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TNDUCTTVB J,rMrTS OF C (X) - l ' , loDul,trS AND

CONTI}JUOUS FIELDS OF AF-ALGEBRAS

v \ /

Iviarius pXoAnr,ar and CorneI PASNICU

INTRODUCTION

. r n [ s ] E . G . B f f r o s p o s e d t h e p r o } l l e m o f s t u d l ' i n g i n d u c _

t i ve  t im i t s  o f  C* -a lgeb ras  o f  t he  fo rm C  (x )  &  A ,  w i th  A

f i n i - t e -d imens iona l r  &s  a  genera l i za t i on  o f  t he  AF-a lgeb ras '

L e t  X  b e  a  c o n n e c t e c l  c o m p a c t .  s p a c e r l n  t h i s  p a p e r  w e '

g i ve  some c lass i f i caL ion  resu l t s  conce rn ing  i nduc l : j - r re  l im i t s

I im  C(X)  @ A i  ,  w i th  A ,  f i n i t e -d imens iona l ' .  * : u t t  t he  b rnd inc i

ho rnomorph isms  a re  un i ta l ,  i n j ec t i ve  and  c (x )  - l i nga r '  The  p l : o -

b lern here is  to  measure and to  s tore the poss ib l -e  twis l - ings

ove r  X  o f  t he  embec ld inqs  g f  A i  i n to  o r t ,  '  The  C(X) * l i nea r

* ' -homomorphis tns C(X)  I  A i  *  C(X)  I  4 i+1 corresponcl  to  i :c imo-

r v h i c l r a r . e c l a s p i f i e c } , m o c l u l " o i r r r l e rm o r p h i s i n s  A i  *  C ( X )  €  A i + 1

equiva lence,  by mat : : ices of  contp lex vect - -or  bundles over  x '  '

( see  co ro l l a : : y  2 .2 t  ,  Each  i nduc t i ve  l im i l l  L ,= l imc  ( x )  (3  A i  ,

w i th  C  (X ) - I i nca r  con t l ec t  i ng  * -honomorph isms  ' .  i s  i ' so rno i :g i r i c

.Lo the C*-a lgebr :a c le f inec l  i ry  a  cont inuous f ie ld  F"  of  A i l -a l -

geb ras  canon ica l l y  assoc ia ted  w j - t ' h  L  ( see  P ropos i t i on  3 . ' 1 )  '

Th i s  f i e l -d  i s  no t .a lw 'ays  t r i v i a l  as  i t  i s  s [own  in  P fopos i t - ' iOn

5 . 1 .  M o r e o v e r ,  w €  a r e  a b l e  t o  c l a s s i f y  t h e  i n d u c t i r ' ' e  l i m i b s  L

i n t l r e c i r s e w 1 r e n t h e f i b r e s o f E " C ] r e s i m p l e , u s i n q t 1 r e



semir ing of  the homotopy cla.gses of  project ions tn 
!  

t ' l -  6 L
n = 1  

r r

. n

( see  Theorem 4 .41 .  I f  t he  cano .n i ca l  * tF  . vec t (X )  +  K"  (X )  i s

i n j e c t i v e ( i n P a r t i c u l a r , t h i s o c c u r s " p r o v i d e d t h a t X i s i

: x  o f  d imens ion  53 )  t h i s  resu l t  maY
Connected f in i te  Ctr { -complex of  d imensl -on >J '  t I } I$  Ie

be  g i ven  us r -ng  the  po in ted  o rc le red  g roup  (Ko  (L )  ,  Ko  (L )  +  '  [ 1 " ]

.  ( s e e  T h e o r e m  4 : 6 1 .  A l s o  w e  c l a s s i f y  t h e  C * - a l g e b r a s  L  a s

1

C ( X ) - m o - d u l e s  ( s e e  T h e o r e m s  4 ' 3  a n d  4 ' 5 ) '

1  .  PRELTI4INARIES

I f A ' B a r e u n i t a l C * - a l g e b r a s w e s h a l l d e n o t e b y

H o m ( A , B } t h e s p a c e o f a } l u n i t a l * . h o m o m o r p l r i s m s f r o m A t o B

endower l  w. i - th  the topotogy of  'po intwise convergence'  Tvro homo-
t

moSph ism,  6 t  ,  QZFHorn (a ,e )  a re  sa i c t  t o  be  i nne r  equ iva len t  i f

t h e r e  i s  a  u n i L a r y  u € B  s u c h  t h a t  0 2 = t o 1 u * .  . L e t  
H o m ( A , B l  / -  b e

the  se t  o f  c l asses  o f  i nne r  equ iva len t  homomorph is rns  f ro4

A  t o  B .  I f  A  a n c l  B  a r e  C ( X ) - m o d u l e s r w e  s h a l l  d e n o t e  b y '

H o m ^  , . , ,  ( A ,  B )  t h e  s u b s p a c e  o f  H o m  ( A ,  B )  c o n s i s t i n g  o f  a l l
\_ \  1,1

c i x )  - I i nea r  homomorPh isms  :

we  sha l l  use  vec t  (X )  t o  deno t .e  the  se t  o f  i son :o rph i sm

c lasses  o f  comp l -ex  vec to r :  bund les  on  X ,  and  Vec to (x )  t o

denote .Lhe subset  o f  vect (X)  g iven by bund' les of  d j - rnension k '

vect  (X)  j -s  a  sern i r inq under  the operat ibns o ancl  s  .  In

Vectn (X)  we have one n; r tura l ly  d  j -s t inguished e lement  [ t< ]  - t t re

c. Iass of  the t : : i r r ia l  bundle of  d ' i tnension k '

As  usua l  we  deno te  by  G in ,k )  t he  Gr :assmann  marn i fo ld  o f

a l l  s u b s p a c e s  o f  C n  o f  d i m e n s i o n  k  a n d  b y  U ( n ) ' t h e  L i e  q r o u p

o f  a l l  un i t a r i es  o f  f i r r .  Any  con t i . nuous  map  F :X  +  G(n , ]< )

,ilj.i:

a

t



. n

d e f j - n e s  a  v e c t o r  b u n d l e  { o ' = {  t * ' r ' t * ) n ) : x e  X '  n g c n i c x x c n  '  L e t

1 . -  .  .enote the cohomology associated wi t t  t -he
H '  ( X , U  ( k )  

c )  
d

s h e a f o f g e r m s o f c o n t i n u o u s f u n c t i o n s . X * U ( k ) . . W e h a v e a
1

b i j e c r i o n  V e c t o ( x )  
- +  t t 1  ( x ,  u  ( k ) c )  w h i c h : : u " "  c l a s s e r  * -

vec to r  bund les  to  c la3ses  o f  cocyc les  (  [ g ]  I

'  
We  desc r ibe  be low  the  cocyc le  o f  EU '  The  f i b ra t i on :

'  
u ( k )  x  u ( n - k )  +  

. U ( n )  
+  G ( n ' k )

1 .1 .  LE l t l lA "  The  vec l -o r  bund le  EU

6 1  ( F )  .

I

^ E  ^ n i  n i - a d
. i  n z 1  r r a a q  f  h r o  e x a c t  s e q u e n c e  o l  y ( - , r r r e e s
I l l ( r  L I U s D  u r r e

( n , k ) )  $  H i  ( x , u  ( k ) c )

t 2 l ) .  D e n o t e 6 ( r ) = ( 6

C  ( X , u  ( n )  )  - >  c  ( X , G

( fo r  de ta i l s  see

Proo f .  Choose  an

m a p s  t i t U i  *  U ( n )  s u c h

( x )

cohomo logy  se ts :

1 . , . " 1  r v r r / n \
x u r  ( x ,  u  ( n - k )  

" )

. ( F ) , 6 ? ( F ) ) .

is gl-v'en-'L:Y the cocicle

of  X and cont iuuousopen  cove r ing  (U i )

1 -ha t :

F  ( x ) f  '* o 
1",

L o  o J  
L- L l '

=-["" 
t" '  t  

I
I  o ul ,  tx)J

j * ) n on

Then :
t

P i  ( * )  *  u ,  ( x )

a n d  6 { r ) = (  ( U i , o i i ) ,  ( u r ' u i r )  ) ,

I oca l  t r i v i a l i za t j - ons  fo r  EO:

on Uif lu j

Consider  theb y  d e f i n i t i o n .



'  
^ D r

: X  € U .  ,  r l € C  J
Iu. xck j5

t-

1 . 2 .  C O R O L L A R Y -  L e t  F : X  +  C ( n , q )  b e

de f j -ne  a  cbnL inuous  map  F :X  +  G(nk+p '  9k )

l ' 1 , -  0 I
B - 1 , ,  = { ( x , u , 1 x )  |  

K  
l u r ( x ) * n )r . ' i u i  .  

L 0  0 j

s i v e n  b y  Q , t x  , E ) = ( > ; , u i t * r [ 8 1 L  x e u ,  ;  { e c k '
' L o J I

The  cocyc le  (U  .  ,  b i  . i  )

t r i v i a l i z a t i o n s :

EF can be comPuted us ing the local

xeUr.0 U, , 6Eek "

b , .  ( x ) E =  ( a r '  ) * ( 0 r ) * 6 =  t o r l  r x u i  ( x '  
l : ] =L J  L U J

I

t  Or r  t  * t i  ( * )  u ,  (x )  * ' i  t " '  
f  : ]=

,  [u . . ,  (x )  t  I  I= , * ; t , * u r ( x ) l  l l
L  o  u r ,  ( x ) . J  I

_ 1  [ o . ,  _  t x ) 6 1
-  ( 4 , ] r  )  * u ,  t x )  I  "  i = " ,  j  

( x )  6 ;

L o  J

a  con t i nuous  maP aud

where  {U .  )  i s  an
I

cont inuous naps

F ( * )  =v i  ( x )

v .  ( x )  * v "  ( x )  =
J J

open coverang

> c . L ! J  J .  ) ' . L r L Y .

( x ) *  |

o f  X  a n d  v .  : U '
l - 1

di  ar ,  (x)  o

x€u .
I

s  T l  /  ̂ L + n l  t  r a,  v  \ r r j ! ,  t / ,

o l

on .l"j
[  

' ' u '  &

L o

| ' "

I
L

4

K

,

a
I

I
I
t ,
I
I( x )  I

. l

o; -t
L )

xe Urf iU,



con t i nuous  maPS a i i tU i f l u j  +  U(k )

the vector  bundlb corresponcl ing

i s  i somorPh ic  1 -o  E ,  I  H '

We maY assume tha1:  F (x)  =ut

+  U ( n ) .  a r e  c o n t i n u o u s  a n d :

a n d  u j - j t U i f f U j  +  u ( P )  '

t o  t h e  c o c Y c l e  ( u r ' a r i )  '

o n U ,  r

o.n UrfiU,

for

Let

r n h o n

some

H b e

T1..-!.

l t n  o  I' " '  
Lo  o  J " t '  

. '

o n  U i ,

'  
I  [ ' (x)*  

E

' J  L  o
I

.  I  v ,  (x )o
l
I
Ip

f " , , " ,  
a  1r ' l  

| " f l ,  l ] * , , .
L  O  1 , J L  O

f ' ' " ' :  

e 1r 
, : ]  

v ' tx)n' j ' * '  
1""" ' ;1 

'o 
, , :  ]  

=

o l
I
l =

' I

l
, l
t l
P J

f  u r ( x ) *  @  l r  t  
l  . [ , 1 , . ,  

s  a i j ( * )  0  
I  f u r  

t x )  s

" L  o  , n J  t  o  u i j ( * , J  L o
I,

I u r r t x )  
o  

I
u. ,  ( r . ) *u - '  (x )  =  

|  I

L o u i ,  tx)J

P r o o f .

where.  
l r tu ,

F(d =v, (x)

We gel :  the fo l lowing formula tor  i

1

A

I

K

so that we cal) compute 6 (F)  . I n d e e c l ,  f o r

&  a r ,  ( > r )

0

x € U . n u - r  w e  h a v e :
I J

=f
L

0

( x )

v i i  ( x )

_ lo i j

u *  *  ( x )  r E  a . , .  ( x )
L J  + J



t h e  c o c y c l e  ( U i  ,  u i 1  I  a i j  I '
jn. '

Hence B;  is  g iven

lence  c lasses .  BY  Propos i t i o t r  1

i s .  a  b i j e c t i o n
. . ' '

by

)
{

2.  HOMO}.IORPHISMS OF C (X) -MODULES.

I n

Hom61x1 (C

O=irln1 @

connec ted .
i

Any homomorphism O€I{oma (X)  
(C (X)  @ A'

r  ident i fY ' -
de te rm ined  by .  i t s  res t r i c t i on  to  A '  Th i s  a l l ows  us  

: '

H o m ^ , - ' ' ( C ( X ) @ A , c ( X ) G B ) w i t h t l o m ( A , c ( X ) E B ) a S t o p o l b g i -- - - -  c  ( x , |

ca l  Spaces ,  i cen t i f i ca t i on  wh ich  p rese rves  the  j . nne r  egu iva -

th is  sect ion we c lass i fy  the homomorphisms in

(x )  &  A ,  c (x )  I  B )  w i th in  i nne r  equ iva lence '  where

@} I,T - , B=M* @ 0 Mr- and X is comPaet and
o  " t ,  '  -  - 'm1  * "

c  ( X )  I  B )  i s  u n i q u e l Y

in  [ : ]  i t  fo l . lows that - . .  there

6 :  I lom,- / . . r  (c (x)  E A, c (x)  S r3\  / -  * . iE= (Epq)€Msxr (Verct  (x)  )  : r ig l11" '311 (1)
u  t ^ ,

where

ghl= [

t =[*nJ , * - , 1  1  c
y - t t a t . . . l e '

The  desc r l . p t i on  o f  6 . can  be  ob ta ine 'd  t i s i ng  t i - re  l oca l  s t ruc tu re

o f  homomorph j - sms  A  -+  C(X)  € i  B  g i ven  i n  L f  O ]  o r  by  P ropos i i - i on  1

in  [ : i .  { o r  s imp l l - c i t y ,  suppose  i : ha t  B=Mn ' , '  Thus '  f o r  a  homo-

'  
i n n  / i I  )

m o r p h j - s m  Q € [ I o m ( 4 ,  C ( X )  @  B )  t h e r e  a r e :  a n  o p e n  c o v e r l i l g  t ' i '

o f  X ,  c o n t i n u o u s  m a p s  v r : U ,  +  U ( m )  a n d  p o s i t i v e  i n t e g e r s

\ |  k  s u c h  t h a t :^ 1  1  r . . .  , , . 1 . r

[" 1, =([ 't1i '  "

1rr] mearls:

(Enr  6  [ " . , ] l  @ @ (npr I ["rJ

, .
; e
' 4 "



O  ( a )  ( x ) = v i  ( x )  ( a . t6

1 ^  A
' 1 . 1 b

a  " d r  r f \
l -  \ z  .  r  o  v

l ,

l l

( x )

r  \ * '  1 - \ *
l ,  ,  v  j  \ ^ ,

V I
' "  1  r

t !

a_- @
I

/ , )  \
\ . 1

w h e r e  x € U i ,  d = & 1  @  " '  €  t r l A  a n d :

1

1 - t

-  "  
r i  (x)*v,  (x)=

a

o  1 r ,  e a f , ( x )
r

; ' '
I f  6  (O)=  (E . ^ )  t hen  each  vec to r  bund le  B rn  i s  g i ven  by  the

'  r v

s o c y c l e  ( u i ,  
" ? l ) -  

N o t e  t h a t  r a n k  u ' , n = o ' t n

I f C i s a u n i t a l C * - a l g e b r a w e s h a t l c l e n o t e b y D ( C )

Lhe  se t  o f  hono topy  c rasses  o f  se l f ad jo in t  p ro jec t i ons  i n

J  no -  &  c .  Reca l }  t ha t  D (c )  i s  a  semig roup  under  the  ope ra t i on
-  t r

n = l
i nduced  by  the  d i rec t  sum o f  p ro jec t i ons  anc l  D ( ' )  i s  a  cova -

r i an t  f unc 'Lo r . .

L e t  C = C  ( X )  E  A .  I t  i s

o f  semig rouPs  D . (C  (X )  €  A )  ->

a  p r o j e c t i o n  r € C  ( X )  I  A  S  M

F = F 1  @  " "
A T T

r

known that theSe is an i-Sontorphisnt

t

Vec t  (X ) r  wh ich  rnaPs  the  c lass  o f

,  hav incT the decomPosi t i 'on
n

C ( X )  I  M r ,  &  M n
I  r r

K

o n  U * f l U *
I J

homomorPhism

i n d . u c e s  a  m a p  0 * : D  ( C ( X )  S  A )

a  m a p  0 *  : v e c t .  ( X ) r  ' +  v e c t  ( x )  s '

t he  un i ta l  semi r i ng  Vec t  (X )  '

' b a s i s ,  
. i =  ( 0 r . . . '  [ t ]  , . . .  , 0 )

I {e  denote bY

r
e @

't,. - 1
N - l

{

to (.8-
' 1

0 € H o m g  ( X )

+  D ( C ( X )
l'

. V e c t  ( X ) -

L e t  e . ,  r .  .
. ^

w i th  L l  J

.  ,  , 8 , ,  )  e  Vec  L  (X )  r .  A r - rY
u . r

( c ( x )  &  A ,  C ( x )  @  B )  )

6  B )  o r  e q u i v a l c n t l Y

is  a f ree moclu le ovel :

.  , € r  b e  ' i t s ' c a n o n i c a l ,

o n  t h e  i - L h  P o s i t i o n .



E

' " (

Ho\ec t  ( " )  
(u t " ' (x ) t  '  Vec t  (x )  u  

)  t t t "  se t  o f  a l l  homomorph isms o f

vect (X) -moclures vect (v)  r  - t  vect  (x)  s '  As usual  any el lment of

H o m v e c t ( x )  ( v . " t r ( X ) r r v e c t ( x ) s )  i s  g i v e n  b y  a  u n i q u e  m a t r i x  i n

M"* ,  (Vec t  (X i  )  w i th  respec t  to  the  canon ica l  bases

T h e  m a p  O *  i s  V e c L ( X ) - l i n e a r " a n d  i t s

1 q y  =  ( E ^ ^ )  .
-L^L

2 . 1 . .  P R O P O S I T I O N .

matr ix .  iL  is  equal  to  6

x€U1  r

Proof  .  We may assume that  B=M*'  Usin 'g  Q)

canon ica r  b i j ec t i on  l t om(A ,  C (X)  I  B )  ' '  Homc(x )

w e  g e t  t h e  f o l l o w i n g  d e s c r i p t i o n  f o r ' @ :

o  ( c )  ( x ) = v i ( x )  ( G i  ( x )  @  t n . , . ,

and the

( c  ( x )  &  A , c  ( x )  E  B )

@ @  G r ( x )  6 1 .  ) v ,  ( x ) *
* 1 r  r

I . r
G = @ G { e @

i = 1  
*  i = 1

c ( x )  I  M -  ,  w h e r e  k 1  1 ' "  
'  ' k 1 r  - r e  p o s i t i v e

l-

i n tege rs  ( t i  k i  1  
* '

a n d  v r r U i * U ( m )

v ,  ( x )  * r ' ,  i x )

.  .  + n r l < 1 r = i l )  ,  ( u t )  i s

are cont inuous maos

an  oPen  cove r ing  o f  X

s a t i s f Y i n g :

,  x (U . , f iU -
J

I r
I
I= l
I
t

L

e aJ -,
n 1  L J

( x )

' r r , . ]6t r

g

i e . t  O . r r r c (x )  &  A  & 'on  -n  c (x )  &  l 4 i '  €  Mn  '  On := ( '  (E  i u *^  |

n l1 .  s i nce  0n , i s  a  l - i o inomorph ism o f  semig r :oups  i t  j - s  euough

t o d e s c r i b e t h e h o m o t o p y c l a s s o f O n ( r ) f o : : a p r o j e c t i o n

F€c (x )  *  * r . , . { }  Mncc (x )  E  A  €  Mn  '  One  Can  eas i l y  oL r ta in  the

fo l l o i v i ng  fo rmu la :



r  ( x )

O  ( F )  ( x ) = v .  ( x )  6  1
n r -

w h e r e  P = m n - k 1  1 n 1 n '  
S i n c e :

I
I
l ' v .
l a
I
J

I
I

" lIL

'1, t" l  

]
a r ,  ( x )  J

r

l 1
I
I
I

I

L

I , 1 . ' .  o
i ' " '1 1

o o ^
Y

t * t i  m 1 r t  I v  6 I I
t

( v .  ( x )  .  @' t _ ' 1  ) * ( v - , ( x )
n '  I

I  1 r r )  =

€
t1n' - "  1

0

r
w h e r e  a l .  ( x )  : =  @  1

L J  
Q = 2

o n  ( r )  g i v e s

E.t  t  is  the

H o m ^ , . , '  ( C  ( X )  A
L  \ ^ , l

' b  f o l l o w s@ al1.1x; ,  r r
t t l l  L  J

d

Y

+ { tr.€rror5ocr (x)

,  *uUrnU,

] - , ,  r a ^ r l ' ]  l : r r v  1  , 2  t l f a t
i . ) y  U \ J ! v ! r s !  J

n 6 !a t^ . rhefeo F @  " 1 1  '  " ' ^  
1

t h e  c c c Y c l e  ( U i  '  t i - . ,  I '

a vec i -or  buncl le  isomorPhic

vec€or  buncl le  corresponding

A , C ( X )  E  B )  / -

F ^

t o

,,. .r2 .2. COROLLARY ' The maP 0 '-> O * i n d u c c s  a  b i j e c t i o : r

(Vect(x)r ,vect(x)s)  t

!

*
3

'B [*J = [nlJ

P r o o f .  U s e  ( 1  )  a n d  P r o p o s i t i o n  2 ' 1  '

L e t K o ( c ( X } 8 A ) b e t h e G r o t h e n d i . e c k C J r O u p f o t : t h e

abe". l . ian semisroup o (c  (> i )  e? A)  '  LeL Ko (C (X)  I  A)  t  b t  the image

o f D ( c ( X ) s A ) i n K o ( c ( X ) t r A ) . ( K o ( C ( X ) 6 ? ^ ) , K o ( c ( X )  
. s A ) - t . )

1 " a n o r c 1 e r e d g r o u p " T } r e i s o n r o r p } r i s m D ( C ( X ) 6 A ) - >

inr luces an isomornhism of  ordered groups

( K ^ ( c ( x )  &  A )  ,  1 ( o ( c ( x )  6  A )  * )  +  ( x o ( x ) t '  x " t x ) f l  w l r e r e  x o ( x )  *

, t " ' " r r .  image of  Vect  (X)  in  xo (x)  .  Recal r  t5at -  xo (x)  has a



1 0

n a t u r a l s t r u c t u r e o f r i n g . f 0 , ; I ( o ( C ( X ) @ A ) w e d . i s t i n g u i s h t h e
;ha l l  deno te  bY

c l a s s  o f  t h e  u n i t y  [ 1 . t * l  @  A ' J  
= h i '  w e  s

H o m , , o r . , r  (  ( K o ( x ) r ,  n " t * i ; ,  i * ] ' '  ( K o  ( x ) s ' ' x o ( x ) ? '  [ g l l t  t h e
n  \ ^ i

set of  aI I  pointed ordered group homomorphismswhich are

K t  ( x ) - r i n e a r

? .3 .  
COROLLARY '  Assume

Vec t  ( x )  - ,  Ko  ( x )  i s  i n j  ec t i ve  '

I

a  b i j e c t i o n :

that  the canonica l  maP

Then  the 'maP O +  Ko  (O  )  i nduces

I {om, . .o , ' r  (  (Ko
t  K  t ^ i .

(X)  r ,  xo ' (x )  I ,  [gJ  ,  ,

;i. '

3. CONTINUOUS FItrI 'DS OF AF-ALGEBRAS

Le t  X  be  a  compac t  space  and  l e t  (A i ) i ' =1

o f  f i n i t e -d imens iona l  C* -a lgeb ras "  l { e  cons ide r

o i
. . . .  +  c ( x )  &  A i  

r ;  c ( X )  @  A i o l  u

be a sequ€nce

'a  sYstem:

( 3 )

J

w h e r e e a c } r * - h o m o r n o r p } . r i s m Q , i s u n i t a ] . , i n j e c t j . v e a n c l C ( X ) *
'  C*- induct ive t imi t

- I inear .  We show that  the corresponding
^  / i , \  * ^ r . , l e  i S O *

L = l i m  ( C  ( X )  S  A i ,  Q i )  i s  * - i s o m o r p h i c  '  b Y  a  c  ( x i  - m o ( r u -

' , :->

morph ism,  to  the  C* -a lgeb ra  o f  t he  sec t i ons  o f  some con t r -

nuous f  i .e Ic1 of  AF-a lgebras '

s i n c e  h 7 e  c a , 1  c a n o n i c a l l y  . i d e n t i f y  I I o m ( A i  ' c  ( x )  I  A i + 1 )

w i t h  C  ( X ,  l { o n i  ( A t  r A i + 1  I  t  ,  e a e r * i

.  x l x  +  o i  ( x )  e  l l on r  (a r ,  A1 . '  1  )  '  L l o te  i i r a t  each  a t  ( x )  r s  rn j  ec t i ve



. \

} . o r a n y x € X c l e f i n e t h e . A F - a . l g e b r a A ( x ) = ' ' 1 ( A i , 4 i . '

W e w a n t t o d e f i n e a c o n t i n u o u s f i e l d o f A F - a l g e l r r a s

E t =  ( ( A ( x )  ) x e x ,  f  )  '  L e t  L o  b e  t h e  a l g e b r a i c  i n d u c t j - v e  } i m i t  o f

t .  e  t : L ^  +  l T  A ( x )  b y  n  t [ r ]  l ( x ) = [ r ' ( x ) ]  '
t h e  s y s t e m  t s ) .  T h e n  d e f j - n e  n : L o  -  

- l r . '\ r  xgX

x€x '  FeLo-  (  [aJ denotes the image of  a  in  the cor ] respond]ng

induc t i ve  l im i t ) .  '

-De f  i ne  f  t o  be  the  c losune  o f  n  (Lo '1 l "o  t " '  w i th  respec t

to  the

a c o n t i n u o u s f i e l d . o f A F - a J . g e i : ] : a S . l ' l o r e o v e r ' n e x { . e n d s t o a

C(X) - l i nea r  * - i somorph ism f rom L  on to  f '  Thus r  we  have  the

fo l l rcwing:

a

3 .2 .  REMARI { '  I f  each  A '  i s  a  fac to r  o r

i s  connec tec l ,  t hen  a  ( x )  :A  ( y )  '  x  r y€x "  I f  x  i s

t i b le ,  1 -hen  Lne  f i e l c l  E "  i s  l oca l l y  t r i v i a l "

3 . 3 " P R O I ? O S I T I O N . L e - L I , , L . b e j . n c l u c t i v e l i n r i t s o f t h e

a b o v e  L y p e  s u : h  t l r a t . t h e  f i b : : e s  : r ( x )  ,  l r ' ( x )  ( x e X )  o f  E L  '

E -  .  a re  s imp le .  Thenr  fo r  any  * - i son to rph i s rn  Q :L  +  L '  t he re

i r '

i s  a  homeomorph ism Q:X  *  X  such  tha t :

3 .1 .  PROPOSIT IO l ' { '  The  i nduc t i ve

to  I  by  a  C(X) -modu le  i somgrPh ism '

l imi t  L  is  * ' - isomorphic

i f " t h e  s p a c e  X

loca l lY  con t rac -

f  e c ( x ) ,  a d t , 'O ( f " a ) = f ' 4 " 0 ( a )  t

p roo f  "  Le t  r l  :L  +  I '  anc l  I r : L t  - > f  '  be the d"- isomor l :h isns
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construc i -ec l  in  the Proof

* - i somorPh ism wh ich  makes

^ . t r  D r . rn r - rq i  t - i oh
\ J r  r  - L  v l : v

the dialram:

I  1  T . o f
J .  l  a

, r ,  I - ra  { -ha>
t y  v L

L -+---+
I

o l :
I
L ,  

l t  
)

f

I
t ' u
I
I
I

{,
r t

l

commuta t i ve .  S ince  1  and  11  ' '  a l re  C(X) - I i nea r '

prove that  r !  ( f  a ;  = ' f  o : )  ' rp  (a)  '  f  e  c  (X)  '  a€f  '

S i n c e  e a c h  a ( x )  i s  s i m p l e '  t h e  m a x i m a l

o f  t h e  f o r m  r r , r = { a g f  : a ( x ) = 0 } '  x € X "  S i n c e  i f r  i s

i t  j .nduces a homeomorphism ( l :X + X suc}r  Lhai :

i t  j-s enough to

i d e a l s  o f  f  a r e

an  i somorPn l - sn ,

'  t T  \  - T  I  .  =
U J  ( r . , ,  - I  

- 1'  A  ,  |  / " , \

a  \ n ,

- 1  \  ^ * l  ^ r T r  r . 7 6  l a : l \ I o

, = { o , ( f  , : a , ( 0 - 1  ( * ) ) = 0 } .  F o r  f € c ( * 1 , , " " o  a € f  w e  n " l "  
:

( f  - f  ( x )  ) a € r *  h e u c e  l p (  ( i - f  ( x )  ) a )  ( 4 - '  ( x )  ) - 0 '  t h a t  i s

- 1  ,  - 1  - f  i q  r : o m n l e l - e
r f  ( f  a )  ( 0  '  ( x )  ) = f  ( x ) V  ( a )  ( ( )  '  ( x )  )  '  T h e  p r o o f  i s  c o m p ' l e l - e '

3 .4 -  RBMARI ( '  Assume tha t  a I I  t he  AF-a lgeb ras  A (x )  and

A '  ( x )  a re  s imp l -e l  U " ing  l ; r opos i t i on  3 '  1  
" l d  1  

s i rh i l a r  a l : gumen l -

w i t h t h a t g i . v e i r j . n t } r e p r o o f o f P r o p o s i t j . o n 3 . 3 o l l e c a n S e e

t .5a t  L :L r  i f  and  on l y  i f  t he  f i e ld  I iO  i s  i somor " ' ph i ' c  t o

t l - re  pul - lbac l< O' 'EL,  for  some homeomorphism 0:X 
-n X '

4.  CLASST]TICATION RESUL,] ]S

Let  X be a cornpact  connected space '  In  th is  sect ion 'we

s h a l l  c o n s i c e r  i n d u c t i v e  l i m j - t s  L = l i m ( c ( x )  @  A i '  0 1 )  '  w h e r e
+.

{A .  ) :  i s  a  sequence  o f  f  i n i t e -c l imens ion . r l  c * *a }geb ras  and
' - - i ' r =  |
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e a c h  0 r € H o r n a ( x )  ( c ( x )  &  A i '  c ( x )  6  A 1 * 1 )  i s  i n j e c t i v e '  N o t e

that L inher i ts a natural  str i - rcture of  C.(X)-moclule '  Consider

D ( L ) r t h e s e m i g r o u p o f h o m o t o p y c l a s s e s o f s e l f a d j o i n t p r o j e c *

t l o n s  i n  U  u '  e  r '  ( s e e  s e c t i o n  2 \ ' S i n c e  D ( L ) = } i 1 n ( c ( x )  6 ' A i )

o (L) i r r r r . l i l "  a narural  srructure of  module over the semir ing

V e c t ( X )  .  O u r  c l a s s i f i c a t i o n  o f  t h e  j - n o u c t i v e  l i m i t s  L  w i l l ' b e

given - in terns of  D (L) and'  Ko (L) '  Conside::  two induct ive

l im i ls  L= l im (C (X)  6 l  A i ,  Q i )  anc l  r "  = I iT (c ' (X)  S  A i '  O i )  o f  the

a b o v e  t y p e - * r . t  L ' : = C ( X )  &  A i -  a n d  L ]  : = C ( x ) " @  A i '

4 . 1  .  I , E I { M A '  L e t  0 : L  - >

O  ( f a )  = f  o 0 ' d ,  ( a )  ,  f € C  ( X )  '  a € L ,

Then there  is  a  commuta t ive

L '  be  a  * - i somorPh l ' sm such  tha t

fo r  some"homeomor :Ph isn t  Q :X  +  X '

d iagram of  * -homomorPhisnts  :

.  - 1

such  tha t  o i  ( f  )  = f  o0  ancJ  g i  t f  1=1oS.  
'  

,  f  €c  ( x )  '  The  conve rse

i s  a l s o  t r u e .

P r o o f ' l n l e p r o v e o n l y t } r e n o n t r i v i a l i m p l i c a t i o n "

i l ,  Lemt t r ; r  , . .OJ  as  i n  t he  p roo f  o f  Lcmtna  2

r -  ' ' l  t  *  -u ' i  6L  t  ' '  v ' €L  such
in  [1 ] ,  r o le  can  ge t  su i t ab le  u 'n i t a r i es  t i ' -  '  l . _

4

the homornorphis t t ts  or=urQu* ancl  B i=t io- ' t i  to  have t -he

des i red  P roPer i - i es  '

r r , -  - i  y r n -
( J i f ,  I r r Y

.t- h.r {'



4 A
t ?

Ler s on,l un*ar ""*t:1":^':"^,:t::^:."rt":::1luu,.
1 i m i t s T = I i m ( S i , 0 i ) a n d T ' = f i m ( S * , 0 j . ) w n e r e u ' d I I L r y i

r romonrorprr iu i ,  (not  necessar i ry  in ject ive)  o f  s-n iodules '  Note

'  ce  o f  S -modu les  "  Se t
tha t  T  and  T '  i nhe r i t  a  naLura l  s t ruc tu :

s .  = s r i  a n d  s . i = s t i .  ! , I e  s h a r t  d i s t i n g u i s h  a n  e l e m e n t  
" i  

( r e s p  '  s i )

. - a  

s l  )  s u c h  t h a t  0 r ( s r ) = s i + 1  ( r e s p '  e i ( = i ) : u i * r ) '
i n  s {  ( r e s p .  r -  i ' " i '  

*  i +  |
. r ' 1

Then .T .  and  T ,  w i t l .  be  po in ted  i n  t he  obv ious  w4YrbY  1 ' ,=  L= i J

'  r  ' - r  e  an  i somorph ism o f  semi r i ngs '
a n d  t ' =  1 - s i J  '  L e t  J : S  +  S  b

': 
-

4 . 2 .  L B M M A -  L e t  A  :  ( T  r t  )  +  ( t '  ' , t '  )  b e  a n  i s o m o r p h i s n i

o f p o i n t e c l s e m i g r o u p s s u c h t h a t A ( s a } = J ( S ) A ( a ) l S € S , a e T .

T l r e n t . h e r : e l s a c o m m u t a t j . v e d i a g r a m o f h o m o m o r p h i s m s o f p o i n t ' e d

semig rouPs :

I

v-

(u , i  t . '  ) ,u j  ( r ) )  * - -+

s u c h  t h a l *  Y g . ( s a ) = J ( s ) Y o ( a )  '  
6 , . ( s b ) = J

Ues j  1 f  ) '  
The  conve l : se  i s  a l so  l - rue "

r , ' = l i 1 ( c  ( x )

C (X)  - l i nea r

isonorl: l t i -c

( s ) 6 O ( b )  ,  s € s ,  
" € s i ( : . )  

'

, " i  (z )  )  - -+

( 2 1

-  ( s i  
i . ) , " i  ( l )  ) + " '

{S

6B ,/' 
'

/
./

'= j (1 )-*-+ " 't s l' 1

4

{r
Proof .  TI ie  proof .  uses '  t i re-  fact  that  SO and Si t  are f in i -

'  ' - l  a s  S - m o d u l e s "t e l Y  g e n c r a L e o  d b  D - r r t v u * - : ' -

4 .3 .  T I I l tOR l l i l ' I .  Le t  r ' , = I iT (c (x )  @ A i '  01 )  '

,E  A i ,O  j - )  .  Then  L  and  L '  a re  * - i so tno rph i c  by  a

i son ro r l : h i sm i f  and  on l y  i f  D  (L )  and  D  (L ' )  a re

as  se tn ig rouPs  r  bY  a r  Vec t  (X  )  - l i - nea r  i somorph ism



" 
l;:1

t )

wh ich  takes  thLe  c l ' ass  o f  1 "  Lu  the  c la ' ss  o f  1 " "

P roo , l .  The  p roo f  uses  Co : :o l1 'a ry  2 "2  '  Lemma 4 '1 i  (w i th

1  J = i d ^ ) '
r b= j -d - , )  and  Lemma 4 -2  (w i th  s=Vec t  (X )  an t .  -  -  s '
r i \

4 . 4 . T I ' I E O R ' E M . A s s u m e t h a t t h e f i b r e s o f t h e c o n t i n u o t s

f i e , l d s E - a n d E ' , ( s e e s e c t i o n 3 ) a r e s i m p l e . T h e n L a n d L ,- L  L '

qre  * - i somorph ic  i f  and  on l ' y  a r  Enere  r s  an  i som< ' r rph i sm o f

s e m : i - E r : o u p s A : D ( L ) . n D ( L ' ) . w h i c h t a k e s t h e c l a s s o ' f 1 ' ' t o t h eu . l

l

c l a s s  o f  1 . , .  ,  a n d  s u c h  t h a t :  i
u

A ' ( s a ) = J  ( s )  A  ( a ) u u y " s t  ( X )  r  a e  D  ( L )

w h e r e , J : V e c t  ( X )

j-nduced bY solne

^ l :  ^ ^ * i  r i  n n c
L J I  ; ) c i r r l r r  r r r - J "+  Vec t  (X )  i s  an '  i somorPh isn

hombotnorPh5-srn X + X'

P roo f .  The

Lemma 4.1 ,  Lernma

-  a )  L e t  A '

0€ l lo in  (C (X)  f * i  A,

4 ,  ( f  a ) = f  o ( r ' 0  ( a )  '

z . a t i o n  0 = Q 1 0 u

w.here (,*

1 ^ \
t ) ,

' g roups

p r o o f  u s e s  C o r o l l a r y  2 ' 2  '  P r o p o s j - ' t - i o n  3 " 3  '

4 .2 ,  and  l -he  fo l l ov " i ng  remar l<s

B b e f i n i t e d i m e n s i o n a ] - C * * a l g e b r a s a n c l . l e t

C . (X )  € l  B )  be  a  * ' homomor i : h i ' sm sa t i s f y i -ng

f€C (X)  '  ae c  (X)  & A"  Theu vrc  l :ave a f  ac. i " :or i -

, k *  d r

c(x) @ A *9; c(x) 6 n -"r j*e c(x) Qq' j  Ir

( ] : ' ; - y  o4 ,  and  0 f  i "  a  C  (X ) - l j ' nea r  x *homot r ro rph i ' sm '

If y:Vect (X) r-*r, VecU (X) t is a. honromorphism of semi-

s a r t i s f y i n g  Y  ( s a )  = J  ( s ) ' Y  ( a )  ,  s € V e c i -  ( l { )  '  a c V r : c t  ( x )  1 1  
'

. '
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-  ( r )
then we have the factor izat ion Y=o'J

- ( r )  r  0

vect (x) r -5; Vect (x) " --:+ Vect

w h e r e  3 . ( t )  ( " 1 r " ' r s r ) = ( J ( s ' ,  )  '  ' " ' ' J  ( s t ) )  a n d  c x

such tha l - :  A  (=?)  ={

r)
J :  r :  ( x )  +  K "  ( X )  i s

morPhism X + X"

D .

" W e d e n o t e b Y , K o ( L ) + t h e i m a g e o f D ( L ) i n t o K o ( t ) . S i ' n c e

I ( ^  (L )  = ] . jmK, - ,  (L r )  and  Ko  (L )  += I imKo  
(L i ) *  i t  f o l l bws  tha t  Ko  (L )

()

i nhe r i t s .  a  na t t r ra l  s t ruc tu r

( K o ( L ) ,  K . ( L ) n ,  f r o l f  i s  a  p o i n t e d  o r d e r e d  g r o u p '  t r ^ t r h e n  t h e

canon ica l  map  vec t ( x )  + '  Ko (x )  i s  i n jec t i ve  the  above  two

'

T h e o r e m s c a n b e f o r : n u l a t e d i n t e r m s o f l ( o - g r o u p s i n t h e f o l } o w -

ing  v ;aY :

4.5.  TF] l lo l l ] l l '1 '  L  and L '  are * - isomorphic  by a

i - s o m o r p h i s r n  i f  a n d  o n l y  i f  ( K o ( L )  '  K o ( L ) +  '  1 1 " 1  )

' - ' \  f  r  " i  r  a r e  i s o m o r p h i c  a s  p o i n t e d
( K o ( L '  ) ,  K o ( L '  ) + '  L  r L ' J '  a '

g roups  by  a  Ko (x ) - l i nea r  i sonLorph ism '

4 .6 -  THEO'REM'  Assume tha t -  t t r e  f i b res '  o f  
. t he ' co i r t i nuous

f i e lds  E"  an<1  E" ,  a l : e  s i 'mp le '  Then  L  and  L ' '  a re  * * i scmorph ic

' 
' f  Poir:t-ec1 ordered

i f  and only  i f  there is  an isomorphism c

grouPs

[ : ( K o ( L ) , I i o ( 1 , ) * . r  [ t " J  )  ' '  ( K o ( L ' ) ' 1 ( o ( L '

1 ( a )  ,  s € K o  ( x )  '  a E K o ( L )  w h e r e

ring isomorl:hisn' '  induced by some homeo*

.|-
(2 t . |

i s  V e c t  ( X )  - I i n e a r '

C  ( X )  - l i n e a r

a I  l s

orde red

t  * . ,  [ r  
" , ]  

)

\ 5 J

a



5.  APPLICATIONS
.. .:: it:i

' ,  

, .  

' ,  

. .  
.  t  .  . , . .  

'  
, ,  . .  .  

,

A s s u m e t h a t X i s a f i n j . t e c o n n e c t e d C l ^ I - c o m p l e x o f d i m e n _
, ' . . : . . . . . - . . . - ' ' . : ]

s i o n 5 3 . T h e n t h e r e i s a n i s o m o r p h i s m o f r i n g s x : K " ( X }

- )  g  x  H 2  ( x , z l  ,  + ,  ' )  g i v e n  b y  x [ n ] = ( r a n k ( E )  '  c ' '  ( E ) )  '

:n ctrass of  B'  The f i tg
E€Vect(X) r  where c ' ,  (E) is the f i rst  Che:

. ' ) '
s t ruc ture  on  z  x  H2 (x ,z )  i s  g iven  OOt

.  , . : ,  , _ _ '  
'

. : :
, 1  ' ' ' l r B ) = ( k + 1 ,  q , + B )

I  t K t 0 r r t  v t  
:, 1  , :  , '  ,

( k , u ) . ( r , g 1 = ( k l ; l o , + k $ ) w h e r e c r l B € T 1 . ( x , 7 ' ) , k , L € . 2

of vector bun-

dnd

r U  {  ( p , 0 ) } }

t

3 < p . < P " ( . . .  b e  a  s e q u e n c e
*  I  - z

r21 f"i-l .
I  I  at-ta .def ine n, = l- i  I  uY

L r J  
' - r  L " i J

A , = M - ,  6  r u l - , ,  a n d  c o n s i d e r
a ni ,'r..

B ra t te l i  sYs tem:

of  pr ime

n . . " = d - D ._ I +  I  I - I

^  - . i  - n ]  a
A .  J  l r l l t / ! u

in tegers t

where a.  =
I

AF-algebra
j \  d i  l r c n
n  Y l v v r .

1 1  4 1
a = l  I  ,'  

L i  1 i

Pi r '  i >=  1  .

by

A1 a ^z "?-j Ar Z

'  . .  ^ * ,a lg iebra  L=I i -mtc (s2)  6  A i ,  O i )  whose
cons ider  a  u  

_>

ordered -6^-Qroup, is givgn 'by the inductive l imrt

!1:. 1,';

I ec t  (X )  +  Ko  ( x )  j - s  i n jec t i ve '  These
A lso r in  th i s  case  the  map  Vec t ( x '  +  'K  r r

) r t ies  o f  s tab i l i tY
facts follow rom the properfres or strar

F  .  - -  - 2
dles (see L9J )  '  When X=Sz we obta in that  i  '

u4i,, 
: - t

K - ( S ' ) = { s + t x :  s , t € 2 ,  x t = 0 } = z [ x J  /  G " l '

r o  ( s 2  )  * = {  s + t x :  ( s  r t ) f . N *  x

Let

n " =- t .

Let

the

We sha1l

pointed



1 B

to the fol lowj.t,g sYstem of xo (s2 )  - l ' inear homo-

corresPonding

mor?ph isms :

where

0 .  i s
t-

Note  tha t  Q t is  such that T (  { 6 .  )  = a .  + b x  a n d
" o ' - 1 '  I

t h e  C * - a l g e b r a s

C * - a l g e b r a s  g i v e n

'  ' ^  .  a ' l + b x

K o  ( s ' \ "  # xo (s2) 2 -:2:3 xo $2)2 s5

i ng  P roPos i t i on  shows

paper c1o not reduce to

s  o f  AF-a lgeb ras  '

( - z 4 lo= L . '  - ) ) '
in j  ect ive .

The .  f o l l ov r

ed .  i n  t h i s

i v i a l  f i e l d

s tud i

by t r

that

+ h o

h

i s  no t

. r . i  { - h  1 1
W I u r l  !

. 1  .  .PR.OPOSTTION.

* - i somorPh ic  to

an  A f -a lgeb i :a '

The induct ive

any  C* -a lgeb ra

) \
l im i t  L=  l im  (C  (S1  Q)  A i ,  n i . ]

+ .)
o f  t h e  f o r n t  C ( S - )  &  B '

P roo f  '  By  reasons  conce r :n lng  the  p r im i t i v :  

. t n : t t t um 

o r

L t  i L  i s  enough  to  shov r  t ha t ' L  i s  no t  * - i somorph ic  1 -o '  c ( s2 )  6A '

T o g e t a c o n t r a d i c t i o n a s s u i n e t l r a . b l ( o ( L ) i s i s o n r o r : p h i c t o

Ko (c  (s2 )  6  A)  as in  Theorer i r  4 .  5  .  S iuce any hotncoporphj -sn

o )

( , ,  S '
c ,  n  )  - -o  (s2 )  is  g iven bY

o f  Theore tn  4 .6  ,  t ha t  ' J=Ko  (0 )  :  t < "  ( s "  )  +  I (

' : '

3  ( s + t x ) = s + L x .  t r ' l e  s h a l l  c o n s i d e r  o n l y  t h e  c a s e  J ( s + t x ) = s * t x '

j anrl f'emma- 4 '2 \de

Thc case J '= ' i ' l '  is  s i - rnp1 'e: : "  By Theore-m 4 '  (

must have a colrunutatj 've cl j-agrant of the form (r{e have de' l-eted

^ ^_-o
the  spaces  t< "  (S -  ) ' -  )  :



. . a . '

1r 
nb,*

-)

a r-bx
n

82

a  +bx
m

A*m:J

o # >

a +bx
r

.#}

r

aO+bx
**}"

Y 1

okof

. ,  4  - . +

e c = a 1 . . . a k . . . 4 n

f c - e d = b  { a 2 a 3 . . . a n

l ) \
, + d . r  X )  J ' - '  ,

u 1
4

where

A  =  ( r " t
" 2  ' ' -

:

and J

above

y  
1 - =  

( c + d x )  J Q ' t  ,  6  1 =  
( e + f x ) J

+ r , x )  r Q )  a n d  r t ' ' = [ i  3 ]

The fo l lowing comPutat ions

( 2 )  
1 g + . i r x )  J  

( 2 )  = g - h x ,  g , h t i i 4 ,  (

d iag ram imP l ies :

F r o m  ( 4 \  t  
. ' ( 5 )  

,  ( 6 )  a n c l  ( 7 )  w e  g e t :

.  - - 1

)  ( - 1 ) "  ' b

d  ,  .1  .  . , i  an-a l (+  1  .  
.  .  an .  .  "  a*d=c '  (n rP3 "  .  .  Pr - r *  '  '  '  +P1 pz '  '  ' Ih - t

f P .  o l
so  rha t  we  i n f e r  . n " t  

l _ ;  n , .  l u t t t u t=  
c ' b  i n  M ,  (E ) "  r t

f o l l ov rs  tha t  Pn  c l i v i des  c le t ( c ' ) '  r de  ob ta j -n  f rom (4 )  t ha t "

o2  d i v i c tes  db t  (ec )  hence  n l  d i r r i aes  de t  (e ' c ' ec )  r vh i ch  con -
r Y 1

t r a d i c t s  ( B )  s i n c e  d e L ( a ) = - 3 '

( 2 \

1 1 d 6  t . h e  i r l e n t i t i e s  a b = b a = - b
l l b E  9 r r v

? \  m h a  r j n r n m t t t a t i v i i - y  o f  t h e
l r ) ,  l r r t =  e v r r l r r r s

( 4 )

( 5 )

( 6 )

( 7 )

( B )

+a. ,a r " 'u r r *  " ' *u1uz  " '  t  r - l

c t e = a O + 1 . '  t r r .  " ' t *

d  I  e - c t f = 0

e ,  c , e c = a l .  .  . a k .  .  . a n .  . .  a m .  .  . a r



. : ,  .

2 0

Proof  .  BY hYPothesi 's  we

a )

=  {  s . r - q x :  s € N ,  r l € l i l  ( x ,  g  )  ,  x ' = 0 \  '

r h  n n n r r a s t  w i t h  t h e  a b o v e  F r o p o s i t i o n  v l e  h a v c  t h e

. ! l r  v v r r  e '

..ii;:ij

f  o l l ov r i . ng :
' i .

" '

5 . 2 . P R O P O S I T I O N . L e t X b e a c o n n e c t e d f i n i t e C w - c o m p l e x

of  d . lmension 53 and le t  A be a Ul lF-a lgebra '  A=l :$ i  o f  where

, '  r  i n  '  f i n i t e  d i s c r e L e  f a c t o r '  T h e n  L = I i m ( C ( X )  @  A i ' ' 0 i )
-te a c n  A '  r b  a  

P h i s m  t o  c ( x )  @  A '  f o r

i s  * - i somorph ic  by  a  c (x ) - I i nea r  i somornn ls lL  " - . - " "

a n y  c h o i c e  o f  0 r € H o m a ( x )  ( c ( x )  @  A i '  c ( x )  @  A i " ' 1 ) '

.)

h a v e  V e c t ( X )  ;  N  x H ' ( X ' 7 ' ) =

H e n c e  :

i {omc (x)  (c  (x i  & Ai , c  ( x )  @  A i . o  1 l  / -  : >  { E € v e c t  ( x )  : B  &

' a

1

n  e H z  ( x , E ) ,  n r ' ' l = 0 '  x ' ' = o j

. u 1 n t l 1 *
|l

s *  + l - x
I t t '  xr  

D,-  ,  1 - ; r  "  
'

# * /  I n + l

Dr*1 ***P " "

f'.' 1 -
L " i J

t l \ N f

L " i * 1 j ]  
t  t s i + n  x :

r^zhere .1 \ i  =14 ' . ,  anr l  sr=rr i -+  l /n f  
(see Coro l lary  2 '  "2)  '  Cons j 'der

an  . t r r ' a t t t i  i ' ' a " t t i t ' o  l im i t  L '= l i r n (c (x )  & '  A i '  o i )  o f  t he

same t ype  as  L .  l ' e  sha t l  app tv  rheo r :e tn  4 '3 : :  

: : " : : : j :  , ,  r . r  I

L = L r  a s  C  ( X )  - m o d u l e s .  T o  p r o v e  t h a t  ( D  ( L )  ,  l t " J  I  ;  ( D  ( L ' )  '  L l L ' J

as  po in ted  Ve-c t  (X )  -mor lu les  we  sha l l  use  Lemma 4  ' 2  i ' e '  we

s h a 1 l c o n s t r u c l - a c o i n m u t - , a t i v e d i a g r a m o f . t } r e b y p e

"  r* t l  r "
4-;>

,4
6r,/

S * n X
\4 Y v1 I

--{ 64
t-\*

s, ,  +r i l  x  sr t lkx
l l . n J

\  r r r  * - *

\

D i



2 1

? . r , r r  - c  * f i *  |
w h e r e  D i = D j - =  ( t l x t t z  ( x , 7 ' \ , n r )  '  ( 0 i ) * = " i * t l i *  '  \ e i '  * - D i ' l

, ty 1 = . " 1 . . . " k ' o 1 x  ,  6 1 = ' k * 1 " ' s * + E r x  '  Y 2 ] ' s p + ' '  " ' " : * t 3 x '  e L c '

' 1

L e t  r r 3 = { n e  H 2  ( x , z ) : n t n = 0 }  '  T h e  t o r s i o n  p a r t  o f  
. t t ' ( x ' u  

)  i "  
'  

'

. f i n i t e .  Hence  the  sequence  T rcT rC ' "  '  s tops '  S ince  l i €T i

w e m a y a : s u m e t h a t n r e T ' , r i > 1 ' A f t e r d r o p p i n g f i n i t e l y m a n y

te rms  in  the  sequence  s1 ' s  2 rs3 r " '  
\ ' ne  may  a l so  assume tha t

^  '  i n f i n i t e l y  many  t imes '  W i th  these
any  c - Iass  S rez in l z  occu rs  l n r r I I r Lv rJ  r l r r

. a s s u m p t i o n s ,  t h e  s e q u e n c e  ( 6 i ) l = 1 '  E 1 = 0 ' . . i s  c o n s t r u c t e d

induct ive lY. rus inq the fo l lovr ing remark:  g iven u<v and 6e Tt

t h e r e  a r e  w > v  a n d  E ' e  T 1  s u c h  t h a t  i f  y = s u "  ' s v + E x  a n d

^  + l t x t  t h e  f o l l o w i n g  d i a g r a m :
0 = s o , + 1 . . . t w ' 9  ^ l

sr+llwX .,_,
-*-+ "w+1D

urr* lo*

c o m m u l - e s ,  i . e . :

w
T T  ( s . + n * X )
. l  |  ' - l -  " l '
r = u

To Prove th is  we

( s u . . . " . r ) ^

r * n 6 ' x )  ( s u .=  ( s v + 1 .

choose

.  s .  + 6 x )

\ , r  large enough such that
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