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' STABLE_RANK FOR CERTAIN TYPE | C*-ALGEBRAS

by

Yictor HISTOR

}n E]l} M.A.Riefell introduced the notfon of_topologica] stable
rank of a C*—algebra A as the }east inteaer n such that any n~tuple (x],.
...,xn)EAn can be approximated arbitrarily close by'an n-tuple of elements
of A wich generate A as a left ideal (if no such iAteqef exists we take the
topological stable rank of A to be o). One of the reasons to study the to-
pological stable rank is that it can be used to obtain cancellation theorems
for projective modules as qone in {12 , 14 lé}h As shown in [31 the topolo-
gica\lstable rank and the Baés stable rank coincide for C*-algebrasw We shall
denote their common value for a.C*-élqebfa A by sr(A) (the stable rank of A). -

| It is known [1} that for & separable type | ¢*-algebra A there

exists a composjtion series with continuous trace subquotients. We shall find
the value of the stable rank of A for a separable C*~alqebra with a finite
such compositidn series with locally trivial quotients (theorem 7). This re-
sult generalyses résult§ from [fl, 14} . We also improve a theorem of [lll.
concerning the value of sr(A) in terms of sr(|) and of'sr(A/l) for 1 a cer-
tain continuous trace ideal and show that sr(A & B)g sr(A)+sr(B) for certain
separable g algebras of type I. |

| want to expreés my gratitude to my Edviser, professor Dan

Voiculescu for his constant support.

The following facts can be found in [1]. Let | be a C%~a1qebra.

-
We shall denote-by | the spectrum of | and by m(l) the linear span of the set

A :
_of those xGl+ such that the function W—> tr{x) is continuous on BEaR
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h.5.2).Cne says that | is of continuous trace if m(l) (wich is an ideal)

. . I\ © : . . .
is dense in I(k.5.3). In this case | is separated and | is isomorphic to a
% s . . -

“C"~algebra corresponding to a continuous fleld/\:((lt)té? V) of elementary
C%"a]gebras on |. Moreover a satisfies Fell’s condition (10.5.4, 10.5.7,
105581,

Let M(1) be the algbra of multipliers of | ({“9“;)w L beM(1) then

s Fis
it can be identified with a certain function t—» b(t)eM(l ) on I.

E
Ve recall that for a topological space T the covering dimension,
dim (T) is the least integer n, such that each open cover of T has an open
rafigement such that each point is contained in -at most n+l sets. If no such
integer exists dim(T)=e3, If T is a compact metric,space then all definitions
of dimension are equivalent (see[ﬁ}),
We shall suppose that T, the spectrum of 1, has finite coverina

dimension.

Let t.~sa(t)e(lt)+, t > b(t)%,M(lt)+ be two positive elements of
1 and of M(1), respectively. We shall suppose that b(t) is not of finite
rank for any teT.

We shall denote by %LA the characteristic function of the set A.

LEMMA 1. Under the above hypothesis there exists a function

t-apv(t)&lt‘defined on T, for T compact, wich gives an element of | satis-

fying:

for any: tel.

Proof., The assumptions and lemma 10.7.11 of (lj aive for | and

(i) A finite open cover (T,,...,T ) of T,with Tj closed.
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{(ii) For any JQ%1,...,§5 a continuous field ((&4( ))tcT ;

éf Hilbert.spaces and isomorphisms hj ffd% A/Tj onto ﬂ(ﬂ%) - the
CCR-C*-algebra induced by &, ([i], 10.7.2)
(iii) For any i,j&%!,...,n% an isomorphism clj(t) “H( t)- *lfi(t)
. for TnT “T N 'j wich induces h:]hj from A(E;/Ti}) ontO'A(@ﬁ/Fii),
(iv) For any j&gl,...,nﬁ two numbers O<aj<bj<1/2 such that
(aj,bjkéﬁﬁa(t))=ﬁ on Tj‘
. Denote by cj=(a‘i+bj)/2 and~ by [Dj(t)‘fhj(}‘(,- {a(t))) wich be-
longs to A(ﬁ%) due to (IV).
We shall solve tHé following technical problem:
Eipb em (RL. To construct for any.jgil,...,n} a continuous func-

tion t-» u; (thek (F (')) wich gives a partial isometry in A(?Q) with the

prbprietles:

J J g : :
(b) ui(t)xgii(t)uj(t)%o on Tii for i#]
() () (teslb(t))  on T,

Let us observe that if we can solve problem (P} then we can solve
the corresponding problem withvfbwi replaced in (a)‘by.qj such tha# ,
‘Osqjst, for uj=uJ.qj will satisfy (a), (b), (c) ih'this new form. We.may sup-
pose then that Fj'defgnegva trIQiaJ vecfor bundle of rank rj on;Tj. Then-
problem (P) is equivalent to:

Problem (P1). To construct continuous sectiénsj

%gcf} for jeil;...,n},'i&%l,...,rig such that

@) (E(), 9, ES)-§, 8, " on T
(b*) é{(t)qw(mffiﬁ?), ~ on T,

Ve shall solve now problem (P.).
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Let us suppose that we have defined the sections &, for ke<j and

=y
|

°

25 ' : < k o K 2 :
15i<r, and that we have extended the sectionsa:f:ﬁ.,éaf, k&m, lsigr. frem
i~ i 2

st k
o 7 g R s e S TR el e
To toiall off T, cughothae (& (b3, () )=0" &  for tei. Let p(t) be the
jk j i Rie kmiie ;
. N . W Co |( g
orthogonal projection onto the linear span of the vectors Qi(t) for kam,

1i€r, . Then (1~p(t))b(tﬁﬁi(t) defines a continuous field of Hilbert spaces

on Tj of infinite dimension in each point. The proof of 10.8.7 of i13 shows,

. Sl - » M -m L
using Michael’s theorem fu{, that we can extend &i’---’gr to Ti’ o4 F
ans e m |

m=]j, that we can find sections £l ...,%' with the desired pronerties. Pro-

.‘/'l, ri
blem (P]) is thus solved,

To obtain the function v we shall choose a partition of unity

ST : ' 92 -1 i
(Yj)j=l,n subordinated to the cover (T]{...sTn). Then ¢ hj (uj) are well

defined elements of | and their sum v satisfies our reguirements.

: ) *
Let 0= [ > A~»B -+ be a short exact sequence of C -aloehrds, «:

| as above.

4

To any point teT=| corresponds an ideal gtc;B in the follewina

i

way: the representation t has a unique (up to equivalence) extersion to a-re-.
presentation of A on§{t (the Hilbert space of t). The Kernel of the .induced

map B—AZCEt)KKQTt) will be denoted by 9% (remember that t(1)c H(L) because
any C*-algebra of continuous tracg'is.a CCR—C%~alaebra). See also [103, defi-

mi-Elon. 157,
LEMMA 2. Let | a closed two - sided ideal of A with continuous tra-

4 ; A ; :
ce.' We shall suppose that dim(¥ )= for any teT=l. Then sr(A)$maxfsr(A/i),2

t

Proof. Let us suppose that S:maxgsr(A/l),23<fﬁﬂ

e e

, otherwise the
lemma is obvious. Also we may suppose that A has unit.

Let xl,....,x;zA,‘W'the quotient map A -» A/1,E>0. We may suppose
that, after a small perturbation;TT(x]),...;ﬁ(xs) generate A/l as a left ideal

We want to show that there exist x’,..t,x; wich-aenerate A as a left ideal

and such that ”xj“xiﬁ<li. for any je §1,...,s%. This will show that sr{A)Xs.
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By the assumotion there exfsté’%?O such that m(y)izy. Let
~ = 5 ) " . .. (E"‘ =1 FmEL
f:LO;ﬁQuq=i0,I§ be a continuous function £{t)=1 for t@@,‘%/?i; supn ftip,qwiy
z=f(y)el. The set of points tel on-wich%%z(t)ﬂ41%/M has a compact complement
Kl in T. Let K be a compact neiahborhood of %], T a continuous function with
alues in O 1} W=l on K],P€ =0 off K.
et u,}‘/O to be specified later and let g: {0 ) - ’LO \ilbe a

continuous function vanishing off [0,c].such that a(0)=1. We want to apply

lemma <1 for M (l)t : a=z{ 2 b=d(xxx)§f to obtain a v such that
st et e

@1 U/Z ‘j (2 (£))e¥™ (1) v(t) _

and if h is a continuous function on (Oﬁv) with values in [0,1} such that

,8en™ (1), [28ech “1(50%) then
(2.2)  h(xd) (Bv(D=v(D)

(we have denoted by z(t) (h(xx®) (t)) the Jméoe of z(h{xx™)) in lt(M(lt))).

All we have to check is that b(t) is nowhere of finite rank. lLet us SUPNOSE

that b(t) is of fiinite rank for some tEK. Let B denote A/l T the -operatnr X (t)

. mui{jﬁl thg orthqgonal pro‘ection onto the closure of the space K . I b(tf
is of finite rank then b(t)}l—LRan f} and ker T is Fln:te dimensional froh
“the assumption that7T(y)2ﬂi>O. This means that f i invertible in the Calkin
alqebra. Since we have an injection B/J{@;{(ﬁl)ﬁﬁ(EQ) Ey the very definition

of Jtywe obtain that th¢ image of X(t) in Ms,i(B/th is invertible

‘Since sz2 this means that MS(B/Jt) contain two isometries with orthoconal ran-

19 . . . . . . . . . 5 L
geé.J(t_ls infinite dimensional and B has unit, hence Jt#B. Proposition 6.5

H

of Lll} shows that sr(MS(B/Jt))=CO and -hence ({ﬂl]:theorems'é.l‘and L,3)
sr(B)=Co, contradicting our a%sumvtion
. oA
29
Denote by u=pvel, x’=xtpu=|.
eippiski sl o) -
% -

S

4



= G-

* .‘ it e RN e Kl e
) (e)=(x"x) (t)~%~‘;s*~(uxx-%»x%&u-%;fnf\u) 5
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(/2=2(t)) =2 xii+1 );'?’?(,r"4~"z (i 1y.
u

i
For -";£§§'.1 \{J(t):ﬂ} and hence, by functional calculus

9 g

(2:4) (O %) (1) = (%) (t)+ 'ng‘i"|f(u+g<.(u>§&x+x%u) 2

: P ST ol R e ke
? (X X) (t)"}it }:‘O,’;‘"’/Zl (/\ X) 2,{\};!{‘\/ Xu o
>

v
/"Zﬂ »Q.Bm’v*x{[ % : for Z{\z«gﬂ.z/z

(2.5) " [ Pxl=Iv4n o) x| Shh Gt ol 28

Let us choose'}\ and & such that O*fza(E‘, 233(i§x\l+l)<"~l/8, l;g(‘;;‘z and
]’),.-,;T((x;) still generate A as a left
ideal; Then(2.3). (2.4) and (2.5) show that there exists Y >0 such that

such that Hx’-x{f{j‘:}qimplies that a(x

X

TR )s x for tel, Lot P be a pure state, TTCP the GNS representation asso-

A A " ; >
ciated with (f i WFGI then %ﬁ(x’*x’)?z\>0, if,‘?ﬁ.fe(/\/!)‘ thrm ¢ (0% %)=

,Y "))>0 since x],.‘.,x; generate A/l as a left ideal ((P’ is the inducec

state on A/1). We may conclude then that there exists }’>0 such that ><‘1><‘1+-.,

..+xfx's'/>. A’ and hence that x‘],..,.,x’S generate.Aas a left ideal,’

~ The following lemma is an umpublished result of . Naay.
LEMMA 3. Let D> | =A< B—s 0 ‘be an exact sequence of C*-alae-
bras, such that sr(l)=sr(B)=1. Then sr(A)=1 if and only if the index morphism:

S:K](B)»r» K (1) is zero.

Proof Suppose first that sr(A)=1. Choose u a unitary in Mn(.B)-

i s s
AL

and veMn (/3{) a lifting of 4. Choose W(-‘_M'.“(.l) an invertible element close enouah
to v such that 7(w) represents the same class as u does in K, (B). Obviousty

. ’
S(frw]=0. } el |

a

Conversely, we know that sr(A)=1 and only if sr(A & X)=1 ( [HJ»,
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i . : » ., % - s ° . L3 R 3 : h"~““"’
theorem 3.6). Let ueX-@ A, €>0. There exists an invertible element vl & B

Phe s S s el o e g

such thatf{m(u)~v{j<&. Since o([v])=0 there exidts an invertible element

i A

wek @ A such that Wiw)=v. Let we ® A be such that 7r(

P e
w_)=v=Tr{w) and
O “J“’_’;‘. O : .)

I £ ' "] 5 e : : g v a o
ﬁu"woy{&,, then w waﬁl + K& |. Choose an invertible element x&l + K¢ | suct

=

¢

1 {
i

S
that |[x-w ‘w {l<iiw

\

. (ﬂ«“u = woﬁ) then wx is invertible and

»

: 11 48

U wx-uf] §fwx-w i{—’r-‘*iw ~uficiwl]
14 Oi‘ o) LR R 1 il

i

~ i i

e ol =gth) &1 Bt e
G L uil) LWO ufi= ¢

We shall study next the opposite case, namely for | a twosided
. . : Q ; : X
ideal of continuous trace such that the associated field of elementary C -

trivial with It a finite dimensional simple *-alcebra. Let TnC,T be the.

algebras J=({(I

A .
’ M (T=! - the spectrum of I, | =I/Ker t), be locally

tel’
set of those t€T such that ’f:Mn(C)‘ By the assumption of locally triviality
each Tn is open. Since T=(d7Tn Tn is also closed. Let Tn correspond to the
e S ; n:.:] 1 o o
ideal | ¢1.T =1 _then | is the ¢ -direct sum of the ¢*-aloebras |
gl A o n
We notice that for a separable Ck—algebfa I.of continuous trace
i : : : .
the speéctrum T=| (wich is a locally compact Hausdorff. space (11) is a sepa-
rable ¢ - compact metric space, '

We shall use the following technical result due to A.J,“L.Shen

(Dlﬂ, proposition 3.15):

“LEMMA L. Let SJl be a net of closed ideal.(ordered by in-

, Mren _ T
clusion) of a unital C*—aloebra'A with J = the closure of the union of J{s.
IF>K$ are closed ideals of A such that J).K%=O for all NeA then sr{A)=.

N

:maX§_sr(A/J), sr(A/K Zkiiﬁgn

LEMMA 5. a) Let A be a C'~algebra, I1CGA a closed two-sided ideal
as above then

() ér(A)=max%srLl); sr(A/I)g

3 T is‘separable then



(5.2) srt)= :UD Zﬂdtm(ln)~1)/2n§’+lg
- nz

9

(Hcrchg denotes the least integer'm, mzx).

U :

‘.the ideal of A corresponding to U, KU the ideal of A corresponding to A'ﬂ.

We want to show that /\./KU identifies naturaly with a guotient

chgi. a) Leth:%UQZTEU open and relatively,compact in Ti J

. :
of I. This will follow if we show that KU + | = A or equivalently -that
A e

3 A
K kfl”(A\U)L)T=A.
We have to prove that UCT.

In the following exact sequence

VO~W(I+K)/K - A/K > A (1+K

ey U U)

-.@O

A/kU has the spectrum U and (I+K )/K has the spectrum UNT. Usina the com-

pactness of UNT and the local triviality of J wé‘obtain that (I+KU)/KU has

"a unit. This shows that UNT is closed in U and hence closed. Since UCUNT
it follows that UcUNT=UNT and hence UcT. We obtained isomorphisms
A/K (14K /K11 K. Theorem 4.3 of [11] shows that sr(a/k )ssr(1).

and hence 5r(A)=max§sr(A/l),

U
We shall use lemma b: 1="JJ #

: ACA
sr(A/KU)\UéA%smaxgsr(A/l), erU}_

b) Suppose first that I=ln and Tn is compact. Cover Tn by a finite
'number of open sets V],...,V& such that I(vk is trivial for any kﬁgly.},mﬁ.

B Jk is the ideal of | corresponding to T\Vk'the last statement is equivalent

" to the Fagt'that I/Jk=Mn(C(Vk)). By L8}, corollary 2.7

m

sr(l):sr(l/Jlﬁ...nJ )="max %sr(l/Jk)IlﬁkémB

)

& 3 5 , <5 o
By Y Theorem 6. e lAd ) (dlﬂ(V = )/2n1 +1.. By th§ sum theorem 161 dim(T;f

k) ;
—maxQdim( k)}ilﬁkimﬁjand hence sr(l):% dim(T) /2ng’+].
The general statement can be obtained as follows: sr(1)=max§sr(l )|

n@N%((}i}, Theorem 5.2), All we have to prove is that sr(Ln)=2(dim(Tn)"1)f2ﬂ3

* +]. We shall use Lemma 4 in the following settinag:: let Li’LZ""’Lm"" be



R S ;
compact subsets of T suchthat T =UJL , L el . ,A=NJ the ideal corres-
! n n Ga miom m+1? m
‘] jrnd

di tc i K~ the ideal. corres in " YSed)NL
ponding to Lm in In’ km the ideal corresponding to (Tnb¢*3>\tm ine]

n
NG ' e cansret Pavd
& y ae b : S o 1
(iﬁ denotes the algobfa e el Jm in aﬁd ln/|n C hence
my | ‘
,.(l.\__,_(T S e (T e 1]
sril)=sril )=max 3 s in/hU 5
_ mz
nsupg%(dim(Lm)“])/2n§’+1%:g(dim(Tn)"¥)/2n2’ +1
miz ) : ' SR :

b

since dim(Tn):i:? dim(Lm) by the sum theorem {6}.
> 5

DEFINITION 6. Let:A be a separabie C*—algebra with a composition

]xA such that each of the subquotients I, /!

series }of= lo(;llc'f'Cl Rl

n+
for 0¢k&n is of continuous trace and it satisfies either:

o Ik+l/]k has only finite dimensional irreducible representations

and the corresponding field of elementary Ck~algebras is locally: trivialy or

2 Ik*]/‘k has only infinite dimensional irreducible representations

A : IR i = 3 : s 3
and the spectrum (lk+]/lk) has finite dimension./Then we say that A satisfies

condition ¢t .

THEOREM 7. a) Let | be a separable Canlgebra'Of continuous trace
such that the corresponding field of elementary c*-aleaebras is“locally tris

vial, lﬁcdfﬂ Vk with !k homoaeneous of dearee k, Then
keNu§es :
Sr(')=59p55163v§%dim(1k)—l)/2k3’+x]keu}

’

A
Here s,=1"if dim (I)&1 and 5,52 else.
b) Let A satisfy condition J%.

If sr( /1 )=1 for . 0¢k$n and at least one of the index homomor pph i sms

Mt

ok /lk)»a Ko(lk) for 1&k¢n is not zero then sr(A)=2, else

](lk+\

sE(A) = max: g sr(lk+]/!k) 3
O<ksn ‘ :



sEpied

s

Proof. a) follows from lemma 5 b) (for I, we use an identical

device and | 11| theorem 3.6).

(= 5

b) follows by induction on n using lemma 2, lemma 3 and iemma 5.

gt
....1&:"

Bl B e and B satisfy condition <& then

sr(A & B)S;sr(A) + 57 (B)

Proof et J0b= I ek, woaif o=hiand 0isdlieds ed. o =B be

1 n+1 : Ol m+ 1
composition series as in definition 4 then A @ B has a composition
: . T e ke 2 \
series with quotients isomorphic to (l[<+‘x/lk} ® <J'e+3/‘je)'

If sr(A@ B)€F1,2% then (5.2) is obvious. Let sr(A @ B)»3 then

rlA @ Bl=sr (i

k+l/| )(J -1’/Je)) for some k and e. It is obvious that

> o0 o O .. T S L e ) :

lkﬂ/'k and' Je+1/fle Satufg, 17 of definition 4. Let k )/ Ik ¢ ~direct sum

of the ideals L., jeN, J_  ,/J_=c ~diracr sumiof the idealis K, HENwl thi L. S
] e+l’“e "o . | J

and Kj homogeneous of dearee j. Since o

r(L. ® K, )=§(d|m(t X K.) 1)/2i;§f+1 g
A
< (ﬂd”n( -1)/25% + D)+ (§(din(R)-1) 721§ 2+1) =
e )+sr(K ) /we obtaln sr(A @ B)=
:sr((”\r ]/Ik)®(Je-i-]/'Je)) ?uz) sr(K, @ Li)f:
:::sup(sr'(Ki)Jrsr(Lj)):sUp sr(Kl)+ sup sr(Li) <
15500 i i J
& srl l\+1 )+sr( eH/Je)gsr.(A'Hsr(B).
Sg@mewxol Dt
REMARK. ’_M answers question / 3 ofl Hl in a particular case.
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