , with ft=t 
-oL .

'. '4;'i"
holdS.

.  From the balanee low of impulse ( in the referenee eonf igurat ion)

. .  9 , - '  '  '  '

ean employ the jump eondi t ion (33)

*'F! n- = 0

ean be expressed in terms of t3ii sinee the

Taking the Eerivative with respeet to t

Here l n

(35)

(36)

l

(3?)

(38i'

div(FSo) * gobo = So ?' / , /  atz)

when the bod-v. .  foree bo is eontinuous, we obtain the dynamie eompatibi i i t) I

eondit ion:=-------

^ - 2 -  n  ' -
Y ^ u  S -  J r _ - ( n x n / st a  o

The jump [ ! i^ ]  = -u 3i
. 1.,' -

and 9i  are related by (29)r .

usins (3.1).  we obtain

-ru/ go)I = t d/ yo}; (r4-1#efslf,t(rb-r

(3e)

tensors 3io

in (29) ,  and
I

where

(40)



.  .  . . . , , , , , , , ,  ,  , ,  .  . . . , .  . .  :
' - 1 0

tz= 14 * h(l )tr B(5'@?,/ g ) - 2h( l .)!Bii i  rO aof
qF'i'

We intrqduce (38) into (40) and since i # 0 it follows that:

, F[6 = 4sore( #z&t?:Jt 4 trol-rtn@$reiutpPl-rn

)2 r .  (n@n)

1{ lU

(42)

: I

W e u s e ( 4 2 ) i n t o ( 3 9 ) ? n d w e o b t a i n t h e p | o p a g . g t i o n e o n f i t i o n i n t h e

rbferenee eonfiguration k( S):

,  - 2 . -0 : go:u'f - 5;'o - (n@n)s - a gor? ztt7lr.tf {,t0,-r(n@s)n"lr{rb-rn- (43)

We _qan express the eondit ion (43) in the aetudl eonfiguration' Using (24) we

obtain

:  $f^ - (f i@n) = (det FX lvd | / tve Io

with (29). and' I

(44)

(45)\(rP).fri@E)reJs

1

= 1 lv4 /ro6 t){ tr"lr; E(Fe)rs } s
. a

Introdueing (44) and. (45) into (43) we get the propagation condit ion in aetual .

eonfiguration:

gu2, - r .  (n@n)s - 4 gFe(g zst? 1;Vl{tr")rn@Ge)rr}r{nu)rn 
= o (+6)

v

:.

.  dmpl i t r-rde veetor of the a.w. in the aetual eonf igurat ion is def ined by

. '

, = 1 t v + f  / t v S l ) z i  ( 4 ? )

' .  i

The aeouStie .tensor (for '  a similaf notion see for instanee [f 3] or {f 6l is

: - - - - - -
d e f i n e d . f o r a l l v  B b Y :

- m

a(n)v = r . (n @n)v + 4 g Fe("{ z4t?,3"Y',{ 
(re)Tn gtre)rv}(Fe)rn (48)

and the propagation eondition for the a.w. in e.v.p. bodv with i.p. beeomes
I



o
g U"s -  Q(n)s = o (4e)

the existence of Q(n).

obtain an equivalent Fresnel.I{adamand

theorem:

The amptitude.s of the a,w. travell ing in,the direetion n must be a proper

vpctor of the acoustie tensor Q(nh,the eorrespondig proper number is 9 U2; where

-U 
is the intr insee speed of the wave. The acoustic tensor Q(n) given by (48), with

(gB)2, (41) i i  determined by the- elastie eonstitut ive eguation (1?), (2)-(4), the

elasftc part of deformation, Fe, the wave-normal n and also by B,-the instantaneous

plastie function and ?gf -the normal to S(t) when the stress S' l ies on the eurrent

yield surface, S(t).

I f  the elastie propert ies of the material depend on d ( i .e. YK - 
ean not be

^ 'x t

expressed'by (f0))then O(n) wil l  eontain also the instantaneous'funetion ni from the

evolution eqiration of ( (see (5)Z) and o( will be involved no[ only in B and ?f F

L - - ^  ̂ r - ^  . -  n  2  - i t r .EU I  a rSO ln  d  ^eYU

4. THE ACOUSTIC TEIISOR

In this seetion we shall prove the existenee of the acoustic tensor Q(n) anO

In

In

the next seetion we shall  prove

the ease of e.v.p. bodv we

we shall analSrse its symrnetry.

6 n

Let F=, FP, d,  T eharaeter ise the e.v.p.  state

'for 
a given motion fi anc the temperature €o. (

Two eases must be eonsidered:

Then B( f  o€ o,d )  = 0 and r r ( l )  =  0 respeet ive ly .

. b) the proeess eorresponds to a load!'ng, i .e.

In the f irst ease, Q(nFtne acoustic tensor f

t.ne UfV in X and at tilne t

d . d ) = 0 a n d  i > 0 .

weve normal n is defined

of

a)  t t re  p roeess  is  sueh tha t  f , (  I i ,0o ,4) (0  o r  F( i ,6o ,d)=  0  bu t  i 5 0 .

7 t r ,

or the

for any v€tf by:

e(n)v = T..(n@n)v + 4f Fe ?'^J f(r")Tn@(re)TvlulEe)T" = Qe(n)u (50)
C
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' .
since f,2 and fo Siven by (41) and {36) respeetlvelv are the identitv. I t  results

* L 
=f 

of 
= In. The existenee of qe(n) fol lows from the i inearity in v of the r ight

side of (50). In the ease (a) tne acoustie.tensor Q(n) has been denoted by ee(n) since

it eorresponds to the elastie part of deformation Fe. The results is similar to those

presented by Wang and Truesdell  [13] but Fe is measured from the plastieal iv

. deformed configuration K*r.

b) Let Jf be on the eurent yield sui iace and i > 0. We prove that the l inear

f^ : Svm-rSvm, defined bv : I  l
O J

o #ox  =  X *  ( ( t r  e )J i ' *  4?  ) ' ^y ( tceB ls ) )  DaT.  x=  y' '  c e

is an invert ible forth or<ier tensor. we take the sealar produet

and we obtain

u ? n , F . x = ? r T . v

.:

of

with the harbening parameter f ,  >0 given by (19).  Then !UF".  x = 0 i f .and only i f

.?n,9. Y = 0. Nciw we replace (sz) into (s1) and finaily we get

x = t  14-  l / . t . ( t r  e)  i i@?a 7 + q  g?:J  ( {cea1111y .  (53)

Therefore

x 
l 

Yrv witn ff,  - 14 (h( r yrX(tr B)i i  + +i E 2 

"nl 
icea|;@Do,F (b4)

In this way the inversability of 6fo. Siu"nl Uy (36) has been proved for any

eiastoplastie state of the body. 
:

By direet ealeulus we derive the formuia 
'  

.

+ 2? ) ' - " .v  {  e '0 }^  )  o  ?nF (55)=  c * '

obtain the fol lowing formula for Q(n):

4 g ,1.* r irrulrn O(re)ru lr)r"r n 
lrl; 

.

(51)

( 5 1 )  w i t h  2 - T
JI

(52)

X z* t=  14-  (2h(  l ) / r  X  {n r j ,

From (48) rvith (55) and (s0) ' ,ve

e(n)v  = oe{n)v  -  (2h(r  ) / rcetpuX}rT

. , ? ?1Jr[cen-]r))(re)rn
C"
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. : . .

Another expression of Q(n)
' \ l

' 
.

'e(n)v = qe(n)v - (4h(A )/ yoet FeX A ^F- -[{t ")Tn @(r'e)Tv }r)ru{ {B3i } , +c=
+ 2 f a 1J ({ c"ts }r)xr")rn (5?)

c*'  ' .  :  :  :
'  

;  ean be obtained if  we use (t8) and (2.0). The existenee of the aeoustie.tensor results

at onee as the seeond teim in (5?) igl inear too, with respeet to v, for al l  ve 1L

, PROPOSITION 4.1. The aeoustie tensor Q(n) is symmetrie for al l  n€\f i f  and

(58){B t i l -  *  z i ) 2  n f t { cun } ^ )  =  . 1  0  Fr S  - J  
a . € r . . - .  

r S .  - C e -

. U

Proof. Q(n), for a eertain n, is symmetrie i f  and only i f

(  2^F . {  { r1rn0(r " ) ru} r l t ln3 i } ,  *  z  ? ' )2  eY( ices}r )Xr" ) rn ' (Fe)r*  
=  (5e)

n E'  L ,  - m  \ r t

.  (?"" f  -  { (Ft)rnO(Eu)T*}"x {nJi }"+ z Ft2 ey({ceB}r)xre)Tn" {F")ru
c e  

- 5  
c

holds for al. l v,lve{ sinee Qe(n) define by (50) is symmetrie for a given wave-

normal n.  Flere {Bl i i  s*  2 f l3 1*,{c"B}r)e Sym and' the f i rst  faetor in(59) ean be
c s '  )  

T
transformed b5r using th;  formula A '  (x@y) = ATy'*  wr i t ten'  for  '

-  A = ?  F e  s y m .  I f w e p u t  ,
- c "

= n e / ( n r i l  + r b ,  
u ) T n , u = F e )  

f  t r " ) T na  =  Fe ( tBJ i l  u  
*  zg  a  2  

oq ( {ces }s ] (F ' ) ^n ;  
b  =  n "  d " f

c e  " ' -  c "
(60)

. ;

into (59), then (a - vXb -.w) = (a - wXO - v). Tne last relation holds for ai l  vow,€1f i f

and only i f  a is paralei with b. Therefore there exists a sealar valued funetion.

depending on Ce,  g  ̂ ,d  ,$  and n sueh that
o:

s.

The'last equali t l i  takes place for any ne{ i f  and oniy i f  (58) holds rvith

indeperident of n, since F'6Invi in.
I

.  PB,OPOSffION 4.2. The acoustic tensor Q(n) is' 'svmmetrie for al i  wave-

r  i f  and onlv  i f  the instantaneous p last ic  funct ion 915 ' ,9o, { )  sat is f ies:



;. '1ri,.,1.,, . . '

(63)

(64)

(67)

'  t ,  :  
j  '

. . . .
l

F -

( e  ̂ Z ) e . s =  i D . f  . A
c= c"

nrhrire Z is the non-syrnmetrie tensor

7 *  r Q r l (
v l

. .ri.i'

cefinei4i"tiy:.

cee"$ym --aI - 
"*1= 

zf, ce ?"S € Lin

The differential with respeet to Ce of the above funetion is given by:

Proof. Let we consider the function

, f  )  =

( 2  J X A ) = A i i + c e a  3 ( A )
c= cs

( b c ,

for  any A€Sym. By taking.the sealar produet of  (58) wi th any arbi t r .ar  Af  Sym and

by using the symmetry of the forth order tensor 2-"T a 2?A1.Y *" obtain
c"  c "

condit ion (62). '

REMARKS

1. The* non-sJim m etrie tensor -I plavs a speeial role for the ineiastie

(p l :ast ic)  ceformat ion being the eofaetor  o f  lP = fe( fP{Ep)-1Xf9)- i  in  the p last ie

power :[  - Lp (see Teodosiu, Sidoroff [14], Halphen, Nguyen [rpl, Halphen [4]).

2. The existenee of the plastic potential:

A r y d
B ' = ? - { ( = , g , d r f ) , * i t n  z = c e i i  ' ( o o )

z

postulated by Halphen [4] leads to the .symmetry of the aeoustie tensor and'

moreover

rA ! ice,e, ' { , f ) .
r:g

,  t .v

A  ^ 4 t 2 , 0 , (
c:

5. ACCETERATION WAVES IN THE CASE OF SMALL EI,ASTIC

DEFORMATION

. AII eonsiderations in this seetion refere to elastoviscoplastie body with

i nstantaneous pla st ieity but:
. '
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i )  the ela.st ie cleformation Bre smail,  i .e.

C e = l + 2 € e  o r  U e = l + € e  ( 6 8 )
' l

with

\  E  e l = / t r ( e u ) 2  < < r
t  

.  and f inite rotation Ree Orth.

-6 Piola-Kirehhoff stress tensor f wil l  be related to Cauehy stress tensor T by

d ^ , 7
-0-  = 13e; t "*e (69)

i i)  the elastie eonstitut ive funetion is l inear in deformations:
s

f i '=6e"=  z f lE  ̂ n f ,  (?o)_  ) _ C e ,
' a

with f a forth order svmmetrie invertible tensor. Frorn (69), (68)2 and (?0) we

obtain an equivalent form of the. elastie eonstitutive equation,

t = * F e , w h e r e E u = R e E e ( n e ) T ,  v t = I + E e  ( ? 1 )

0 :

with the fbl lowing relation between tensors 6 and E z

E e = n" t((nu )ran")(R")r (72)
I

wri t ten for  a l l .A€ Sym.

. In the case of isotropie l inear elastie eonstitutive equation we have

= r1e(tr € ex *'2[e€ eT

. w h e r e i e a n d F e a r e t h e L a m e e l a s t i e g o n s t a n t s '

P.5.1. Under the eonditions i), i i) the aeoustie tensor Q(n) is in Sym for ail

n€{ if and only if 
: i

tnl, = I 0t'7 Q4l

' 'and 
the symmetric acoustic tensor is expressed by

e (n )v=  t € {nEv } r )n  -  ( h ( ^ ) / r )  tE ,a r !  6 l ? r  l { n@v} rn  ( ?5 )

with

,  .  f , =  1  +  t a -F  .  E r rF+ ( r .  ? rF ) t rO rF 1,7  A\
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and

F(",e ,&,Re) = F(n. lTrRe,9,or)= 'F (

and ? = (Red,{ne)T,dn)- tne aetual  internal
J

are tehsors and'd;, (witfr k €{ l ,no} ) scalars.

fgom (62)  we get

/
\ -

?i, e ,o(,)

variables, when

. A

wii lr ' (oe)i in (?8) we obtain.

Proof. In the ease of small eiastie deformations the tensor I s Ji6 Sym and
,

t ?""r)A .{B} s =

(77)

"(1 
(with j 6t 1,i'i! )

"  l n o \
\ { o ' '

(?e)

form

a ) E  ?
ce

for all A 6Sym. BY using (20)' (?0)

t a ' {  B } s =  n A i i r ' t  e

witn *-tfre forth order int,ert ible tensor. (?4):results at onee' Now ',  is eonsidered

as depending on 5,  I  ,d s inee te = *- t3" 
:

The eorubsponding form of Q(n) is ealeulated

Q(n)v 1 tt€ € n) ' (n €ln))v + ( €in €lv! ,)n 
-

from (5?) r,,r i th (50) in t ti"

(t h( ) )/t 'xr/oetre) t aor '{ {n*)r" €)(ne)rv}rnt{ taur xne)Tn (80)

bv usins (?0) - {?2) in (50) and (?0) with {20) in t58). With (?0} for & given b.v 07),

the plastie funetion g( S'; A ,*) beeomes (??)' I t  fol lows that

ar F= R" ?rif (a1T (81 )

By.us ing the symmetry  of  E,  ,no the def in i te  on of .  t  q iven.o: r  (zz)  in  (80)  we

obtain (?i) sinee the f irst term in (80) ean be negleeted in the presenee of ' the

seeond one, when elastie deformations are small.  The expression (f g) of the

hardening parameter beeomes

f ,=  t  \ t q l . \ ?  +  (3 i .?ng  ) t r "  ?nF ]  *  1  (82 )

with {?0)  and (?4) .  Fur ther  we use (81)  and (?2)  in ' (82)  and the-express ion (?6)

f-ollows at onee. ,
: .

P . 5 . 2 . 1 ) F o r a g i v e n e . v . p . s t a t e a n d f o r e a c h w a v e - n o r m a l n , Q ( n ) e S y m



'  - 1 7
;

t l

saiisfies the eondition e(n)n . n ) 0 if and only if the sealartonstitutive funetion

a  t a l'  
.given by (75) obeis

n

i n f  d -  ( n @ n @ n @ n ) Z
neU tn l  =1

! -  T -  = -  ( )

r  Z(h(r  )Dir  +D(arF-€ arF + r .  ?"F t r  ?rF ) )n. . , ; , i i?r l  tEar7)n 'n l2 (83)

D'  
2) I f  eondit ion (83) holds for a given e.v.p. state then at least one wave-

j

normal n al lows a longitudinal amplitude'

:' Proof

1) Tne proof follows at onee from (?5) in which v is replaeed by n and

caleulated from (?6).

2) The rissumption leads to Q(n)n . n ) 0 for al i  v eT. Following Wang and

that n --+ Q(n)n/ tQ(n)n I maps eontinuously the unitTruesdell  (fg) we observe

sphere into i tself and lt  maps no point into i ts antipode.
!

I  Sueh map has'as f ixed point. Thus there exists n"e1l,.  . ln"l  = 1, stteh thAt

- is a proper veetor eorresponding to a positive value
e 'Q(n")n" = \ Q(ne)nel'n", i.e. n

and it  is a longitudinal ampiitude.

In what follows we suPPose that: .

obtain

'  (85) .

iy) ffOependes only on the deviatorie part of 
' f i  

anC d',, or on T'and?'.. 'and
j J

^ n e
tr  

'd^r . f  =  0.

. : pnOpO$iTION 5.3. Under the eonditions i)*iv) with isotronie f.in'e as elastie

d.  . -eonst i tu t ive ecuat ion (?3)  the symmetr ie  aeoust ie  tenson (75)  beeomes:

i € . : . € r l ^ - . , \ ^ r ie(n)v =.(-I" + !re)(n - v)n + fitu -

-  (  h( r r  X i i l2 t  (  ?" ,Fv:  n) ) / ( t  +  2rTre l?r ,?  l \  ?^ ,7n '  (8?)

and Q(n)n ; n ) 0 for all v €t, if and onty if;

}yP 
Lhrt$
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Proof. From i i i )  n,e replaee ?rF by ?rF qnd tr iU"

-a '  t  t  t  
-  J . , . ) .  Therefore (8?)  fo l lov"s f rom (?5) '  F lere+ 1 r - { d i f d 5 e *  o i u  

J K
-  - &  '

parameter o ls ealculated from (?6) in whiih tr d

ZdyT '?^.r= 
2ir€ l  a^.sl z.'  

T t  ' " ' l ' r - '  -

The condit ion (8S) is obtain'ed from (83) i f  we note that

( n 6 l n @ n @ n ) = t r e + Z F e , sup  I  gh r?  n '  n l2  =
ne1l, lnl =1 -

(88)

= I e J . . J .  +
u .Ke

the hardening

Trf 
= 0 and

.  e,)2 {so)

l n l = 1
=4( iu)2 laT, gl2.  H*r.  we have used the svnrmetry of  ?pF'

REMARK. I f  ie> O then for t  >0 the condi t ion (88) is sat isf ied

THEO'RENI 5.1. Under the eonditions of P'5'3:

1) A wave-normal n sueh that 07n{n'n I  I  is  a longi tudinal  ampl i tude i f

and only if n is a proper veetor of ?"rf, '

2) Tne loeal speed of the longitudinal rvave in the direetion e, is.given by

must  be posi t ive.

. 
l)  A wave travell ing in a direetion -n, sueh that ?1.,9n'n= O al lows. a

longitudinal amplitude whieh is propagating with the loeal elastie longitudinal

speed given by Ul  = V( ie + 2tre)/9 ' ' .

Proof. Let n be a ionP;ituci inal ampli ' t trde. Then s-the ampiitude veetor of the

th n,  i .e . .Q(n)n = ) t (n)n '  From (8?)  lve getwave  i s  pa ra le l  w i th  n ,  i . e . ' cJ (n )n  -  / \ ( n ,n '  ' r r om \d i i  w

= a ( f f ) 2  s u p  l O . r F n ' n t z =
n gt'lo I

Q ( e , ) e , ' e i = ( i u

If aT,? n -

e(n)n = (le + 2-rre)n - ((4h( rxpu)zt(?n.Fn .

n I 0 then Q(n)n is Paralel with

n))/(1 + zrFe l lT,f, l2D ?r,?, (eo)

n if and onlv if i.Tr{n is paraie} witlr n,
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i .e. n is e proper veetor of d TJ € Sym'

ral n, with n a given proper veetor for ?r 'F'
_Converseiy, iet a wave-normal n' wltn n a gl\

There is  s  eV sueh that  Q(n)s = A(n)s.  From (ez)  we obta in that  Q(n)s = 91 * l lES,

with aeR gen€rally non-zero. Comparing ' this expre., ion with Q(n)s=)\(n)s we

obtain that s is Paralel with n.

3 )  I f  n  i s  sueh  tha t  bT ,gn '  n=  0  then  (90 )

these waves al iow a longitudinai amplitude'

T.5.2. Let n be a wave-normal n whieh al lows a transverse arirpl i tude

*f) I f  n is a proier veetor of ' t  

",Fn 

then the ampiitude veetor of the

transverse wave.eorresponds to any orthogonal direetion to n and the loeal speed of

the.wave is elastie, i.e. U. = fi9{'

uZ) If n is not a proper veetor of br,ts then the ampiitude

with the normal to (n,b",$n).  The local  speed is also elast ic.

b) If AT,Fn 'n = 0 and n is not a proper veetor of ? r,F

with b-,Fn l0 and the loeal  speed of  th is t ransverse wave is real
.  t '

e(n)s.s) = le - ((4h(r).1ff i t )Z l  a r,?n tzj l t t+ 2 , , ' - t te I  Dr,? t  2)) >

f o r  a l l  neV  sueh  tha t  D1 ,Fn '  n  =  0 .

proof. A wave-normal n ai lows a transverse amplitude if  and only i f  there

exis ts  se V. ,  s .  n  = 0 sueh that  s  is  a  proper 've i tor  for  8(n) '  From (8?) .we oUt ' in

e(nis = Fe -  ( (4h( i  Xpe)z. t  (  a1,9. '  n)) / (1 + z {Ee t r  o.T,E l2) l  arF n

,* ,
I t  resul ts  t f ra t  e(n)s is  para le l  wi th  s  e. i ther  i f  a)  D.r ,9s 'n  = 0,  wi th  n '  s  = 0 '  or

U)  Dr ,$s .  n  I  0  bu t  01 ,5n  i s  pa ra le l  l v i t h  s  anc l  s ' i l  =  0 .  I n  t he  case  h )  t he  l oea l

,soeed is  e last ic  and the s ta iements a. , )  and a. )  fo11ow at  onee s ince ? ?,5c 5vm'  I f

n  is  not  a  proper  vector  for  ?1,5 and b1,3 n '  f l  €  0,  ihen any s  pa: 'a le l  wi th

?t ,Yn is  an ampl l tude r reeto i : , .anr i  f ranr  {91}  we obta in (91) .

As an example (see Dafa i ias [5 ]  anc Loret  [6 ] '  b t r t  they

sives Q(n)n = (1e + 2Fe)n,  i .e.  aI I

veetor is r:araiel

'then s is paralei

i f  and only i f

(e1 )

(e2).

neglected the rate of

0
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elastic deformation in (gg)) we

equation (Zt) witfr the assopiated

D P =  $ < l > 9 r , S g < t > l E J ,

o
Et = <A>(f ir ,  with

and

eonsider an isotroPie
' 

''"?lt ''

plastic flo:!$t*.n

- -cL" at ; a{J--e

- 2 0 -

l inear elastie eonstitutive

related to the plastic funetion $ (t, &r, *o), sav for instenee:
l '  L

F {r i "&r,o2) = ( t /z t  ZXr '  - i l  
r ) '  

(T '  -  i l r )  - t

. :

isotropie with respect to T and 8t (the deviatorie shift ir back-stress tensor)'and
- : . .  . _ . 1

w h i e h d e p e n d s o n o ( 2 e R . T h e a e t u a 1 p l a s t i e s p i n

wP = (A>lE 1", wittrlE (e4)

for instanee, where LEJ" is an isotropie antisymmetrie .valued funetion with

r e s p e e t t o T , a n d ? , a n d d e p e n d s o n o ( 2 € R . T h e p t r a s t i e t o a d i n g f a e t o r b e e o m e s

. 
!rT. t, with i = t - rzeT + Tge, Er" = R"(Re)T

. i,,qft..,:

for any stress state sueh thai F{T',R'otr) = 0., sinee (85) holds'

equat ions for the aetual .value of  internalvar iables 4r,  & r=olrare

(e3)

. : l l

(94) ,

(e5)

The evolution

9 +
d l  = o i .

. a \  ' . -
d Z  =  4 " 1 ) m 2

fi.  ( j  = 1, ?) supposed also to be isotropie with respeet to T' and Er dePendent of
' J

&^. fhe funetion fr, maY be given bY- -z -  -  ' - -  - - - -  -  r

. . o

(e6)

(e?)f f i i  = e(a?XT' -  &r) + d(41, Az)41
L L L L U

. ' . .
' .-- ', - fi6ErrnP - t', 'Pr1/2

a n d  c r t  n  i s  C e f i n e d  b y  e { ,  =  { ( J / r ) t u '  
'  u '  l

!

The sealar constitut ive funetions from (93)-(9?) are given sueh as

eonsisteney eondit ion (8)- '  on S(t).

From (32) ana (14) we obtaiq the fol lowing relations:

to satisfy the



'and

there

"wnich

.  - 9 . 1

'

D = DP *  8" ,  w i th  te  = f t  -Jre€u *  ge i le
t t ,

,  a  o  n  o  
'  p  ^ t ' 1 "

[L l  .  = ! \ '  =. f : --e + $7P, .cL- = R=(R-) '  -
L  ) a  - . ]

' - - 1

in the.ease of ismall elastie ddformations (see (68)-(?1)). Here L= FF-' represents
t ,

the veloeitY gradient. 
D

o  3 -  9 - o  -  A

We observe that the rates f , ;: .,, e 
* for the spin -C.-e are objeetive tensors

' t '

.  . r !  T  - *€  =  f )F€ .  F*P =  FP (see [g ]  and [12 ] ) ,  where  by  *
s i n e e T *  = Q T Q ' , 4 T  =  Q d ' 6 " , . F - " - w r ,  

t  - r
l ' r

we denote the fieids with referenee. to. the motion

x*(x,t)  = xl t t)  + Q(txx(x,t)  -  xo), with Q= Q(t) e orth.

The symmetry of the aioustie tensor fol lows and al l

T .5.1. .  T.5.2 hold too.

coNcLUsIONS. We eonsider an elastoplastie bodv defined b-v:

- l inear isotropie elastie eonstitut ive equation

- assoeiated plastie f low low related to a plastie function isotropie with- _ - . _ _

respect to T and&-trre aetual internai variables (with trEo?-= 0) r"rhen the elastie- - ' - . - ' - -  
I  4 e

deformations are small and the elasti i .  roiat ion great and when. € 
= is compared

-  - n
wi th  DY.

Then
I

(1) al l  the longitudinai and transvers a.w. are propagating with Local elastic

speeds, i .e. U = UL or U = US, wheh. the elastoplastie state . eorresponds to a

unloading, or.neutral proeess, or the elastopiastie state is inside the eurrent Stield

surfaee,

:oplastie state eorresponds to a loading process (i .e. A ) 0).(2) when the elast responds to a loac;

exist some transverse a:w. and some longittrdinal a.w' (see T'5'1 end T'5'2)

are propagaiing with locat speeds iess than the.corresponding elastic speeds'

I{e note that i f  the materiai is plastie ineompressibie then tOiv f " l  I  0 on

the longitudinal a.w. and ldiv t "]  = '0 
on the transvers a.w. 

i

In our anaiyse we have essentialv used the existenee of the elastie rate of

(e 8)

the results eontained in



;.;;:n*i;,;.
. . ,  . '
. . : , 1  I  ' , :

;:r,':r.:l1:t:i::i:,. , i ,!
' . .  , t  :

, '  
t l ' . t . t ' ,

equations (5).

So. a more realistic model based on

the elalt ie rate of deformation in (98),

evolution equations: (93) with (94) and (97)'

Aeknowledge. The author wishes to express her gratitude to dr' I' Strlieiu for

hetpful discussion

'of  
< ie format ion '  I f  e  

e ( in  the
deTormation whieh is eomparable with the plastie rate of delormatton' l l

eet  to  nP ( tn is  means that
.ease of small deformation) is negleeted with resp

In* +ed then the local speeds of the longitudinal and transvers waves beeome oo'

In his experiments eoneerning the pnopagation of the plastic waves in pre-

stressed bars (see [1?] and also [18]. for general remarks about this problem) Bell

obtaineci a loeal elastie speed along the longitudinal reloading waves'

- I n . o u r t h e o r e t i c a l e o n s i d e r a t i o n w e e a n o b t a i n t h e e l a s t i c l o n g i t u d i n a l

reloading waves if  we consider the viscoplastie terms A'and I in the evoitt t ion

:  ' .  :

(93)-(9?) ean be obtained if  we eonsider

a9 well as the viseoplastie terms in
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