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THE LINK OF THE SUM OF TWO HCLOMORPHIC FUNCTIONS
. 3 ' ‘/ \\.n\\ .
by Andrds NEMETHI .
Let. g(x) and h(y) be holqmdﬁpﬁic functions defined
on —neighbourheods of the origins of s énd. £n with g(o);

>

=h(0)=0 and with isolated singularities at the origins.. We

‘define the holomorphic function f on a neighbourhood of the

origin of metn by f(x,y):g(x)+h(y) . It is immediate , that
f _has isélafed singularity af the origin with Milnor number
petfde ela ) (b

Denote by F(g) ,VF(h) and« F(f) the cerresponding
Milnpr fibers: mq » My and m e the chéractgristic maps of

the Milnor fiberings ; ["(g) » ["(h) and ['(f) the Seifert

matrices of Milnor fiberings ; K(g) , K(h) and K(f) the links-

 definéd.by g s hoand £ By 5] and [6] there is a homotopy

_equivalence a : F(g)% F(h)—> F(f) such that the two maps

ao(mg*mh) and meoa are hométopicito each o?heT .oand

(i(f)z(-l)mnfﬂ(g)@>r(ﬁ) o For other proprieties of'fhe fiber

Bl f ) and characteristic map  mg see [#] . (5] : [6] # {?}A..‘
: .The: purpese of this paper is the éfﬁdy-pfAfhe link

KR . Our cesult is the following

1. The subspace \k(g,h)={(xﬂy)e K{Ft) -3 g(x):h(y):o}

is ~homeomorphic to the join K(g)x» K(h) .' ; |

-~

2. The space K(f)-K(g,h) is a smooth fiber bundle over

1)

51 , with brojectiom mapping Q(X;y)=g(x)//{g(x)} o ihe Fiber

is diffeomorrhic to F(g)xE{(h) -ancd.the characteristic map

~

(via this ciffeomorphism) is m XMy
g

i



Remarks

1) .The-closureof each fiber B (elie_sl) is the union

F& W-K{g.h) . This space is:pot.g hanifold with boundary , hence
ouf theoren does-not.determine a spinnable sfrﬁcture (open book
decompoéition) on K{f) .. (Forithe definition and some propriéties
of the spinnable structures see [2] , [8] 5.7 .
_  ? ii) In particular ; when f(x,y):g('x)+yk , we obtaiﬁ

: .thé_special dase studied by A,Curfee and L.Kauffman [l] and

3. Stevens {8] .

Cbrollarx:

K(g+yk)—K(g) is a smooth fiber bundle over Sl with
fiber diffeomorphic to F(g) "and characteristic map mg )
‘me1

other words : K(g+yk) is the k-fold'cyclic cover of S°
branched over K(g).

Proof of Theorem

By [5 ! § 3] there is a homeomorphismbqf from

. 2m—i

: Shi ) D dn=l Ry e s
S¢ xS onto 528 with (r-f)o*)~g*h_. where r -is
: 3T L e2m+2n-
a positive real-valued continuous function on 82;+ & l..

We recall the construction of the map i

——e S oaad B e ' Lo il ; 2m '
: Thgre ex;stb a continuous map [O,i]x(Dzéj{p}}e—f>-Da£ )

(r,x)—=> rex such that
i) le X=X 5 Oox=0 : (r.s)ox:rc,(sox) ;
id) g(rax_)nreg(x)

iid) lrox] is a strictly increasing function of r
iv) 1 2] ; A -
O,l] X5 : PR :
L2m=1 D AR RS e
is homeomorphism (0 < £ L 2£7)

S s 2 &n e o
Similar , we consider a continuous map [O,i}x([b&—ip})fﬁ>D2€

. {r,y)—> rey with similar proprieties , in particular h{(rs=y)=

=r-h(y).
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Then' kf (O i}xS S En ~‘>D§§f2n—{§} deflneﬁ by (?(r x,y)n

sifrexi,ray) 18, homeomorphism
Let (02" {0}) % (DE"-{0}) ?‘“*?”—{0% defined

by o ([x.s,y])=(sex,(1l-s)ey). Then by Heflnltlon S

%j=p26k?“£{r \ ng—l*82n°l >, where Po is the secdnd.prcjection.' it

By an attentive analysis of the Sakamoto's proof!we'
obtain that the map Wl is a ﬁlffeomorphlsm from

S= {ﬁx,s,y] s SFQ |, s#l} onto \Y(S) , where. S 1is considered
with its natural differentiable structure.

Let K=(gxh)~ (O)« {Lx s,y] € 82m 1y 86 2y seg(x)+

+(l S )e g(h) O} It is easy to prove thdt
{[x.5.¥] @ s-9(x)=(1-8)-h(y)= o} =K(g)xK(h) and K-K(g)®K(h)<S.
Then */ induces a homeomorphlsmvfrom K onto K(f) i e
Homeomdrnhism from K(g)¥K(h) onto K(g,h) and a diffeomorphiém
from K-K(gK(h) onto K(f)-K(g.,h) . A '
\ Ve define the smooth maps 46G K-K(g')%_K(h)-—-——}S1 A

B (Do v1)=0(x) /9] . B, 188" Lek(g) —>st by

by

Gg‘(x)=9(x)/lg(><)\ and eh‘séz,n‘-l"((h)'—”)slv b
04(y)=-h(y)/ In(v)] - |

Then the map u s @él(eidjx @;‘l(eid‘)_.__;} (@',)'l(ei&) defired

by uy(x,y)= [x,h(y)/( h(y)-g(x) ) .y 1is a ciffeomorphism
:~(for all d\éEO,ZJI] }.. Therefore ® is a smooth fiber buncle
- over. Sl isomorphic to the smooth fiber bundle i

( egx@_h)'li(A) s AN -1 , where A is the diagonal of

slys! . The verification of the rei_lst’ion o oy = &

fimishes the'proof,
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