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C ohomol.o,q../- vrlth eomf)8'c t!--l

-$o. IntrotluttlT

I t  ts known tn] l f t l  
that l f  X ls a $tetn 

"n*:*--ot 
dlmenslon

n then Hl (x  i%)=o for  l>n and Hn(x;7)  Ls f ree ' ' I f  X hae no

singulqrtt les Poicar6 r iual i ty shows that the cohornology

sroups with compact supports Ht, xi?l)  vanish for 14n anrl

n i & l z ) l s f r e e . W h e n X i e s i n g u l a r a s i m l . l n r s t a t e m e n t d o e s

n o t h o l d . H o l v e v e r t f X i e l o c a l l y a s e t - t h e o r e t i c . c o m p l e t e
nt ulf xr %)-o for l(n ancl f if,(x"V) :

i n te rs lec t ton  we Prove t ;h

is  f ree  (Theorem 1) 'When X has  is .o la ted  g ingu la r t t les  th le

'  ' resul t  is  a l rear lY known [ t !  '

Ot i r  proof ts eggent ia l ly  based on a.  reeul t  sf  $tehl{6 on

. t h e c o v e r l n g e o f s t o l n g p e o e g w h i c h e n a b l e s u g t o g l u e

together  some Loca l  topo log ica l '  p roper t ies  !o  Ret  a  o t " : "

one. ' ,Ye  need a lso  some s imp le  
. fac ts  

about . the  homology  o f

'  q -comple te  open subsets  'o f  euc l id ian  s 'paces  wh ich  are

usua l ly  t ie6ucer l  t lC  f rom' the  c lass ica l  l \ {o rse  theory  [ t : ] '

T h e v a n i s h i n g o f t h e c o h o m o l o g y w i t h c o m p a c t s u p p o r t s
:  

' : " - ^ ' t  

^ -  ^ - "^  * ; ^  . , , ^ " . .n "  r  hyper f lane
has a  d i rec t  consequence the  T ' 'e fschetz  theorem or

sec t ions  fo r  s lngu la r  speqes ( the  houro logy  s ta tement )  wh ich

vras proved. Uy Uamm [9] using lvlorse t]reory on sin64ular sp&cee

and regular l , lh l tney strat i?tcat io l le;A otrongor verefon Of

F a

Lefschetz theorem ls proved by Flan'rm ln [ t"J 
(for homotopy

groupe )  .

)
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{L Prc l lmi 'nar iee :
#-

A 1 ] " c o m p l e x s p a c e s & r e a s . s u r n e d t o b e r e d u o e d a n c l w t t h

countable"  toPol -ogy '  
'

I , e t X b e B c o m p l e x B p a c e o f p u r e r l i m e n s i o n k . X i g . c a l ] - e d a

l o c a l l y s e t - t h e o r e t l - o c o m p l e t e t n t e r s e c t l - o n t f f o r a n y x e X

t h e r e e x l s t a n o p e n . n e i g h b o u r h o o d . U o f x a n d . a n e m b e d c l t n g

GzrJ4DcON,where D ls  en open subset  o f  0N'such that  Y=C(U)

i e a s e t - t h e o r e t i o c o m p l e t e i n t e r s e c t l o n i n D , t ' e . V c a n

be given bY (N-k) equations in D'

Our main result  is the fo13'owing

. T , e t X b e a s t e t n s p e c e o f p u r e d i m e n s l ' o ' n i E ' T f X

a,  eet - theoret ic  conplete in tersect lon then :

for 14k ana uf 6;n) ls f ree

Theorem 1r,

i s  1oca11Y

n:( xiv) =o

She PrlnclPal lngreri lent faY

is the fol lovring result  due to S'

. r t

!e g -S9b1,5. 
'1,*t ' lL=(U* 

) be an.open t:"*tt; ;  
,n \

T h e n t h e r e e x i s t s & } o c a l l y . f t n i t e o p e n c o v e r i n g r ^ , , = \ o i / i e N

of RN rvhieh is a ref tnernent of  ?(  wi th the fo l lowing propert iesl

a) the sets Bt ant i  t r=f / f t ,  * t "  convex and relat ively eontpact

f o r  a n Y  i , J c N

and 0C I are seml-nnaLyt'ic f or' any JgN'
a )  : .

roof of *hLs theorem
F ' 1

lleJ

' '
Bet  C . , r  1s  ob ta ined  f rom Co  tn  t l r e  fo l l ow ing  wey

rj'l-r' 
n

the p

tehld

br F, . 1
u

Remark l,

The



one ta l tes g !ornt  *J . r1

c i+ t=?onv(c  J ,  
*J  +1 )  .  uJ* t

sma1L bnl1 wt th  center

I\T

I f  UcO" ie a

any abel lan

-3*

suf f tc lent ly  c lose to  CJ and

1s the in tersect ion of  CJnL

t J * 1  o

<1ef lnes

w i t h  a

In the proof of fheorem L we shalL use also s.ome e. lementary

facts  about  q-complete open subsets  of  th i l  euc l ld lan specb 0N.

If  UcON is B,n open eubset t  f l functton f  rU-i lR ls cal led.
o

strongly q-convex l f  the T,evl form {,rcgl* has at least (N-q)

pos i t lve ( )o)  e igenvalues at  any po lnt  xeU.

U ts said io be q-complete t f  there exists & strongLy q*co,nvex

funct ior,  ?, U-lFt whlch is an exhaustion funct ion, i .  e ' .  
' {q 

a"}t*U

for any geR.

!xagl]g-l.. I,et Vef$ be a Stein ap81\ eubeet ,f o, . .. ' ,t #&(V)
(  ̂  = - . . - f  = o \ . 1 ' h e n  U = V \ A  l s  q - c o m p l e t e .a n d  p u t  A = t f o = ,  t , = I q = o J . t

fndeed,i f '5 is a strongly plur isubharmonic exhaustion funct ion
q

on V then an easy compuiat ion shows that <9=E+I/t$l t t t  2;A*{

t  t  l - -

i s  a  s t rong ly  q -convex  exhaus t ion  func t i on  onU i t * *  [ a { ) :

Tf U ls & q-complete donrain in 0N the strongly q-convex

exhaustion func.t ion cf tU.*+R can be chosen with nondegenerate

ci i t i -cal points (by 
!h* r ienslty of l$orso funct ions) hence the

cl"assical Morse theory shows tnat[ f f ]  t

fremma 1,
@
k

i>N+q .and

q*comple te  domaln  then H*( t I iG) -o  fo r

group G.



In 
' fact 

for the Proof of r lheorsm

stronger  s ta tementrnamolY i

2. T,et UcON be & q-oomplote domatd/and De F' a Runge

any ebel.],en
open subget .Then I { t (U 'URD;G)=ro  fo r  l }N+q and

group G.

?roof

Flrst we.make the' fol lowing remark l  l f  E ls .a 
etrongLy 

.,  ,  11j

q-convex.exhaust ion funct lon on U 
""a 

v=f"<o]  then Hi (U:Tt* ) : l *
.  ,  I  , . ,

for 1>N+q.Thls fo11orrys easi ly by an- exhaustton argument and

the approxirnat lon of ' l l  lv i th Morse funct ions'To prove lemma ?

it  suff lces to show that for any compact KeUflD there is o' ' '  
l '

-open subset  v  such that  Kcv€unD and l { r (urv ;G) 'o  for  l>N+q"

Since D is Runge ir ,  Fi  there .1g a, strongLy plur lsubharmoti" "  * ' '

' I  : ' ' :  : : " i ; ' [ l

function y on F; such that fCc{*yco}'ccD.Let tf }o be a stronfi ly

q-oonvex exhaustion function on u and choose tolo'suff iciently

smaL! such *ha* g*869 +f (o arl K'*hcn E 'Ls &' stronr'Ly qqaonvsis
l 1

exhaustion funct lon on u and i f  we set v=ltcot i t  fs l l .ows

that KcYcUnD and Hr(u,YiG)=o for i?N+q whloh proves . the leqir irq:

;

i '
lemna 3. l 'et  DcON be an opep subset 'A€D a olosed analyt ic

f f i o f p u r e d . i m e n s i o n k w h 1 c h i s a s e t - t h e o r e t i c c o m p 1 e t e

: intersect ion and G any abel ian group,Asgume that '  A {s $tein' '

then- . I f . . A . ' c A l s a n o p e n s u b s e t o f A w i r i c h i s R u n g e i n A

H l ( A ,  ; c ) = H ] ( A ; G ) = o  f o r  i 4 k  a n a  H [ ( A '  ; c ) + H f  t a ; c )  i s  l n J e c t l v e '

.Proof

\t le may &ssume lccN since for k=N the result  fol lows from'

the previous, lernmn.In vLew of a result  of $tu [ tgJ we may

' 
also su.ppose that E ls stetn.uslng an exhaustlon argument

1 we shnl,l" need elso e

, J ' ' f i , ' i

I

I t
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''ii'':li '
uro s6o that l t  ls  onough to oon$tcier t l re or igo

wl th  Dr  a  Runge domain  in  D (s lnce  At  oan be

s u c h  i n t e r s e c t i o n s ) .  ;  ! l

By  Po inca rd  dua l l t y  n l f  l iG )4$ I I zN* i (D 'D \A ;G)  ana  H f  (A ' ;G)

Ez iE - i ( ! r - ;D f  \A f  ;G) .11  the  exac t  sequence  i

.  .  . - *H2ry - i (D ;G)  ->HzN- i (D ,DrA ;G)  -+Hzn- t - t (D r ,A ;G) -+  . .  "

)

whon / \ r  *Dt f lA

exhaustod with

l
i
i
j

I

L )  .  I t  fo l iowf thAt l
' . t

t h a t  H ; ( A r i G ) = o

tnJ ect ive ,  or

e q u l v a l e n t l y  H e l t - t  ( D t , D r r A f  i G ) g * H e U - t ( D , D r A ; G )  1 e  i n J e c t i , v e n

vre consider the conrnutat lve diagram wlth exact l tnes I

D, Dt er6

i .s  tnJ ect ive,

we l tave Hzl , t_ i (D;G)=HaN_1_1(nr .L ;G)-o for  l (k  s lnce D ls  s te in

and D\A ls (N-k-1) complete ( f rom Example

f i l t l ;G)=o fo r  l<k .A  s iml le r  e rgument  shows

f o r  i ( k . T o  s e e  t h a t  H : ( A ' ; G ) + n l j ( A ; G )  t s

' i le hsve HZft-u QiG)=I{Atr-k(Dt ; G)*o sLnee iedlf and

Stein open subsets of ON.} 'rom Tremma 2 the rnap p

hence  o {  i s  a l so  i nJec t i ve 'as  des l red .

62.  Proof  o f  Theorem L
l - r

.  N  L ^ 1 ^ * r - x 1 - , J ^
!e r  3 . :n - l f l i \  be  I  p roper , in jec t i ve ,ho lomorph ic  map (wh ich

' .  
a t

l- 
-1 

r 
r\l

ex is t s  b ) '  L14J  ) .Hence  X ' -C(X)  l s  an  ana ly t i c  subse t  o f  0 "

.and  t :X - *X t  i g  an  ana ly t i c  homeomor :ph tsm,Le t  &=(Ua)  be  &n

open eover ing of  X such ihat  each UO is  lsomorphlc  to  &

se t - theo re t l c  comp le te  l n te reec t lon .

From the Lemma of $tehi"6 there exisis & loca1ly f ini te
1?

open  coverC .ng  (B f  ) i uuu  o f ' 0 "  w l th  p roper t l es  a ) ' b )  aud  such
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-1 1 open" covarJ'nf i  f ' (Tr), t .a,n whJ'oh ls
th r t t  f 1=6 ' (n ' )  de f  i r res  r l l  n f t  / ' (T l / t "a t t t

a ref lnement of ' lL , \ . f  we oet Vr""C-l(Cf) then TirVl, f l - , . i - f lVl

'are Ste in  open sets  and (T inr f lVt rT i+1)  is  a  Runge pat r  (s tnce

the sets ln the lemma of Stehld are convexrin part louler t lpy

are Runge) .3rom T,emma 3 u lCnr .nr ;c)=nf  (Ttor f lVr ;G)=o for  J< l t

-  and Hff  r**pvr;G)-+Hf(nr*r;G) ls lnJect lve for anv a.beLian

group G.

r f  we 
"onr id*r  

the l {ayer-Vletor ls 'exact  sequence :

. . ,+H|(Ti*rovr ;c)-+H1(rr ;G)ol { i ( r i * r ;c)-+nf  (v t* t ;G) '+* l* t ( r tnt f tv i ;G)+""

i t  fo l lows tha t  the  roaps  Hf tVr ;c ) -+ t f (Vr* r ;G)  a ro  b lJec t lve :

fo r  j (k  and inJec t ive  fo r  J= lc . I {ence, l f  i<k ,H l lv r tG)6 ' I {1 (Vr ;C) ' '

nl(nr ,C)=o. , raktns inr iuct ive L imi t  we obta in t l l l ; i )=o for  r t :

a n d a n y a b e 1 1 a n g r o u p G ' 3 r o m t h e u n i v e r s a 1 c o e f f , i c i e n t . f o r m u 1 a

for the cohomology with compact supporto ! .

i i i tx ;c)  aruf  Giz)swror( t i * t  (x i%) 'G)

i t  fol lows inr* ufcxlzl-o for idk and Hftx;v) Ls torslon rree'

. Eo prav€ *he theoyem Lt yemalns *o ahovr that nf;ran) Ls f ree,

But uf tx ;7)=4 nftv rtz) 
and the maps Hf tvl ;  D-*r{ $ xa.yiT)

are ' in jec t i . r * 'Sor to  p rove the  theorem i t  su f f i ces  to  show tha t

l r l fu  
, rn ,  

, t  f ree of  f in i te  tvpe for  anv '  J  ana u l iu ; tz )  is

d t rec t  summand  in  n f (V ; *1 ;Z ) '

.  F i r s t  we  reme i rk  tha t  f o r  any  s  U f  tV ,  ;Z )P I I : (CJnX '  i g )7

. 'H : (  C6rnx r  ) r ,  (0c  j nx '  )  iw )  a rns (T ,  n  x '  , 0cJnx '  i%)  wh ich  l s  f i n t te l v

*t ihu"l 'uu l" too*e ?rnxt '?c jnx'  t :*  semi-anal"yt io compact sets '

0n the other hand vre knol that r f f tVr lZ) ts torslon free (slnco

k-11U. :G)=o fo r  any  abet ian  group G)  hence bed 'n55 f tn l te ly
c  

y J t - /  -  -  , .

olr*"o i*u l t  ls  f ree. I lence l t  remr,r inrs to vor l fy  that  u[Cv,  la)

ummand tn nf (v1+i. iK), la provo this assertion lt

suff lcee ' to'show' tha! r i f  tv, f i !)->tt|(v yrl in) has torslon freo
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cokernel .  But  i i | (v  
J in)rur : / : (x 'd" lc ,  ;  z)x i laN-k(cJ,c Ju 'x '  i rE)w,

HZtt_t  _ t (CrrX '  l iX) ,From tho oxnct  sequCInoe I

Hzlr-r ._1(crr xt  ;z)-+I{zu-r.- t (c3+1\ x '  ;  z)-+Hetq-t- t(c i+f x '  ,crrxf  ; ' . ' i )

and the univorr ial  coefftclent forrnuLa vre hnvo orr] ,y to charck

tha t  i l 2 * - t r (Ca+ f \  X t ,CJ .X ' ;G)=o  fo r  any  abo l " i an  g roup  G,

?ropert1 e) ln the lemma of Stehld and the exeiglon theorem

show that  i {zu-r(c3+f  x"cJ.x '  ;  G)Miam-u( t j l t "  * "  FJ*tnci . l ' , :0 ,  . , . ,

fn the exact sgquence |  ' |  
'  '  t i ' , ,  i : r f t  r r  '

. . . - ? H e N - t ( B 3 * r \ X ' ; G ) - * H e u - k 1 B 3 + | x ' , B J + t 0 0 j ) x ' ; G ) *

I l en - t - t (81+ lnC j tX ' ;G) - *Hzg-k - l (B i+ t \X ' ;G)+" '  
t  :  ' ' " .

, . , ,  r l  , l  .  j ,we have r

Hen- t (B ;a1 \  x '  ; c )s r r | - l (B j+ r f l x '  ; c ) *H f - l1T ;+1 ;G) *o  ,  I  r i ;  ' ' , i l ' ; : i  " i ' i
Hzn-r - r (83* /1CJtX '  ;c )asHf( r ,+ f lv ,  ;G)  and Hen-r - r (83+fXt  ;G)**

Hf r r r . r r ;c ) .s tnce Hl r r r * r f lvJ ;c) - *n f  ( r r * r ;G)  1s inJect ive i t

fol lovrs that Hei l-k(3;+1\ X' ,  BJ*}f lCJ* Xt iS) 'o and the probf Of,

fhe crorn.  1 Ls oomPlete.

Remark 2.  Let  X be a comPl"ex space

I

\ , 1

and xeX. lVe put !

. l' s (x)=min 
tu  I  " *  

is  isomorphic  to  a  germ of  anaLyt ic  set  Yo

in 0P which can be glven by p-t i imX*+d etuatfons]

an r l  we  de f lne  . s (X )=sup_  s (x ) '
xei(

C ] ' e a r l y  s ( X ) = o  i s  e q u j v a l e n t  t o  X  i s  l o c a l l y  a  s e t - t h e o r e t i c

comple te  in te rsec t ion .Theorem L  can be  s t rengthened,  (w i th

the same proof)  as fo l lorrys i

ggggg-a let x be a

Hl(X zZ)=o f  o r  i<  k -s (X)
c '

$te in  space o f  pure  d l inons ion  k .Then

and I { f  (x" iT!)  ls  f ree for  l=k-s(x)r
v
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: :

t r 'a , '  .' : . '

Remark 3.  Tf  ln Thooreni  1 the sssumptlon rrx ie 1ocaL1y a

s@t- theore t  i . c  comple te  Ln tersec t lonr r  l s  repJ 'aced by  the

o t r o n g e r h y i r o t h e s i s ' ' x t s l . o c a l l . y a c o m p l e t e i n t e r s e c t l o n l '

(and i f  vre assume algo that x has bounr1er l  7,artski  d imension)

- !

then  the  proo f  caR be.  s i .mpL i f le t l  ln  v iew o f  the  fo l lowtng

'  F ' f  N  -  t - - r r ^  - . . ! - ^ -

result  of Bal l ico t t  :  I f  xcgl\  is an frnalyt lc subset of

p u r e t 1 i m e n s i o n k a n d X i s 1 o c a ' 1 1 y a c o m p 1 e t e 1 n t e r s e c t 1 o n
1 T  

l a * a
t h e n  O r l r X  l e  ( N - k - 1 )  c o m P l e t e '

TIe si"ve novv some immeri iate consequences of  Theorem I  ' t

C o r o l l a r y l . I , e t X b e s , c o m p a c t c o m p l e x s p a c e o f p u r e

dimension k and AcX a,  c losed subset  whloh is  ANRrAssume that"

X\A ts  Stef r i .dnd ls  1ocal1y a eet - theoret ie  complete tn tersect iu i l '

J ?  t v  .  - , r r ) = O  f O f  i ( k "T h e n  n i \ ^ t I \ i a

?roof

generated

' P . 1 3 6 )  t o
Hr (X ,L i f r ) f lnttel"Y

The homolorry Sroups Hf(X,Li f r )  being f lnt te ly

the assert lon of  Corol lary l '  ls  €quivalent  ( fJ

the  cond i t lon  :  . i I l (X  ,A . iT l )=o  fo r  i (k  and Hk(X 'A i%)  i s  f ree '

r i

But  Ha(X,A;u)eH| (XrA;Z)  anc i  the  des i red  conc lus ion  foL lows

f rom Theorem 1 .

we de'c luce th-.  lefschetz theorem on

for ' s inguLar  var ie t ies  p rover l  by  Hamm

l , € t A c F N b e a n a n a l y t i c s u b s e t o f p u r e d l m e n s i o n

hyperpl-Blto, Asiurne that AqAni{ ls 1oca1"l'y a

oompl.eto intersect lon tn Pry: fhon Hi(A '  Aft i {  iW) -o

From Coro l la ry  1

hyperP lane sec t ions
F i-l

i r  t  O  I  .
. L r r  L - !

Coro l la rY 2 .

It and lisfl']N e

se t - theo re t i o

for  t {k '
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l l e innrk  4 .  i f  ln  Theorem 1 t r€  &r "su ins  ths ' t  X  ls  &  cLosed '

- t - t t*"  subset of  a Steln mantfol"d Y and X te l "ocal l "y a

se t - theore t ic  comple to  ln te rs .ec t ion  tn  Y  ( theee conc i l t lons

a r e s a t i s f l e d ' f o r e x a m p l e i r r { o r o l . l a r y 2 ) t h e n i t J . e n o t

necessary ' to  lnvoko $ lu rg  resu l t  (v rh tch  was needec l  in  Len ima 3) '

:;;#fr"rfu p.*{ o{ wnos tt suf{iad^e surzi-*rc*g vf^6lo>1.,{ stu't d'erzr*'-

Remarlr 5" . l - ,et X be g complex spacg of pure dirnenslon k'x€X

a. ei-ngular point  and N(x)=dlm [*X'Choose a local  embet id ' ing

o f a n e i g h b o u r h o o d ' V o f x l n a $ t o i n o p e n s u b s e t o f 0 l * \ ^ / .
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