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sTABLE RANr.,  F0R cERTAI N Typt t  c*-RtcEsRRs
f f i f f r !

by

V i c t o r  l i l S T 0 R

r n  f f  , l  * , A . R i e f e l l ' i n t r o d u c e d  t h e  n o t i . o n  o f  t o n o l o q i c a l  s t a b l e

r a n k  o f  a  C * - a l g e b r a  A  a s  t h e  l e a s t  i n t e q e r  n  s u c h  t h a t  a n y  n - t u p l e  ( x l , '

. . . , x n ) € A n  c " n  b e  a p p r o x i m a t e d  a r b i t r a r i i y  c l o s e  b y , a n  n - t u D l e  o f  e l e m e n t s

o f  A  w i c h  q e n e r a t e  A  a s  a  l e f t  i d e a l  ( i f  n o  s r ; c h  i n t e q e r  e x i s t s  w e  t a k e  t h e

t o p o l o g i c a l  s t a b l e  r a n k  o f  A  t o  b e  c n ) .  O n e  o f  t h e  r e a s o n s  t o  s t u d y  t h e  t o -

p o l o g i c a l  s t a b l e  r a n k  i s  t h a t  i t  c a n  b e  u s e d  t o  o b t a i n  c a n c e l l a t i o n  t h e o r e m s
\

f o r  p r o j e c t  i v e  m o d u  l e s  a s  d o n e  i n  f  t . Z  ,  l 4  ,  l 5 - 1 . .  A s  s h o w n  i n  [ 3 ]  t n e  t o p o l  o -
,  " L  - J  L  I

o i c a l  s t a b l e  r a n k  a n d  t h e  B a s s  s t a b l e  r a n k  c o i n c i d e  f o r  C * - a l e e b n a s . .  W e  s h a l l

d e n o t e  t h e i r  c o m m o n  v a l u e  f o r  a  C x - b t g e b r a  A  b y  s r ( A )  ( t h e  s t a b l e  r a n k  o f  A ) .

I r  i s  k n o w n  
I  

f  
]  

t f . r . t  f o r ' a  s e p a r a b l e  t y p e  l .  C x - a l e e b r a  A  t h e r e

e x i s t s  a  c o m p o s i t i o n  s e r i e s  w i t h  c o n t i n u o u s  t r a c e  s u b q u o t i e n t s .  l l e  s h a l l  f i n d

t h e  v a l u e  o f  t h e  s t a b l e  r a n k  o f  A  f o r  a  s e p a r a b l e  C x * a i c e b r a  w i t h  a  f i n i t e

s u c h  c o m p o s i t i c j n  s e r i e s  w i t h  ] o c a l l y  t r i v i a l  q u o t i e n t s  ( t h e o r e m  7 ) '  T h i s  r e -

s u l t  q e n e r a l y s e s  r e s u l  t s  f  r o m  
f l  

|  ,  l 4 ] .  ! e  a l s o  i m p r o v e  a  t h e o r e m  o f  I f  
l ]

c o n c e r n i n g  t h e  v a l u e  o f  s r ( A )  i n  t e r m s  o f  s r ( l )  a n d  o f  s r ( A t t )  f o r  l  a  c e r -

t a i n  c o n t i n u o u s  t r a c e  i d e a l  a n d  s h o w  t h a t  s t ( A  O  B ) (  s r ( A ) + s r : ( g )  t o r . c e r t a i n

s e p a r a b t e  i x -  a l g e b r a s  o f  t y p e  l .

.  I  w a n t  t o  e x p r e s s  m V  q r a t i t u d e  t o  m y  b d v i s e r ,  p r o f e s s o r  D a n

V o i  c u l e s c u  f o r  h i  s '  c o n s t a n t  s u p p o r t .

r . r  *
T h e  f o l l o w i n q  f a c t s  c a n  b e  f o u n d  i n  [ , t J .  L e t  I  b e  a  c ' ' - a l q e b r a .

"A
s h a l l  d e n o t e . b y  I  t h e  s p e c t r u m  o f  I  a n d  U y  m ( l )  t h e  l i n e a r  s p a n  o f  t h e  s e t

n
t h o s e  x € 1 .  s u c h  t h a t  t h e  f  u n c t i o n  f f < 4  t r r r ( x )  i s  c o n t i n u o u s  o n  ! { 3 '  l ' 5 ' '

+

fde

o f



) *  2  *

4 . 5 . 2 ) -  d h e  s a y s  t h a t  I  i s  o f  c o n t i n u o u s  t r a c e  i f  m ( l )  ( w i c h  i s  a n  i d e a l )

/\
i s  d e n s e  i n  |  ( 4 . 5 . 3 ) .  I n  t h i s  c a s e  I  i s  s e p a r a t e d  a n d  I  i s  i s o m o r p h i c  t o  a

^xC " ' a l g e b r a  c o r r e s p o n d i n g  t o  a  c o n t i n u o u s  f i e l d A = ( ( t a ) , * 1  , l - )  o f  e l e m e n t a r y

^*
.  C " ' - a l g e b r a s  o n  l .  M o r e o v e r  a  s a t i s f i e s  F e l l ' s  c o n d i t i o n  ( 1 0 . 5 . 4 ,  1 0 . 5 . 7 ,

r n  r  Q \-  f  v .  ) . w l .

'  L e t  M ( l )  b e  t h e  a l q b r a  o f  m u l t i r : l i e r s  o f  I  ( [ 9 ] ) .  l f  b € f l ( l )  t h e n
L J

. a A

i t  c a n  b e  i d e n t i f  i e d  w i t h  a  c e r t a i n  f ' u n c t i o n  t * e  b ( t ) e M ( l r )  o n  
" l - .

L

. l { e  r e c a l  i  t ' h a t  f o r  a  t o p o l o g i c a l  s p a c e  T  t h e  c o v e r i n q  d i m e n s i o n ,

d i m  ( T )  i s  t h e  l e a s t  i n t e q e r  n ,  s u c h  t h a t  e a c h  o p ' e n  c o v e r  o f  T  h a s  a n  o p e n

r a f i n e m e n t  s u c h  t h a t  e a c h  p o i n t  i s  c o n t a i n e d  i n ' a t  m o s t  n + l  s e t s .  l f  n o  s u c h

i n t e g e r  e x i s t s  d i m ( T ) = o o ,  l f  T  i s  a  c o m p a c t  m e t r i c . s p a c e  t h e n  a l l  d e f i n i t i o n s

o f  d i m e n s i o n  a r e  e q u i v a l e n t  ( s e e f O l l .
L J

\ , / e  s h a l l  s u D p o s e  t h a t  T ,  t h e  s p e g t r u m  o f  l ,  h a s  f  i n i t e  c o v e r i n o

d i m e n s i o n .

'  L e t  t - e  a ( t ) e  ( J t ) o ,  t * >  b ( t ) c M ( t a ) *  b e  t w o  p o s i t i v e  e l e m e n t s  o f

I  a n d  o f  H ( l ) ,  r e s p e c t i v e l y .  \ , l e  s h a l l  s u p o o s e  t h a t  b ( t )  i s  n o t  o f  f i n i t e

r a n k  f o r  a n v  t G T .

\ , / e  s h a l  I  d e n o t e  b v  X  ^  t h e  c h a r a c t e r i s t i c  f u n c t i o n  o f  t h e  s e t  A "
A

L E M M A  l .  U n d e r  t h e  a b o v e  h v p o t h e s i s  t h e r e  e x i s t s  a  f u n c t i o n

t - - r  v ( t ) e t *  d e f  i n e d  o n  T ,  f o r  T  c o m p a c t ,  w i c h  q i v e s  a n  e l e m e n t  o f  I  s a t i s -. f

f y i n g : ,

( r  .  r  )  X  L ,  l z , cv )  
( a  ( t )Xv *  ( t ) v ( tXX10 , r r )  ( u  ( t )  ) =s  ( a  ( t ) )

( r . z )  ( t ) v ( t ) t x ( 0 , * )  ( o ( t ) ) = s ( u ( t )

'  f o r  a n y  t € T

p- fgg - f  .  The  assumpt  i ons  and  l emma 10 .  7 .  I  I  o f  [ t  J  a  i ve  fo r  I  and

\ '

( i )  n  f i n i t e  o p e n  c o v e r  ( T r , . . . , T - )  o f  T , w i t h  T .  c l o s e d .
t '  ' n -  |

T = l :



- ? -
. )  ,  

j

( i i )  F o r  a n y  j ( 1 1 , . . . , n ]  a  c o n t i n u o u s ' f  i e l d  ( ( f f ,  ( t ) ) - - -  , f , )

o f  H i l b e r t  s p a c e s  a n c l  i s o r n o r p h i s m s  h .  t r o n  A , / T .  o n t o  A ( K , )  -  t h e
J . J . . J

-*
C C R - C x - a l g e b r a  i n d u c e d  b y f i ,  ( n l  t n  - r ' r \

" t - " j n i . , J , ' w . t . L

( i i i )  F o r  a n y  i ,  j 6 J l  , . . . , n !  a n  i s o m o r p h i s m  q ,  ,  ( t )  : K  ( t ) * X ,  ( t )

f o r  t € T , , = T , r r  T .  w i c h  i n d u c e s  r . r : l n ,  i . o *  n  ( y t . / T , , )  o n . " ' 0 , *  i l  , , . 1r J  I  J  I  J  
- - J  I , i  

' - r  
t l

(  i v 1  F o r  a n y  j e  [ l  , .  .  .  , n ]  t w o  n u m b e r s  0 { a - (  b . r < 1 / 2  s u c h  t h a t

( " , , b , ) n c - ( a ( t ) ) - g  o n  T . .  "
J J J

D e n o t e  b y  
" j = ( .  j n b . i ) / 2  a n d  o t  

f  : ( t ) = n , ( i f  ,  
( a ( t ) ) )  w i c ' h  b e -

l ongs  to  A ( f f i  )  due  to  (  t v ;  .

W e  s ' h a l  I  s o l v e  t h e  f o . l  l o w i n c l  t e c h n i c a l  p r o b l e m :

p- fSF . ] " J ,  
f , ) - .  To  cons t ruc t  f o r  any  . j  e { t  , . . . , n }  a  con t i nuous  func -

t i o n  t - p u , ( t F X ( f i , ( t ) )  w i c h  q i v e s  a  p a r t i a i  i s o m e t r y  i n  A ( I t , )  w i t h  t h e
J J

p r o p r i e t i e s :

1  ( a )  ' T ( ' ) u '  ( t ) = P ,  ( t )  o n  T '
J  J  ' J  J

( u )  u ,  ( t ) * g ,  '  ( t ) u ,  ( t ) = o  o n  T .  ,  f o  r  i # . i
|  - t _ l  

J  l . l ,

( c )  u . ( t ) u T ( t ) s s ( u ( t ) )  o n  T . .
J i , l

L e t  u s  o b s e r v e  t h a t  i f  w e  c a n  s o l v e  p r o b l e m  ( p )  t h e n  w e  c a n  s o l v e

t h e  c o r r e s p o n d i n g  p r o b l e m  w i t h ' p i  r e p l a c e d  i n  i u )  . U y  q .  s u c h  t h a t
| .l 

'.J

;  O s q  r ( p '  f o r  u 1 = u , q ,  w i l l  s a t i s f y  ( a ) ,  ( U ) ,  ( c )  i n ' t h i s  n e w  f o r m .  \ ^ / e  m a y  s u o -
.  , J  I J '  J  J ' J

p o s e  t h e n  t h a t  P .  d e f i n e s  a  t r i v i a l  v e c t o r  b u n d l e  o f  r a n k  r .  o n  T . .  T h e n
l J  . l  . l

p r o b l e m  ( P )  i s  e q u i v a l e n t  t o :

kg l -gg  (n  
i )  .  To  cons t ruc t  con t  inuous  sec t  ions

E J c l - ,  f o r  j e f l  ; . . . , n ] ,  i e ; I , . . . , r , 1  s u c h  t h a t
" . 1 - ' . J  

J  (  ' ,  ' J '  
. . l t

,  
'  '  

, .
( a ' )  ( t l ( t ) ,  q , , . ( t ) E i ( t ) ) = b , ^ b , , .  o n  r . , .- l  ' J K '  - e  r e  J K  j K

(u')  ej  t .x ut. l f f i  on T.. .

W e  s h a  I  I  s o  I  v e  n o w  D  r o b ' l e m  ( P ,  I .



', l+ -,

Le t  us  suppose  tha t  r ^ re  have  de f  i ned  the  sec t i ons  l= f  f " r  k ( - i  an i l

4 : r i { r k  a n d  t h a t  w e  h a v e  e x t e - : n d e d  t h e  s e c t i r : n s E f = n i r . 8 l l ,  k < . r n ,  l ( i € r u  f  r o r n

T,o  to  a l l  o f  r ,  suc r r  r r ra t  { r " i ( t ) , t * ' . ! ' ( t ) )=s ; r f  . "  f o r  t *T .  Le t  ; " , ( t )  be  the

o r t h r : g o n a l  p r o j e c t i o n  o n t o  t . h e  I i n e a r  s p a n  o f  t h e  v e c t o r r  t * T ( t )  f o r  k ' . n ,  
' t

l { i - { r ,  .  T h e n  ( l - ^ ( t \ ) t - , ( r ) i #  ( t )  . l e f  i n e s  a  c o n r i n u o u ,  f  i e l d  o f  I ' l i l b e r t  s r : a ' c e s' - ' ' ' k  Y \ L / , / v \ L / ( . ' r . t  \ L , /

o n  
' I .  

o f  i n f  i r r i t c  d i m e n s i o n  i n  e a c h  p o i n t .  l ' h e  n r o o f  o f  1 0 . g . 7  o f  [ 1 ]  s h c , r , v s ,
I

, r  
l . : . : .  

M ic 'hae l  ,s ;  t r ,eorem f  l r l ,  tha t  we can ex tenO 4T, .  .  .  , i iT ,  to  T- .  ,  o r ' ,

m = j ,  t h a t  v ; e  c a n  f i n d  s e c t i o n s f ; j , . . . , q i  w i t h  t h e  d e s i r e d  r ) r o D e r t i e s .  F r o -
'  t i

b l e m  ( e , )  i s  t h u s  s o l v e d .

T o  o b t a i n  t h e  f u n c t i o n  v  w e  s h e l l  c h o o s e  a  p a r t i t i o n  o f  u n i r y

( f j ) j = , , n  s u b o r d i n a t e d  t . o  t h e  c o v e r  ( T t , . . .  , T n ) .  T h e n  
f '  

' n j l i u , )  
a r e  w e l l

d e f  i n e d  e l e m e n t s  o f  I  a n d  t h e i r  s u m  v  s a t . i  s f  i e s  o u r  r e . o u i r e r n e n t s .

^ *' L e t - 0 . ' +  
I  ' - s  A  ' * +  B  - *  0  b e  a  s h o r t  e x a c t  s e q u e n c e  o f  C ^ - a l o e b r a s ,

I  a s  a b o v e .

i d e a l  1 . c  g  i n  t h e  f o l i c w i n c r
a r

e o u , i  v a  l e n c e )  e x t e r i  s  i o n  t o  a  .  r e -

t ) .  T h e  K e r n e l  o f  t h e . i n d u c e d

' ' .  T o  a n y  p o i n t
' : i r ' ! .

w a y :  t h "  r " p r e s e n t a t i o n

p r e s e n t a t i o n  o f  A  o n  f f *- - t

t E T = l  c o r r e s p o n d s  a n

t  h a s  a  u n i q u e  ( u p  t o

( t h e  H i l b e r t  s p a . c e  o f

map B-n ,Z [ I f t ) /K f f8 r )  w i l l  be  deno teA  bV  & t  ( remenrbe r  t ha t  t  ( l ) c  X0K. )  because

a n y  C * - a l g e b r a  o f  c o n t i n u o u s  t r a c e  i s  a  C C R - C x - a l o e b r a )

n l t t o n  l . / .

'  
L E H M A  2 .  L q t  I  a  c l o s e d  t w o

c e . ' \ l e  s h a l l  s u p p o s e  t h a t  d i m ( i { r ) = * i  f o r

P  r o o  f . I  e t  r r c  q r r ) r ) o q . r  t h a t  s = m a x f  s  r  ( n /  t  )  . 2 .  1 < c 6 .  o t l t e r w i s . r  t l r e' ' - " ? -  /  ' - ' J '

l e n t m a  i s  o b v i o u s .  A l s o  w e  m a y  s u p p o s e  t h a t  A  h a s  u n i t .

L e t  x l , . . . . , x s e A , " r r  t h e  q u o t i e n t  m a p  A " - r A / l , f  > 0 .  \ , { e  m a y  s u p n o s e

t h a t ,  a f  t e r  a  s n r a l l  p e r t u r b a t i o n , ' I T  ( ^ l )  , . .  . , l i ( x r )  g e n e r a  t e  A /  |  a s  a  l e l ' t -  i C e a l

\ { e  w a n t  t o  s . h o w  t h a t  t h J r e  e x i s t  x i , . . . . , ^ :  r ^ r i c h ' c e n e r a t e  A  a s  a  i e f  t  i c l e a l
t :

a n d  s u c h  t h a t  l i x , - x l f l <  t  f o r  a n y  j €  I  1 , .  l ' .  , r 1 .  T h i s  r , v i l  I  s h o w  t h a t  s r ( n ) ( s .
J  J '

S e e  a r s o  [ r o ] ,  d e f i -

-  s i d e d  i d e a l  o f

/\
any  teT= |  . '  Then

A .  w i  t h  c o n t  i  n u o u s

5 ; ( 4 ) i { n r a x f s r ( n / t ) ,

L r  q

L t .



f,l x x
Let .  x= i  :  le  r ' r .  . ,  (n)  ,  y 'x^x=x,x l . t - '  " *nr* .

l ' l ' '
l x  I
I- SJ

B y t h e a s s u m i . . l t i o n t i i e . r e e x i s t s ' v 1 > 0 s u c l r t | r ; r t " f i ( y ) l . t L e i

r -  ,  r ^  , l  be  . r  con t i nuous  f  unc r ion  f  ( t )= l  i ' o r  t u ip  '  t i l z l '  sup r )  f  c i -0  ' ' nLJ  '
F : f 0 ' i t t ' 1  ' ; " t  

l u '  l l  l J t i  c r  L \ / i r L r " u ! / 1  

'  '  t t  ' ' ) l i  <  ' n / t +  h a s  a  c o m p a c t  c o m p l e - i t l e l t t
e  / .  \ -  r  T r . , a  c , s !  o f  p o i n t s  t € - i  o t r ' w i c h  l i  z \ r  ' .  LZ ' : l  \ y l \ : r .  r r r ( :  J U L  v '

K l i n T . L e t K b e a c o r n p s c t ' n e i c r h b o r t r o o d o f i { . , , T o c o n t i n u o u s f u t r c t i o n l ' v i t h

-  , - .  I - n  1 l  - q p  = l  o n  ' 1 i , ,  
V  - 0  o f  f  K '

V a I U C S  I n  
[ - r !  t ,  t  I  I

l e t  s . ! i > 0  r o  b e  s p e c i f  i e d  l a t e r  a n c l  l e t  q : f o , e " ) ' *  f  0 , t l u e  a
' X  

r -  < . ' 1  ,  . ,  - -  - r . , ' . r - . r  l l a  y 1 g J 1  t  t o  a p D i y

c o n t i n u o u s  f u n c t i o n  v a n i s h i n q  o f f  l 0 ' d J  s u c h  t h a t  a \ u ' r = r '  ! ' r e

- 5 ^

l e m m a ' l  f o r  M r ( r ) i  ,  u = ' l ' , a ,  b = g { * * x ) 1 , a  t o  o b t a i n  a .  v  s u c h  t h a t

x . . , , , . , , . p  ( z  ( t )  ) s v *  ( t )  v ( t )
L '  t  

" ' ' o L

H

t,

:

( 2 . 1 )

h  i s  a  c o n t i n u o u s  f u n c t i o n  o n

- l t i r g ) ,  
[ z s ,each - l  

( l o1 )  t hen

( z . z ) r ' ( * x x )  ( t ) v ( . ; = v ( t )

w i  t h  v a l  u e s  t n  f 0 , '  J  u u c h  t h a t
fb,ca)a n d  ' i f

[0,liJcn

1 l

( w e  h a v e  d e n o t e d  b y  z ( t )  ( n ( * x * )  ( t ) )  t h e  . i m a . e  o f  , ( t . , ( * * x ) )  i n  r t ( r ' 1 ( r r ) ) ) '

A l  I  w e  h a v e  t o  c h e c k  i s  t h a t  b ( t )  i s  n o t t h e r e  o f  f  i n i t e  r a n k ' '  L e t  ' u s  s u p D o s e

t h a t  b ( t )  i s  o f  f i n i t e  r a n k  f o r  s o m e  t € ! " "  L e t  B  d e . l o t e  F / l ' ' ' I  t h e  r ' r r r e r a t l r  X

anA [ ] t l  t he  o r thogona l  p ro . i ec t i on  on to  the  c losu re  o f  
. t he  

space  ' k '  '  f  f  
.U i t ) '

i s  o f  f i n i t e  r a n k  t h e n  U ( t ) 7 r - f n a n T ]  a n +  i s ' F i n i t e  d i m e n s i o n a i  f r o m

t h e  a s s u m p t i o n  t h a t  ?  Q ) z n > 0 .  T h i s  m e a n s  t h a t  T  i s  i n v e r t i b l e  i n  t h e  c a l k i n

a l q e b r a .  s i n c e  w e  l r a v e  a n  i n j e c t i o n  B / J f t x ( i f t )  / x t t )  b y  t h e  v e r y  d e f  i n i t i o n

o f  J a , w e  o b t a i n  t h a t  t h e  i m a q e  o r  3 i ( t )  i n  1 4 r , , ( e / ' 1 , ' )  i s  i n v e r t i b l e '

S i n c e s . l , | t h i s m e a n s t h a t M u ( B / J t ) c o n t a i n t u l o i s o m e t r i e s r , v i t h o r t h o c . o n a ] r a n

g " S . X a  i s  i n f i n i t e  d i m e n s i o n a l  a n d .  B  h a . s  u n i t '  h e n c e  J t l B '  P r o n o s i t i o n  5 ' 5

; _  - r  \ \  l l l ' t h e o r e m s  5 . 1 ' a n d  l r ' 3 )
o f  l l l J  

s l r o r ^ r s  t h a t  s r . ( u = ( B / i t ) ) = o ?  a r r d  h e t r c e  ( ' L " ,

s r ( B ) = o o ,  c o n t r a . d i c t i n q  t "  
" ; i ? 1 r p t i o n '

l r l
Deno te by u=yvet '  x'-x+Jtu= 

i ,  I
l x '  I
L 5 J



( 2 . ,  ( x ' * x i  )  ( t ' ) * ( o * * )  ( t ) + y ( u x x + x x u + p u x u )  .

Uz*'  
( t )  )  -z_p(i i  xrr  +t)  ; r  (  \ -  z( i i  x i i t  I  )X, "

- 6 -

F o r  t € K . ,  
f  

( t ) * 1  a n d  h e n c e ,  b y f u n c t i o n a l  c a l c i . r i u s

J .

u ) l

u
n/

f or 7,1-fi7/2
U L

l t  l , \
X+X

x l I

D . ,  ( o  o \v y  \ L . L l have

( ?  c ) ll vxxll=lluxh (xxx) 
"li$llr.r 

(**t) 
"il*zS

Le t  us  choose  y  and s i r ch  rha r  0 (y (€ ,  2 t r ( l l x i l +  j ) c :e /8 .  l $<*  andu a v i ]

in M ( i l ' )
.  n '

c l o s e  e n o u f l h

t

0bv i  ous. {1
(]

s u c h  t h a t  l l * ' - " i l < t J . i m p l  i e s  t h a t . r r ( x i ) , . . . ; r r ( x i )  s t . i l  I  g e n e r a t e  A  a s  a  t e f  t

i d e a l .  T h e n  ( 2 . 3 ) ,  ( 2 . 4 1  a n d  ( z . S )  s h o w  t t r a t

( * ' x * ' ) ( t ) p \  f o r  t G T .  L e t < p  b "  a  p u r - e  s t a t e ,

c i a t e d  w i t h  g .  t f  
\ r a f  

t h e n  c i r ( x , x x , ) 7 ) . > 0 ,  i f

= f  ( r ( x ' x x ' ) ) > O  s i n c e  x i , . . . , r l  g e n e r a t e  A / t  a s

s t a t e  o n  A /  I  )  .  l , J e  m a y  c o n c l  u c l e  t h e n  t h a t  t h e r e

d k  I  r .  d. . . + > i  x r Z  t r '  a n d  h e r r c e  t f r a t  x l  , . . . , x ' ,  a e n e r a t e . A ' a s  a .  l e f  t  i d e a l ,

T h e  f o l l o w i n q  l e m m a  i s  a n  u r p u b l i s h e d  r e s u l t  o f  G , N a g y

L E I ' 1 i 4 A  3 .  L e t  0 ' * *  l * A - - 4 ,  B *  0  b e  a n  e x a c t  s e q u e n c e  o f  C x - a l c r e -

b r a s ,  s u c h  t h a t  s r ( l ) = s r ( B ) , = t .  T h e n  s r ( R ) = l  i f  a n d  c n l y  i f  t h e  i n d e x  m o r p h i s m

f ,  :  r ,  ( s ) - +  K o  (  t )  i s  z e r o .

P r o o f .  S u p p o s e  f i r s t  t h a t  s r ( A ) = 1 .  C h o o s e  u  a
P - A r

a n d  v c M  i A )  a  l i f t i n q . o f  u .  C h o o s e  w t t i ' t t r ( A )  a n  i n v e r t i b j en ' 1 -

t o  v  such  tha t  T i (w )  rep resen ts  the  same c lass  as  u  does

I  t [n  t , I  l=0. ;-4
{ " J t

t h a t  s r ( n ) = - 1  " a n d  o n l y  i f  s r ( n  &  X ) = t  (  [ U 4 ,

t h e r e  e x i s t s I > 0  s u c h  t h a t

t h e  G N S  r e p r e s e n t a t  i o n  a s s o -

.n

\ E  
( A /  I  t '  t h e n  

?  
( * ' * * ' ) =

a  l e f  t  i d e a l  ( O '  i s  t h e  i n d u c e r
- t

ex is t r  ) ,  
' >0  

.  such  tha t  
{ x ' . , + "  .  .

u n i  t a r v

e I erren t

i n  K ,  ( B )  .

C o n v e r s e l y ,  w e  k n o w



a

. : .
t h e o r e m  3 . 6 ) ' .  

' L e t  
L r e X  6  A ,

i l  - - t  \  i i  -such  tha t [ { r t (u )  - v { l . l e .  5  l nce

w g K  S  A  s u c h  t h a t  r ( w ) = v .

i f  q-wolf  <€ ,  then w.. lwp t +
r  - t-  
I  ! r  l !

t h a t  l l x - w  
' w  

l i < l l w t i  
' ( t - i l r r

, r  o , t  , ,  "  l l  \L '  l l "

.,
" / ^

' f,-t

t >  0 .  
- l ' h e r e  

e x i s t s  a n  i n v e r t i b l e . e l e r n e n t  v e K 6  t i

6 t g " ; ! ) = 0  t h e r e  e x i s t s  a n  i n v e r t i b l e  e l e n t e n t
/-:\.-r'

Le t  w^eKm A  be  such  tha t  n ( l v ^ )=v* ' dw)  and
O . , r f , - - . .  \ 0  :

K A $  l "  C h o o u "  
" n  

i n v e r t i b l e  e l e m i n t  x € l  +  K t 8 ,  I  s t " r c i
4;

*  w  i i )  t h e n  w x  i s  i n v e r t i b l e  a n d

t e c h n i c a i  
. r e s u l t  

d t r e  t o  A " J . . - L . S h e n

I C A  a  c i o s e d  t w o - s i d e d  i d e a l

1[ wx - u 1l ( ilwx-woli +liwo- uliKliw li ft*il 
- I 

e - llto-, rl ) +l[wo- u ti = I

W e  s h a l l  s t u d y  n e x t  t h e  o p p o s i t e  c a s e ,  n a m e l y  f o r  I  a  t w o s i d e d

*
i d e a l  o f  c o n t i n u o u s  t r a c e  s u c h  t h a t  t h e  a s s o c i a t e d  f i e l d  o f  e l e m b n t a r y  C " ' -

a l q e b r a s  J = ( ( l - ) ^ . . , F )  ( f = ' l  -  t h e  s p e c t r u m  o f  l ,  l * = l / K e r  t ) ,  b e  l o c a l l y- ' J - -  
t ' t € l  '  

_ .  
r

t r i v i a l  w i t h  l *  a  f i n i t e  d i m e n s i o n a l  s i m p l e  C * - a l o e b r a .  L e t  T ^ C . T  b e  t h e
t n r '

s e t  o f  t h o s e  t € T  s u c h  t h a t  t a = l , { n ( C ) .  B y  t h e  a s s u m p t i o n  o f  l o c a ' l  l y  t r i v i a l i t y

I  r -
e a c h  T n  i s  o p e n .  S i n c e  t = ( l . T n  T n  i s  a l s o  c l o s e d .  L e t  1 ' n  c o r r e s p o n d  t o  t h e

h -  |

A  l r - l

i d e a l  l C l  T  = l  t h e n  I  i s  t h e  c  - . d i r e c t  s u m  o f  t h e  C * - a l o e b r a s  l - .' n - ' t ' n  ' n ) - " - '  - " -  - o  
. l

\ , / e  n o t i c e  t h a t  f o r  a  s e . p a r a b l e  C * - a l g e b f a  l o f  c o n t i n u o u s  t r a c e
' 

"i.: A
t h e  s p t c t r u m  T - i  ( w i c h  i s  a  l o c a l l y  c o m p a c t  H a u s d o r f f  s p a c e  [ 1 ] )  i s  a  s e p a -'  

-  L J  , .

r a b l e  o  -  c o m p a c t  m e t r i c  s p a c e

l / e  s h a l l  u s e  t h e  f o l l o w i n c t

. r . ' 1( l J 4 l ,  p r o p o s i t i o n  3 .  l 5 )  :

C A/IE A

c l u s i o n )  o f  a  u n i t a l  C x - a l o e b r a ' A  w i t h  J  =  t h e  c l o s u r e  o f  t h e  u n i o n  o f . . ! t ' s .

d  i d e a l s  o f  A  s u c h  t h a t  J . .  .  K . = 0  f o r  a l  I  \ e n  t h e n  s r ( n ) =l f  K .  a r e  c l o s e d  i d e a l s  o f  A  s t -'  .  - l  
, \  A

= * u "  t  s r  ( R / l )  .  s r  ( n / r . )  l \  e * i .
L  A ' .  J

L E M M A  5 .  a )  
' L e t  

A  b e  a  C x - a l q e b r a ,

a b o v e  t h e n

s r ( R ) = m a x l s r d t  ) ,  s t ( n Z r  ) l

b )  l f  I  i s ' s e p a r a b l e ' t h e n

( 5 .  t )



* 0 -

. .  ' :

$ . 2 )  s r ( t ) = s u p t t ( d i m ( T , . , ) - r ) / z n J ' + r !
n7l

.  
(He re {x ! '  deno tes  

" ru .  
t : t eEe i "  n t ,  m?T)  .

f g g l . u )  L e t f i = f u c . f l U  o p e n  a n d  r e l a t i v e l y , c o n p a c t  i n  T ] , J U

. t h e  i d e a l  o f  A  c o r r e s p o n d i n g  t o  U ,  K , ,  t h e  i d e a l  o f  A  c o r r e s r : o n d i n g  t o  A \ J ., U

\ , / e  w a n t  t o  s h o w  t h a t  A / K , ,  i d e n t i f i e s  n a t u r a l y  
" , , i t h  

a  q u o t i e n t
U

D .

o f  l .  T h i s  w i l  I  f o l l o w  i f  w e  s h o w  t h a t  l ( , ,  +  |  =  A  o r  e q u i v a l e n t l y  t h a t
' A - ^ ^ u

A  A , A . - .  A
KU g 1= (4ru) u T=A.

v

,  &  \ J e  h a v e  t o  p r o v e  t h a t  U C T .

l n  t h e  f o l  l o w i n q  e x a c t  s e q u e n c e

0 -F  ( r+Ku) /Kr . - r  A /Kr - -a4 / ( t+Ku) - - '  0

n / k u  n a s  t h e  s p e c t r u m  U  a n d  ( l + K U ) / K u  h a s  t h e  s D e c t r u *  f Q T .  U s i n c  t h e  c o m -

p a c t n e s s  o f  f  n T  a n d  t h e  l o c a l  t r i v i a l i t y . o f  J  w e  o b t a i n  t h a t  ( t + r r ) / K U  h a s

.  - . - -' a  u n i t .  T h i s  s h o w s  t h a t  U n T  i s  c l o s e d  i n  t J  a n d  h e n c e  c l o s e d .  S i n . c e  U c  U n T

. - . : - -
i  t  f o i  l o w s  t h a t  U c . U n  t = U  n  T  a n d  h e n c e  U  c T .  \ { e  o b t a  i n e d  i s o m o r p h i s m s  

'

A / K r g ( r + K , , )  / r < , , ! 1 / t n  K , , .  T h e o r e m  4 . 3  o t  I r r ]  s r " ' o w s  t h a t  s r ( R / K r ) S s r ( t ) .'  
U  U ' -  U  U

1 . / e  s h a l l  u s e  l e m m a  4 :  ' = r Y u r ,  a n d  h e n c e  s r ( R ) = m a x f s r ( R / t ) ,

s r  (n / ru )  |  ue r i ( r ra * l r r  (R /  I  ) ,  s r  ( . r  ) !

.  b )  S u p p o s e  f  i r s t  t h a t  l = l n  a n d  T . n  i s  c o r n p a c " t "  C o v e r  T n  b y  a  ' f  i n i t e

,  - a -  7'  n u m b e r  o f  o p e n  s e t s  V 1 , . . .  , V *  s u c h  t h a l  T t ' t ' f .  i s  t r i v i a l  f o r  a n y  k E ) l  ' .  .  .  ' m ) .

l f  J , ,  i s  t h e  i d e a l  o f  I  c o r r e s p o n d i n g  t o  h V t  t h e  l a s t  s t a t e m e n t  i s  e q u i v a l e n ' t
. K

t o  t h e  f a c t  t h a  t  l / J k = M n ( C ( V O ) ) .  e V  [ B J ,  c o r o l  l a r y  2 , J  \

I

r ,  [ t t l r r r e o r e m  6 . 1  s r : ( t / . t o ) = f  ( a ' m ( v k )  - t )  / 2 n \  + l . ,  B y  t h e  s u m  t , h e o r e m  I S J  o i m ( T ) =

= * " ^ f a ' n ' ( V t ) ) l  r s r . t r ]  a n a  h e n c e  s r (  t  ) = [ ( a i m ( r ) - l )  / 2 n ] ' + 1  .

T h e  q e n e r a l  s t a t e m e n t  c a n  b e  o b t a i n e d  a s  f o l  l o w s :  s r (  l ) = m a x l s t (  f n ) i

r r e r u ! ( [ , ] ,  T h e o i e n r  5 . 2 ) ,  A l l  w e  h a v e  t o  p r o v e  i s  t h a t  s r ( l n ) = [ ( a i * ( T n ) - t ) / z n ]

.  + 1 .  f , / e  s h a l  I  u s e  L e r n m a  4  i n  f h e  f o l l o w i n q  s e t t i n a :  l e t  L  l , L Z , "  
'  , 1 r "  "  b e

s r (  t ) = s r ( l  / J , n . . . n . 1 . . ) =  m a x  5  s r (  t  r  
" l

'  I  r r  .  1 " k '
I  (ktmj



rhe  i dea l  co r respond inq  to  (TnU[s * ) \L *  i n  l n

4r

I n  +  C l )  U - J * = l n  a n d  I n l l n  E  C  h e n c e
m ; l

s'. ( I n)=.,. (tn,=ffiT { sr (inzr<r) J
-  , ( ( l - r : . - l r  \=sup t  t \ o  r  m  \Ln  /  -  l )  t z r$ ' *  11= f  (a  im( r
mzl 

b

.  / ,  \s r n c e  o r m \ r n / = s u p  a i m ( L r )  b y  t h e  s u m  t h e o r * t  I e ] ."  m l l

D E F I N I T I 0 N  6 .  L e t :  A  b :  "  
s e o a r a b i e  C x - a l q e b r a  w i t h  a  c o m p o s i t i o n

s e r i e s  I o { =  l ^ c  l ] c . . . c l n * l = A  s u c h  t l r a t  e a c h  o f  t h e  s u b q u o t i e n t s  l t * t / l t
o

f o r  0 ( k ( n  i . s  o f  c o n t i n u o u s  t r a c e  a n d  i t  s a t i s f  i e s  e i t h e r  :

l o  l .  
* l /  |  

O  
h a s  o n l y  f i n i  t e  d  i m e n s  i o n a l  i  r r e d u c i  b l e  r e p r e s e n t a t i o n s

K + I '  K

a n d  t h e  c o r r e s p o n d i n g  f i e l d  o f  e l e m e n t a r y  C x * a l g e b r a s  i s  l o c a l l y  t r i v i e l ;  o r

'  
Z o  1 , , , , / 1 ,  h a s  o n i y  i n f i n i t e  d i m e n s i o n a l  i r r e d u c i b l e  r e p r e s e n t a t i o n s-  ' k + ] ' ' k  ' - -  - . .  t

a n d  t h e  s p e c t r u m  ( t k n t / t O f  n a s  f  i n i t e  d i m e n s i : ' 1 , J f f f  w e  s a y  t h a t  A : s a t i s f  i e s '

c o n d i t i o n  t 4

compac t  subse ts  o f  Tn  such  tha t

p o n d i n g  t o  L *  i n  I n ,  K *

(T  d *no tes  the  a  I  geb ra

- 9 -

{ ' l * )*r  and .s6=2 else.

A  s a t i s f y  c o n d i t i o n  . / {  '

, o
T n = U ,  L * ,  L * a  L * n i  , A  = N  J *  t h e  i d e a l  c o r r e s -
'  m = l

) - l ) / 2 n t '
n J

- a l  g e b r a  o f  c o n t  i  n u o u s  t r a c e

C x - a l e q e b r a s  i s ' l o c a l l Y  t r i :

k .  T h e n

+ l

.  T H E O R E M  7 .  a )  L e t  I  b e  a  s e p q r a b i e  C x

s u c h  t h a t  t h e  c o r r e s p o n d i n q  f i e l d  o f  e l e m e n t a r y

v i a l .  l = c  - ( { )  l ' ,  w i t h  l ,  h o m o o ' e n e o u s  o f  d e g r e e
K K

k€ N ulo.rl

sr  (  t  )=supfs .o lu l [ (d  im(  I  o)  
-1)  /2k) '+ t  I  te t l  J

t

H e r e  s 6 = l  i f  d i m

. \
h l  l a f
e l

' l f  
, r ( ' t * t / l O ) : l  F o r  0 . ( k $ n  a n d  a t  l e a s t  o n e  o f  t h e  i n d e x  h o m o m o r l - i l t i s m s

r
b ' : K ,  ( l t * t / l o )  - +  K o ( l k )  f o r  l { k ( n  . i s  n o t  z e r o  t h e n  s r ( R )  = 2 , e l s e

s r ( R ) =  T " L  I  r r ( l k * t / l k )  ]0sk (  n '



\ -
P r o o t .  a J  t o t  l o w s

'  I  t t  -

f rom I ernma

3

d e v i c e  a n U  [ t  t l  t h e o r e m  3 " 6 )  .

b )  f o l l o w s  b y  i n d u c t i o n  o n  n

, 
t]r*"'.

q

T I I E 0 R E M  B .  L e t  A  a n d  B  s a t i s f y  c o n d i t i o n ' , l |  t h e n

s r ( A  E l  n ) - < s r ( n )  +  s r ( g )

r c g f . L e t  J O ! =  l o c l l  . . .  I n * ' = A  a n d  0  = J o c J I . . . . .  J , n * l = P  b e
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, .

= s r ( ( r t * r / t o ) g ( l u n  
t / J e )  ) = ? u ?  s r ( K i  6 )  t i ) ' '

= ; : ! ( s r ( r , ) + s r ( L r ) ) = s u a  " i k l ) +  
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