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THE TOPOLOGY OF SOME AFFINI HYPERSURFACES

by

Andrds ruff'lffHt and Alexandru ZAHARIA

" t
91. Introduct ion.  Statement of  resul ts.

Let f : Cn-:+ C be a polynomial map. Let us define the bifurcation

points Bt of f as those points of c around which f is not a c@ locally

tr iv ia l  f ibrat ion.  I t  is  wel l  known that the set of  b i furcat ion points of

f  i s  a  f i n i t e  s u b s e t  o f  C  (  t  j . l , L  3  l , L B  J , [ , 1 3  ] )  , o n . i s t i n g  o f  t h e  s e t

of  a l l  cr i t ical  values of  f (denoted by L i  and perhaps some other points.
t

A f iber  f - ' ( c )  i s  gener ic  i f  c  $  B ,  ano spec ia l  i f  c  eBr .  Le t
i  -  - i . .  1  , .  + ( z \ ,

p:  sR -  f -" ' (0)  - - )  s ' ,$e) = rr . ) \ t { r ) l  
bu the Mi lnor map at  inf i t i ty ,

where Sn, ={r : l lz l l  = R} wi th R suff ic ient ly large.

We consider the following questions:

(Al)  f lorr l  can be determined a.)  tne bi furcat ion set B, ?
.L

b.)  the topology of  the gener ic f iber?

c.)  tne topology of  the special  f ibers?

(Q2) when is the Milnor map at infinity the projection map of a smooth fiber

bundle? ( in analogy to the local  Mi lnor f ibrat ion !T I  )

(Qf) vnat is the relation between

a.)  tne gener ic f iber of  f  and the f iber of  th is f iber bundle.

b.)  the monodromy of  f  around the bi furcat ion points and the

monodromy of this fiber bundle

The purpose of this paper is to answer these questions in the case of

some special  c lasses of  polynomials.

tVe recal l  some def in i t ions and notat ions:

r ,  l : t  
t :6 , "ou /  be  a  po lvnomia l  (where  v , -=  ( !1 , . . . ,  Jn)  and

- Y  -  - l t  - ] h  ^ ^  . . ^ . . ^ ' r \  - - r . . -  r - r .  .  I  I  l -  rL -  . I . . . . ^  . rs  usua l )  and we take  the  po lyheJron l - f t>  = l tne  convex  c losure
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U suppf  I  c  R" .  where  suppf  =  {  V€ N" :a - ,  I  0 } .-  - - r r -  

J  
. .  

+

)  of  the polynomial  f  at  inf in i ty is by def in i t ion

The -NgU!on__Qo unde_ty

the union of the

equations 
^J:[g 

_
?z t

t
a r ,  z ) .  The polynomial

?_g
2 r n

f

axe

= A

Z
v€a

of suppf with each coordinate

c lasses of  po lynomia ls :

at  in f in i t y ,

r f  (r)1.

closed faces of the polyheJncn Il <t> which do not contain the origin. We say

that f is nondegenerate on the face A if the

have no solut ion in (C*)n (where f  o (z)

is called convenient if the intersection

is non-empty. We consider the following

,Ntlt=lt a Cfrl I f(D) = 0 and f has a nondegenerate Newton principal

part

A o

that is to say f is nondegenerate on every face

((6=5rteclzl  
I  tu$f iAf and f  convenient] .

These classds of polynomials were introduced by A. G. Kouchnirenko in

t4 ]  and he also answer to (Q. i .b)  in the case ot  ct l t  [4 ,  in;oreme v]  "

0h the other hand, 5.  A.  Broughton in [L l  nas answered to (Q.-1.)  in

the case of  tame polynomials:

I= { t  ICPJ I  tn"tr  exist  no sequence {zn} € Cn with } iml lzol l  = oo

."0 
ti l?tc'nl 

= 0 ] (where ?r =( F, ,. l ,-Hr] ) I 
k+c

In [8]  A.  Nemethi  has extended the c]-ass of  tame polynomials to the

class of  quasi- tame polynomials and answer to (Ql) :

qI= tt €cL4 | tn"r" exist no (f ,Cn)- sequence ]
where for any subset A of Cn and f € C[rl an (frA) - sequence is a sequence

1r,)  C, A such that } imttz, , l l  = oo ,  l im ?f  (2, , )  = 0 and
" t"J 

k k+oo r\ Krp ^

( a l  ( ^ ,  r  1  T - .  . f l

t1l* = 
f f 

(zn) - Gx, ) f (zo) 
2Jx ir conversent ,

Therefore, there are two possible approaches in the study of polynomial

maps: the first is to use the Newton boundary, the second to consider beha-

viour of  ?f(z)  at  inf in i ty.  In th is paper we uni fy these two approaches

and we extend the results about the local Milnor fibration of hypersurface
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s ingular i t ies.

We introduce the following notations and classes of polynomials.

Let f€C[zl  and denote uyf f i  the convex closure of  suppf.  A face

of suppf is called bad if there exists a hyperplane H with equation

.1r l * . . . * rn*n  =  0  (x l  r . . . , xn  a re  the  coord{na tes  tn  * l )  w i th :

a.)  there exist  i  and j  such that at(O and ar)  0

b . ) H f l s u p p f = A

c.) the affine subvariety of dimension = dimA spaned by A contains

A

the or ig in.

,Afil{ = ttu ct'l I r e Jf ,ff ,
cn - t-l(o) and ffi

,/%f ={r e c [zl I tnurc exist

f T ={te c[zl I ."tn]n 
t= '

lig"n 
= o J

Here M(f ) = 
fze Cn I tnere exist \e C

If f € f(f (respectively f egT )

f has only isolated singularit ies on

without bad faces 3

no ( f ,M(f))  -  sequence $

(f ,M(f))  -  sequence, then

such tha t  ? f (z )  =  X .7 ]

we say that f is M - tame,

(semi- tame).

In trying to

may be helpful to

Inclusicsls:

keep track of the different classes of polynomials it

Iook at the following diagram of

,/f4 c. f c qf cl47
n

TTA r r N ' G

\/VJV
(the proof of the non-obvious ones will be given in the sequel)

Qv the f-ollowing examples we prove that these classes are distinct ( ys*iLt4
exc.e pl*,q - QTc- /4f ).'  txamples

1 . ) I f  f  = x y  * * 2 y 2 * x 2 , t h e n f  
" , l f i l , b u t f  4 f f

and f 4u(4
2.)  I f  f  =  xy,  then t€ f  ,  f  €r /W(,  but  f  isn ' t  convenient .

n
n
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G * yzf* y2, then f ef , f is convenient, but f +r/(rrf .

*2y * xy2 * *5yi * *ly5 th"n f €Gp- but f {f

of a bouquet of 
f

i s  suf f ic ient ly  large,  then the Mi lnor  map

map of a smooth f iber bundle.

5. )  l t  f  =  xy  +xy4,  then f  e 'J (A / 'o (hence te fT  )  nu t  f  + f f (T
We prove the following theorems:

Theorem 1.

(M) if t e. /%T , then

a. )  B ,  =  f t  =  I r r
( s a y  a t  t h e  p o i n t u  r i j  f o r  j  =  l , . . . , k i )  f o r  a l l  

" i € Z  t .
b.)  For any ci  e L,  there exists a c losed disc D".  centered at  c,

and a deformat ion retract  r  .  t - l (Dc. )  - -+ t - l (cr) .  In addi t ion there exist ,

c l o s e d b a l l s B . . s u c h t h a t  f : t - l C i ^ l - U g  o olJ  - - -  -  ' - c i ' ,  
Y  

" t :  -  0 " ,  i s  a  c  t r i v ia l

f ib ra t ion  and f  :  { r -1 {0" .  - t " ,J ) ,  f - l {D"  - [ " ,1  )n  U B* )  -+D^ - {c , }  i s' i  ! r. 
"i 

( r.r 
,t 

tJ. -ci L-it

a C* Iocal ly t r iv ia l  f ibrat ion of  pairs of  spaces. f i *  f ibers in the bal ls

are exact ly the local  Mi lnor f ibers of  the isolated singular. i t ies

"-"":l;'i;: ,.:::: i::: l:i: #;i'n.*.,.'u *uo"
spheres  o f  d imens ion  (n -1) .  The spec ia l  (s ingu la r )  f iber  t - l {c r )  (c ,  e  Z l

has the homotopy type of a bouquet of 
f Tf^(zrr) spheres of dimension
l j l r J

(n-f). The number fL can be calculated by

P = Z f tQ,,)  = dim^ cLl/ ,^ ' - \
|  , ,T I  

' -rJ ' ,  vf" 'c 
/  ( l  tQ))

(S ) .  I f  f  e f3 -  ,  t hen

a . )  B ,  c  Z ,  U  t o ]
b. )  I f  c  €8 ,  - [o ] ,  tnen f - l (c )  has  on ly  i so ta ted  s ingu la r i t ies

.  wi th propr iet ies as in (M.b).

Theorem 2.

( s ) .  r t  t  e t f  ,  a n d  R

inf in i ty /  is  tne project ionat
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(M). If f c ( 'LT 
, then in addition r^le have the following results g

a: )  SO has a natural  spinnable structure (open book decomposi t ion).

In part icular the c losure of  each f iber +-tc l )  in s* is a smooth(zn-?.)dimen-

sional  manifotd wi th boundary wi th inter ior  Q-tro )  and boundary
1

K = f - ' ( o ) n s ^ .
. K

b.)  The space K is (n-3)-connected

) Each fiber has the homotopy

type of a bouquet of F spheres, where E = Ougree of.the mapping
t l

z r--,{ ?I(t) r-z t-t5iG)ff rrom So to the unit sphere of Cn.

Theorem J.

(M) If t €{V/,7 and R is suf f ic ient ly large, then

a-) Tne generic f iber t- ](c) is di f feomorphic with the f iber f t<g>
of the f iber bundte. In part icutar 

f  
= 
F 

.

b . )  The  f i be r  bund les  t ' :  sR  -  f -1 (0 )+  s l  and  f  :  i - l r s l l - * r l
. l r r
(S l1  =1" .  c  

I  t c l  =  t )  )  w i th  r  su f f i c ien t ly  la rge  are  equ iva len t  bund les  .
(s) .  Let  f  €f f  and D be a disc .un*"0 at  0 e c.  Then for R

suff ic ient ly large gt  Sn -  t - l (n)  - -> 51 i ,  a f iberbundle equivalent

with the f iber bundte f  :  r - lcs|> -- i  t l  (wi th r  suf f ic ient ly large).

In  par t i cu fa r  f - '<O)  -  t - l (n )  i s  O i t feomorph ic  w i th  the  gener ic  f iber  f -1 ( " ) .

Remark.

rn general  the gener ic f iber is not di f feomorphic wi th f l<o I  in

the case of  the semi- tame polynomials.  For example,  i f  we take f  = *2y *  * ,

then f € f t- , a, =t01, the generi-c fiber is diffeomorphic with # and
' - ! ^  

J i f f e n m n n n h i n  r . r i  ^ ?:  P( e )  is  d i f feomorphic wi th C - l two pointul .

What can lnle say about the general case or about the polynomials with

nondegenerate Newton principal part at infinity? The answer to our questions

is  fa r  f rom be ing  s imp le ,  bu t  we can answer  par t ia l l y  to  (Q. l .a ) .

Let s, = 
Ir e c | ffrere exist a sequencu Lr.1k6 M(f) such that

t l1ef(zn) 
= 0 ."o tol i  (f(zn) - (.n, Artrnl) ) = 

" 1
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Thegl:em 4. Let f e C fzl Then Bf t Sf

Remark.
-  r o - ' lIn  Lb J  rs  proved that  Brc 'A,  where Af  = l t  €  C \  there ex is t

a  sequenc"  1 r , .1  €  Cn  such  tha t  l im l f (2 , , )  =  0  and  l im( f ( zn ) - ( 'U ,5T{ 'n ) ) l=c i
u  u u Y u v r ' " "  t - k l k  

-  
k o *  

K

It is clear that S, t At

f = * 5 t 2 * * 5 y 3 * * r r y 3 r z

I f f e v n i , n n , t h e n

Let B = 
ltn* 

set of

the set:

\= { toc 'o l  I
I t  is  c lear that

Theorem 5.

and in general Srl  n f .
F

* X, than * to,l# , ht -

S, can be sPecified in the

bad f ace's ot uup-pt ] 
. If

I f  we take

s . .
I

fo l lowing waY:

Aa B, then we def ine

Bt .  Z, u loluU_ Zo

An important tool in the lroofs is the curve select-ion Lemma :

L e t  f l , . . . , f k ,  g 1 , . . . : 9 1 ,  h l , " ' , h p  e  R F r , " ' , * n ]  b e  p o l y n o m i a l

maps wi th  rea l  coef f  ic ients .  Let  U=L e Rn:  f  r (x)=0,  i  =  1 '  " ,k land

V = tx  €Rn :S1(x ) )0  r  i =1 , . .  ,+  Suppose  tha t  the re  ex i s t s  a  sequence

{ " , , }  c  UnV such  tha t , l im \ l xn l l  =oo  and  t * *g  n : (Q  =0  ( j=1 ' " "P ) '
U  K ) k  k + *

Then there exists a real  anatyt ic cutve p:(0,  e )  - - - - )  U n V with

l im l lp ( t ) l l  =oo and t im h , , (R( t ) )  =0  ( i=1 ,  " ' ,p )  and o f  the  fo rm
t i o " ' -  "  t + o  J

p(t)  = at{  *  . r f*o +.  .  .  (d-4 '  o)  .

proof.  We consider Rn in natural  way in the project ive

and we use the Lemma 1.1 of t77 in an affine neighbourhood

lation point x of the sequence IxXIO

Lemma r. Let f  €yf (respectively f  eJ4f or f  € C[zl)  and

we take  c€  C  - t0 ]  ( respec t i ve l y  ceC. .  o r  ceC -  S r ) .Then  fo r  a  sma l l

_ 1

closed disc D. the set f - ' (0")  n M(f)  is  bounded'

^ -flspace r  n ,

of an accumu-

7 i s

. l l  o  f o r  a l l  i  =

t  c 7  ^  .  h e n c e-a  -Ta

Suppose that f €JVilf

1 , . . . , f l  a n d  ) t o ( z o )  =  o  ]

a  f in i te  se t .

Then
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pro.o j .Let  f  e fT ,  c  €C - tOl  and we choose D,  such that  Drnfo]=g.

We assume that the assertion is not true. By Curve Selection Lemma we
- t  ,  1

f i n d  ? ( t ) €  f - r ( D c )  n M ( f )  s u c h  t h a t  f ( p ( t ) )  =  b  +  b r t ' + . . .  w i t h  b  I  0 .

The contradicti-on is obtained exactly as in proof of Lemma2, the case p= 0.

I f  ter/ tT or f  € C[zl we act simi]ar lv.

?roof of Theorem 4.

Let c f tr: We take a small closed disc D" centered at c and R suf-

f ic ient ly i . r#tf ,r t  Dc n Sf = 0, f-1{c')  meets transversal ly SO for al l
_1

c ' € ,  D "  a n d  f - r ( D c )  n  M ( f ) n  t r : l t z t ) z R } =  0 .  B y  L e m m a  I  t h e  v e c t o n z

and ?tQ) are C -  l inear ly independent vectors for  a l l  z a f - I (Dc) n f  z: t lz i tZRl

therefore there exists a smooth vector f ie ld vr .such that (uf , t )  -  0

anO (vr,)T(.))  = l .  This vector f ie ld can be extended by Ehresmann's Fib-

ration fneorem [Zl on a smooth vector f ie]d v on f-f{D") such that

(ur 5-tCt l )  = I  for  a l r  lz :  \ \z\1< n] .  t t  w is a vector f ie ld on 0",  then

iQ)  =  w( f (z ) ) .v (z )  i s  tansent  to  Sur*  i f  {211 )  R and f f i ; tQ)  =  w( f (z ) ) .

The integral curves of the vector f ietd i *.y be used to construct a

tr iv ia l izat ion of  f  over D".

Proof of  Theorem 1.

(M.a) and (S.a) is an immediate consequence of  Theorem4.

The proof of  (M.b,c)  and (S.b) is based on Lemma I  and is almost s imi-

lar  wi t l r  the proofs of  [ t l  " .  L5,  f  
t ]  The di f ference consist  in the

construction of the vector f ield in a neighbourhood of the infinity
here

(anFfre use Lemma 1).

Let f  e{q"T ,  
" i  

€ Zr.  h l"  take suff ic ient ly smal l  c}osed bal ls

B* centered at  , i j r^  smal l  d isc 0".  centered at  c,  and suff ic ient ly large

R such that in B' j  *"  can apply the Mi lnor theory of  isoiated singular i t ies,

f ( c ' )  m e e t s  t r a n s v e r s a l l y  S o  a n d  2 B i j  ( i = 1 , . . . k i )  f o r  a l l  c ' 6  D " .  a n d

t- l {n" )  n M(f)  nf  z, l lz l l } ,  Ri  = g.  we construct  the smooth vector f ie lds on

.L
t lDc i )  n  l l l l z l l  )  n ]  as  in  the  proo f  o f  Theorem 4 '  on
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f  
-1{0" .  

)  n  lz : \ \z \ \  (  R and ,4  B i : }  by thresmann,s F ibrat ion Theorem, and
Yi

on f- ' (0. * 
l"r1 ) f i  Bi j  by the local propriet ies of isolated singulari t ies.

1
For the other detai ls see LL ,  Theoreml,  Theorem2].

\
The retat ion /  ,  ln<rr i)  = dim. 'LU 

_ .  is proved in ,
f  ,  

i ,  j l  "  /<) tQ))
t4 ,Propo. i t ion 1.14 ] .

Proof of Theorem 5.

Let  ,  *  * {n /  .  * ,  y ( t )  €  M(f )q  anaty t ic  curve wi th  t im?r(p( t ) )=o

and c( t )  =  f (p( t ) )  - (n( t )  ,  5Ttnf t l )  conversent .  r t  
nr l l  

p( t )  =  zo e cn,

then Af(zo)  = 0,  hence c(0)  n  Lr  suppose tnat  
$3r  l tp( t ) t l  =*  we may

a s s u m e  t h a t  p ( t )  =  ( r i t t n + . . . , . . . , 2 f l t a r . + . . . , 0 , . . . , 0 ) ( z f l o  . f l l o >  a n d  a r ( 0 .

s ince p( t )  E M(f )  we have $ cocr l>  = Xct>.Erc t )  and Xt t l=0 i f r
f (p( t ) )  =  c( t )  =  constant  €  : f  .  r f  \ ( t l . f  0  then X( t l  =  X; to( \ ) *

+ h i g h e r  (  X o / 0 )  a n o s u p p f  0  R k  / f l  , {  = t * e R n l * k * t = . . . = x n = 0 } ) .

consider the continuous funct ion lr(x) = 
Eajxj  on iFF nnK and tet Ao  
i = l J J

be the unique face of  t r* t  f l  nK where I . (x)  takes the minimal value, say d.

Then f(p(t))  = fo{zo)td + hisher and 3 co<r>> = F" (zo)td-ai+higher
, azi. }rL

I f  d  >  0 ,  t henc ( t )  =  co to * . . . ,  hence  
l imc ( t )  

=  0 .

t r f  d  =  0  a n d  a ,  (  0  f o r  e a c h  i  = 1 , . . . , k ,  t h e n  f ( 2 1 , . . . , 2 k , 0 , . . . 0 )

not depend on the zy hence 
a?or, l )=o.  s ince pl ( t )+ 0 we obtain

tr  ( t )= o,  hence c( t )e| t  .

Suppose that d =0, there exist j e lf
not a bad face, or d ( 0. Then A is a face of I-  Ctl .  Since f is non-

degenerate on the face A , there exists r e {r k} such that 
ffro> 

*o

( e v i d e n t l V  d - a , ) 0 ) .  L e t  I  = t t l r ,  = . 1 .  I f  i € . i ,  t h e n  d  - . i  =  o ( X ) * . i ,

otherwise d - ar( o(tr)  + a'  hence for i  + t '*-(zo) = 0. By homogeneity

s-  ^  )+  
,o) .  r f  d< 0,  tnen u i  the convergence of\ ' * ' ?# ,  (=o )  =  d ' ro (z

&



o

c ( t ) : t u ( z o )

equal i ty

= Z  ' l
i €  I  

I

r = z
i € I

0 ,  and A

" ?{^ cro>.
d t i

--o ) fo r--o,L i T 7 . \ L  )
I

T f J _
I I U -

Hence in both cases we obtain the absurd

- x^'Z-lr',12 .
"  i € I ' r

is a bad face, then +(ro) =0 for
o t i

a l l  i  =  1 , . . . , k

=  f A ( z o )  *  c r t  + . . .(otherwise we obtain a contradict ion as above).  Hence c(t)

Thus t im c ( t )  =  { ru  t ro ) f  . l  I  o  and 2ru  (zo)  =  0 } .
t + 0
Proof of  Inclusions

The proof of  inclusion Jf i l  c f  T is contained in the proof of

T h e o r e m  5 . ( f f  X ( t l  E  0 ,  s i n c e  d i m s i n g  t - l ( c ( t ) ) > f ;  c ( t )  =  0 ) .

The proof of  inclusion ,N{ CT :

Le t  p ( t )  €  Cn an  ana ly t i c  curve  w i th  l im?f (p ( t ) )  =  0 '  and

] imlfp(t)11 = *  (we preserve the notat ions of  the above proof) .  By conveni-
t+o
e n c e c o n d i t i o n  t h e r e  e x i s t  m ,  e  N *  s u c h  t h a t  ( 0 , . . . , f f i i , . . . , 0 )  €  s u p p f ,

h e n c e  d  (  m r a ,  f o r  a l l -  i  =  1 , . . . , f l .  T h e r e f o r e  d (  0 .  I f  a r ) "  0 ,  t h e n  d - a r (  0 ,

i f  a r (  0 ,  t h e n  d ( m r a r . (  a i .  S i n c e  + i m ^  * ( . o ; , d - a i * . . . )  
= 0  w e  o b t a i n

t +  0  0 ' i

that  Ea(ro) =0 for al l  i  = 1 n.  in contradict ion wi th the nondegenerate
2"\

cond i t ion  on  A.

The other incusions are t r iv ia l .

Proof of  Theorem 2

(S).  The model of  the proof is l f ,  [  4 We begin wi th some lemmas:

Lemlra 2.  Let  f  €f5* (respect ively f  edLT )  and p:(0,  t  )  -+ Cn an

ana ly t i c  curve  (as  in  Curve  Se lec t ion  Lemma)  such tha t  l im l lp ( t ) l l  =  oo ,

the number f (p( t ) )  is  non-zero and the vector grad l rgf( ; (+i))  is  a complex

mult ip le Aft>"p(t) .  Then the argument of  the complex number \ ( t )  tends to

zero or T (respect ively to zero) as t  -*  0.



Proof:  Let  f  €

1 n' J U  -

a r  o (

tT  Cons ide r  p ( t )  =  a f  +  a " t ( * l+ . . .
I

f r - l + \ \  -  0  a - t
r \ P \  L / /  =  b t '  +  b . ,  t r ' - + .  .  .

g rad  f (R( t ) )  =  c t f ,  *  . " t f , * l  * . ." 1 "

( * < 0 ,  a / o )

( b l 0 )

( c / o )

S i n c e  g r a f  f ( R ( t ) )  =  h  ( t l . p ( t )  f ( p ( t ) ) ,  w e  h a v e  p ( t )  a  M ( f )  a n d
f  * . r - ' l  - ,  i ,c t "  *  c r t s ' * 1  * . . .  =  I ( t ) . 6 . a  t * * F  * . . .

Hence A(t l  = lotf-d-|5*.. .  and c = xo6a. From the identi ty +=(f;$,srudf)
R-l  ?T **d- l+drw e  o b t a i n  p b t r '  + . . .  =  ( l t a i l ' . A , 5 u u  

+ . . .

oi. * f ), 1 , hencr 
tTo(t(p(t) 

)- (n(t) , IGCnCtl ly
wi th  the  de f in i t ion  o f  f  e f  f  There fore  p /  0 ,

proves that A o i ,  a real  number.  In the case of
\
A o rs a posi t ive real  number.

An immediate consequence is the

Lemma J.  Let f  €97 (respect ively f  eLf t f f ) .  Then there exists a

su f f i c ien t ly  ta rge  Roe (0 ,e  )  so  tha t  fo r  a l l  z  q  Cn_{ l (O)  * i tn  l l  z l l )Ro

the two vectors z and grad 1og f(z) are either C _ l inearly independent or

e lse  grad  1og f  (z )  =  I ,z  where  )  I  o  ano l fmt r l4 lne  \ l  ( respec t ive ty

a r s \ * ( ) , ' t D

Proof. we use the curve serection Lemma and Lemma 2.

(See also the proof of  Lemma 4.1 f rom Lemma 4.4.  177)

Lemma 4. Let f  efr  and Ro as in Lemma J.  Then for each R)Ro

there exists a.smooth tangent ia l  vector f ie ld v(z)  on SR - f - f (g)  so that

for each z e s* -  r -1(o) the complex inner

product QQ), i  grad rog r( i ) )  is  non-zero and has argument less then T/+ in

absolute value.

Proof .  The proo f  i s  s im i ra r  as  the  proo f  o f  Lemma 4 .6 f l l ,  w i th  a

minor modif icat ion.

. 
l,tJe construct the vector f ield locally. If the vectors z and

grad log f (z)  are C -  l inear ly independent,  then we f ind v(z)  such that

I f  p=  O ,  t hen

= b in  contradic t ion

hence p =ci \ r \2Io,  which

t  a / { 'T  z  $10,  hence
T
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( v ( z ) , 2 ) =  0  a n d  ( v ( z ) ,  i  g r a d  l o g  f ( z ) )  =  1 '  I f  g r a d  1 o g  f ( z )  = ) z '  w e

t a k e  v  =  { L Z  w i t h  6 e [ + t , - i ]  s u c h  t h a t  R e  ( i z ,  i  g r a d  l o g  f ( z ) )  1 O '

Using a part i t ion of  uni ty we obtain the desired vector f ie ld

I f  we replace Lemma 4.4,  Lemma 4.1 and Lemma 4.6 Lf ]  nV Lemma 2, Lem-

ma J and Lemma 4, we obtain the proof of  Theorem 2 (S),  as in [7 ' !  O] '

(M). Let f c'y(,T. Replaceing sa in L+7 ny Sn all the arguments of

/ r (

f  i ,  f  r ,  f  z  l i ]  , "* r in val id.  (see the proof  of  Theorems 5.1,  5.2,  6.5,

7.2,  Appendix B)

Proof of Jheorem l '

(M) The proof is s imitar wi th Theorem 5.11.Lv1.

(S) We use a variant of Lemmas 2 cnd 3

Lemma 5. Let f  ef f  and D a c losed disc centered at  0 '  I f  R is

su f f i c ien t ly  la rge ,  then there  ex is t  a  c losed d isc  D 'centered  a t  0 '  D '4 'D

such tha t  i f  g rad  }og  f (z )  = . \2 ,  then e i ther  f (z )e  D or  l (z )4  D '  and in  the

second case ars X *  Gq ,T) .

proof .  Le t  p ( t )+oa such tha t  g rad  log  f (p ( t ) )  =  X t )  p ( t ) '  I f  we

preserve the notat ions of  Lemma 2, then p I  0 '  I f  p)  0 '  then

f (n(t) )  - -+ 0,  other,- ,wise f  (p( t ) )+* and \o = i l f  '  o

Thus, i t  t  n ' fT , the. funct ions  ̂ p:1,auQ) = logl t (z) l  used by Mitnor

1n

of

of

(

$ i  n. ,  two types of  cr i t ical  points.  I f  we consider the restr ict ion

^  " -1 l r \ \  - ^^^^^+; , , ^ r ' i , ,  ^ -F  -  f  
- r f | ) )  

then the  arquments
a on bR - r \,,/ respectiveliy {" 

- t- l( l), then the argume

t -

|  5  remain  va l id .

$3. Stabil itv of Milfror f iberinss aJ infinitv
--

The following theorem is the global analogous of the local case

proved by oka tg I ., [lo1 ) L44J
A f D

Theorem 6. Let f €'J\ ' 6. Tnen the Milnor fibration at infinity

mined by the Newton boundary itt l . rn particular is independent of a

choice of the coefficients of f(z) '

In fact, we prove the following result:

is debr-

'partio:1ar
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Let f 
" 

M# and a closed di.sc, D,centered at the origin such that

Zt* int D. Then t lre dif feomorphic type of the generic f iber of f  and

the nronodrorny action of the fiber boundle f:f-r(?D ) -..*+)D depend orrly

on tlre Newton bourrdary of f .

Proof of  ,  Theoremfi"

Suppose that we have two polynomials f, g G/{8 such that
/\) rJ

[-Ct> = f (g) = f . Because the non-cjegenera'Le condition of 'Lhe Newton

pr incipal  part  is  an open condi t ion (  L 4 ,  Theoreme I I ,  i i t ] ) ,  we can

take a  p iecewl .se  ana l l t i c  fami ly  F(z , t )  such tha t  F(2 ,0)  =  f (z ) ,  F (2 ,1 )  =

and F(z, t )  = Fr(z)  as a funct icn of  z is a convenient polynomial  wi th

non-degenerate Newton principal part at infinity and ft(0) = 0 for each

We denote by Xt ={t f le set  of  cr i t ical  va}uruof F1 } .  Then F* is
oo

C-- Iocal . ly  t r iv ia l  f ibrat ion over the complement of  I t .

Lqmm_a 6. There exisba compact disc D centered at the origin such that

{  c int  D for each t .

Proo f .

? Fmin ima l  va lue  d .  Then f f (p (s ) ,  t (s ) )  =

o ' j ?r j

s(z)

+

a

Assume the contrary. Then using the Curve Selection Lemma

- we can f ind a real  analyt ic curve (p(s),  t (s))  such that

?Ft(u)(p(s)) = 0, and 
l lTrtCrlp(s) 

= oo Hence 
lr lmlin(s)\\ 

=oo t{e may

a s s u m e ,  t h a t  f  ( s )  =  ( z ! . s a r * . . . , { s t i  * . . . , 0 , 0 , . . . 0 ) ( a r <  0  ; z i  I  0 , . . . , t f l  I  o )

t (s)  = to + higher.  s ince f  is  convenient fnRk I  d and we consider

the cont inuous funct ion 1.(4) on {"nnk def ined by I"(x)  :  a lx l+. . .+akxk

(where nk = f* e RD:Xknl =

f n nk where l .(x) takes

=Xn = 0 ]  ) .  Let  A be the unique face of

c)z 
t

-  v  l t \  /  - U
\  - \ & '  )

n -
Hi(ro, to)sd-aj  + higrrer.  Therefor"  i . . !a-1ro, to)  = 0 for a l l  j  =  1 , . . . , k

the .-t
U

o

which is in contradiction with tlre non-degeneracy assumption for Fro(z).

( N o t e  t h a t  F 6 ( z , t )  i s  a  f u n c t i o n  o f  , L , . . . , 2 n  a n d  t )

Lemre. 7. Let D a compact disc as in Lemma 6. Then for R sufficiently

'  - - 1 ,  .large Fa*(c) meets transversally the sphere 5O for each t and c € D.

Proot If ttre assertion is not true, then by Curve Selection Lemma

there  ex is ts  an  ana ly t i c  curve  (p (s ) ,  t (s ) )  such tha t  
] l iUoCr> l l  

=oo,



F*qry(p(s) )  €  D for  each s  and

?Ft(u) (p(s) )  =  X(s) .  F(s) ,  where X(r l  * ,  c .  Let  X(s)  =  Xouo( t r ) * . . . ( \10)
'  

If we prrr&* the notations of lernma 6, then

procr>, t(s)) = +Fro,to)rd-sin.. .  = \r ;3 *o(x)oa;*. . .
" 3  

o t J  J

Le t  I  = i r t t d -a ,  =  o ( t r )  *  a1 l .  Then  i$ r  i r t  { y r r , t o )  
=  0 .

By convenien*e assumption d 4 0, hence neFttl. Tlrereiore by non-oegeneracy

assumption for F*o(z) we get that  I  /  f i .  gn the other hand F(p(s),  p(s))  =

- Fa {zo, to)sd + higher € D, hence Fa(zo,to) = 0.  By homogeneity

o-o (x )  Z^ - r? *=o , to )  =  d "Fa(zo , to )  =  o .' ff i- 
- '  'dti '- '  - '

But  d  /  o( \ )  because d -  r1 .<o(X)  + a,  and a14,0.  Thus we obta in  the

absurd  equar i tv  
o  =Z=?*ro , to )  =  xo .X\ r i \2

i e - r  
- i  

i € r
Let F*(z) an analytic family, where t €t = [O,tl l,le define

e  = { ( z , t ) e  c n x J  l r r t z )  e  } n ,  i l z l l <  R } ,  
T ,  

E  - + } D  b y  
T ( . , t )  

= ' F * ( z )

and rc: E -+J by ITQ,I) = t. Then y is a fiber boundle and 1T is

non-degenerate on each fiber of 
T Thus using a fiber - preserving vector

field for 7( we have the following commutative diagram

, - l < a D ) n B R  Y  )  n - | r a D ) n B R

'\ 
/,u  

\ z b / ' 1

- {s-

'  where Y is a diffeomorphism and BO

thene is a fiber-preverving diffeomorphism

F;1( a D) n Bn ''fi > sR
I
I
I

?;

This completes the proof.

\l z !\-a RJ

i  
( i = 0 , 1 )

r11 t ol

l e
\6/

s1

= t :
Y

. By Theorem J



- 1 4 *

Acknourledwlrerll. !/e wish to thank professor A.

and stimulating discussions.

RIFERINCLS :

Dimca for many interesting

s'A' Broughtcn : 0n the topology^of polynomial hypersurfaces,proceedincsof svmposia in pure Malhematics'uoiffi-oo"rib'il;"Frltr .
c. Ehresmann r  sur i lespaches f ibreis di f fdrent iables,c.  R. Acad. sci .Paris 224 (1947), I6II-L6L}
Hi,  H'  v.  & 16, D. T.  :  sur la topologiq $*,  polyrrOmes comprexes,Acta

Math. Vie-bnamica g (Ige4) Zt'_lZ'.
A' G' Kouchnirenko : Potyedres de Newton et nombres de Milnor, Inventioresmath. 32, L-3I  ( I9 j6) .
K. Lamotke : The toporogy of comprex projective varieties after s.Lefschetz,  Topology. Vot l  20 ( i9gi j , - i i : i r l -  """

Y '  Matsumoto :0n  a  c lass  o f  de format ions  o f  ho lomorph ic  func t ions ,J .  Fac .Sci . Univ. Tokyo Sect IA. , 20, ;;:z- f lc|/ j\ '  , '" )3,g_zrl.
J '  Mi lnor :  Singular Points of  complex Hypersurfaces,Ann. of  math.  studies51,  Pr ince ton  Un iv .  p ress ,  196g,
A' Nemethi : Thelorie de Lefschetz pour les varieit ies algebriques affinsc. R. Acad. sc. par is,  t .  jo j ,  * ; ie- i ] - ; ; - iz l i rsai i  

*
M' Oka : 0n the bifurcation of the multiplicity and topology of the Newfonboundary,  J.  Math.  Soc. Japan. '  Vol  .  J l 'o 

-N;: '  
I  ,Ui jg l '  

rer ' !u '  '

M' Oka : 0n the *!!'t?Biloi: 
:!:r):wton 

boundarv rr' J' Math' soc' Japan
M' Oka :0n the topology of  the Ngyrton.boundary r l r ,  J"  Math.  soc.  JapanVol .  34 ,  No.  3 ,  (L9BZ)  5 ,4 I -549,

Oka :  Deformat ion of  Mi lnor f iber ings,J.  Fact sci .  univ.  Tokyo sect.rA,20 ,  no .  3  (1973) ,  Sg l_+bO
L. Verdier :  strat i f icat ions de tJhi tney_et Thdorbme de Bert in i -sard,Invent.  math .  i6 (1975), '  ZgS_tt i - . -

Andrtis ru{urrHr Alexandru ZAH,ARIA

The National Institute for
Scientif ic and Technical Creation
Department of Mathematics
Bd. pdci i  220n 19522 Bucharest ,  ROMANIA.

Irl
L- l

f2l
r r l

r Y-  l l t
h l

f4l

r - 1

l 5 I

l"6l
r ' 1

L / J

r . l

\ B J

lg-l
r - J

Irol
f -  - 1

LII ]

r ' 1
112 J

r - 1

l l l  l

M.

J .


