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SCHUR ANALYSIS OF SOTbIE COr|IPLETION PROBLEITIS

Gr. Arsene, Zoia Ceauqeseu and T .Constantineseu
t

I. INTRODUCTION

'' The aim"bi this note is.to point out that some features which reeently appear in

the rather"extensive l i terature eoneerning completion problems ean be obtained using
the Schur analysis of posit ive or eontractive block-matrices. '

The Schur analysis has its origin in [31], where the eoeff icients oi contractive

analytie functions in the dnit disk were eomputed from the so-ealied "Schur sequenees"

Via a Scltur algorithm. A Schur analybis for .Hankel block-matriees was done in the

famous paper [1]. The general 'case of indexing al l  contractive intertwining di lat ions was

started in tt i l ,  [12], and eompleted in t3l (see atrso [t4]), using ehoiee sequences (a

generalization of Schur sequences) as free parameters. Sehur analysis for posit ive

Toeplitz bloek-matriees was done in [13]; the ease of arbitrary posit ive block-matriees

[16] asked for general ized choiee sequenees as free parameters. Sehur-type algorithms

are presented in al l  these generalizations.

analysis. Tl. i is is i l lustrated by the intensive use of the strueture of two-by-two matrix

contract ions ( [6 ] ,  t1Bl ,  t2? l )  in  var ious top ies of  d i la t ion theory.  A f i rs t  a t tenrpt  to

generalize this for arbitrary matrix eontractions was doire in It?]. t tre Sehur analysis of

pos i t ive b lock-matr ices [16]  or  the i terat ive use.of  the s t ructure of  the e lementary

rotation associated to a two-by-two matrix eontraction I2l provide a complete

deseription of the strueture of an arbitrary matrix contraction; this deseript ion,

together with the Sehur analysis of posit ive matrices wil l  be our rnain tools.
- The completion probiems we are taiking about are the fol lowing:

I t

l i -  j l ( m ,  w h e r e

(A eompletion T =
- 1 . '  r

( T  - ) , , =  
0  f o r  l i  -  j

IJ

(t,rj)r. jatan. Give neeessary and suffieient eonditions

n nxn contract ive bloek-matr ix T sueh that T, .  = K,.

all solutions T. and analyse isometric, 
"oirorulJ.i" 

oti

0 ! m l n -  1 .

( " i j ) t ( i , j ( n

l > ' . f  
-
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(
t Describe the strueture of upper triangular eontraetions T

(C) j t t i l  and their realizabil ity as transfer operators for
I

Isystems.
l ,{e do not intend to make a eomplete descript ion of

= (T. . )  ( i .e.  ' l ' . .  = 0 for-  1 1  l lr J

t ime-variant l inear

the history of these
problems. Here are some bibl iographical rernarks eoneerning i lrem.

'  For  Problem (A)  see t201,  I19 l ;  the rnax imum determinant  problem for  i t  is
. diseussed in [19] and [26]. The permanenee prineiple for prob]em (A) is given in [21],

whi le  lhe rnax imum dis tance problem is  s tud ied in  [10]  and [22] .
- For Problem (B) see [19], [7], [8]; the parametrization of sqlutions was done in

[8] (via a l inear fractionai map, as a consequence of a more general l i f t ing theorem) or

in [17], The unitary case rvas eonsidered in [9].

For transfer operators of t ime-variant l inear system see for elample I24J.
The structure of the present paper is the fol lowing. {n Seetion 2 we eompletely

descr ibe the Schur  analys is  for  eontraet ive b loek-matr ices ( f in i te  or  in f in i te-Theorems

2.4 and 2.7); this analysis comprises a Schur-type algorithm for computing the entries of

the nratr ix from the parameters ancJ the Ceseription of the defect spaees anC of the

elernet t tary  rotat ion in  terms of  the parameters.  A cer ta in  connect ion.  bet leen
posi t iveness and.contract iver iess is  po inted out  in  Remark 2.5(3)  and Theorem 2.6.
Sorne Szegci-t5rpe l imit theorems for this contractive ease are also presented (Theorem

2.8 ) .

The next  three sect ions deal  wi th  Problems (A) ,  (B)  and (C) ,  respect ive ly .

In Seetion 3, we analyse posit ive eompletions using the parametrization of.
posit ive matrices by ehoice tr iangles. I t  is shown that al l  cases of posit ive eonrpletions

consist in the Schur analysis of given data and the eontinuations of the parameters

al ready determined (Coro i lary  3.2 and 'Remark 3.4(2)) .  The t r iv ia l  eont inuat ion -  wi th
zeio entries - of the determined parameters eorresponds to the solution of maximum

determinant  (or  maximum entropies)  -  see Coro l lary  3.5 - ;  the known st rueture of  t l re

inverse of the whole matrix for this ease'is aiso reobtained (in general dinrensional

ease)  -  see Theorem 3.6 -  .  By contrast ,  i t  is  shown that  the maximunr d is tance problem

is equivalent to al l  these only in the one dimensional ease (Corollary 3.9).

Section 4 presents a similar study for contractive completions using the
parametr izat ion g iver i  in  Theorem 2.4:  the resul ts  are summar ized in  Coro l lary  4.1.  The

existence (and the descript ion of the solutionS) of isometric eompletions is eareful l5r

. analysed in Corollary 4.2, shovui.ng the importanee of the last given diagonal.

Seetion 5 gives a variant of Theorem 2.4 for upper tr iangular contractions
(Tlteorenr 5.2). The realizabil i ty of sueh operators as transfer operators for unitary

' t ime-var iant  systems is  deduc-ed (T l reorenr  5.4) .
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. 2. SCI{UR AI'IAI,YSIS OF CONTRACTIVE BLOCK*MATRTCES

' 
For two (complex) Hilbert spaces F1 and IJf, fhe set of al l  ( l inear, bounded)

operato ls  f rom H in to H'  is  denoted by i ,G/ ,H" i ;  L(H)  s tands for  t  0{ ,  H) .  For  a

corrtraction T e L(H rFI\, delrote as usual t32l by D* and I, the clefeet operator, resp.
I I

..

(2 .1 )

(2 .2 )

-The unitary operator:

D r = ( I - r * T ) *
- - o

D^ =  D^ ( I { ) .
l r

H:oDr

an arb i t rary  operator  S e ,L(H,  H ' ) ,  R(S)

We first reeall  the Sehur analysis for posit ive blocl<-matriees (t i6l);  this wil l  be

.explicitely used in Section 3, and also provides a way for obtaining the structure of

contractive block-matriees. Consider a str ing {u,} i ! ,  of I t i lbert spabes, }/ = 6 H1, and

f ix  a  pos i t ive operator  S = (Si i ) ta i ,3an in  l (H) ,  w,he.re S, . ,  e  t (H, ,  H,) .  
l= l

Clear ly ,  S i i ,  1SiJn,  are arb i t rary  pos i t ive operators in  f , (H,) .  e  { tS i i ) i l f } -
-ehoice tr iangle (cal led 'rgeneral ized choiee sequenee'r in [ i6]) is a set of eontraetions

G = ( G , r ) r a i c j < r , r u " h  t h a t  G i i = 0 e t ( R ( S , , ) ) ,  1 5 i < n  a n O  o t l r e r w i s e  G , ,  a e t s  b e t w e e r r

Dr and D..* .  lVe need the fol lowing operators assoeiated with a ehoice tr iangle:
" i+ l , i  " i , i - l

a) tne

J ( T ) : H @ D r * - *
(2.8) 

l't o,il
J ( r ) = .  L I

Pr -r*J
is eal lecl the elementary rotation of T. For

stahds for the elosed range of S.

fow contractfons Rij(C) - ni j  
]  

1Si <j ( n, where

Io', '  u$r'or*l,k 
* R(sii)

,|

Lot :  
=  (Gi , i *1  '  Dcf i * rG i , i+z"  " 'oot ,+1 oo i : - ,

contractions Ct3(G) = Cij,  1 < i  <j ( n, where

f",,' 
R(sjj) * 

u=r{-r)'"ln,i-,
{  

n--u- , r . , r  - .nrJ-

[ " , ,  
=  ( o j - r , j  ,  G ; - z , 3 D c j - i , j  , " ' ,  G i j D c i + 1 , j

(2.4)i j

b) the column

(2.5) i , j

otj)  t

n \ t
""j- r, i '

("t" stands for matrix transpose);



I  . :  . .  t . , ,  1 .

. t l

c) the generalized rototions U.r(G) = U.. , lS iS j  (n ,  i vher6
t\

. .  ' :( 2 . 6 ) . . ''  ' l l

a n d f o r j ) i

(2.6), . .
I J

T I  -  I
" i i  - ' R ( s . . )

'  
l I '

: l- r  J
u , .  !  O  D . - *  - +  @ D n

U r . \ r " i r k:  K=-J :KrJ K=l

U,,  =  J" (c i , i * i )J" (Gi , i+z)  . .  .  Je(Gi jxUi* r , j@Ioo*) ,

u
where the subscr ipt  "e at  J(G1, i*glmeans that J"(Gr, i+*)  is  J(G1,1" 'p)  nn o"r*r , i *kO

OP^* ,  and the ident i tY e lsewhere;
" i . i *k

d) the triangular operotors nij(c) = Fij,

(2 .7) i i

and for j-) i

n.7\ . .' u

1 < i < j S n ,where

Fii = si

Note

Fij' 
nQl,'ou, 

* 
uQ,'",,n

Ft,,-, ui,i- rci:':u: Iu i j  
l ,  * l
L 

Dcij ..oor_r,,r:. i 
I 

.

ators F' also verify the relations:

tt; RilFi*r,5 1r l
L 

r ilrn,,)ni*r,jj ,

that the oper

F , (  / -- - i , i *1 " i , i *2

D.-
" i r i +2

0

:

0

(2.?)i, j

where

l ,  q \ n
, o . ,  r i r j

f . . =
lrJ

?

t'"
I

I
I
!
I
I

I

I
L

i lR,.) =r J .

" i , i+1

0

0

:
0

- c L  . D ^ *  G , ,
.  
" i , i +1 "c i1 *2 - i , i * f

n4< ra- - i , i+2" i , i+B

Di, i*3
. :

0

- C I . . . D ^ *  " : D ^ *
I r l + I  r u . . r o  L r . .  .

-  , i L ' L  I t J - l

- G : .  ^ D ^ *  " ' n
r r r+z  u i  : * r  

"G* .
t t r - "  i r j -  1

i
D^

\ J '  '

l r J

-'t
G . "  Ir j l

i
r l
" i j  l



2"1. THEOREM. There exists a one-to-one correspondence between the posftive

operators S = (Sij)t. i , j<n ond the poirs {{S,,)ra,an, C}, where S.i € f (Hi) (f 5. i < n) ore'

posftfve operators cnd c = (Gii)f 
aia3an fs on itS,,lllr}-"hoice triangle. Between

corresponding elements the fottowi.ng formulas hold:

iz.-8)1,1*1 ^  ^+^  ^L ,Di , i i 1  =  o i i t i , i * 1u i+1 , i+1  ,

is the operator which appears

With these notations,

Io l lowlng:

(2 .1  0 )

;J

:  
I  i i '

j '
in  the ident i f icat ion of  D*. .  wi t l r  

,  O D" (see (2.15)) .
' " i j  l<= i+ l  " i ,k

the Sehur analysis for 'posit ive bloel<-matriees (i16i) is the
,n C.. .

( r  < i  <  n-1)  and for  i  +  1  < j ln

I

(2 '8) i j  s , ,  =  s tz , (n , , i -1u i+t , ; - tc i *1 , j  *  DGl , - . ,  " 'Dc*  G; ;Dn " 'o" . - . ,  
,t J  " i , i + l  " i , j l l  " i + l , j  " j - l , i

Moreover, for L(i5iS nthe followi.ng factor.tzations hold:

(2.9) i , j r ^  r  - * -
tok l / i<k, lc j  =  t i j " i j  '

Z-Z.REMARKd. 1) There are now np diff icult ies in deseribing posit ive block-

-kernels on N or Z, using inf inite (uni- or bi lateral) choice tr igngle; the Toepli tz ease

eorrespohds tg cltoiee str ings or sequenees.

2 )  The  reason  whV Ur r ,  1 ( i 5 jSn ,  f rom (2 .6 )  a re  ca l l ed 'genera l i zed  ro ta t i ons

wil l  be elear from Remark 2.5.

3) IVit lr  respect to the decomposit ion of 'H as 6 n,-,n' the matrix .of S is
i=1

(3,;)r5t,35n where Sij = sn-i*r, n-j+1 = til-j*r, n-i+1' If (6,3)15,.;.n i' ilre {tS,,ll!r}-

-ehoice, tr iangle of S with respect to thiS decomposit ion, then it  is plain that 6r, =

= Gi- i * t ,  n- i+1 '  for  1 !  i5  j  5  n '

4)  I f  the spaees Hi ,  1Si (  n ,  are ' f in i te  d imensional ,  then the formulas (2.9)  and

(2.?)  inrp ly  t l ra t
n ^

det s = 1 ri o"i s,,)( tt det Df ) .
i=1 "  l< i< j<n " i j

The formula (2.10) i l lustrates very clear . the classieal inequali ty of

i . e .

'I

r ^ Z

JJ

5)

Hadamard,

(2 .1  1 )
n

det S ( Ii det S,, .
i = l  t r '

(2.11) oeeurs !f  and oniy i f  S is diagonal (for this lasil nand the fact that the equali ty
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/()

the algorithm from (2.8)). Moreover, t l te general ized inequali ty of

fol iows. indeed, let 1 ( p ( n; then from (2'10) i t  results that

det s ( (oet (s,r)r.i,j.p) (oet (s13)o+r<i,j5J .

The  equa l i t y  i n  Q . t z )p  oeeurs  i f  and  on l y  i f  G i j=  fo r  15 iSp  and  p+1( i (n .

inspection of the algorithm (Z.g) shows that this is the ease if  and only i f  t t j  = O

lS iSp  and  p+  1< i5n . . (Fo r  Haoar i ra rd  i nequa i i t i es  see  fo r  examp le  t23 l ) .

t{e wil l  give now the structure of a contractive block-matrix and of i ts

elementary rotation.

assert ion see

Hadamard also

o.L2)p

( 2 . 1 3 )  $  =

A n

for

For th is,  tet  H = 
9" Hi ,  H'  = 

9.  H! and T = (T' i ) ra i (n,  
l ( j (m a eontraet ion in

i = L  j = l  J

L(H , H,), where m,n e N (the f inite case). The structure of T can be deseribed using the

analys is  of  pos i t ive b loek-matr ices v ia  the fact  that  l l f  l ls l  i f  and oniy  i f  the b loek-

matr ix

rF

n m

rP' l m

U

rr.*
t n l

i
mtc
I  . . .n m

. T' n 1

. :

T' o l
A L

r r n t n
I  r t t  l t o

I I  L ' '

T: .  I
I I

n
U

m 'l'
Î 1 m

0
' , : l

:j
: ' : : i 1

: i :
I' ;

' i
I

, l. . 1
I
I

. l

I

(act ing in Hn@...@"i@HrO.. .@gn,)  is  posi t ive.  The. previous analysis suggests the

following:
m n

2.8. DEFINITION. A (O I{,, O Ai)-"f,otce motrix is a set of contraetions
.  i = f  i = 1  . J

G =- (Gi , j )o< i (n ,0 ( j (m,  where  G0, j  =  0  e  L (H j  'H1-1) '  fo r  1s  j  jm '

0  e t (H i - r ,H i )  fo r  lS i ln  (Hb =  {o } )  and fo r  i j  >0 ,  G i j  i s  in  L (DGi , r , j

I 'o any choice m-atrix we attaeh the fotlowing objects (similar

(2 .6 ) )  :

a )  t n e  r o w  c o n t r a c t t o n s  R i j ( G )  =  R i j ,  1 S i i n ,  0 (  j ( m ,  i +  j )  1 '

(Ho = {o i ) ,  Gio =

'Dc1.  -  ) '
l ,J -  r

to  (2.4) ,  (2 .5)  and

where
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f

: r : l
. :.,".1 ,
,,1

,';)' I,

oi j  ,  , r i - r6 .  . .@ui  @r" , * r , r@. . .@o" i_r ,3*  Hi

i-1 tirnes(2.14) i j

R,,  = (d,  .  .  .  ,d ,  c i r ,  Dcl rGiz, . . . ,o" i r  " 'ooi r_rc i l )  ;
i 1

b) the column contract ions Ctr(G) = Ci j ,  0! iSn, L (  j  (  m'  i+ j  )  1 '  where

.  . . .  . [ . , , ,  H i  
*Hi -1o.  "osr@'" i , , - r t " ' " 'o i , - ,

(2 .15 ) *  {  j - l  t i r nesr r  
[ . , ,  ,  

( - i l .  ] ,  
" r j ,  

oz jDc r j  , . . . ,  o , j o " i - r , .  " ' no r . ) t  ;

e)  thegeneraL tzed ro ta t i ons  U , r (G ,  =  U i j ,  1 ( i ( n ,  1 (  j im ,  i  *  j ) 2 ,  where

1
i, l

, '1
I',1
{

, r i

fj
. . j. '1

,

( 2 . 1 6 ) 1 . ,  I  u r i  , H j - r O . . . @ H r  *  H  1 O . . . @ a t  - r , 2 5  j ! m
r J l ' J

{
( 2 . 1 6 ) i r  

I  
u , ,  :  a ' r O . . . @ " i - r  * H i - r O . . . O a i ,  2 ( i . 1 n ,

are the matrices with I on t lre cross diagonal and zero elsewhere, and f 'or 2 ( i  (  n and

2 S i 5 m ,

f  , , ,Yi i '  Hi-1o" 'or-rro'oi , ,-ro" '6oo11,j-L*

( 2 . 1 6 ) i , j 1 * F I i - r o . . . o H i @ , o , - , , 1 . o . . . @ o o , - , , , . '

L,,  
= , . ,0n!-rO Oui, 

",-r)J"(ci-r,r) 
" '  ' i "{c,-1, j-rxui- l , iOIDGlr,,-r '  '

where the subscr ip t  , ,e i l  has the same meaning as in  (2.6) ,  and 0"1 'H2. i ' ,  the zero

operator between !, and H2: with these notations, we have the fol lowing: '

Z,4.THEoREM . a) Thenre exists .a one-to-one 

;orresaoltence 

between tne

controcrions rrr,(O 
",, :9rnl) 

ond the set of ,,=O, 
"i, 

pruil-chorce maffices

G = (Gri)g(i(m, 0(j(n, i*j>. . Between coresponding elements, the fallowing formulas

'ho ld :

( z . t t ) i l  1 1  
=  G l 1

a n d f o r i + j ) 2

(2 '1?) i j  r i j  = Ri , j - ru i jg i - t ,1 *  Dcf  
s 

" 'ooi : - r " t joo,-1, j  ooo, ,



B

(Schur afgorithm for
YJ) Moreover,

identificatfons hold:

(2 .1  8 )

block-controctfons). \  - '  -  /

if T cnd G correspond to erjch othert then the foltowing tnitary

D c  -  O . . . @ r "
n l  n m

s(T)
Dt

(2.1 e)

wher:e o(T)D, (a*(t)nrx) rs on mx m (resp. nxn).upper triartgular matrixhavtng onthe

d t a g o n a t  t h e  p r o d u c t s  D C . D C  . . "  
D c - . , t 5 j S m  ( t " e s p . D C I  D C *  " ' D c *  ,

i  (  i  (  n . y .  
'  " n j  "n - l ' j  - im  - i 'm - l  " i 1

e) With these id.entiftcations of the def ectspoces of T, tts elementary rotation

J(T) hos the foltowing cell-structure (for clarity, the pieture is drawn for m = 4 and

n = 3 ) :

t (Gr i

t1:3l [ i ( G o , I
L L  I

r (G 13 t{G 22
' (Gst.

J (G 14 P(czs r (G32

J(G 24 r(G 33

] ( G " ,
J . l

qx(T)  ,  -
D T *  -  "  D G * "  @ .  .  . @ D a *  ,

l m  n m

(2.20)

H T

Hz

H g

H
â

D n *
" 1 4

D n *
v o A

L 7

D ^ x
u  c , lu :

Fri

H,2

ur l, ,  ?

,"r,.
,au

,"r ,

' " *n

,  
Pult (a) fol lows dir:ectiy from Theorem 2.1. The defect identif ieations in Part

(n)  can be deduced us ing (2.9)  appl ied to  S f rom (2.13) .  I {owever ,  (b)  anO (c)  can be

obtained using the structure of defect spaces of row and column eontraetions ([3] '  and

[14] ,  Lemmas 1.3 and 1.4)  and of  two-by- two matr ix  contract ions ( [6 ] ,  Theorem 1.3) ,  a .s

wel l  as the form of  the i r  e lementary rotat ion ( [4 ] ,  l ,emma 2.2 and [2 ] ,  Proposi t ion 1.1) .

A carefu l  inspect ion of  these resul ts  show that  the genera l  ease of  (2 . i8) ,  (2 .19)  and

(2.2U ean be reduced to the basic  ingredients  ment ioned abovej .  Let  us a lso note that

' the factor izat ions in  t1? l  ean be s impiy  read out  f rom (2.20) .

2.5. RESIARKS. 1) A useful property (already.ai luded in the previous reduction

of the general case) of the deseript ion of matrix contraetions by ehoice matrices is that

one ean easily handle the operations of "glueing" or "broking" some of the spaees {nJi l t

anO {ru1}i1; thcse operations require exactly t l te same action on the associated choice

nratr ix. This feature is important in i terative analysis, as those performed in Section 4

on eomDlet ion to  isometr ies
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2) Let

contraetion T.

tions

(2.2L)ij

we assoeiate the choiee matrix

us mention also another featuie
The str ings {c,r ,  Giz, , . . ,Gir} i l r

m
=  R ( ( G r ; ) ;  1 <  j  <  m )  :  @r J  

j = l

= (G i t  '  Dc I rG iz  ,  . .  . ,

of  the choice matr ix

are f i t ted to produee

G associated to a

the row eontrae-

f-'
LRi

Dc.  -  .  
- 'oHi

l -  r rJ

D c *  " ' D n *  G i r )
" i l  - i , m - l

'1s 
i  s n,  (see (2.14)) .  Beeause Do. (v ia o,)  can be ident i f ied wi th ,o, ,  o.  .  .  t r " , ,

string [R, = R' H, = Rra' ER,  = Rror0t  lDgr ,  " ' ,  En.= Rnon-1s t r rng  1n t  =  i t l r  nZ= RZ} I ,  R3 =  Rroro ,  lDRr , . . . ,  Rn.=  Rnon_1 . . .  o1  lDRn_ l ]

f itted to produce the.column contraction C(R1; 1S i S n) = (Et, 
FrOtrr, . . . ,En OUn_,

"'DF-)t, wlrich is exactly T. So, with a slight abuse of notation, we c'an write^ ' 1

(2.22) r = C ( ( R ( G i 1 ) ;  t a i < m ) ;  l S i S n ) = R ( ( C ( G i 5 ) ;  r a i ( n ) ;  r l j l m )  .

.  This is another justi f ieation of the fact that choiee matrices behave nieely at
Itbrokingtt or t '$lueingt'  eomponents in f ire direct sum decomposit ions of H and Hr.

3) I{e are now able to explain the term i lgeneral ized rotation" whielr appears in
(2.6)  and (2.16) ,  F i rs t ,  i t  is  easy to  ver i fy  that  the operator  u , .  f rom (2.16)  is  (modulo

.  t J
some obvious space-manipulations) the elementary rotation of the matrix
(T' \t '  k . c ' 1<k< i -1 .  1 ( .Q , ( i - 1 '-;" 

o"O,-*u ease deserves more attention. Consider again the notation from

::,'"il::: ":"' T ::::il::::''; ::a ; ; :::T" i_, I J:", " j'':]'#:;
i = 1  '  .

G  =  (G , , ) ra i ( i ( n .  Cons t rue t  now . the  {6  R(S i i ) , " t t * (S , ; ) } - cho iee  ma t r i x  e  =
- t A ' r "=  ( t i ; l o< i<n -1 ,  

0 ( j (n -1 ,  i + j>0  ,  where  ' -P

6i j  =  Gn- i ,  2n-2 i - j+1 '

for i+j ) n+1, and zero on the other posit ions; this means that to gre ehoice tr iangle

the

is

t

l): ' ]
I

' i

I
I
l
I

:1
. 1

.:.i
I

:i
l

I
, ]

Gzg Gzq

Ggq
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o

0

0

0

0

G t z

0  G ^ .  . .
J 4

\
a a \

"za  '  "24
G t e  G t +

Denote by T = (Tij)f 
ci, jrn-, i lre eoritraction associated to

operator Ui j  ( j ) i )  which appear in ( i .O) is (neglect ing the

elementary rotation of the matrix:

t,r \' '  kR,/n- j+1(kln- ! ,  i<[<j-  1

We think that is worth to isolate a part of the'preceding remark as the
following (see also Theor.em 3.2 of t5l):

2.6. THEORE M. There exfsts a one-to-one

mctr tces.S = (S, . ) - ,  1 i  i lne f (6  g, )  ond the pofrsl J . r : r , J (n  ' i = f  l -

n  n - 1
arbi.trary positfve operators and T € t(@ R(Sii), O

i=2 i=  1

for k + .Q,,( n. Thfs correspondence fs given by S <-+ G

r  |  @ Hi ,  and by  Po the
J=r

 '
G by Theorem 2.4. Then

identity on some spaees)

correspondenc e betw e en the positf ve

{ts,1f!, , r}, where s,, e L(H,) me

R(Sii)) fs o contro cti.on wfth Tpn = 0

.-, d *t T from Remark2.5(S).

the

the

We short ly diseuss now the inf inite case (i .e., where m and/or n are inf inite; the

case of matrix contractions indexed by Z can be also inferred from this). First, let us

note that the aigorithm described in Part (a) of Theore m 2.4 (and the representation

2..22) works in the inf inite case, with corresponding inf inite choice matriees.

For t l ie identif ieation of defect spaees in the inf inite ease, we ne.ed the analysis

for inf inite row eontraetions as done in [15], proposit ionsl.4 and 1.6. For reeall ing this,

s u p p o s e  n = 1  a n d  m = o  i n  t h e  p r e v i o u s  c o n s i d e r a t i o n s .  T h b n . T = ( (

u  
o t t ' D c f r c t z '

D . . *  D . . *  G '  o ,  . .  .  ) .
" 1 r  " 1 2  r o

orthogonal projeetion

For each I ( k ( -,  denote by Tk =

k
of H onto @ Hr. Then the operator

j= l  J

@

o(T ) :  D .  *  O  Dc
'  I  j =1  " t j

o (T )D^  =  D- (T ) .
I -

D*(T) = s - l im o(T,,)D- P,, ,
k ' > -  ^  ' k  ^

(2.23)

rvhere

(2.24)
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(see (2.18)  for  o(T, . )  and (2.?)"  for  a(T, , )D-  )
K  K  r t .

For comput ing Drx,  def ine 
N

' l l

(225, i.-lll;l:: ;'';,
\ - - # ' - ' - ' l ' '  

- @ r * '  '

is  a uni tary operator (Proposi t ion 1.4 in t15l) .

' i
. , , { .

I
: j
: t

. , l

.,i
{ ' '

l r l
i

.''i*
,..: i

l' , i
, ' . 1' : !

. J
i

I
j
'1

. r i
' i

(d*(rk)DTil ' 
" ' 

* ,oin is a*(ru)Dtil = ooik .. . Dcir), and

F(r) = ntnl,*(r));(2 .27)

then c*(T) is a unitary operator (Proposit ion 1.6 in t15l). .
Of course, similar faets hold for eolumn eontractions.

In the ease n 1 oo, the spaee D, can be easily identif ied (using (2.22)

@

with O D" . ,  the uni tary  operator  whic l i  rea l izes th is  ident i f icat ion being

J=I  NJ

upper  t r iangulaf  nrat r ix  hav ing on the d iagonal  the products  D"  " 'DG..
. N J I J

Something similar is true for D"* when m ( b and n.= @. In general, using (2.22), (2.25)

and (2.24), we have:

2.7" THEOREM.

= (Gi , i )o<i , j (co,  
i+ j )o  be

Q,28)

Simple identif ieations show that Theorem 2.? eontains the eases where m (or n)

is f inite. On the other hand, the facts from Remark 2.5 and Theorem 2.6 have obvious

f in f in i te"  var iants .

We end t 'his seetion by pointing out some Szegii-typ" i i* i t  phenomena (see [25])

.for a contraction ' i '  = (Ti,)r<i, ia-. (Similar ' facts for the posit ive case were obtained in

[16] and IS] as nonstationary variants for the classieal Szegd l imit theorems; see [13],

[15]  and [4 ]  for  the Toepl i tz  case.)

These phenomena are based on the faet the+ ir "n - /rF \ 
r,  1(j(m, and al ir r  r r  r  -  \ r i j r 1 ( i ( n

Hilbert spaces involved are of f inite dirnension, then Theorem 2.4 (b) implies that

Let T = (T,,) '  , , :  : ,^ be a contractton and let Q =
u  L ( I r J<oo

its choice motril. Then the fol\owi.ng are wti.tary operators:

where

(2.26) ol *(r1 
- '-il;1 lo*(ru)Dr* | 2,

and  (2 .23 ) )

an in f in i te

( r < j < " . ) .

l
1

. ',1

I
' 1

. l

,i:
I
I

I
'1.

i
i

i
i

r

:

- :

1
I
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( 2 . 2 s )  d e t 0 - T * T ) =  [  d e t D f

1:i;' 
'ij

1( j (n i

Suppose now that  T = (T, r ) ra i , j ( - ,  that  a l l ' f . ,  aet  on f in i te  d imensional  Hi lber t

spaces,  and that  the ehoiee matr ix  is  i 'nondegeneraterr ,  i .e .  det  DC..  #  0 for  a i l  1(  i , j  <  o.
For simplifying the writ ing, let us consicier the eontractions tJ

^ , 4  - - s
(2 .30)Yg uY6 = / r  r'  -  'aH " 'oB " i j ro( i (B,  y5 j j6  '

'wher 'e  
at } t \ r6  e N;  i f  q)B or  y> d,  take IVIJ := 0.  A lso,  for  a  contraet ion W on f in i te. o b- 

dimensional spaces denote by 
ets

(2.81) (lr'; = det Df^,
try

There are quite a few eonvergenee phenomena result ing from tronstationary Szego-type
l imi t  theorems in  [1G] ,  [$ ] ,  and f rom the speci f ie  form of  (2 .13) .  The impor tance of  them
comes' e.g-, from their geome.tr ic signif icance .as convergenee of angles in
nonstationary processes and from eonneetions with maximal entropy speetral anaiysis.
Due to rowico lumn symmetry of  T,  we g ive here only ' row' formulas.

2.8.. THEOIiEnI. For 
" 

= it,i)ra,,1a.. (with alt Hilbert spoces gf fintte
dtmensions), \)e have:

o) For every g E N,
:

l im (d(rnf,f lzormg-J'n)) = rim (d(M;'l)/d(*;11,1)) =.
e .BD n ->co  

l r  1  r r  r  
n+co  9 r  r  9+ l t  I

. - - -  - , a

:  r , r . . 0  
b

= rr (o(rlr,,'l luotrir!-l'n)) = II d(G^..)
n=1  

r . t l l  f r t r  
n=1  

qn '

Denote this limit oy gf)lrl (the symmetri.c notatton g!e)11) for cotumns fs cleor).-v

b) For a f txedq e N ond p) q, .

rim (d(i\tf i lzotnrl-,1,n)) 1= 11r fi tot*1,1l/oin,1-1,n)) l -
; - ' - ' - - 1 , 1 '  r r r  

n - > @  i = q  1 , I ' - " " 1 r 1  t t  )  -

. . D
(2.33)^ = l irn (d(Nri ' i lzotul l  1)) (= 1* h fctvrl ' ,n)/o(irnn'n l l  =' -  - - ' 9 r P  

* + @  9 r r  p - l r r  
# - i ] q ' " " " i r 1 " " " " i + l r l "  

)  -

; D c o D

= r (d(M?,:)/dtuf] 'nll= h r d(c;-) = [ gl.)trl.
n = l  

r r r . r  r t r . r  
i = q  n = l  

t r t  
i = q  

,

e) For a fixed Q e N, the li.mtt for p+ - in (2.33)^ ̂  is
Q r P



(2.34)q

n
Let  H = @ Hi  be a Hi lber t  space.  For  a.pos i t ive

i=1

,lA
l u t . ; .  

r  t .

/ - \  
, ,1QrP17,- (e)  . . .  - (e) ' ,1g l ' / (T )  =  t / l im  (d ( i . . 1 ,1 ' "o1  bp  ' / .

' 
PF|'@

the f irst $l:ego l imit theorem; i t  is natural to cal l

.

operator S = (S,3)rai , j ln € L(H),

o

l
l=q

of

@

I
i=Q

Part (a) is the analog

n(t)(,,.) gre r-qeor netrical mean of order q for T" Part (d) is the analog of the seeond
"q
Szegci l imit theorem, and Part (b) is a "scale" of Szego l imit theorems wlt ich eonneets

the f irst one (for p = q) with the second one (for p + -). See [16] '  Corol laries 5.6 and

5.?. Note also the expiession of the ventropy of order q for T ([16], Relation 5,14)) '

!z.Bs') ^ r,f)trl = - irn s$)trl = -nlrrn o*, o"on
L I Y

The I imits in Theorem 2.8 ean be mutt ipl ied start ing by deleting the f irst s (e N) cotumns

of T; in this way one obtaint rli)rtrl, and so on.

3. POSITIVE CONI PLETIONS

This seetion is devoted to the study of posit ive block-matrices..using their

strueture given in Theorem 2.1. The problems to be considered eome from Problem A.,

and inelude topics as posit ive completions of band (or more general) matricesi

permanenee pr ine ip le ,  bxt remal  (band)  eomplet ions,  maximum determinant  problem,

and maximum distanee problems. lVe reobtain - in an unif ied Yay 
- some results from

[19], [20], LZIl,  [26], [ t01, t22] (some in a -more general sett ing), and we offer

expianations of these results using the choice tr iangle assoeiated to a posit ive matrix.

We consider only the "f inite" ease which eontaihs al l  the neeessary ingredientsl see also

Remark 2.2 0)  for  the " in f in i te ' r  ease.

we eonsider i ts associated {(S11)}1aian-ehoiee tr iangle G(S) = G = (Cii}t5i5i5n (see

Theorem 2,1) and'the row contractions, eolumn contractions' general ized rotations and

tr iangular  operators associated to  G by (2.4) ,  (2 .5) ,  (2 .6) ,  and (2.?)  respect ive ly .

To formulate a more general completion problem than Problem (A) we need the

fol lowing:

3.1. DEFINITTON. A set E {(i , j);

t r t ang le ' t  i i  =  max{ i  I  iS :Sn , . ( i , i )  e  s }  > i

i < k < . 0 ( j , , ( t < , 1 , ) e e .

i S j ,  1 ( i ( n ,  1 S j 5 n ]  i s  e a l l e d  a  q u o s f -

for each 1 S i!  n, and for every (k '  ,0) with

Note that the sequence fi,] l  , appearing in

-deereasing.

Now we can consider the Problem:

the previous definit ion is non-
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:-{ /4

(A)E

Consider E a quasi-triangle and for each (i , j i  e E'ehoose an

neeessary and sufficient conditions such that there exists

wittr the eliosen entries for' ( i , j) e E, and describe alt suclt $.

e  L (H , ,  H , ) .  G ive

posit ive S s t(IJ)

positive compietion for (S,r)1i, j)eE

is positive, where for i ( j,

s . .'n

a

A necessarv condit ion for the existence of a

- wherb E is a Ourrr-,rrungle - is the following:

[For each 1SiSn, the bloek-matr ix (Stg) iat  
, . t  a i .( x )  1  *  

'  D  - ,
[ S . .  =  S . ' . .. u i r

i
' l
l

. t :

. 1
l

j

i
j

i

I f  Condit ion (*) is verif ied, then one qan apply Theorem 2.L for analysing the

strueture of posit ive matrices which appear in i t .  The 'roverlapingsrr whieh appear in

Condit ion (x) and the one-to-one feature of Theorem 2.L imply that (S,l)1,, i)eg verifying

(x)  is  eharaeter ized by a set  o f  contract ions (Gi j ) ( i , jh '  sueh that  d i i  =  0 e t (R(S11)) ,

1(  i  (  n  and otherwise Gt ,  acts  between Dc . . - .  a n d  D " x .  .  ( I f  ( i , j ) e E ,  i ( j ,  t h e n- i+ l , i  - i , i - l

easi ly fol lows that ( i  + 1 , j)  and (i  ,  j  - 1)  are in  E) .

.3.2.COROLLARY. Let E be a quosr-trfongle and (t i j )(, , j) ,  
U 

c set of operators.

Then (S..), i , j )eE admfts a positfve completion i f  and only i f  i t  verif fes (*).Jn thfs cose,

the posftive completions of (*rj)(,,j)", are in one-to-one correspondQnce with the

completions of the set of contractio* (Gij)(i,j)eE to o {ts,1)}f=1-choice triangte..

This fot lows from the faet that the quasi-tr iangle of contraetion, (Gij)( i , j)rg

ean be always completed to a {(s,,)} i i ,  -  eltoiee tr iangle (tbt<ing, at least, zero i f

( i ,  j )  +  E,  i (  j ) ,  and for  Theorem 2.1.  The a lgor i thm connect ing corresponding e lements

(under the eorrespondenee of the eorol lary) is that given in (2.8).

.3 .3.  REMARK. Let  15* t !mr(n.  I t  is  c lear  that  i f  E is  quasi - t r iangle,  t l1en.

E ( m r , r Z ) = { ( i , j ) . n ;  m r ( i S j i m r }  i s  a t s o  a  q u a s i - t r i a n g i e .  S o ,  i f  ( t , j ) ( , , j ) . U  h a s  a

posi t ive complet ion,  the same is  t rue for  any ( t , j ) ( r , j ) ru(mr,mr)  wi th  1(  m,  (  m,  (  n , the

Concli t ion (*) being also hereditary. This is the so-called permonence prineiple t211. 
'

\i

1.4. REITIARKS, 1) trVhen there exists an m e N sueh that in t l te quasi-tr iangle E,

j i  = min { i  * ,n, n} fo, any 1 ( i  (  n, we reobtain the band situation considered (in the

f in i te  d imensional  ease)  in  [19] ,  [20] ,  [21] .  This  s i tuat ion inc ludes the Toepl i tz  ease.

. Z) It  is clear that the existenee of posit ive eompletions'does not depend upon

the order of the subspaces 1tt,) l l r .  The ciraracterization of the configurations obtained

from quasi-tr iangles by reordering was given in [26]; these aie so-called "ehcrdal

graplrs'r.  In [26], i t  was shown that the hypothesis that the given entries form a ehordal

graph is necessary even in the scalar ease eonsidered there. So, Corol lary 3.2 eovers the
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most general situation: in the arbitr iary ci irrensiol is case, i i  the given entries form a
ehordal graph, reorder the spaces to obtain a quasi-tr iangle and then appty the anaiysis
from the quoted coroi lary.

The in terpretat ion of  the maximum determinant  problem (1g1,  tz6 l )  is  f l re
fol lowing:

3.5. COROLLARY. Consrder again the sftuat i"on of Coroltary J.Z, and that the
I-Iilbert spoces tnvolved are finite-clfmensional. Then there exfsts one and only ane
posftfve completion havtng a maxtmum d.eterminant, namely that obtained from the
completion'wfth zeros of the quosf-triongle assocfated to the given datai. Thfs is also the
unique solution whi.ch maxi.mizes all the entropies of order i, 1 < i < n (see Relotions
(5.14) in [5] for the d.efinition of the entropi"es).

The result fol lows from the formula (2.10).

In  the quoted papers '  the so lut ion to  the maximum determinant  problem is
obtained as the unique posit ive eompletion whobe inverse has zeros on the plaees wlrere
the entr ies of ' the in i t ia l  nrat r ix  are not  preser ibed

In our sett ing this phenomenon fol lows from the study of ,rnonstationaryl

orthogonal polynomials associated to a posit ive matrix. lVe present lrere only a
"s l tor tcut"  for  obta in ing th is  c l taraeter izat ion of  the so lut ion of  the maximum
determinant problem from our Corollarv 3.5.

3.6. TfrEOREil,L a).Let S =

= (Gi1)r5i5i 
!n' 

If

is invertible.

cose, if E fs c quosi-trfongle and

positfve operator with the
n

(si i )r . i , i .n e t(@

the operators Sii,

H ) b e a

1 ( i ( n ,

= 0 f o r

choi.ce triangle G

invertible, then S

b) In thfs
' for 

$, j )  {  r .
G . .

U

o n d  D O . ,  1 ( i ( j ( n o r e
u

(i, i) + E, then (s-1),,. = o

PROOF. Part  (a)  fot lows by induet ion over n f rom (2.9) and (Z. I ) .
(b)  Let E be a quasi- t r iangle and suppose 

" , j  
= O for ( i ,  j )  {  f .  From (Z.O)rn i t

follows that t l ie conelusion would follows from ilre fact that tell l ,, = 0 for (i,: i ' i  r
( re.member that  F1ni ,  an upper t r iangular matr ix) .  The reiat i ""  (2. i i r :  impl ies that  (we
consider the nontrivial situation n ) 2)

-Er]" - rur ,n-1cinDcln-r ,n "  '  o;1"

t"i oll- 
r," o;1"

- -1
" l n  

=

F - 1
.t, 

n- t

0

(3 .2 )



with .resPeet to the

(e.Z) it follows that

the operator

/ ^  o \
t . t .  O /

16
n- 1 n- ' t
t r  L  /  t r  L

r A  r r  \ r ^ n  n n . t  ( ( ^  D / C  \ \ / a p / c  \  F ' r ' n m
deeompOSlt lons ( \ l /  u  O,  l - "  G. , . , . ,  

* " "  , ; r ' " \v i i / /v r : ' "nn"
l - l  L t r  ' \  I l r

we ean reach our eonelusion by induetion over n' provided we lrandle

r - " : '

v  - E - 1  T I  rt l n  -  
"  l r n - 1 " . 1 , n - 1 " l n

So, i t  remains to prove that the f irs{ n' eomponents of the column brn are zerot ivhere

n r=  max{ i ;  ( i , n )+  E } .  Fo r  n  =2 ,TLZ=C lZ=  G12 ,  and  the  resu l t  f o l l ows  immed ia te l y '

Suppose now that n) 3 and that n') 1. We wil l  show that the f irst"component of t tn is

zero, and that the proof can go on by induetion. From (2.?)!,n-1r we obtain:

(3 .4 ) r':
' - I' - +  s -- t r ior . ,n_lD ' (R,  

n_r)  |' l

Frl"-rt,-tr*r,n-r) I ,
n- l  n ' 1

D F  @ ( O  o "  )  a n d  R ( S r r ) O ( @  R ( S i i ) ) '  F r o m-  4 1 1  i = 2  " l i  
r r  i = Z

- 1
E ' =' 1 , n - 1

with respect to the

(2.6)1,n-1 we have

t . t .  O /

decomposi t ions

u l rn '1

l - ' rr
|  

" 2 ' n - 1
= v1.n-1 |' l

L o :l. , i

ij
: ]

,l
i

. i
, l

where

(3 .6)

and the rnatrix

V t . n - 1  =  J u ( G 1 2 ) J e ( G 1 B ) - . .  J e ( G t _ , n - 1 )  ,

is writ ten wit l .r respect ' to the decomposit ions

.  But  V1,n-1 is ,  modulo the

2"4), the elementarY rotation of

.  n - l  ,  ^ . n - , 1
with respeet to the deconnposit ionst,g; rOr,,)Oo"i,n_, uno oorrt t ,% Oor,);  the

e n t r i e s n o t e d b y * w i l l n o t b e u s e d e x p l i c i t e l y . F i n a l l y

I

1
1:

' : ' i

j
, j

i
B

-2  n -1
(  O  ! r : *  ) @ n . *  a n o ( @ .  D ^  ) @ D ^ *
i= l -n  - - i ,n- l  -  c i ,n- t  ' i=2 '2 , i  "1rn-1

canonical identif ieations of defeet'spaces (see Theorem

R1,n -1  '  so

I  Rr,n-l - 
J

(3.?) V1.n-1 = I  I

L 
b(o' 'n-tl - J

k



(3.e)

The relation (3.9) shov'rs indeed that the f irst component of Crn is zero, and that the

proof of the faet that the f irst n' eonrponents are zero ean be done induetively.

The proof of theorem is now eompleted

3"?" REMARK. The impiication in Theorem 3.6 (b) is in faet an equivalenee (due

to the one-to-one correspondence of Corol lary 3.2), and does not depend on the f inite

dimensionali ty of the spaces {",} i i ,  .  In the later case, i t  gives ttre characterization of

the so lut ion to  t l re  maximum determinant  problern obta ined in  [19]  and [26] .

We errd this section with an analysis of the maximum distance problem from

[10] ,  [22] .  A genera l izat ion of  th is  problem as.  eonsidered in  [22J is  the fo l lowing.

Consider a family {"n}1, of Fl i ibert spaces and for eaeh n e N let S-* e t(H*) be a

fixed posit ive operator. Fix also 'a posit ive oro"r.-t"tr i* r= (rr ') ,nn T noip' - i 1 ' 1 ( i ' j ( m ' " . t ' s ^ '

y = { (v(n))ngN iK} ,  where K is  a  l { i iber t .  space qnd v(n)  e  L( l ln ,K) ,  is  ca l led.  an

S*admfsibii-r>atr it

(3.  1 0) = v( i )*v( j ) ,

For an S-admisible pair V define Kn(V) = o" =gV(k)HkcK and Pn(y) 
-  

Pn nfn.rn"

pair V is'ealied extremal'if for every n eN the quantity

/ d  <  r  \\ . r . r r /n  l lU -  ln lv(n + 1)  l l

is.equal with the supremum, taken over al i  admissible pairs, of similar quantit ies. The

general maximum distance problem (N{DP) means to describe al l  extremal S-admissible

pairs.

The Toeplitz case (TNIDP) asks - when Hn = H1 and Snn = SlL for every n, and S

is Toepli tz - the Same extremal problern taken over al l  admissible pairs whieh verif ies

instead of (3.10) t l-re condit ions:

/7

(3 .8 ) C L n  =  ( C 2 n ,  0 ) t  ,

beeause of  (2 .5)rn and of  the fact  that  Gln = 0.

Now, us ing (3.4) ,  (3 .5) ,  (3 .7)  and (3.8) ,  t l re  re ia t ion (3.3)  impl ies that :

. - 1= (o ,  Fz-n_1u2.n_iczn) = (o ,  crn) .

(3 .10)T f o r  l i - i l < m .

The scolor cose (both for ( l \{DP) and for (TMDP)) means that dim Hn = 1 for every n e N.

(ln [22] is considered the scalar case of (TNIDP).)

., ", 
-? 

/,^,'\
r  { r ' l , i t  v  /
I t  0nrP
l*

brn

j-
1 .
I

I
1
J
1
4

, i

:

I
I'|

..,i
i i' . .1! s . .

rj
1 ( i ,  j ( r n .

: i

t , - j * r , ,  =  V( i ) *V( j ) ,
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our approaeh to (MDP) is the following' First' wb sho,1 tlit,,utt s-admissible

pairs can be (esentially) described using all completions of tne i(sttlt=1i-ehoiee triangle

(associated to s) to a {(st,)i=1}-ehoice triangti:?'

To do this, lve have to recall from [16] the deseription of so-calledKolmogorov

decomposition for a positive block-matrix 3 = (Sij)f <i, j<* in ternrs of its assoeiated

{snn}}r-.lroice triangle G = {(Gij)l5ia3aJ' For this' consider the infinite ipw-

-contraetions

(s.12)i

defined by (2.4), and t lre identif ieations of defect spaces of R, as

(fotlowing [15]); recall  that r(Ri) (define'd in (2'2?) and (2'23)) is an

space DnI ,  and denote
I

(8.r3) i  D(Ri)  = a(RiDRi = 
t={,  

Dci j  1Si  (  '  '

. , ' r , i
, 1

'  . 1
' r ' l
. * l'  , 1

, , ' ; i' ,  
. i
i. , 1

1- , , , 1
' : . i

., , -.i
' ..jj

. i. 1
l

. , : . : . , i
, l

l
' ' . . - 1

. . '  , t
: ' '  ; r ' : l :1

i
.. ,. ..:'' .i

. :
-  t : : i

, : l : . , - . f i
' ,  ' '  i
.1.:-,,1;' :,,:j

,  . :  i l

i
: 1

; (1 )  =  .  .  .@F(R1)OF(Rl )@n(sr r )@P(Rr) '

K( i )  = .  .  .@r . tn r )OF(R1)Or(R2)O .OF(Ri - r )On(s t t )Oo(Rt ) '

1 < i < - ihe unitarY oPerators:

wi , K(i*1) ---* K(i)

w i  =  I Q w i '

done in Q.23)-'(2.27)

identif ication of the

2 ( i ( - '

i = 1

i > 1 .

Define the sPaees:

(3 .14 )1

and

l t  1 ' A \
t r .  f  = / i

and for

(3.1 5) i

where

(3.16) i

Consider now the

.  . i
,j

. t '
: . '  1

.  : i

' i

i

I

, t

wf :  r (n,)O(R(s1a1, '*1)Oo1ni+1))  + R(si i )@D(Ri)

^  l . r  t I , - . [ o  t l
*i = 

Lo o(R,)J;tnir | .1,o,, 'l

pair v" = {(v"(i))1r*, l<(t)} , where

. ' l * qz
\ ,  " 1 1

t

v"( i)  :

v"(i) =

Hi -* /{(1)

{ ";tu"
I twrrvr .

(3 .1?) i

. ,  wi- , In(s, , l ts i
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' ^

The pa i r  V*  i s  then the  min ima l  I (o lmogorov  deeompos i t ion  o f  3 r i .e .  S . .  =  V^( i ) *V^( i )
l l  u  ( J '

f o r  a l l  1 ( i , j ( c o  a n c i  f . , = ! / _ V { i ) f r , ;  V t .  i s  c l e a r  & n  S - a d m i s s i b l e  p a i r  f c r

e - i / c , ,  
t  i i r u  

I  L '

"  
- ' " i j ' 1  

5 i , j 5m '
' fhe next lemma is t lre basis of our analysis of ( l \{DP):

3.8. LEfdivl A. With previous notation , ' 
r

(s .1s) i  l l ( t  -  en tc ) )v " (n  +  r )  l l  =  l l  Dc t ,n+1 G2,n+1 . .  .  o "n ,n* r t i * r ,n* ,  l l

f o . r e a c h n 2 1 .

PROOF.  f  o ,  n  =  1 ,  we  l t ave
'  

, , ( 1 )  r  . .  . .  l

l l  t r  -  r r tc))vc(2) l l  = l l  l r  -  t f  i ; . .  ) ) ( I { r  Intsrr l ls iz l l  = l l  o".  ̂ s ;2l l  '
" L 2 ' -\ \ v 1 1 /

s imply look ing at  the matr ix  o f  u l !  (see (3.16)1 and (2.?) i , - ) .  T l te  proof  can b^e

completed by induct ion,  apply ing the induct ion hypothesis  to  the matr ix  obta ined f rom S

deleting the f irst rovu and the f irst eolumn, and f inal ly making the last product with IVt '

Let us.remart< that the previous lemma also fol iows from the fornruta of the

produet  l {1 \ { , ,2 . . .  Wn obta ined v ia  t l re  anaiys is  in  T l teorem 3.2 f rom [5] .

Our  d iscuss ion of  ( l tp f - l )  is  now t ransparent .  Any S-admiss ib le  pai r  V for  the

f i> :ed posi t i i . .  b loc l<-matr ix  S = (Si i ) f< i ,1<rn ProdLiees a posi t ive extension S of  S (note

that the main diagonal is f ixed). This extension t has a ehoice tr iangle G and a unique

Kolmogorov decomposi t ion VG. I t  is  e lear  that t f "  is ,  essent ia l ly ,  the min imal  par t  o f  V.

Thus i t  fo l lows that  the supremum 
^ in 

(3 '11)n 
"un 

be taken only  over  a l l  v" '  obta ined

from va.rious posit ive extensions of 3 (or, whiclr is equivalent, from all  completions of

the choice tr iangle of S to an inf inite {tSnnlf i=ri-choice tr iangle). So, we obtain:

B.g. COROLLARY. a) For (MDP) the supremum in (3.11)n, n ) m fs equal to
, ,  +  t l

l lSfr*1,n*f l l , which is attoined, for exampte, by the completion of tne choice triangle

of S with zero entries" Flowever, in the nonscalar case, (3.18) shows that this solutron is

far from betng wiclue.

b) For (TIVIDP) the supremum in (3.11)n, , n ) m is equal to

.  l l  n  ̂  . . . 'D^  -s+ ,  .  . ,  l l  =  l l  n "  .  " '  Dc  s i1  l l  (where  o j  =  G i , i * i  fo r' " " t n - * + 1 . n + 1  C n , n + l  n + l ' n + r "  "  u m - 1  t 1  l r "

every . i ,  i  > 1), whf ch fs ottoined, for exarnpte, by the completion of the choice sequence

ofS wfth zero entries. Llowever, in the nonscalar ccse, (3.1S) shows thot thfs solution is

far from being uiquu

c) In the scolor case both (]\,TDP) ond (TNIDP) hove unique solutfons, namely

those'tndicated in a) resP. b).
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3"1t1. REniAI1K" i) Corollaly 3.9 slrows that in tt ie sca.Iar csse (hitDp) or (TlaDp)

is equivalent wi th t i re nraximum deternr inarr t  problern (see [22]) .  I t  a lso.sholvs that ,  i i r
I  e .

general, this is no longer true: t lre unique solution to the maxinrurn detern"rinant problem

is a solution to ( l '4l lP) or (Ti\{DP), 'r, ' l i icl t  have many others.

2) ' the for rnula (3.2)  f rom [?2] ,  which exprresses the d is tanee f rom (3, i .1)  -  for

the scalar ease - in terms of a ratio of Gramians foLlows easily from Lernrna 3.8 and

from our  formula (3.1) .

a. co}{tgAc1tvE c0&,1PLETION$

In this seetion we apply the Sehur analysis of eontractive bloek-rnatriees (given

in 'Sect ion 2)  to  Problem B.  Fol lowing a notat ion whieh is  usual  in  th is  context ' (see e.g. ,

l8 l ,  t9 l )  we def ine for  a  f ixed n € N,  for  two fami l ies of  Hi lber t  spaces i ru , I ra1an anO
f - - .  I
t iJ l l t< i<n ,  and for - l r  (  m (  n,  the.sets

(4 .1 )m

and

(4 .2 )m

wlrere H *

OU(m) = {K e L(H, H') ;K = ( l { , r )  rv i th K,,  = 0 for  i  < j  -

'  
{ ? u ( m )  = { x  e  L ( H , H ' ) ;  K  = ( K ; i )  w i t h t { , r = 0  f o r i > j  *  * } ,

I t

,  H ,=  @ H i .  C lea r l y  C IU( -n )  =  {0 } ,  AU(n )  =  OU(n*1 )  =  L (H , 'H , ) ,  and
i = 1  

I

't

mj

n
O s ,
: - i  t
t - r

j

I

I

i
j
I

I
. 1

i
- i '

l
1

I:

l  Cons ide r  K  e  OU(m) ,  -n  (  m  Sn  *  1 .  C i ve
l &

(Br)_ ]  
sucl t  that  there exist  eontract ions in t l re'^- 'm r l  
solut ions.  Satne problem for eontract ions

I or unitary operators.

n ' l , , . \  -  ^  f  , ^ f *  i o ^ , "  ^  /  ^  / -  n , . ^  c ^  G r - ^  1 ^ . . +  a ^ ^ t -l l 0 \ r r , ,  -  v , , \ - n r /  ,  f o r  -n (m (n .  Due  to  the  l as t  f ae t ,  we  p resen i  on l y  t hc  casc  o f  Q . ,
. ) L  u  y , '

the other one being eompletely similar. l{ i th these notaticins, a genei 'al ization of

Problem (B) reads as fol lols:

neeessary and suff icient condil . ions

coset K + f l . .(nr + 1) and ciescribe al iu '
r :ep laeed by isometr ie , '  eo isometr ie ,

More.generai completion problenrs ean be lranciled, provided the given clata can

be' rmoved' r  in  the upper  le f t  corner  (a  fact  a lso remarked in  t1? lh moreover  the basic

facts appear in the stu<jy of Problem (B') and the intereste<i reader can ar: lapt i .he

analysis done for posit ive eompletions in Coroliary 3.2. The aspect that only "sguare"

nrat r iees are considerec l  here is  a lso inesent ia l .

lVe apply now Theorem 2.4 for obtaining some of the results on Probleni (B')

f rorn '  [19] ,  [? ] ,  [8 ,  Theorem 2]  and tg l .  ] 'or  th is ,  le t  K = ( l ( , r )  e  f iU(nr) ,  wl rere
-n + l . I  rn S n - 2 (to avoid tr ivial cases). The fol lowing condit ion is clearly necessary

for the existenee of s contraction in K + f ir(m 'r 1):



. .  . :  .  , . i  
1 4

d \ l
.

, \ J Eor each p with max {t , t-.nr}5.p < n, tfre bloek-matrix
t r f i ,  )

I is a eoritraction.
' t ; ;

Suppose K verif ies (x); then one ean'apply Theorem 2.4 for analysing the

structure of the eontraetions which appear in Condit ion (*). For this i t  is necessary to
' n

Itmove'r the low-left corner into the upper-left one; we do this by writ ing /{r = @ Hl,_, ,
i=1. Ir-!

so the q-row becorr res the n -  q  one ( t !q(n) .  l t re  keep,  however ,  the in i t ia l  notat ion of

the matrix .gptr ies. Taking into consideration the 'roverlapingsn which appear in

Concii t ion (r.),  and t lre one*{,.-one feature of Theorem 2.4, i t  fol lows that I( verifying (x)

is characterized by a set of contractions

G(x) = {c. . }.  UJmax 1r ,1-m]( i (n+1;  0(  j ( rn in  { i+m,n} ,  (n+1- i )+ j>0

where

( 4 . 4 ) j  G n + l , j  =  0 :  H ,  *  H j - l ,  f o r  1 !  j  ( m i n { n  +  m . *  1 ,  n }  
,

(w i th  Ho =  t0 ) )

( 4 . 5 ) i  t  G i , . ' = 0 : H l + 1  + H l ,  f o r m a x i t , t - m ] 5 i 5 n

(witlr I{1,*r = { 0}), and

(4.6) i i  Gi i  t  DG DC1. . ,  fpr  (n + t  -  i ) j  > 0;
r J .  r J  

" i r 1  i  " i  i - 1t + I r J  l r J -  I

t h e c o n n e e t i o n b e t w e e n K a n d G ( K ) i s g i v e n b y t h e a l g o r i t h m ( 2 . L 7 ) .

n n
It  is  c lear that  G(K) ean be eompleted to a (@ Hi,  9-  Hi . , - , ) -ehoice matr ix,  and

i=1 j= l  "  r

that the "freedom" in start ing this completion. i lepends on the defeet spaces of the ele-

m e n t s o f t h e ' ' l a s t d i a g o n a l ' ' i n c ( K ) . t r t e h a v e t h e n :

4 .1 .  COROLLARY.  Le t  Ke  C In (m)  where -n  +  15mS n  -  2 .

a) Thereexrst controctfons in"l( * CIr(m + 1) rf ond onlyif  Kuerif ies (x). In thfs

cose, there e*ists o one-to-one correspondence between .the controctions fn

(Ki3)p<icn, 
ll j lmin {p+m,n}

-j
i, i - "

.J
i' |  '

. l y

(4 .3 )

T e K + CIu(m + 1) and the completions of

G(T); the defect spoces D, and Dr* con

n
@  D ^ *

k=1  - kn

G(K) to ( .@.Hi,  @ t l ;_r)-chotce motr ices
i= l  J=r  n

be 1rtitary) identtfted with 
U9ro.Il., 

rnrp.



Nloreover, if l(

b) There exlsts

o n
o( '(

verifies (*):

only one contraction in K + flr(m +

I, fo, nrax i1, -nri5 i ( min {n -
1) if cnd only if iram euclt

rn - 1, n], at least ane spoce

,l
j

,1
:1
I

l' 1

oott {Dci*1, 
i+m+11 

Dcf 
i**

is zero.
e) l f t heL l i t be r t spcces invo l ve r ja reo f f i n i t ed tmens ions , . t hen :he re : : t : : : ' : :

ond only one contraction in I( + 0r(m + t) which hos moxirnum entropy for each row (or

column); thaf is the co'mpletion of G(K) wi'th zero eLement's'

Part (a) fol lows form Tlteorem 2.4; the algorithm eonneeting corresponding

elements is that given in (2.14). Part (b) results from the way G(6; is completed to a

choice matrix. Part (c) fol iows from (2.35).

we eail  the eompletion of G(K) with zero elements..- even in the inf inite

dimensional case - t lre mcxtmum entropy completion.

we analyse now the existenee of isometries in K + CIu(m + t) reobtainig some

results in [9], Theorem 3.1 (without the f inite dimensional assumption)' The eases of

coisometric or unitary completions ean be inferr 'ed from this'

F o r K e O u ( m ) , - n * r l T s n - 2 , c p n s i d e r G ( K ) t h e s e t o f c o n t r a c t i o n s

associated to t{ by ia.el-ta.o). Denote:

(4.?)i, j  d,, = dim DGi,j ,  oi = ot* oai:

f o r  m a x { t ,  t  -  m } S i ( n  +  1 r  O s j i m i n { i  +  m ,  n } ' T h e n  r v e  h a v e :

4.2, COROLLA'RY. I,tith prevfous notation, there exfst isonietfids in

K + 0u(m + 1) tf and only if the foltowing conditions are fulfilled:

' i  -m i : l

,Jror-n.,,suJroil,o 
*,J, di*,i ' for ar,t lsisn * nr r

,,j-: :l

, l '
: ' . 1

(4.8)_

i f m ( 0 , o r

(4-8)+

.

i f m > 0 .

d 1 ,  t  
=  d l , z r " ' 3 9 1 , * * 1  = o

i * 1

I

I
I
I
I
I
I

I
I
\

njm t" 
-m n+m

,!r"or-*,, 
* 
,=n*i**r 

dn+li s uJroil'o 
* 
if, 

oi*'i '

(
I

I
I

1
t

I
T
L

i=2
oj,j**s,Jroi;.*, for att z1i ( n - m,



.tn this cose, there erfst.s o one*to-one

'K + f),,(m + 1) ancJ t:lte completions of C(l{) tou
(15 jS n) betngisometrie,s.

correspond ence between the isometries in
n ' .  n

(SJ IJil (9 Hi._o)-chorce motrices with n
i _ . r  .  i _ 1  . . J  

u " " l j
l - r  t - r

i

i
,i
i

PROOF. I{ote first the following

t ions.  Suppose that the (1,1),  (1,2) and (2,1)

r t,  
l A  D A * f '

(4. e) |
I  I .D .n  r t
L L  r r

with A,  f  , . ,  and I^  eontract ions.  Then the' L ' Z

matrix tp be an isometry if and only if

(4 .10 ) f , is an isometry and dirn D r, SOU* , , i .

Th is  fo l l ows  f rom the  s t ruc tu re  o f  t he  (2 ,2 )  en t r y  as  be ing  - IZA* f  
1 *  D rx fDp , - r  where' 2  ^ 1

f  e  t (D r '  ,  Drx)  is  a  eontraet ion,  and f rom the fact  that  the defect  o f  the matr ix  is' 1  ' 2

uni tar5r  equiva lent  wi th  D"  oD" (see Theorem 2.4) .
' 2

Coming baek to t l ie situation of the corol l&ry, we wil l  need the notation from

(2.30) ;  we in ter twine the ind ices ind icat ing^t l re  rows ih  order  to  emphasize the way we

are looking at the matriees in this seetion.

Let K be given as in the statement, and iet G(l() i ts associated set of

contraetions (by Corollary 4.1). For clarity, we analyse separately the ease m (0 and

t h e c a s e m ) 0 .

Case I :  m(0" [Ve try to construet an isometry in 'K +.{?u(m + 1) by complet ing

i n d u c t i v e l y t h e e o n t r a e t i o n s U r f f i t o H ' - v a l u e d i s o m e t r i e s ,  1 5 i 1 n + m . A f t e r t h i s ,
i l r I

the iast step wil l be to eomplete ntl:1.* to an isometry defined on H. The first step is
1 - m  ' l

to eomplete thecolumn nl l ; , r ""  to an H'-valued isometry.  From (4.B)_ for  i  = L we f tave

- m  - m
(4.11)1 d1_m,15 

o], 
oi l ,o , = 

ol, 
dim H"k) ;

which.is exabtly the necessary hnd sufficient eonditisn for the .*irt*n""

comple t ion  o f  n r | -mo l  to  a  mat r ix  tu i l ' } ,  v ia  an  isomet ry  w, :  D"

have,  in  genera l ,  i l ra t  (see  (z . r ) )  

I l r J '  

"  

t  t ' i 'm ' l

fact concerning two-by-[1,go matrix eontrae-

entries are given, i"e.

I
I

I
t .

J '

.(2,2) entry can be ehosen suclr that the whole

of an isometrie

- m
n-? ) si.. we

k=1  n



.+
r t

I

J
. . . i
'  ' i

i',

: {

J.4

-u]
( 4 . r 2 ) .  d  ^  F  J . * ^ :r  o 1 - * , 1  *  f l l m  u w *  =  I  u k , o  i'1 ,1 

l<=1 
r \ t  v

' . 1 t .  l

in case d, -* ,  is not f inite, we take I{, sueh i lratI - rn r l  I
* m

( 4 . 1 3 ) ,  d i m D , . , *  =  I  c . *  ̂ .I  -- '- '-  rvi. pl1 
*k,0

The next step consists in eomplet in g M:-Y'z to an Hr-valued isometry,  respect-
t  I  r t . l

ipg the already 
"horun 

tl '1. After ooutorl iJl,it iri"utions, this reduees to a problem
. l l r l

similar to that presented in (a.9) and (4.10): in our ease, one ean take A = r n-  t t 2 - I T r , l  t -  t  
1  

-

-  n  n -  /G -  f ) - *  w. , ) t .  The operator  ro  is  in  th is  ease an isometry- " 2 - n , 2  t  t z  t * 1 - r r 1 ' " G i _ r . L  
l .  -  z

because I{, '  is so; thus (4.10) implies that the necessary and suff icient condit ion for theI

solution of this step is that

(4.11)2

From (4. I2)  
I  anO (+.  r  3) ,

i = 2. Denote by !! ' , the

in case dZ_m,Z is 'not  f in i te,
(4 .1  3 )2

d z a* r ,ri* t't ,.,'  a2 -m,2141-m, t  +  d im  D  
* ;  '

i t  fo l lows that  (4 .11) ,  is  equiva lent  wi th  the re la t ion (4"8)_ for

isometry  f rom DO into Drr*  whieh appear  in  t l re  s t rueture
2-m.2 " 1

, {
, l

;J

of the upper-r ight  corner of  the eomptet io" 
" i  

*1f ,2.  Then we, l rave

(4.12) 
2 Or_r ,2  + d im r r r i  =  d im Dr^,*  ;

we take W, such that

d i m D r ^ , *  = d i m D ,
"z  t { i

The proof of Case I can how be eompleted by induetion.

Case II :  m ) 0" From (4.8)+ i t  fol lows that l \{ l ' f  
*1 

is alreudy an isonretry. T'he
proof ean be now dbne in same manner as in Case I, completing inductively the matriees

* t i ,T- t  (2Si<n ' -  m) to  Hr-va lued isometr ies,  respeet ing the ex is t ing rvr j ' f+ l -nar t .

The last pdrt of the corol lary is imnrediate from Corollary 4.1.

4.3. REft{ARKS. ( i) I t  is easy to slrow that in the f inite dimensional ease, the

eondi t ions (a.B)  are equiva lent  wi th  those appear ing in  Theorem 3.1 ( i i )  f rom [9] .  For

examp le ,  i f  m(0  the  cond i t i on  i n  (4 .8 )_  fo r  i  =  1  i s  equ iva len t  w i th  d imD, " ' _ * ,1S
M; , i " ' ^

, 
-{n 

-. m+L
S,  ) .  A imH' , .  ,  the  cond i t ion  fo r  i=  2  i s  equ iva len t  w i th  d in rD e_nr  r j  )  d imI I l_  ,

M o  : " ' o  k = j .  K'  k = l  1 \  '  

n . t

i

:



Jb

and so on. Some other quantit ies appearing in [9] ean l ie eomputed fronr the choiee

matr ix .  l 'o r  exanrp le,  in  t9 l  there were in t rodr" rced the par t ia l  ran l<. ind ices to , ,

(1 -{ P,q ( n) 'oY t lre formula: 
r i ;  '  r  -1

wl:ere

for  1  (P,Q(n,  uno opq = 0 for  P = n + 1 or  q  = 0.  From Theorent  2 ,4 i t  fo l lows easi ly  that

r = dinr ker D"
P q D o :

( i i )  I t  i s  p la in  tha t  when  d im l { l  =  d imHl  =  *  (m  fo r  any  L  ( i  ( n ,  t he  cond i t i c l ns

in (4.8)_ and the seeond l ine in  (4.8)+ are automat ica l ly  fu t f i l led;

( i i i )  Tne form of  the condi t ions (4.2)  s t renghtens the impor tance of  the " Iast

d iagonal"  in  th is  complet ion problenr .

( iv) The analysis of completions can be very well undet'stood on the diagranr of

the e ienrentary rotat ion of  the whole matr ix  (see (2. i?) ) .

5. UPPER TRIANGULAR. CONTRACTIONS

. 
Tlr is section is clevoted to the presentation of a variant of Theorem 2.4 f.ar

Iower t r ianguiar  (square)  matr ix  cont lact ions;  th is  s t ructure theoi 'e tn lv i i l  be uscd for

i l re  descr ip t ion of  the real izabi l i ty  o f  such eontract ions as t ransf 'er  oper :ators  for  l incar ,

un i tary ,  t inre*var iant  systems.  In  faet ,  the real i :zabi l i ty  iheorem wi l l  prov ide another

fornr  o f  t l re  a lgor i thm in  (2, I7) .

The st ructure theorem givcn here wi l l  take in to aeeount  the s impl i f icat ions

introduced by the zero elements of the upper tr iangular nnatrices. Its origins may be

found in a similar analysis for lower tr iangular Toepli tz colttraetions whicl i  appeared in

the s tudy of  contract ive in ter twin ing d i la t ions (see [3 ]  and [14] ) .
- @ @

L e t I { =  O  H i , I I ' =  O  n i  ,  a n d l e t T = ( T ; ; ) 1  , , , ,  b e a e o n t r a e t i o n i n  L ( H r H ' )
i = 1  

r '  j = l  J ' -  l J ' I ( l ' J < c o

l v l r ich is  upper  t r iangular ,  i .e . ,  T i j=0 for  i> j  ( in  ot l . rer  words,  Te Au(Q) in  the

terminology of  Sect ion 4) .  For  such contract ions i t  is  usefu l  to  g ive (bes ides the d i rect

appl icat ion of  Theorem 2.4)  a  s t ructure theorenr ,  which,  in  the f in i te  ease,  is  obta ined

by novi r rg  t l te  zero entr ies i r r  the le f t -upper  corner .  This  means that  for  eaeh f in i te

sec t i on  (T i i ) t a i , l an  o f  T  we  change  the  o rde r  i n  t he  codoma in  to  be  
" ;O . . .@Ht ,  

ano

apply Theorem i.A for the result ing matrix contraction; t lren we put together the

obta ined in format ion for  g iv ing i l re  s t ructure of  T.

f  = r f i  - r t r  ,  * 1 ,  + . h'  pq vpq vp,q*  1 ' l 'p+1,( l  vp+1,q*  1 '

d = dirn ker l)'Pq n,r P,Q
t Y !  r -  |

! 1 9 I
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This procedure asks for the

6

A , /
t he\, w

following eonsiderations.

co 
It i: j

@ H!)-ihorce
j = l  J

e  " t  (H ._1 , I I i )

set of contractions

H^ = {0 i ) .  and for
U

5.1. DEFNNtrTICN. A (@
i=1

l a - t ^  \  .  w h e r e  G . .
"  

-  t " i j ' l< i - ( j+ '14" ' r  " i , i -1

i ( j  G , , i s i n L ( D r -  , D n x  ) .
u  u i + l , i '  t i , i - l

To each ehoice eotriangie we associate the fol lowing objects:

a) ttre rotv contractions Rii(G) = Rii ,  i2 1, j  ) i ,  defined by
. I J  I J

l R i i '  
H i * r @ . , . @ " ' j @ H r o . . . o H i - r @ D ^  o . . . @ D r -

(b .1 ) , . ,  J  
t * t  i -  - i + l , i  " i + l , i

r r  
I  j _ l  t imes
t  - -

lR i j  =  (b ,  .  .  . , r i ,  G, , ,  Dc f iQ; ,1*1 , . . . ,Dc i l . . . r " f r_ r " i j ) t

(5 .  2 ) , ,  )I J  
I  :_ t  t imes

L" , j  =  ( i l :1 ,  o j j ,  G j - r , jDc j j  , . . . , c i5Dc1*1 , -  " 'n " - - ) t ;  
.

c) the generali.zed rototforn Uij(G) = Uij, i) 
1l 

j ) i, i+j ) 2, where

( s . 3 ) j j  u j j  
" : - r O . . . O H r  

*  H l O . . . @ H j - r

is, for each j ) 2, the operator of reversing the ordet', and for i > i > 1'

I{i r

= S

cotriongle is a

f o r  i  = . L r | t .  .  . ,  (

,1
i
I.1

--+ Hl' l

,,1.,'J
,,,,,1tl

U

(5.3) i j[ '
l

I

;
I

I

\ .u t ,  =  J " (0  H i * z@. . .@Hj@" r@. .  "@Hi - r ,  I { l * r )

"  J " (G1+t , i ) " ' .1 " {c i+1 , j - rXUi* t , j@t r . . *  ) ,

" i+1, i_.1

where the convent ions are t l tose f rom (Z. tg) .

These are,  o f  eourse,  the forms of  (2 .14) ,  (2 .15) ,  and (2.16)  v ' rh ich are necessary

for the present situation. Thus, from Theorem 2.4 we obtain:



i

5.2. TFIEOREM. a) There etrists a ane-to-one coresp ondence between the upper 
'

@ @ c o

triangular controctions T e l(@ Il,, O Hi) and the set of (O H;, @ i/l)-choice
i = 1  j = 1  I  i = l  

'  j = l  r

cotri.angle G = (Grr)rai'j+i< * Between corresponding elentents, the foltoring formulas

hold:

(5.4) . .  ' r  -  ( -' - ' " i i  I  i i  
=  u i i  ,

f o r  i  =  L r 2 r , . . ,  o n d  f o r  l < i ( j (  - ,  >

(b .4 ) , ,  r n  - ;  r r  ' " a  . '  ,  *  D . , *  . . .  D . , *  G , . .D . .  " .  D.  . r j  ' i j  - ' . i , j - f  
i i " i+ l , i  '  "c f r  "o i j_r " i j "G1+t , j  "o j j  ,

w h e r e  F ,  .  , . =  R , ;  l H l * r  @ . . . O H i O n t @ . . . @ n , _ t @ D c .  .  . @ . . . @ D r -I , J - r  U ' l + L  
-  

i -  r i + l , i .  -  u i + 1 , j _ 1

b) Moreover, if T ond G correspond to each other then there erfsts a unitary

. @

operator o(T) cctfng between D, and O Dc . The identification of D-x con be done
n = 1  

t 1 n  I

using the metlrcd from [14, Theorem 4.3] where the Toephtz case wos considered.

e) The .atgorithm (5.4)- sn4 the cell-structure of 
'any 

finite pgrt of the

elementary rotation of T - can be read out on the fnfinfte scheme.'

,a 
,.,

( 5 . 5 )  D  n
" 1 2

o" r ,

.  .  
o"rn

, "  
r ,

5.3. REMARK. In the Toepli tz ease, a sl ight modif ication of the diagram (5.5)

produces a t ransmiss ion- l ine s t rueture (see [30] )  rvh ich is  the " f low grapl t 'or t rb loek-

.diagranrt '  of the elassical Schur algorithm (see [28]).

Let us give now the realizabil i ty procedure mentioned at the beginning of the

seet ion.  Consider  the l inear ,  t ime-var iant  system

(G 
11 )

J(G 
tz)

( G 2 3 )

J(G r s)

J(crs)



( the state

: '

the system

part of a

.  
.  . _  r  : 1 .  

. ) R

. f 1 ' * : i = A , * . . + B  u  
'  '

( t .6) 
-n-n

L o n = c n x n + l  
* D n r n ,  . .  ' - - n { t ,

where un e [/n (the input spaees), yn e-yn. (the ouiput spaces], and xn e xn
spaces), and for whieh the operators

/

(s.?)  I  
nn t  Xn* l@un --> xn@Yn 

:
' - - - ' n  I  r

{  l e -  B - l
l l  =  |  n  - n l

.  I  n  l ^  D -  |
I  r L /  D  I

.  t  L n  n J
n ) 1, are" unitary opirators. It is easy to show that the transfer operator of
(5.6) is an upper triangular'contraction T, where

:  
[ r , 6 u i * 6 ' " ,  i  .

( 5 . 8 )  {  
i = l  . '  i = l  

I

I
I  T = (T,,)
\ U

is given by Ti; = 0 for i ( j, and' r J

( 5 . 9 ) i i  
'  

T i i = D i ;  ( r a i < - ) ,

(5 '9)1, i+1 Ti , i * l  = c iBi* l  ( t  < i '< -) ,
. 1 .

; l
. 1 '
. l

i
l a n d f o r l < i < j - 1 ,

(5.9) i  i  -  Ti j  = CiAi* l  . . .  45-18;r r J  J - f - j

(T is a contraction because the part of T.aeting between

unitary matr ix berween Xn*1Of6 Ui) and xnOtd vr l ,

Conversely, eonsider T an upper tr iangulai

for.eaeh n e N).

eontra.etion acting between

be its assoeiated ehoice

rotatibn done in

t s a
n n
@ U , a n d O y *
i=l  '  j=t  ,

" 
= 

,9, "t 
and n' = 

19, "i 
, and let c = (c,i)rai(j+14*

cotriangle. For the inf inite row eontraetions

[o,  
,n,@,=d.,  DGi* l , j  *  Hi

.  -(5.10)i  
I  

J=r+ I  -  i+ 1' i

tRi  
= (ci i '  Dcf ic i , i* l  '  . .  .  )

we repeat the analysis of defeet spaees and. of the elementary
Q.20)*{2.24)  and (3. i3) - (3.16) .  we are led to  eonsider  the spaces



Gi*1, i

#
,tl
, I
, l i

,,j

. , i  
: . . .  t  

'  
,  : , :  n t  

: . ,

r @r
I  n ,  = . . .q ' (R1)oF(R1)or (R2)€) . . .oF(R i )oH '@.  @ o

( 5 . 1 1 ) i  
{  " \  

/ '  j = i + l , -
. @. r l

lo i  =.  .  .oF(Rr)@n{nryoFtnr)o.  . .orrni- l )@Hio o
J=1

and the unitary operators-

( 5 . 1 2 ) i  w r ' : K , - - * K i  . . .  . , .  , " . . ; .
whieh act as .l(nr) - via the identifieations of defeet spaces of

rRi)@(srtr={-, oo,*r,j) and Hi@jql '.,,j and as the identitv

components (see (3.1b)  -  (g .16)) .

The.system attaehed to T is defined as fbllows: take

( . .

l u o = H n '
( b . 1 3 ) n  {  Y ^ = H ' .

|  
, . :  =, . ;  CIH;,

\
for each n ) 1. Note that for n ) 1, we have

(5 .14 )n  Xn  =  K ;OH| I  =  Kn - lOHn- r

Finally, define for eaeh n )_ 1

( K

I  An = pxl  wnlXn*r
I n
l R :
I  rn = e"n rvnlun

(5.15)n 
1 ^i  ,

|  " "  
=  o" :  wn lXn* r

l ^ ' ^
I o n = G n n '

D c .  . ,
LJ

- between

on the rest. of

Then. it is elear that

(5.16)n !Vn :  Xn+l@Un(= Kn) *  XnO Yn(= K|. , ) ,

so the system. defined in

5.4. THEOREM. Consfder an upper triangular cantraction T cnd the. spoces and

operotors deftned from T by (5.13) ond (5.15). Then tha system (S.O) (ii,tttr the spcces

(5.13) and operators (5.15)) fs unitary ond hos Tcs its trcnsfer operator.

l:t

I
.,ul

, d

. r l
: : ' r i .

tt
l . , l

, : ; " i
. J
". ,"1
. 1
. , J
. 1,,r,.,. ,,i

r ; t  i
- l  : ' .  I

' I

.,,J
l l : . .  i l

I
.l

-:t:.tr' t

,,j' i
: ',J

' l

, l

, l t ' {' 1
. J

I
. i
:,;4

. 1

, ''j
l l' j

, . t ,

, ::i
i

.-'J
'"1

l
1^

. . i
... : i

;..i :
'1t

I

I

. 1

ry one.

= lon u"l

L"n o" l
(5 .15)  is  a  .un i ta
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PROOF. Remark that  iw i ] ; ,  def ined in  (5.12)  are not  exaet ly  the uni tary

operators which appear in the Kolmogorov deeomposit ion of the posii ive operatoi

associated to T (see Tlteorem 5.2 and Section 2h ht3riever, they differ only by some rows

with the only nonzero entry equal to the i<lentity. i \ loreover, the way of obtaining the

transfer operator of a systenr (5.6) requires exactly the same.eomputations on Wn as

tirose appearing in l{olmogorov decomposit ion of T (see atso (3.1?)), and the theorem

follows.

^. 5.5. RElt lARK. (a) Tfre formulas (S.9) are - via Theorem 5.4 * another way of

looking at the Sehur algorithm for T contained in Theorem 5.2,

(b) For t ime-invariant systems (i .e., when T is a Toepii tz operator) sueh kind-of

state-representation of T was obtained in [29] using the Naimark di lat ion of T.

(c) Several other notions and facts from system theory have interpretations in

the set t ing of  Theorem 5.4.
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