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We ‘denote by R BTN aBBN K A Tocomplex Ml lbertiispacge, ‘Tthe
algebra of bounded linear operators on # , and the ideal of compact
operators on ¥# ,; respectively. We recall that a subalgebra
4 c 2£(#) is said.to be reflexive if it contains every operator T
such that Tm ¢ # whenever M is closed invariant subspace for
A

In this paper’ we answér in the negative the following two

questions.

PROBLEM 1. Suppose that 4 < £(#) 1is a reflexive algebra.  Is then

A + X norm-closed?

PROBLEM 2. Suppose that An , A c g£(n) are similar-zreflexive
algebras, n 2 0 , and lim dist(An,A) = 0 . - Can we choose
N~p00
invertible operators X such that X—-1 A X = A and
n n n n
lim an - Il =0 ?
N

The distance mentioned in Problem 2 is, of course, fhe
quﬁeiu-Hausdorff distance between the unit balls of An and 4 .
We note that Problem 1 has an affirmative answer if the
invariant subspaces of L are totally ordered by imclusiecn (i.e..
A is a nest algebra); see [5]. The answer to Problem 1 is not
known for algebras with commutative invariant subspace lattice

kCSL—algebras){ see [1] and [9] for more details about such

algebras.
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+The answer:to:Problem 2 .is positive if Aﬁﬁ.and Az are nest

s ik AR

algbras. Problem 2:is .open dif+ 4 ds-similar to.a CSLfalgebna¢uand

it is also open for algebras acting on finite-~-dimensional spaces.

See [2], 03], [4], [8] and [10] for more infeormation about. this

problem.

We begin with our example concerning Problem 1; this example is

related to that given in {4]. Let % be a Hilbert space with

orthonormal basis {ej S 0aC <ol - and define operatons

T,P ,S e ¥£(#) such that

0

g
o
P
Il
»
M
o
(0}
o
<
m
&

Next, denote by 4 the weakly closed unital algebra generated by
T

PROPOSITION 3. The algebra 4 is reflexive and A4 + ¥ is not

closed in the norm topology.

*

This result will be proved in several steps. Let us set
Adi= (e €07 v ceagi et Sl
LEMMA 4. The function f : A4 — # defined by
(o]
k-1 : : X
£(r) = ey * E A (A—l)ek is lanalytic en  dInt(4) ,
k=1

M R S ande T el s e
il
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Proof. The analyticity of f is immediate, .and so is the relation

ey B = (el 2 s ) S
SR L * * ) : :
R = Sy PO , we have T g f e, and T ej = ejel e R
[es]
- . k-1
T £(r) = ey + E AT o-1)e
k=1
(o]
= g1 =
= e, + (A—l)eO + A A (A-1)e. = Af(A) ,

as claimed.

We recall that Alg Lat 4 = Alg Lat T 1is the algebra of all
operators A e £(#) such that AM. c m for every invariant subspace

ME et T

LEMMA 5. Fix A e Alg Lat 4 , and define u : 4 — € by

u(r) = (A eo,f(X)) , A e d . Then u is analytic and bounded oﬁ
00

Sty ., and ¢ ldmeuln) =rafl ). Moreever, if o uw(A) = } unAn is
gl =0

S

the power series expansion of wu , then

(A ei,ej) = 0 f s e s
= u, shpEeEn e D ol
J—1
j=1
S = uk e j2>i=20

o

e
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“BPreoocf. The analyticity of “mn ;. and the relation “lim a(zr) = u{l)
Tl

follow immediately from Lemma 4. To show that u is bounded, we

— £ :
verify that wu(A) is an eigenvalue of A with eigenveector £(A) .
%

- :

Indeed, since. A e hAlg Lat T = each £(x) -ds an eigenvector of
%

A , and the formula for the corresponding eigenvalue follows

because (f(A),eo) = 1 . In order to determine the matrix entries

of A we use now the relations

* £ 3
A eo = A Bl = ali) e0 5
s - .
and A f(A) = mfA)EeA) . Jalr< 2. The Jatter equaticn can be
rewritten as
(o] o0 0
kK, * * 5 L Kk
E A (A e A ek+1) = [ E Uy A ][ E A (ek ek+1)] : |A| s
k=0 k=0 k=0
or equivalently,
- k
* pIES :
Blee % S s Euj(ek—_) r-j+1!
J=0

These equations yield now

¥




k-1
A* = A*e - A*e - A* )
®k T ( j8) ep+1
p=0
Kedioep
= i) e. - E E u.(e e
0 J( Pl P*J+1)
R=0-3=9
k-1 k-1
= e = W . - :
0 } 2lE s S
J=0 pP=1J
k-1
= ey E ujgeo - ek—j)
J=0
k-1 k
= full) = E Ef]e + E U e
: { Jie0 kg o
§=0 J=1
These relations imply immediately the formulas for (Aei,ej) = ke
lemma is proved.
COROLLARY 6. Let A and m be as in Lemma 5.
(i) 1f A is compact then A =0
, o d=1 . 1/2
(a0 Al < sup{|u(a)| : [al < 1}‘+ [ } |md) -~ 2 uk[ ]
i=0 k=0
Proef, (1) If A is compact then we must have
uk = iiﬁ (A en’en+k) =20 feor every k .. We conclude that u = 0 ,

and hence all the entries in the matrix of A are zero.




%*
= HAPOH + WASS

HAPOH + UWASI .

A

Clearly ‘AS is a Toeplitz operator with symbol Au(A ) ese that

HASH = sup{‘)\_u()\)l sl d b= sup{|u(ar)| : [l e i) v,

while -APO is a rank-one operator with norm
i = a
[ E [u(l) - E uk\ } .. . The corollary follows.

i=0 k=0

LEMMA 7. Every operator in Alg Lat T is the weak limit of a

sequence of operators of theform. pl(T) i - With -ip-a polynomial.

particular, 4 is a reflexive algebra.

>

Proof. : Let A and: ‘u  be.as in Lemma 5, and consider the

polynomials.

In

e e
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and the operators A = un(T) SoamasE GG leanly. . e S {
i 1

n

(An ei,ej) = 0 iE o i
= u? it Fo el
G
J-1 _
=u(1)-§un if s =D
n k 3 - A |
k=0
'where ! = (Gt = E)u Jefee loacn and Nl te Sk e We héve
k neak = 4 k :
® rfesal
1im uE =Wy k 50 . Moreover, since E |u(1) - } uk|2 Giioo et |
N-0° : |
i=0 k=0 _ !
feollewsthat null). .= 2 Uy Consequently the Cesaro sums un(l)
k=0 |
converge to "m{l) as Mm-—® . Thus we conclude that
lim (An ei,e.) = (Aei,e.) for. all 1 ‘and. - . FThe lemma will
S J ; J .
follow once we prove that sup nAnu <o s Rilmeonat isia well-known

n

consequence of the positivity of the Féjer kernel that
sup{lun(A)l Siave 0] |A| <Ay sup{lu(A)l : IA[ <

*

Thus, by virtue of Corollary 6.(11), it suffices to show that

w : -1
Sup{[ } [un(l) - li.uﬁ‘z]l/Z T on oy 0} < ®
i=0
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Let us set
Jd
n n SR
Koo d)e= ) N == e )
a Bl } uk al un(l) E uk aldoiie (o)
k=0

We have then a? =30 For Ay oni, amdifor. 1 <N

i
4
|
S
Q

[
i
Sir
N1
ol
-

A famous result of Hardy (cf. [6]1), showing that the Cesaro operator

is bounded with norm 2 in ¢? , implies that
n n n
} ‘—1_' 2 . ‘2 1/2 . § L |2 142
N k 3 k
i=0 k=i+1 k=0

We deduce that



o AR . |

10
- 1/2 s . 12 B > 1/2
2 1 2 ik 2
{§|J] S[E‘”“‘*ﬂ)“ll} +[§|.r.1 }ak|]
i=0 i=0 i=0. + k=itl |
n Rl n |
1/2 ! 1/2 «
fise 21 a1 2
<l el ) a5 > wl’]
i=0 i=0 k=i+1
- 1/2 |
2 i
o |
i=0 %
|

and this concludes the proof of the lemma.

Let = : #(#) — 2(®)/% denote the guotient map. The proof of

Proposition 3 follows immediately from Lemma 7 and the next

observation. -

LEMMA 8. The algebra 4 contains no nonzero compact operators, aﬁd

nlA is not bounded below.

Proof. That 4 n % = {0} follows from Corollary 6.(i). To see

-

that n|A is not bounded below we note that

wm (™ = ua(s™)n = 1, while Pl e om0 0

We note that a somewhat more detailed analysis of 4 shows
that the weak and ultraweak topologies coincide on this algebra.

We proceed now to our example concerning Problem 2. Let ¥
be, as before, a Hilbert space with orthonormal basis

{en ¢ 0r ¢ m el ) and define operators R'Un'Rn e £(#) such that



ek

Be = piden s
J J
Unen S Unen+1 St Uhej = ej R cjadantl .,
L ol aiee. eteisbst U o U ) Define
n n n - n n
three-dimensional algebras A,An c L@ %) by
Asil TR
A = :
{[O HI] A e ﬁ} ’
AT 7Rn
; An = {[O o ] s Al e c} e
We recall that, for two subspace # , # of a normed space

« , we have dist{m,#) £ ¢ 1if and only if for every vector X in
the open unit ball of 4 [Pesp.; - ¥.])  there is = vecton § in the

open unit ball of ¥ [resp., M ] such that Hx-yit < ¢

PROPOSITION 9. The algebras An and 4 are similar, reflexive,

and lim dist(An,A) = 0 . However, if Xn e £(% @ %) are
N0
invertible operators such that An = X;1 A Xn , then

1iminfnxn TS D

N—

= -1
Proof. Clearly An = (Un @ Un) A(Un ® Un) so that An and A
are indeed similar. The equality lim dist(An,A) = 0 - is an
U@
immediate consequence of the fact that 1lim HRn—Ru =0 The
N0

reflexivity of 4 (and An ) follows easily from (7], but ig-also

easy to verify directly. Indeed, if [é g] € Alg Latsd , clearly
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C =0 snd  AiDie BErhatlI Y wse that WR= AT, D = pl for some

scalars A and p . Thus" [g g} ¢ Alg Lat 4 . Using. invariant

subspace of the forms {aRx & Bx : a,p e €)Y , we see that for each
X ¢ # there is 1 € - sueh.itlhiagt - Bx = vax . Linearity of B

implies now that = v does not depend on X

We will conclude the proof of the proposition assuming the

following result, which we prove later.

A B :
LEMMA 10. Assume that Xn = [Cn Dn] is an operator such that
XA =sA R and . D # 0 . Then there exists a scalar v such
n - n n n . n
that: RD =2 A R
n sele el el
An Bn
Assume that there exist operators Xn = [C D'] such that
n n
w4 —wands Timoux - mio=0 . Cleamly then 0D o2 0
netn n n n

N0

eventually, so we can choose 2 s as in Lemma 10. Denote by

n . n .« :
[aij]i,j=0 and [dij]i,j=0 the mgtrlces of An and Dn 5
respectively, in the basis {ei s3> 0} . It is immediate that
dl sy el - apd 5 e sl G i Thue
00 n 0o nn nEnn
n n n n 5 - : .
e = di /g =i dir. A , and the last equality implies that
n oo’ oo nn’ nn
dgo dﬁn
1 = 1lim =20 1idim = e
n- a n-° a
00 nn
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which is simply not true. This contradiction concludes the proof of

the proposition.

We conclude the paper with a proof of Lemma 10. The relation

X oA~ =T ACK implies the existence of scalars A_,H4 .7 such that
I n n ninsn

Phis we havie s Do =a0s and - a A R+ 0 B o=R D Since
e on nnn Qe gl n

D #0  we deduce that ‘p =0 ,iand therefore: R D =9 A R ., as

n n n n

desired.

Let us note that Lemma 10 can also be deduced from a more

general result proved in [10].




10.

i4

References

W. Arveson, Ten lectures on operator algebras, CBMS Regional
Conf. Ser. in Math., No. 55, Amer. Math. Soc., Providence,
1984. '

M.D..Choil; K.R. Davidson, Perturbations of ﬁinite~dimensional
operator algebras, preprint, to oppear Hichigan Makh. § -

K.R. Davidson, Perturbations of reflexive operator algebras, J.

Operator Theory 15(1986), 289-306.

K.R. Davidson, C.K. Fong, An operator algebra which is not

closed in the Calkin algebra, Pacific J. Math . 721977, 5198,

T. Fall, W. Arveson, P. Muhly, Perturbations of nest algebras,
J. Operator Theory 1(1979), 1:37 =150

G.H. Hardy, J.E. Littlewood, G. Pblya, Inegualities, The
University Press, Cambridge, 1934.

J. Kraus, D.R. Larson, Some applications of a technique for
constructing reflexive operator algebras, J. Operator Theory
13(1985), 227-236.

E.C. Lance, Cohomology and perturbations of nest algebras,
Proc. (Ser. 3) London Math. Soc. 43(1981), 334-356.

c. Laurie, On density of compact operators in reflexive
algebras, Indiana U. Math. 0. 80 (1981) , 1=16.

F. Pop, A remark on a question of M.D. Chol and K.R. Davidson,
INCREST preprint No. 41, 1986.

A




