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Gohomology with compact supports for Stein spaces

'§o. Introduction

It is known [?17B] that if X is & Stein space of dimension
n then H (X,A) o for i»n and Hj (X Z) ig free.,If X has ho ’
gingularities Poicare duallty shows that the cohomology
groups with compact supports H (X,Z) vanish for i¢n and
.H (X3%) is free. When X is sinpular & 81milar,statemént doeg
not hold.However if X is locally & set- theoretic complete
Lnterqection we prove that Hj (X 7)=0 for in and H (X7)
‘is free (Theorem 1).When X has 1solated 31npularit1es this
-~ result is already knownfﬂﬂ . |

our proof is esgentially based on & resuit-of Stehlé‘on
the coverings of Stein spaces which enables us to glue
together gome local topologlcalvpropertles to fget a plobal
one.We need also some gimple facts about the hbmology of
q-oomplete open subgets of euclldnan gpaces whlch are.
usually deduced. [17] from the classical Morse theory [13]

The vanishing of ‘the cohomology with compact supports
nas a direct consequence the Lefschetz theorem on hyperpléne
éebtions for singular spaqes (the homolon statement) which
wags proved by Hamm-{ﬁ] using Morse thequ on gingular spaces
and regular Wnltney gtratifications. A gtronger version of
Lefschetz theorem 19 proved by ﬂamm in [}é} (for homotopy

‘groups).



§l, Preliminaries

All complex sgpaces &are agsumed to be reduced and with
couptable topology.. ’ |
Let X be ﬁ complex space of pure dimepsion k.X is called a
locally set-theoretlc complete intersection if fog any xeX
there exisf an open'neighboﬁrhood:U,of x and an embedding -
Z:UC:>DC®N,Wﬁére D is an open subset'of CN,suoh that'V:t(ﬁ)
isva set«thedrefic complete intersection in D,i.e. V can
be given by (N-k) eguations in D. |

Our méin regult is the followihg :

Theorem 1. . Tet X be a Stein space of bure dimension k.If X

ig locally a set- tneoretic complete intersection then !

'H (X3;%)=0 for ick and H (X;2) 1is free.

The prin01pa1 inpredient for the proof of this theorem _
is the following result due to Stehlé f}§} '

 Lemma of Stehlé Let U=(Uy ) be an open coverlnp ot RN,

Then there exists a locally finlte open covering 53 (Bi)iami

N

of R which 19 a refinement of ZL with the following properties:

a) the sets B and Cj LjBi are convex and relatlvely compact

1&3’
for any i, Jje.

b)'Ej and 803 are semi-analytic for any JjeN.

Remark 1°

A AT

The set.03$l ig obtained from Cj in the following way :



-one takes n point e,1 c1 sufficiently close to Cj and deflnea
Cj+1;conv(03,aj+l),Bj+1 is the intersection of €41 with a

gmall ball with centexr aj+1.

In the proof of Theorem 1 we shall use also some glementary
facts sabout q-complete open subsets of the euclidian spacé ¢ .
If UC@N ig an open subset a Cagfunction @;U%MR ig called
strongly d-oonvex if the Levi form é’((?)x has at least (N=-q)
positive (>o0) eigenvalues at any point xeU. :

U is sald to be g-complete if there exists a stronp}x‘q~convey

functloncfo—?R which is an exhaustlon functlon,i.e. .{?<é§c&U

for any ceéR.

Example 1. Let ver? bo a Sbem ‘oper subse'b fo,...,fqé@?(V)

and put A= {f =...~f-_o} Then U:V\A is g-complete.
Indeed,if © is a strongly plurlsubharmonlc exhaustion function
on V then an easy compuuatlon shows thatcy-ﬁ+l/(z£3 )q+£

ig a strongly g-convex exhaustion function onﬁ} (see [;é])

If U is a g-complete domain in ®N the strongly'qnconvex
exhaustion fuﬁc{ion.q:U#%B can be chosen with nondegenerate
critical points (by the density of Morse functions) hence the

classical Morse theory shows thattif]

N

Lemma 1. If UsC” is a g-complete domain then Hi(U;G)ao for

1i»N+q and any abelian group G.

g



In fact for the proof of Theorem 1 we shall need algo a

gtronger statement,nameiy : N mincm33“M 'SJ

: % : | g:c@:a~9hw‘vm |
Lemma_2. Let U:GN be a q—oompleigfggggzﬁyand DeF a Runge

open subset Then H (U,UAD;G) =20 for iyN+q end any abelian ‘

.group G
Proof

Pirst we make the following remark yE U ig a strongly
qoconvex exhaustlon function on U and V~Qt<o} then Hi(U V G):o
for iyN+q.This follows easily by an exhaustion arpument and i
the approximation of T with Morse functions. To prove Lemma 2
it suffices to show that for any ‘compact KcUﬂD there is anfﬁ
“open subset V such that KeveUnD and Hy (U,V;G)=0 for 1¥N+q.
Since D-is Runge in F' there is & dtronply plurlsubharmonic'waF
functlon Y on F such ‘bhat KC{\%J<,OSCC.D Let Q>0 be a stronp‘ly - g
g-convex exhaustion function on U and choose &:70 sufficientl"'
snall such that ©=§& 6g>+§i<o on K Then % is &, ﬁtrcnﬁly qmcgnvs"
exhaustion function on U and if we pet Vw{téo% it follows
that KeveUnD and H, (U V;G)=0 for 17N+q which proves the 1emma. 
iemma 3. Leb Du@N be an 6pen subéet Acﬁ a closedtanalytic-z
gubset of pure dimension k which ig & set-theoretic completa
‘ intersection and G any abellan group.Agsume that A is uteln.
A'aA ig an open subset of A which i1s Runge in A then

H (A';6)= -t L(4;6)=0 for i<k end Hk(A'°G) }H (A ¢) is injective,

Proof

We may assume k<N since for k=N the result follows from
the previous lemma, Tn view of a result of Siu [}6J we may

" also suppose that D is Stein.Using an exhaustion argument



Ix 21 e
32,0

wé gee that it io eﬁbumh_to conaidéf the onge when A'=D'"0A
»with D' a Runge domain in D (éince A' can be exhausted with
such intersections). .

By Poincaré duality Hi(A;G)5$H2Nmi(D,D\A;G) and.Hi(A';G)£$
How l(D' DINA';G). In the exact sequence :

co e Hyy  (D3G) —>Hpy o (D DNA;6) =2 Hyp s 1 (DNAGG)—> ..

we have Hoy- 1(D G)=H (DxA G)=0 for i<k since D is'%tein
and D\A is (N-k- 1) complete (from Dxample 1) It foliowq tha»
H (A G)=o0 for i<kk.A sxmilar argument shows that Hi(A' G) -0

. for i<k. To see that H (A"G)-%>H (A;G) is 1njective or
equivalently H2N~k(p"D VA! ;G)mquZN;k(D,D\A;G) 1g injective,

we consider the commutative diapram with exact lines ::

44..._.;.HZN k(D G)— Hpypy_y (D, DNA; G)-w>H2N ke 1(D\A G)--a;

T

....:,HQN k(D' $6)=>Hgyy (D, DI G)—%HZN oq (DINAT s i

Ve have Hyy g (Ds 6)=Hoy 1 (D' ¢)=0 since k<N and 1) D! are
Stein open subgets of @N From Lemma ? the map @ is injectlve,

hence & is also injective,as desired.

§2,- Proof of ‘Theorem i

' ‘Letlt:X—émN be a probef,inj@ctive,hélbmdrphic map (whioh
exists by [1{] ) .Hence X'=¢(X) is an analytic subset of ¢N
and ¢:X=>X! is:an analytic homeomorphism.Let @(“(Qx) be an
open covering of X such that each Uy is isomorphic to a
sefwtheoretic complete in{prsection. .

From the Lemma of S%ehlé there exists a locally finite

N

Open:coﬁering (B, of ¢V with properties a),b) - and such °
17ielN



thaf - ~T; (B Yy defines an open- covorinﬁ OJ (0 )iQN which is
a refinement of?L If we set Vy= T;I(U ) then fi,Vi, 141“V

‘are Stein open sets and (Ti+1ﬂvi’Ti+l) ig & Runge pair (since -
the sets in the Lemma of Stehlé are convex,in particular they
are Runge) Prom Lemma 3 Hj(Tihl’G) =1 (Ti+ﬂnV1,G) =0 for j<y

- and O (T fﬁVi,G)—éﬂ (Ti+1;G) 1s injective for any abelien

" group G.. ‘ T

If we con81der the Nayer~Vietorls exact sequence -
..=>H3(Tl+lnv G)—-—:»Hj(‘\fi,(})@ﬁ (T, +1,G)—a;H (v, iG] *1(Ti+l\»\v e
15 fol]ows that the maps Hj(V G)—}Hj(vl+l,G) are bijective |

for i<k and injective for j=k. Hence if Jgk, HJ(V G)fVHj(Vl,G)m
HJ(T G)=o0.Taking inﬂuctlve 1imit we obtain HJ(K G) o for j<k '

. and any abelian group G.From the universal ooefflcient formuls

for the cohomology with compact supports @

53 (X5 6) ) (X3 7)@0oTor (HI (X3 2),6) _

it follows that Hj(X :Z)=0 for j<k and H (X;%) is torsion free.'
-fo prove the theorem 1t remaing. to show %hat H (X;2) is free.

_But- g (K 7) = llm H (V :%) and the maps it (V Z@a&H (Vj+l,7ﬁ =
are - 1n3ect1ve So,uo prove the theorem it suffloes to show that

:Hk(V %) is free of finite type fot: any j and e (V i Z) is a
dlreot gummand in H (Vj+1,Z).

. Pirst we remark that for any 8 g (V V)A,H (CjﬂX' 2)=’
HI((T,0X) (20401 7) aoti® (3 3 nx 3031}}{';73:) which is finitely
ge ﬂerated b@cause Cjﬂﬁ' 60 ﬂX' are semi-analytic compact sets.

On the other hand we know that H (Vv 1 7) ig torsion free (since

Z‘l(v :G)=0 for any abelian grouo G) henoe belng finitely

J'
ﬁoncrat@d 1% ig free.Hence 1t remning 1o vorify that Hk(vj,y)
is a direct summand in H (Vakl’“> .To prove this agsertion it

_suffices‘to;show'ﬁhat HG(VJ,Z)w%HC(V3+1;Z) has torsion free



cokernel.But H(V ;Zk%ﬂk(xw7cj;Z)ﬁﬂéka(Cj,Cjﬁx;;Z)ﬁﬁ‘
H?N e 1(C AX':7%) ., From the exact sequence :
: HEN e 1(Cj\y Z)—yH?N - l(Cj+l N X! 7)6§H2N b 1(Cj i\X Cj\X Yy

and the unlversal coefficient formula we have only to check

 that H (0 et C*\X"G) .0 for any abelian group G.

2N~k 3+1
Propertywaﬁ in the Lemma of Stehlé and the excision theorem

show that H2N k(C X Cj\X G)&HQN k<Bj+l N X! Bj+1ncj\x eh
In the exact sequence : o o e
SR B
HZN o 1(Bj nc \X G)-—%HQ\I”}C_I(Bj+l x5 G)m%... )
we have 2 : - : ek

el k-1 ST R g i
QV k(B3+1\X' G)WH (B3+f1X' G)%H (Tj+1,G):o g e AL
Hotr-ie-1(By41" j\X"Gﬁaﬂ (Tj+fivj,G) and  Hoy g (B, ME' 50~
k ) : )
H,(Ty,13G).Since H (T 3+1ﬂVj,G)m§d (Tﬁ+1,G) is injective 1t

CNX! G)ao and the proof of

.'follows that Hyy_ k(B 3+1 5

a+i§X s Dy

{

Theorem 1 48 complete.

" Remark 2. ILet X be a complex space and.xex.We’put -

b

s(x);min-{d\ X is isomorphic %o a germ of analytic set i

in ¢P which can be given by p~dimXx+d equatioﬁg}

'_ and we define s(X)=sup s(x).
xeXk

- CGlearly s(X)=o is equivalent to X is locally a get-theoretic
complete intersection.Theorem 1 can be strengthened (with

the same proof) as follows :

Theorem 2. Let X be a Stein space of pure dimension k.Then :

Prretiaiysibe St Bttt

HL(X;2)=0 for i<k-s(X) and HY(X;%) is free for i=k-s(X).
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Remark 3. If in Theorem 1 the gssﬁ&ption "X'és locally a
get-theoretic complete intersection” is repl&ced by the
gtronger hypothesis "X ig locally a complete intersection
(and if we agsume also th@t X has bounded Zariski dimension)
thefi the §§gof can be simplified in view of the following
resulthof Ballico [3] 1 If XCGNvis an analytic subset of
pureAGimension k and X:is locally a complete intersection

then GN\X ig (N-k-1) complete,

We give now sgome immediate consequences of Theorem 1

_Gorolldry 1. Let X be a compact complex space of pure

dimension k and A€X a closed subset which is ANR,Assume that”
NA is StéinfﬁndAis locally a setmfhedretic complete intersectivii,
Then I, (X,A;5)=0 for idk. | '
‘ -Prbof : : RE

The homolozZy groups Hi_(X,'A;?Z) being finitely gegerated ,
. the assertion of Corollary 1 1g equivalent ([7] ,p.136) to
the condition : HY(X,A;%)=0 for i<k and n%(x,A;7) is free.
) Bﬁt Hi(X,A§Z)gHi(X\A;Z) and the desired cénclusion follows

from Theorem 1.

From Corollary 1 we deﬁdce the Lefschetz theorem on

hyperplane sections for singular varieties proved by Hamm
in [ij :

Corollary 2. Let ACPN be an énaiytic gubset of pure dimension

k and Hﬂ@N a hyperplane.Asgume that AsAQH is locally a
setathéoretic complete intersection in PN?”h@n Hi(A,AﬁH;%)zo

for ilks



Remark 4. If in Lheorem l we a"sume that X 1s a closed

——

analytic subset of a Stein manifold Y and X is locally &
get-theoretic complete intersectlon in ¥ (these conditions
re satisfied for example iy Corollary 2) then it is not

necossary +to invoke Siu's result (which was needed in Lenma 3)

'iy», ack fov the preed of lemma 3 0€ suffices The' semi- focal Version of Siu’s Gheown.

Remark 5. Let X be & complex space of pure dimension ki, ng

a singular point and N(x) =dim T X Choose a local embeddlny
of a nelghbourhood V of x in a Stein open subget of GN(X)
From the recent rosults of M. Peternellﬁlii,Dlederlch and
Fornaess [5] on g-complete manifolds with corners it follows
_that DV is N(x)- [N(x)/N(X) E% complete,where E@i denotesd

the largest integer £a.If X hasgs bounded zariski dimension

we set'k(?) sup (N(x) -k) and 1f X is singular we put v(X) [k/n(XiB
xeX

The arguments given in the proof of Theorem ‘1 can be repeated

word by word and one obtaing

»Theorem 3, Let X be a pure dimenslonal slngular Stein apace '

of bounded Zariski dimension.Then Hé(X,Z) 20 for iéy(X) and
:Hi(X;Z)-is free for i=v(X).

0f course this result impliés a Leféchetz«type theorem for
gingular varieties which depends on 7ariski dimension.The

~ precise gtotement is left to the reader.
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