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We denote 'by '  ' ' j t , ;$- . lw)  . , ,  I  and Jt  a  compJex ' I l i lber t  lspace,  the

algebra of  bounded l inear  operators on y f  ,  and the ideal  o f  compact

operators on y{  ,  respect ive ly .  l rde recal l  that  a  subalgebra

" {  c  g (ye )  i s  sa id  to  be  r :e f l ex i vg  i f  i t  con ta ins  eve ry  ope ra to r  T

such that Tlt{ c rn whenever tn is closed invariant subspace for

A

In th is  papepwe answer in  the negat ive the fo l lowing two

q u e s t i o n s .

PROBTEM 1"  SuPPose that  ;L  c  E (Yf  )

J .  +  l t  norm-c losed?

i s  a  r e f l e x i v e  a l g e b r a .  I s  t h e n

Suppose that

n ) 0 , a n d

opera tors

f l l  = 0 ?

A _  ,  A  c  t . ( w )
n

l i m  d i s t ( a - , , { )  ='  n '
ll-roo

such tha t  x -1n

are  s im i l a r re f l ex i ve

0 Can we choose

A xr, = a' and

PROBTEM 2.

a l g e b r a s ,

i n v e r t i b l e

I  i m  l l x n  -
Il-+oo

The d is tance ment ioned in  Problem 2 is ,  o f  course,  the

Pornpeiu-Hausdor f  f  d is tance between the uni t  ba l ls  o f  , r ,  and "4

We note that  Problem L ' 'has an af  f  i r rnat ive answer i f  the

i n v a r i a n t  s u b s p a c e s  o f  *  a r e  t o t a l l y  o r d e r e d  b y  i n c l u s i o n  ( i . e .

J ,  i s  a  nes t  a lgeb ra ) ;  see  t s l .  The  answer  to  P rob lem 1  i s  no t

known  fo r  a lgeb ras  w i th  commuta t i ve  i nva r ian t  subspace  l a t t i ce

( C S L - a l g e b r a s ) ;  s e e  t 1 l  a n d  t 9 l  f o r  m o r e  d e t a i l s  a b o u t  s u c h

a l g e b r a s .
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a lgbras.  Problem 2 ' is  .open r f , .  * " ,A.  .S.s  - .s5.mi lar  tO a .CSl ,1a lgebr ,a.  ,  aa.d 
:  . .  , . . ,

i t  i s  a l so  open  fo r  a lgeb ras  ac t i ng  on  f i n i t e -d imens iona l  spaces .  1 ,

S e e  t 2 ) ,  [ 3 ] ,  [ 4 ] ,  t S l  a n d  t l 0 l  f o r  m o r e  i n f o r m a t i o n  a b o u t  t h i s

p rob lem

o . vle begin with our example concerning Problen 1.; this example is

re la ted to  that  g iven in  t4 l .  Let  l t  be a Hi lbe"r t  space wi th

f  o r thonorma l  bas i s  i * j  :  0  S  i  <  oo )  ,  and  de f i ne  ope ra to rs

T ,  P ^ ,  S  e  t  ( w l  s u c h  t h a t
U

P 0 * = ( x , e . ) e . ,  x € Y { ,

s . j = . j * 1 , i 2 0 .

T = , S * P O

Next ,  denote by , {  the weakly  c losed uni ta}  a lgebra generated by

T

pRoposITIoN 3.  The a lgebra n is  re f lex ive and A.  + v i  is  not

. closed in the norrn toPologY.

1 This  resul t  wi l l  be 'p3oved ' in  severa l  s teps.  Let  us set

A  =  { ^  e  c  ,  l ^ l  <  1 }  u  t 1 }

I {EMMA 4.  The f  unct ion f  :  A - t  | t  def  ined by

f  ( A  )  =  e ^  +  5  ^ n - t  ( ^ - 1 ) e , -  i s  a n a l y t i c  o n  l n t ( z t )  ,
U L K

i  k = l.
r - *j  r i m  f ( r )  =  f ( 1 )  ,  a n d  T  f ( ^ )  =  ^ f ( l )  ,  A  e  A
i  r.f 1
I
i ,
i
I
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Proof  .  The analy t ic i ty  o f  ,  f  '  . is .  immediate, ,  ,€Rd so is

,  - 1  l t
l l f  ( r )  -  f  ( t ) t t  =  ( 1 - r ) ( 1 - r - )  ' r a  

,  r  e  ( 0 , 1 )  S i n c e

* * { t *

T  =  S  +  P ^ ,  w €  h a v e  T  e ^  =  e ^  a n d  T  e j  =  e i  1  tU  { ]  U  J  J : ]

t h e , r e l . a t i o p r

j >_ 1 Thus

*
i  f ( ^ ) a +-o

)
k = 1

^ k - 1 ( A - 1  ) " t _ r .

=  . O  +  ( i - 1 ) e o  +  A A i - l ( , r - 1 ) e ,  =  l f  ( A )  ,
)

j = 1

as  c la l rned .

We recal l  that

operators .A e .9 , { ! t ' )

t A o f T

A1g Lat .,{. = Alg l,at T

suclr that Atrl'c .n tox

i s  t he  a lgeb ra  o f  a l l

every invar iant ,subspace

T E M M A  5 .  F i x  A  e  A 1 g

u ( l )  =  ( A  e O , f  1 , r 1 1  ,  A

i n t ( l )  ,  a n d  1 i m  u ( r )
rT l

Lat -4

e A

and  de f i ne

Then u is

Moreove r ,

u , then

u : A - t

ana ly t i c

i f  u ( ^  )

i f

t f

1 f

c b y

and bouncled on

@

S  . n= ) u / \ L s
L n

tr=rO

L ,

the power series expansion of

( A  e ' e , ) o

u .
J r l

u (  1 )

j < i ,

i  )  i 2
j - 1
t
I "r.

k=O

j )  i = 0



Proo f .  The  ana ly t i c i t y  o f

6

,  and the're:Lat inn

4,  To  show tha t  u

l i n  u ( r )  =  u . { 1 }
r T 1

i s  bounded,  w€fc l l l ow  immed ia teLy  f rom Lemma

*
v e r i f y  t h a t  

" ( I ' )  
i s  a n  e i g e n v a l u e  o f  A  w i t h  e i g e n v e c t o r  f ( A )

* ,t(
Indeed,  Since A e AJ.g Lat  T ,  each f  { f  )  is  an e igenvector  o f

*
A , and the formula for the coruesponding eiEenvalue fo]]ows

because  ( f  (A  ) ,e0 )  
' =  1  In  o rde r  t o  de te rm ine  the  ma t r i x  en t r i es

o f  A  we  use  now the  re la t i ons

* *
A . 0 = f l f { 1 )  * i l f f T e o ,

a n d  A " f  ( , \  )  =  u ( , r  ) f  ( l )  t

rewr i t ten as

f ^ l  .  I The la t ter  equat ion can be

)
k = O

or  equ iva len t lY ,

* r F
A tk  A uk*1

These equat ions Yie ld now

u n n r ) ]  '. . 3 -= 1 2 " u
k=0

l r l  <  1  ,

k
r= 
2  " ;  

(e r_ j
j =o

t t  - 5 * 1  )
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rr
A * k

,lc

A " o

A

k - 1
\' !f

)  ( n  e
L

P=0
P  

-  A  
" P * t )

k - l  p

)  )  " , ' "
P=o j=o

k - 1  k - 1
s \ .
)  u . ,  )  ( e

L J L
j = o  p = j

k - 1  k
r  T - l  T

2  ' : J "o  +  I
j = o  j = 1

in

[ =

t)t 

"o l'J' 
'

k=O

= E(Tf eo p - j  " p * j * r  
)

= frITf eo

= f[TT eo

= :tt=t

a ' l
p - j  " p - j + 1 '

t t  - i )

* L - j  t j

These  re la t i ons  imP lY

lemma i s  P roved .

COROTLARY 6.. l,et A and 'tl be as

( i )  I f  A  i s  c o m P a c t  t h e n

( i r )  r t A r r  (  s u p t l u ( r ) l  '  l ^ l

immediate lY the formulas f o r  ( A e .  ,  e *  )
t J

Lenma 5.

0

+  r i  t u ( l ),  T L
i = 0

The

.Proo f ,  ( i )  I f  A  i s  compact  then we must  have

ut .  =  l im (A  en 'en+k)  =  o  fo r  every  k  We conc lude tha t  u  =  o

fI'+oo

a n d h e n c e a ] l t h e e n t r i e s i n t h e m a t r i x o f A a r e z e } " o
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( i i ) ,  W e  h a v e

i l  A i l  (  l lAPo l l  +  l lA  (  I

{C

i lAPo l l  +  I IASS l l

!  i l A P o l t  +  l l A S l l

C l e a r l y A s i s a T o e p l i t z o p e r a t o r w i t h s Y m b o l ^ u ( r )

l u ( r )

is a ,rank-one

t ; l  
, z 1 t / 2

2 "r' l  J
k=0

whi 1

oo

t )
i = 0

LEMMA ?.  EverY oPera tor  in  A lg  La t  T

sequence o f  opera tors  o f  the  fo rm p(T)

n"r-* icular,  .A" is a ref  lexive algebra'

,  so  tha t

i s  t he  weak  l i n i t  o f  a

,  w i t h  P  a  P o l Y n o m i a l .

u A S u  =  s u p { l r u 1 , r 1 l  '  l ^ l  <  1 }  =  s u P t l u l r l l  '  l ^ l  <  1 }  '

APo opera tor  w i th  norm

T h e  c o r o l l a r Y  f o l l o w s .

I n

P r o o f .  L e t  A  a n d  u

po lynomia l s .

b e  a s  i n  L e m m a ' 5 ,  a n d  c o n s i d e r  t h e

n

u n ( A )  =  
)  

( 1  -  
f r * k  ^ u

k=0



I

n " )  , o

j - 1

i , " , l i i : r ' t "  . " :  -  i i ; . ! :  i t ' i r ' - i r

Clea r lY

i f

i f

if,

and the opera'tor* Ar, = un(T) ,

( A '  e t ' e r )  

=

o
nu .
J - 1

j < i

j )  i ) 1

j  I  i = o  ,t n= un(1 )  2  " [
k=0

k > n

i - 1
?  w h e r e  o i l = ( 1 - 5 , " u  i f  k ( n ' a n d  o i l = o  i f

l ln u[ = \ lU r k ) o
II-roo

o

Moreove r ,  s i nce  )
t-

i = 0

i  - "  : l y  t h e  c e s d r o  s u n s  t l n ( l )
f o l l o w s  t h a t  u ( 1 )  =  

)  " U  
G o n s e q u e n t l y  t n e  u e s a r c

k=0

converge to utlJ as t l :-+ oo ' '  Thus we conclude that

l i r n  ( A r r  t i , e j )  =  ( A e ' e r )  f o r  a 1 l '  i  a n d  i  T h e  l e m n a  w i l l '

II-+oo

f o l l ow  once  we  p rove  tha t  sup  l lAn | |  <  oo  F i r s t ,  i t  i s  a  we l l - known

n

conseguence  o f  t he  pos i t i v i t y  o f  t he  F6 je r  ke rneL  tha t

l u ( r )
k=0

Thus,

s u p { l u r r ( r ) l  :  n  )  o  ,

by  v i r t ue  o f  Coro ] l a rY

lu r r (  1  )  -

l ^  l

6 .  ( i i ) ,  i t  s u f f i c e s  t o  s h o w  t h a t

: n t o )  < o o

We have

t ; t  
n,  211 /  2

2 "r'l J
k=O" "n { [ ) .



' L e t '  u e  s e t

1 - 1  *

c r ? = u - - ( 1 ) -  5 " 1  ,  i , n ) o
l n L K

k=0

n n '

" l =  ) " 1  
=  ) ( 1  

- f r ( o r  o k * r )
k= i  k= i

n
=  ( 1  -  i t o .  -  I  \  c r , -t -  n '  i  n  L  K

k = i + 1

i - 1

n  n  . t t o  n

t i r #  t  * o ; 1 1 / 2  s , [  i ' " u , ' ) "- i =0  
k= i+ l  k=O

j

We heduce that

I

v

k=0

V | e h a v e t h e n  o ? = o  f o r  i l n , a n d f o r  i < n

A  f a n o u s  r e s u L t  o f  H a r d y  ( c f . t 6 l ) ,  s h o w i n g  t h a t  t h e  C e s d r o  o p e r a t o r

l s  b o u n d e d  w i t h  n o r m  2  i n  e 2  ,  i m p l i e s  t h a t



1 0

f
I

L

c o  t ) o  . n  , 1  t c  - n - 1  
n

r .  , r L , 2 1 * , -  f  s  i .  : r 1 ' r / '  f  T r l  \  , r 1 ' ' '

) t " ? t ' J  , | ' ) l ( 1  - : 1 " t 1 ' J  + t 2 l ;  
l . o r l  J

i=O i=0  i=0-  '  k= t i+ l

n  -  1 / o  n - 1  3  ^ - , L / 2
r  ' i .  . q 1 t / "  r  r '  1

, [ ) i o , t ' j  + L ) t #  ) " o l ' J
i = 0  i = 0  k = i * l

and  th i s  conc ludes  the  p roo f  o f  t he  l emma

. L e t f i : f | J t ) - r t , ( t t \ / l t , d e n o t e t h e g u o t i e n t m a p . T h e p r o o f o f

proposi t ion 3 ' fo l lows immedi .ate ly  f rom Lemma 7 and the next

o b s e r v a t i o n .  4

LEMMA B.  The a lgebra A"  Conta ins no nonzero compact  operators '  and

, T l r  i s  n o t  b o u n d e d  b e l o w '

? r o o f  .  T h a t  ,  n  t {  =  { 0 }  f o l l ' o w s  f r o m  C o r o l l a r y  6 ' ( i ) '  T o  s e e

that  t t l . , {  is  not ,bounded below we note that

t t r ( T n ) t t  =  t t n ( s n ) t t  =  !  ,  w h i l e  t t T n t t  =  ^ f f i  '  r r  )  o

we note that  a  somewhat  more deta i led analys is  of  A shows

tha t  t he  weak  and  u l t raweak  topg log ies  co inc ide  on  th i s  a lgeb ra '

We proceed now to our  exanple concern ing Problern 2,  Let  1 l

be ,  as  be fo re ,  a  H i l be r t  space  w i th  o r thonorma l  bas i s

{ e  :  0  I  n  <  o o } ,  a n d  d e f i n e  o p e r a t o r s  p ' U n ' O *  
"  

E ( v l )  s u c h  t h a t
' n

,  ' t  i  t * . t ' \ " '  ,
i=.0



":.;r-;.
. ' : - . - i  - - - '  -  : ' . : '

1 1

, j )

' un*

R e .
J

U e
L

. J
=  2  " e ., J

= t r

n  
- n + 1

0 ,

r\+ 1
= u r , .  t U  e .  =

n J
e i  ,

J

- 1
U

n

v f )

n * i * n + 1  |  . .

a n d  R r r = U r r ' n U r r ,  n )  O

three-dimensional  a: lgebras

( N o t e  t h a t

.4 , /n  .  E.  (5 f  e

ur ,  ' ) D e f i n e

= {[i' ;l]
, . h L  r R

, ,  = t l t  yr

z  ) r , y r t .  t j  ,

We reca l l  t ha t ,  f o r  two  subsPace  f i

s  ,  wc have d is t : ( f i , *  )  I  €  l f  "and onlY

t h e  o p e n  u n i t  b a l l  o f  , n  [ r e s P ' ,  t t  ]

o p e n  u n i t  b a ] l  o f  N  [ r e s P ' ,  i l  ]  s u c h

PROPOSIT ION 9 .  The  a lgeb ras  { r ,  and  d

and  l im  d i s t  ( , 4n , r { )  =  O  '  Hc lwever  '  i f

,  N  o f  a  no rmed  space

i f  f o r  eve rY  vec to r  x  i n

the re  i s  a  vec to r  Y  i n  t he

tha t  I lX -Y I I  <  c

a r e  s i m i l a r ,  r e f l e x i v e ,

e S(Vd tE Yf  )  are

X ,  then
n

- 1

operators such that or,  = Xrr-

I l l

n

"4"

fl-roo

i nve r t i b le

l  im in f  l lXn
r}-+o

- 1

Proof  .  c lear ly  , r ,  =  (u '  e  u r r ) - t  o (ur ,  t  u r r )  so  tha t  ' r ,  and  A

a r e  i n d e e d  s i m i l a r .  T h e  e q u a l i t y  l i m  d i s t ( d n , ' ' 4 )  =  O  l s  a n
ll-r€

i rnmedlate consequence of  the f  act  that  
i : :  

l lRn-Rl l  =  o The

re f l ex i v i t y  o f  i .  ( and  I r ,  )  f o l l ows  eas i l y  f rom [? ]  '  bu t  i s  a l so

f n  n l
e a s y  t o  v e r i f y  d i r e c t l y .  r n d e e d ,  i f  

L ;  ; l  
e  A l s  L a t  l '  '  c l e a r l Y
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1,2 r:. ,

C  =  Q  a n d  A , D  e  . A t g ' , f , a t ( I )  "  s o " t h a t " t A ' =  ' \ I ' '  D  =  l t l  f o r s o m e

nd p .  rhus t  
[3 : ]  € Als Lat 'A usins inva'r iant

subspace  o f  t he  fo rms  (aRx  e  px  :  a ' p  e  c )  '  we  see  tha t  f o r  each

x e v t  there is  , *  
"  

c  such that  Bx = r*Rx L inear i tY of  B

imp l i es  now tha t  , , r *  
=  r  does  no t  depend  on  x

we wir l  conclude the proof  c l f  the proposi t ion assuming the

1 - I ^ u

- o  f o l l o w i n g  r e s u l t ,  w h i c h  w e  p r o v e  l a t e r '

t Ar. Btr l

LEMMA 10 ,  Assume tha t  v  =  |  "  " l  i s  an  ope ra to r  such  tha tAn  -  
Lc .  Dn l

,  
dr ,  =  i  Xn and Dr ,  ,  O Then.  there ex is ts  a scalar  tn  such

that  R Dr ,  = 
" ,  

A '  R^

x r r , r r = o x n  a n d  
i l : l l x n - r l l  

= o :  c l e a r l y t h e n  D " * 0

e v e n t u a l l y , s o w e c a n c h o o s e , , , a S i n L e m r n a ' x o . D e n o t e b y

t r? i  r i ,  ,=o 
and r  at i  l?  ,  i=o 

the matr ices of  An and Dr,  '

.  r espec t i ve l y ,  i n  t he  bas i s  {e i  :  i  >  0 }  I t  i s  immed ia te  tha t

u]o = 
", "lo 

and' z-ndnn = z-n-t"r, tlr, ' thus

3 ,r ,  = af,oZaf,o = 2 dln/aln ,  and the last equal i ty impl ies that

dn

' i

, 4 {

. , ; l

Assume .r t" .  there exist  operators **  = 
[ : "  i : ]  

such that
L " n  " n J

t = l i 1 n - - u u - = 2 l i m 2 ,
oo nn

nn
O-roo 

"OO 
ll-+e 

"nn



1 3

wh ich  i s  s i rnp ty  no t  t rue .  Th i s  con t rad i c t i on  conc ludes  the  p roo f  o f

t h e  p r o p o s i t i o n .

We conc lude  the  paper  w i th  a  p roo f  o f  Lemma 10 .  The  re la t i on

Xr ,  d r ,  =  . . 4  X*  imp l i es  the  ex i s tence  o f  sca la rs  An ,Fn , l n  such  tha t

Thus we have !r, Dr, = o and trrA.rRr, + lrnBn = R D. since

D . ,  *  O ,  w €  d e d u c e  t h a t  / r ,  =  0 ,  a n d  t h e r e f o r e  R  D r ,  =  
" r r A " R r r '  

3 s

des  i  red  .

Let  us note that  Lenma 10 can a lso be deduced f rom a more

g e n e r a l  r e s u L t  P r o v e d  i n  [ 1 0 ] .
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