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REMARKS ON DUALTTY FOR COMPLEX SPACES

by

' 
Andrei BARAN

r ! , 1 r - 1
rn  LB1J ,  LB2J  one  has  p roved  a  dua l i t y  t h ' eo rem w i th  " two

arguments" ,  o f  type hyperext -hypbrext ,  for  complexes wi th  coherent-

cohomo logy ,  wh ich  ex tenc l s  t he  usua l  dua l i t y  f o r  cohomo logy  o f  Ramis

and  Ruge t  Lo - * ] .  r n  the  case  o f  a  comp lex  man l fo ld  and  two  coheren t

s h e a v e s  o n  i t ,  t h e  r e s u l - t  i s :

THEOREI4"  Let  X be an n-d imensional  mani fo ld  wi th  countable

t o o o l o q v  a n d  ?  , $  e c o h ( X )  .  T h e n  n x t { ( x ; Z , S )  h a s  a  n a t u r a l -  t o p c *

l  n x r r  n {  ! t r . ^ ^  n n .  
- - - - - l - 9  

r - '  ( - l  (f t - l gy  o f  t ype  QFS,  Ex tn -9 (x ; s  ,  E  €c , , J , . )  has  a  na tu ra l  t opo logy  o f
A

t y p e  Q D F S  a n d  t h e r e  e x i s t s  3  n s l r r r = ' l  n : ' i  v j n ^  ( y o n e d a  f o l l o w e d  b yv q r  !  r r r Y

t he  t race  morph ism)  wh ich  i nduces  a  topo log i ca l  dua l i t v  be tween

t h e  a s s o c i a t e d  s e p a r a t e d  v e c t o r  s p a c e s .  l { o r e o v e r ,  E x t Q  ( x ; t  , T y
h - ^ r  1  ,:  i . s  sepa ra ted  i f t  Ex t " -9 - '  ( x ;  G  , "+ .  &  4Jx )  i s .  A  s im i l a r  s ta temen t

h o l d s  f o r  t h e  p a i r  ( n x t ? ,  E x t n - Q ; .
q

For  the  case  o f  an  a lgeb ra i - c  man i fo ld ,  t he  resu l t  was  po in t -

ed  ou t  i n  [ o -p ] .  Tha t  paper  anA  fe : ]  we re  a t  t he  o r i g in  o f  ou r

work  on  dua l i t y  f o r .  hype rex t ;  Go l -ov in  found ,  i nd .eoenden t l v ,  t he

resul t  o f  the theorem under  the supplementary condj - t ion that  the

sheaves  ' !  
, \T '  ad rn i t ,  g . l oba l l ] '  on  X ,  f i n i t e  l enq th  reso l "u t i ons

w i t h  l n n r l ' l r z  r r a a  s h e a v e s  o f  f i n i t e  r a n k  t [ c z J  t .  w e  s t r e s s  o r r  t h e! J  r 4  v v

r < i H ! - ;



t h e  i  n t e ' r e s f  o f  t h e  t i r e o r c m  i n  a n a  l  v i i  er r i  u \ . r  uo  u  (J  I  t - I te  tneof  C i . .  * . : -  geOtnet f  y

The  topo log ies  men t ioned  i n  the  theo rem a re  the  na tu ra l

J - n n n l r r r r i n c  i n ' - - -  1  t ' - r - l  -  ' ,  r ^ - -uvvv rvy ru r  -u r r t roduced  l -11  LB2J  I  o ropos i t . i on  4  "  4 ,  and  rep rcsen t

extensions of  the dech topo- log ies on the cohomology of  co l - lerent

sheaves .

The  theo rem i s  mos t  i n te res t i ng  when

a l ready  separa ted  and .  t he  pa l - r i ng  g i ves  a

is  a lv /ays the cas.e i f  X is  ho lomorohj_cal1v. :

T f  Y  i  q  n n m n a n f  + h ^  . i  n r r r , - . iu r r u  r r r v u r r d l l t s  a : i t e  f i n i t e

ge ts  an  a lgeb ra . i c  dua l i t y .

COROLLARY. Let  X be an n-d. imensional ,

vex mani fo ld  wi th  countabl .e  topology and , t  
,

(^l

E x t l  ( X ; Y .  , T  )  h a s  a  n a l - u r a l  t o n n l n r r r z  n f ,  t y p e

has a  na tura l  topo logy  o f  type  D.FS and there

p a i r i n g  w h i c h  i n d r - r c e s  a  t o p o l o g i c a l  d u a l i t y

s t a t e m e n t  h o l d s  f o r  t h e  p a i r  { t r x t Q ,  E x t n * Q 1 .

t ire invari 'ants are'

g e n u i n e  d u a l i t y .  T h i s

convex (see I  83]  )  .

d imensional  and one

ho lomorph ica l l y  con-

. f  € .Coh (X)  .  Then

n + A
- . I l v , - _ -FS,  Ek t -  = (X ; . *  ,  E  & ( . . ' )X )

ex i s t s  a  na tu ia l

b ,e tween them. A s imi lar

mani fo l -d  and

w h i c h  i n d u c e s

\ / a 1 - + - r \ r  c n a ^ a ^v  u v  u v !  J t / c 1 u t r : 5

COROLLARY.  Le t  X  be  an  n-d imens iona l  compact

f .  , ( T  € c o h ( x )  .  T h e n  t h e r e  e x i s c s  a  n a t u : : a I  b a i r i n c. :

aq  a lgebra ic  dua l i t y  be tween the  f i .n i - te  d imens l -ona l

,  g  , . -  - -  \  n - -a r
Ex t - ' (X ;  t  , i +  )  and  Ex t "  x (_ l { ;  \ }  ,  Z  6 :  / J , . )  .

I n  sec t i on  3  o f  t he  paper ,  seve ra l  o the r  consequences  o f

the  theo rem sha l l  be  men t ioned .

The  theo rem g i ven  above  i s  a  pa r t i cu la r :  case  o f  t heo rem 5 .3

i n  L B 2 j .  H o w e v e r ,  t h e  p r o o f  o f  t h i s  l a t t e r  t h e o r e m  u s e s  d u a l i t y

f  c r r  J .  h a  h r r n n r n n h n m n ' l  n n r r  n F  ^ n m n ' l  ^ . ' ^  r  a . F  ^  t " ^ - " " ^! v !  L r r u  r r ! } , u r u u l l u i i l O r u ( j Y  t :  U U . i l t l ) l . e X e $  O f  s r l e d . v ( j s  e v e l ]  i V h e n  O n e

s t a r t s  w r t h  t w o  c o h e r e n i  s h e a v e s .  T h i s  p a D e r  c o n t a i n s  a  p : : o o f  o f

l .  l r p  1 -  h r . n r o r y r  W h i C h  a f r O i d S  t h r '  l q r i  1 - 1 f  h r r n r . r r - n h n i n n l  r . r r r r z  a n d  t h eu r r L _  r l J s  v l _  t r J , v g I U U i t u l t i u  , l - ' : l y

d e r i v o r J  c A f  e c r n r r r  r l a h o  i r l a a  O f  t h j - S  p f o o f  i S  t h e  S V S t e m a t i C  U S e



o f ' s e m i s i m p l i c i a l  s y s t e m s  o f  s h e a v e s  ( s . s . s .  )  a n d  o f  f r e e  s . s . s .
r - - r 1 1 f 1( see  L r -KJ  ,  LvJ ,  IFJ )  .

r n t h e p a p e r , w e a I s o s h o w t h a t i f X i s G o : : e n s t e i n ( i n

par t icuJ-ar  a local ly  complete in l -ersect ion)  ,  the s tatement  of  the

t h e o r e m  i s  s t i l l  t r u e  ( i n " t h i s  c a s e  d d l v  i s ,  o f  c o u r s e ,  t h e
2!

; en t i a l l v  t he  fac t  t ha t  i t  i s  i nve r -

t i b l e ) .'!,;

The same technique g iVes .another  proof  o f  the genera l  resul t

.  r - . - l  r*  ^- l  
I

r  in  LBU or  [ -B2J which does not  use the Ramis-Ruget  dual i ty  for

compLexes in  D,- . rn  (X)  .  I {e  a lso remark that  ,  in  the context  o f  f * -O] ,.  v v l l

the above approach g ives arrother  proof  . for  : t .he absolute d.ual i ty

theo rems ,  as  we l -1

' I  wou ld  l i ke  to  thank  C .  Ban ica  fo r  h iq  cons tan t  he lo  i n

p repa r ing  th i s  paper

1.  THF NATURAL TOPOLOGY

We sha l l  r eca l l -  b r i e f l l z  t he  fac ts  on  semj - - s imp l i c i a l  sys tems

of  sh.eaves and on the natura l  topologies that  we shal - l  need.  For

mor ie  deta i ls  see [ " t ]  or  [ " r l  .

1 .1.  IEL{ I I IJQI ! .  Let  $ ; t r  )  be '  a  f in i te  d imensional  complex
1\

space  w i th  coun tab le  topo logy .  Le t .1 . { ,  =  (U i ) i o t  be  a  Ioca l I y  f i n i t e

cove r ing  o f 'X  w i th  S te in  open  se ts  and  te t  #  be  the  ne rve  o f  U

(one  cons ide rs  on l v  a l - t e rna ted  s imp lexes ) .  A  semi -s imp l i c i a l

s y s t e m  o f  s h e a v e s  ( s . s . s . )  r e l a t i v e  t o  i u  c o n s i s t s  o f  a  f a m i l y  o f

s h e a v e s  ( " i * ) n . , n  ,  w h e r e  " i . o a  € t t o a ( U d  ) r a n d  a  f a m i l y  o f  c o n n e c t i n g

m o r p h i s m s . { 9 , . . . ) n * n ' 3 i n n , ; t , , l U p * i p , s u c h t h a t f o r

every N ,  fo i *  = id  and for  i ' i . :F*  * ,  f i - r r  .  (  !p" l  lu*  l=  f j= , r



'A morphism between two such s. s. s. rer-at ive to 1r , y f is ---*€It ,
consis ts  of  a  fami ly  of  morphisms (  yr4 ) , .ga*4 ,  u la i  &u _ru4i< 

I
which commute wi th  the connect ing mornhisms.  Denote by r4od ( , t i - )

t he  ca teqo ry  o f  s .  s .  s .  re . l a t i ve  to  U  .

rn  a  s i -m i l a r  waY,  ou .e  de f i nes  s . s . s .  re la t i ve  to  a  cove r inq
*o f  X  w i th  c losed  se ts ,  rep lac ing  sheaves  and  morph is f l s  by  ge rms

of  sheaves and germs of  morphisms < in the c l -osed 'sets  concerned.

r f  ucx  1s .  an  open  se t  t hen  eve ry  t4  € r ] , od ( t rL )  i nduces ,  i n

a n  o b v i o u s  w a v ,  a  u . : . = .

For every "4 i f> €.1,Iod ( 4/ )

ac tua l l y  a  shea f  t ha t  we

relative to oLd nU, aenoted by ,,,{ lU.

,  the presheaf Ur-----> Hom(,,{  lu,  & lu)  is

denote by fr.ovn_ ( ,4 , f, | .

j e

' . .  1 . 2 .  E X z u { P L E S .a )  E v e r y  F  < : { o d  ( X )  d e f  i n e s .  t h e  s .  s .  s .

S l t  =  (  cF lu*  )n . ,u"  ,  wi th  connect ino m.orphisms the ident i t ies.

r f  no  con fus ion  i s  l i ke l l z r  we  sha l r  w r i t e  =o* " f t i * " "  s imp l l z  F

f o r  G  i i i

,+e  l r '  ,  de f  ines  the  s .  s .  s .

F t rx and Vp -0 otherwis.e.

1 .  3 .  THE SHEAIT ASSOCIATED TO A S.  s .  s .  F .o r  F \ /Fr \ /  r r r -  yJ v -:- ,, open set'

l e t .  4 ( ( u ) € u v '  b e  t h e  l a r g e s t  s i m p l e x  s u c h  t h a t  u c u

" . t  C  l t oA( ,ZC)  we  deno te  t  v . . f  t f r e  shea f  

' assoc ia ted  

to

u  | - - -+  e  ^ , , , , ,  ( u )  .  A  i s  t he  shea f  assoc ia ted  to  theo<(  u, l  . '

was in t roduced by Bel -k i lan i  Le l

I f  g € M o d ( X )  a n d  " 4  e . _ . { o d  ( U }  ,  i t  i s  e a s v  t o  v e r i f y  t h a t  o n e

has  the  i somorph isms :

:j-

Horn (  . r ,  F  )  _ *+Hom(  i i ' ,  G

b )  E v e r y  3 e : l t o a ( U v ) ,  w i t h

-:aod ( /l{ ) with gp = I lup if

i  T €

6 (  ( U )  '  . ' " -

t h a  n r a c l - r a : f

s .  s .  s .  J +  a n < l



/ V i  I  A  f r  r  v ,  4 \
, lLzv\ ( r ' t r U l *--#Jtam, ( g4, G ) .

Rtri4ARK 1 . Let  S"  be a complex of

isomorphism ;1, ' . -*-+.$" lA of  complexes
,\

a guasi isomorphism #'-- ;**S" "

F R E E  s .  s .  s .  A  f r e e

di-modules.

o f  ob jec ts

Every  quas i -

in  laod (4(  )  induces

4 A
t . L * . .

where .  each

SLe in  open  se ts ,

. s e t s .

f ,4  is  F, , - f t " "  o f  f  in i te  rank
. u d .

s . s . s ,  i s  a  d i _ r e c f

t  i ) c c

f r ee

n l xr ,c* I  l_S t .he extensj_on with

RE}{ARK 2. The  shea f  assoc ia ted  to  the

,

" s u n f f
l n  r : l

LT 
*^.J

s .  s .  s .

O t o X

^)
= G' f *

l ' (gl l f

o r  [ r ] 1 .

# i s

r:f

components

can  con -

in i i{ocl(.fr ) ,

al- l- the

reso lu t i on

P = 
#o, s'n l" where

, /<  q  l {od(uo< ) .  r f  s  e .uod(4t  )  i l ren one ver i f ies  eas i ly  that

H o m ( i { , f ; ; =  l , . l ^ f  { u o .  , $ i l r n w ( f n ,  G ( ) )( c , n  
'  r  - o \  r  u r l ( t  '  '

suppose  now tha t  ' ? ] .  = (u i . ) i . r  has  i n  add i t i on  the  p ropq r t y  t ha t

4 r t = ( u . ) .  -  i s  a  c o v e i i n o  o fl _  l _ u _ l _  
q  u v v c r r _ r r 9  L . r L  X  w i t h  S t e i n  c o m p a c t  s e t s .  .

"

lE t ' t l IA  3 .  'Every  
I  e  cor ,1x1  ac imi ts  a  resoru t i .on  w i th  f  ree

s. s. s. in Mod (,Lt ) , ;L?' .- - Y.l ' t,1. --:**-Y"0

. c  1 , .  ' t -  - + !  L

. r_ -, \135r'll- I-::t -*::''
As in  LF*K. i  , l 'every s  .  s .  s .  in  r4od (  ry"  )  wi th  coherent

i s  t h e  q u o t i e n t  o f  a  f r e e  s . s . s .  f r o m  : { o d ( E  ) .  T h e n  o n e

s t r u c t  i n d u c t i v e l y  a  r e s o l u t i o n  f o r  C [ { [  w i t t r  f r : e e  s . s . s .

X ' " - -+,€ l ' f r ,  *+,0,  which y ie lds,  s imply  bv rest r i i t ing

data f rom the cgnpact  sets  U. ,  to  the epen sets  0, r (  |  a

of  ' t l ' l t  w i th '  f  ree s .  s  .  s .  f  rom Mod ( . t i )  .

P roo f

REi{ARK 4. Lemma 3 is i s  a  cove r ing  o f  X  w i th

X  w i th  S te in  compac t

st . i i - l -  t rue i f

by a covering,

11 |

dominated o f



-  : 6  -

3g11AB5-t.  suppose t e'cotr (XP has f  ini te tor-dimension (f  .  t .  d. )
( f o r  i ns tance  E  i s  l oca - l l y  f ree  o f  f i n i t e  rank  o r  X  i s  a  compJ-ex  , i

man j - fo ld  and  ' t  i s  any  coheren t  shea f  )  .  Then  fo r  U  su f f i c i en t l y .

smal l r the f ree resolut ion in  lemma 3 can be chosen to have f in i te

l e n g t h  ( s e e  [ " Z J  ,  p r o p o s i t i o n  3 . 3 ) .

t

1 - 5 .  F r e e  r e s o l u t i o n s  w i t h  s . s . s .  c a n  b e  p s e d  t o  c o m p u t e
' a f

E x t Y ( x ; ? - , f f )  i f  9 , 6  € c o h ( x ) .  T o  t h i s  e n d  t h e  f o l l o w i n g
I

" p r o j e c t i v i t y "  p r o p e r t y  o f  f r e e  s . s . s .  i s  e s s e n t i a r :

If  Y : ,4-***,"S is an epimorphism in :\od (?|) and if  ker f has

componen ts  acyc l i c  on  S te in  open  ' se ts  ( i . e .  .w i th  t r i v i a l  cohomo lo -

g y .  o n . . S t e i r l  o p e n .  S e t s ) ,  t h e n  f o r  e v e r v  f r e e  s . s .  s .  f t  G M o d  ( , L t y ,  t h e . .

morphism Hom( 8. , ,4 ' l - - - - - - -+oHom (E ,  Cr '  )  induced by V is  sur jecbive.' :

g .  i : he  reso lu t i on  o f  a  coheren t '  ( , -moau le )  and  &*ded  above  (e .  
x

a n  e x a c t  c o m p l e x  o f  s . s . s .  o f  : t o c l  ( , " t { ) ,  h a v i n g  c o m p o n e n t s  w i t h

f ^ ^ - - -  ; t  -  ' ,  a  .  : , r .  . , a -  :t r i v i a l  cohomo logy  on  s te in  open  se ts .  Then  Hom'  ( , t - ,C , '  )  i s  exac t .

P roo f

Qs ing  an  exac t  sequence  a rgumen t ,  one  p roves  tha t  t he  sheaves '. : "

o f  cocyc les of  , ; l *  have a lso t r : iv ia l  cohcjmology.  on Ste in open sets .

- :  N o w ,  a c c o r d i n g  t o  t h e  " p r o j e c t i v i t y "  p r o p e r t y  o f  f r e e  s . s . s . ,  i t

f o l l ows  tha t  any  morph ism o f  g i ven  deg ree  f rom X '  Lo  i i i s  homo-

top i c  to  O  ( the  p roo f  soes  exac t l y  as  i f  " i j 'wou ld  have  p ro jec t i ve

c o m p o n e n t s ) . .

Le t  {  GCoh(X)  ,  ,F  Ue  an  f , r . -modu le  acyc l i c  ou  s te in  open  secs ,
. i .

c;!t'.x- ------+? be a resol_ution of , f  ivi th f ree s . s. s. in l{od (?i) and
. a

iS * - * * ' J ' a  reso ' l u t i on  o f  f f  w i th  i n jec t j - ve  sheaves .  Then  a l - l  t he



' -  r y '. .

morphisrns in  the d. iagram below are

Hom'( ,Y ' , r r  ) * j l - . *Hom'  (X ' ,  J" ) i *nonr . ( , f  ,  , :  
' l * - l *FIom.(  

!  , :1 . )

(1et  f  
'  

be the mappingr  cone of  the morphism f  - - **Jr ;  
accord j .ng

to  l emma 6 ,  I {omo (x " , ' c . ' )  i s  exac tand  conseguen t l y  o {  i s  a  q r . s i -

; i somorph ism;  
. f r om 

sec t i on  1  .3  i t  f o r l 0ws  tha t  F  i=  an  i somorph ism;
-  

remark 1 and the fact  that  J ' i=  an in ject_ ive.  resolut ion i rnp ly
that  ) t  is  a  quasi j -somorphism )  .  S ince the cohomoloqlz  qroups of
H o m "  ( " /  ,  J ' ' )  a r e  ,  b y  d e f i n i t i o n ,  n x t e  ( x i ' t ,  F ) ,  l t  f o r l . o w s  t h a t
one  can  a l so  compu te  these  g roups  f rom the  comp lex  Hom. ( , y , . ,  S1 .

r f  s  e . coh (x )  ,  l e t  " , r l ' - - 5p  o "  a  reso lu t i on  o f  F  w i th  f ree
s , s . s .  i . n  M o d  ( l { y .  O n e  c a n  p r o v e  e a s i l y ,  u s i n q .  l e m m a  6 ,  t h a t  t h e
cohomo logy  g roups  o f  F Iom.  (X " ,u lg ,1a l so  compu te  Ex tg  ( x ;  t i  , rF ) .

. Replacing' Hom' with /{ry^ " j-n the d.iagram above, one obtains ,
much in  Lhe same way,  that  the cohomology sheaves of  the comolex

} ( r t n r ' ( . 1 " ,  r J  )  a re  yn tQ  ( , t  , g  |  .

one  can  p rove  ( see  [ " z l  ,  l emma 2 .11 )  t r ra t  t he  compone i i t s  o f

J ( s w t ' G t ' ,  G  )  a r e '  l ( x , . )  a n d  [ - "  t x , "  ) - a c y c ] i c .  c o n s e q u e n t l y ,  t h e

c o h o m o l o g y  g r o u p ' s  o f  r - " { x ,  } i n i . r u 1 ' ( d ' , F  ) )  a r e  n x t l  $ ;  . t .  
, q  ) .

1 .6.  NATURAL TOPOLOGY. r f  , . .4, fr € " ' lod ( l i  ;  have coherent con-

natura l  topology of  type FS
*T:

subspace of  l^  I  f  (U*  , 'K, , ,^ , i * , f , , . ) )  ) ,c<€ i{ 
/

a t t ! a q i  i  q n m n r ^ l - "+ * p v r r r v r  - i r ] . S I I 1 S  !

p o n e n t s  t h e n  H o m ( * , $  )  c a . r r i e s  a

(F r6che t - schwarz )  ( i t  i s  a  c t_osed

r n  p a r t i c u l a ; ,  i f  1 l  , G  € c o h ( X ) . ,  k e e p i n g  t h e  ' o t a t i o n s  o f

p rev l -ous  sec t i -on ,  f , I om ' ( f f ' ,  F )  i _s  a  comp lex  o f  FS  spaces .

o n e ' g e t s  a  t o p o l o g y  o f  t y p e  e F S  o n  E x t Q ( X ;  f , ,  ( F )  c a l . I e d

ra l  t opo loqy  ( see  [bz ]  r  p ro ] f , os i t i on  4 .4 f .  Th i s  t opo logy

pendent  of  the cover ing \L  and the resolut ion . t .  ,  i t  is

r ia l  in  Y ' .  and (F ,  and i -s  compat ibre wi th  the rest r ic t ion

the

Hence

the natu-

i s  i nde*

f unctr:-

m n u ^ l -  +  ^ , - ^
r r r v t -  I / t r - L > l t 1 5  .



B

,  '  Let  7{  be a local ly  f in i - . te  cover ing of  X wi th  Ste in compact
\

se ts .  r f  r+  ,  h  emoc l ( . i <  )  have  coheren t  componen ts ,  t hen  
' f ' ^  ( x , J i , - t , . 1 , " i ' , ( *  )

( j

'  ca r r i es  a  na tu ra l  t opo logy  o f  t ype  DFS (s t rong  dua l  o f  a  FS  space )

/ - f i \ P c , - -  N l l  ,  / ' t  ^  r r (( i t  is  a  c losed subspace i f r  StZ f ' (K, .< ,  i t , . r , . .  (  " / f , t ,  ' f . (  )  )  ) .{Xe${

I f  6 f " * *+z [ t  i s  a  reso lu t i "on  o f  ' y '  w i th  f ree  s . s , s .  i n  ] . i od (J {  )

then one proves as in  sect ion 1 .5  th 'a t  the cohomol-ooy groups of
z .

f - ( x i l J , . y , , ' ( . . , t " ' , G \ ) .  a r e  E x t 9 ( x ; ' ! . . , ( F ) .  s i n c e  t ( " , K ; , r * J ( , ' , { ' " , F ) )  i s' c '  c '  ' - . -  - c '

.  d .  complex of  DFS spaces one gets  a topology of  type QDFS on

. q ,
E x t l ( X ;  J  , E  l ,  c a l l e d  t h e  n a t u r a l -  t o p o l o g y .  I t  i s  i n d e p e n d e n t . o fc

. t h e c o v e r i n q t a n d t . h e r e s o 1 u t i o n c , | o , i t i s f u n c t o r i a 1 i n ? a n c ]

q ,  and is  compat ib le  wi th  the excension morphisms. l { .oreover ,

one  can  p rove ,  by  squeez  : -nq  ' ) L  be tween  two  loca l l y  f  i n i t e  cove r lngs

o f  X  w i th  S te in  compac t  se ts  tha t  T "  { x  ,  i ; - , u . . . ' ( , r : ' ,  ' i  
J  )  a l so  i nduces

o n  r x t l ( X ;  ?  , q  I  t h e  n a t u r a l  t o p o l o g y  ( s e e  t l z 7 ,  r e m a r k  4 . 3 ) .(-

. '

2. PROOF :OF TIIB THEORE-Y

F i r s t  w e  m u s t  d e s c r i b e  t h e  p a j - r i n g .  S i n c e  w e  d o  n o t ' u s e

der i ved  ca1 -eg roy ,  t he  desc r ip t i on  l v i l l  be  rd the r  awkwdrd  and  a

bi t  long '

L e t  1 . L = ( U ,  ) . , - -  b e  a  l o c a l l y  f i n i t e  c q v e r i n g  o f  X  w i t ' h  r e l a -'  
I '  t - e l .

t i ve l y  compac t  S te in  open  se ts ,  such  tha t  c / :  
,  CF  admi t  reso lu t i ons

o f  f  i n i t e  l e n g t h  ,  t ' *  
o f  

,  , d i '  - - - - - -  ( F  
,  w i t h  f r e e  s .  s .  s .  i n

M o d ( t t ) .  ( s e e  r e m a r k  1 . 5 ) .  L e t  I J X - ' * - - - i ' U u  a .  r e s o l u t i o n  o f  i i *

w i t h  i n j e c t i v e  s h e a v e s .

T h e  c o r n p o s - i t i o n  o f  m o r p h i s m s  y i - e l d s  a  p a i r i n g :

. . " ' r  . / r r ) .  ! t . \ . , , ' 1 t ,  , /  . l  t n  , 1 ' - . . '  \  '  , ' ' . i ( , . . ' i y ' i ' , 9 , r , - . . . ' )
i . ' \ . \ . !4  \ , , : . .  ;  ( ' ' 1  1 )<  i (  i r ' r ^ ' (  " l [  ,  l '  6  t -X  

)  
- - - - i ]  ' : t ' L r ' .Y ! t  ( 'd  t ^  WLv ' ] : ]



.Tak ing  cohomo logy ,  res ,oec t i ve l y

o f  deg rees  q  and  n -q ,  i n  t he  two

term/  one g.ets  a pai r ing,  ca_l led

c h a p t e r  7 t  5 1 ) :

.  E x t Y  ( x ;  Y

cohomdl-og11 wl th  compact  suopor ts ,

factors of  the le f t  hand s ic le

' l -he yoneda pai r ing (see fn*s l
' b .

f i  * ) '

, 9 ' *&Q  * , * '

o b t a i n e d  b V  c o m p o s i n g  t h e

t h e  t - r a e e  m o r o h i s m

Cons ide r

ftr,wJ l,Y.';

A
I fn *  t  / ? 'rrvr l r  \ r^-x t

,/\
t &

I
I

* ,

I V 't ^ x

now the

"/\
i l )  @x''

^ f

I
*

fu* , * )  @

s i n c e  ' f , * t Q  ( n f  ,  i J * ) * - r y ' r , E x t Q  ( f  
x , 0 " , * ) .  a n d

' t # q ( Y , V u - $ u ; . , ) -  ^ { - - + , E x t Q t , t  - Y  , * r , 1  }  i f  f ^ . t  t r-  x . x  (  L * r  d *  6 d " , * )  i t  f o l l o w s  t h a t  t h e

ver t ica l  mor :phisms above are quasi isomorphisms.  l {oreover ,  s ince

c a 1 1 1 z  f r e e ,  o n e  v e r i f i e s

easi ly  that  the lower morphlsm in  the d iagram is  an isomorphism.

Hence  the  upper  morph isms  i s  . . q , - , u= i { i somorph ism.
+

'  One  has  the  fo l l ow ing  sequence  o f  morph isms : "
'  Y l ^ , ' ( $ '  : '  \  ' \ r  . / J .  r . - , 1 .,,tcr^ [d ) X Cv dx ) <.--------.-.- JLtp.,- (i , d^) 6 X- --:

' ' t D  . / C n  q ' \ ^  J '  - r .

S ince  the  f i r s t  moroh i - sm i s  a  quas i i somorh i sm,  tak ing  cohomo logy

wi th compact  suppor ts  we obta in a natura l  morphism:

ext! $i 2 , Y: ol aJ x) 
.--€{.-+n! tx , *; .

a .

The pa;Lr ing in  the theorem is

Yoneda pai r ing,  the morphisrn o(  and



)
: '\

. - n , - -
T ' . : H ;  ( x  , l )  . )  _ _ ' - * c  ( s e e  [ n * n ] , '  h e r e ,  s i n c e  X  i s  a  n r a n i  f n l n  , n  . i  -l t  C x r tr  r(JI( ,r ,  . I .x ] .s

induced.  by  in tegra t j .on)  .

T h e  n a i r i n g  f o r  t h e  c o u p l e  ( n x t J ,  E x t n - ' 9 )  i s  c l e f i n e d  i n  t h eU. :
same way.

S tep -  1  )  The re  ex i s t s  a  topo logy  o f  t ype  eDFS on

-  E x t n * q  ( x ' ,  € ,  f -  6 t d i ,  ( n o t  n e c e s s a r i l y  t h e  n a t u r a l  o r { u ) ,  s u c h  t h a t  .

the s tatement  of  the theorem j -s  t rue when on Extg (x l  . : r  
,  G-  )  one

consj -ders the natura l  topolooy
' I

Let  ( f l r i ) , {n ro  be  the  famj - ly  o f  f ree  shea ' i res  tha t  de f ines
.:'  t h e  f r e e  s . s . s .  X '  i n  t h e  r e s o l u t j - o n  X ' - E  .

f t

Exta (x ' ,  v  , iF  )  is  computed (natura l  topol ,ogy inc luded)  f rom

the FS complex K '=Hom ,  (g ' rg  )  hav ing components
\

K9=HoF9(x ' ' ,G  )=Hon ( f , - q ,G  )= ' f f f  ( ua1  ,  K *uv  ( f ; n , s ) ) .

i  Us ing  the  dua l i t y  t heo rem fo r  S te in  mar i i f o lds ,  one  ob ta ins ,

by  dua l i z i ng  K ' ,  t he  comp lex  o f  DFS s ,paces  L '  w i th

Ls= FH nxrf, (u* ;J{cw(0I , '"} ) ; ,Jx) :
' t

r \ , G ' *  n ' - -  Q T , < . . . r t  rq p r $ x c " ( u ( ; r , ' f f 9 N i l
d(6 u{

( r , q  j - s  i n  dua l i t y  w i th  K -q )  .

To prove step 1 i t  is  enough to show that  for  every q the

c o h o m o l o g y  o f  L '  i n  d e g r e e  q  i s  E x t n * Q ( x , [ f  ,  * . 6 A J x ) .  T o  t h i s

end,  consider  t -he double complex

* t t=P f . (u1  ,  X , , , .  (S ,Qoq  6p t l t=

=$ f. tu^ , t!n* ( rt'ov, {4?, ,* L }t,l



1 1

wi th  d i - f f e ren t i a l s  i n  t he  r -d i rec t i on  deduced  f rom those  o f

d i f f e ren t i a l s  i n  t he  q -d i rec t i on  de f i ned  as  those  i n  L  "  ,

The cohomoloey of  nQr a long the r -d i rect ion is '

J, ano.

D

{
j
I
I
I @ n"t f  ruo |q-  ,  g:erJx) :  r ,Q

d

f  n r  t - J -
L T I L . .  

.

)

for : :=t t  "  
'

as fo l lows immediate ly  f rom . the usual  dua. l i ty  theorem for  a  Ste in

man i fo ld .  Hence  N ' ,  t he  s imp le  comp lex  assoc ia ted  to  the  do r . rb le
( \ f

comp lex  (NY-  )  i s  quas i i somorph ic  w i { :h  r , ' [ n ]  ( i .  e .  L '  sh i f t ed  to

the  l e f t  w i th  n  pos i t i ons ) .  Consequen t l y  we  have  to  ve r i f y  t ha t

the  cohomorogy  o f  N '  i n  c leg ree  q  i s  nx tJ  ( x , ,G  , ' z  6  zJ . , )  .*  c  - x "
' s i . , .e  

(uo< ) r< is  a  local ly  f in i te  fami l ,y  o . f  re la t ive ly  com-

pac t  open  se ts ,  ( ) ' i , * r (  G  ,  g f  € ,? i r )  )d  i s  a  l oca l } y  f  i n i t e  f  am i l y

o f  sheaves  and  one  has  the  equa l i t i es :

n r
I \ ' (u* ,7(,-^ (6 , Qf,wlT t t =_ / h i l- '€39 ' ..

6 (  . -

= G) l(x, ]c,r^r rtr , flief ll "r=
a(

= F.(*,lTff * rG , Qf cl 7'r I * )

.  t xwrrere I  means extension with O to the whole of  X.

Now,  s ince  / r  i s  in jec t i ve  and r f f  i=  f ree  o f  f in i te  rank  . ,
n F =  v f  . r -/ J ' J / -  i s  a l so  i n jec t i ve  and  i i ( c *u  tS -  ,  d fe , , f  I  i s  f l abby  and ,

i n  p a r t i c u l a r r s o f t .  A c c o r d i n g  t o  [ c o ] ,  t h e o r e m  3 . 5 . 5 . c .  I
^ , i ,  t . 7  1 1  D - . - f . t X' ) G r ^ ( - , i i ' f  

8 7 ' ) l  ^  i u .  a t s o  s o f r  a n d  s o  i u T T ' , i ( , , ^ ( S , C * . - ' e | r ) 1 " .

Consequen t f y ,  t he  ccmponen ts  o f  NPr  a re  f ^ [ ,  . .  ) -acy " r i " .

s i nce  S  i u  coheren t  and , ) ' i *n , * ( , . 1  ,  n  )  commutes  w i th  tak inq  f - i be rs



4 4 .
t z

o n e  v e r l f i e s  e a s i l y  t h e  e q u a l i t i e s :

: -70* [Fr9  ( r l . i l xfrr J^)) * j(*^ (tr, (W sJ l:)e /" ) *

/ r-r 5r^,.rrv \3  :  J ( . ^ t , f r ;  a _ W t - ) ,

'  1 .

( f o r  t h e  l a s t  e q u a l i t l z  s e e  r e m a . r k  1 . 2 ) .

S ince  X '  has  f  i n i t e .  I  cno l -h  tho  fo l  l ow i  nq .  c l . i r ee t  sums  a re! v J _ r v w l t r Y  u _ L J . c L

f i n i t e  and  one  qe ts :
\

ct /-1\ nr ftr-\ *- A^ < r-NY= kLt NP'= kJ# l-. tx ,',ft,;,.-, ( g , -gP6r7t ) ,, =
p+ ' r=q  p+ r=q

.F. ,,-"if-\ n ^= [  (x ,Xo",  ( t r ,  Q$;)  t# PeTtt  )= ,
p + r = q

f i l  t | ,  . ! P  a t  1 , .=  t '  -  ( X , ' t Q r v ^ q  ( G ,  k ' Q g ] "  l  l.  c '  u  t ,

4 -
Now take f ' '6; ' '  ;  r t  has obvi-ously thb same cohomology as Ecx,r . iLx

. 4 ,  
/ '

I  . ^ - l  '  
' Y '  

c - -  -  .  . , 1c r r r L r ,  s i n c e  X -  h a s  f r e e  f  i b e r s  .  i  t  l r a q  i  n i o g l  j y e  f  i b e r s .  S i n c e  t r--  - . -  -_ -  ,
A

i s  coherent  i t  fo l lows tha t  t fuv ; {  s , l "eJ ' )  can  be  used to
$ .  t . :

c o m p u t e  ' u t ( , ' ( G , g &  
/ J x )  ( i s  a  r e p r e s e n t a t i v e  f o r  R J r ; " - (  +  ,  y  6 , { \ )  - )  ) "

/t

r r t = r r i n a  i n { - a  5 ^ ^ ^ u n t  t h a t  L h e  t e r m s  o f  J ( . r " . .  ( € , t " e > l :  I  a r er a ^ r r r y  r r r L U  c 1 \ - u L r U t I L  I : ' n a E  t n e  t r e f m s  O f  J [ t V r r  . w

r c  - / ) .  
. l - : n r z a l  i  a  l r r g  d e d u c e  t h a t  t h e  c o h o m o l o g y  o f  N .  i sl l

I  
C  

t - ' I  '  " - j

C t  , i  AE w r Y  ( x ' , +  ,  Y  @  z J v )  w h i c h  e n d s  t h e  p r o o f  o f  s t e p  1 .u ^ u c  \ 1 ' '  -  '  -  u ,  
n

T n  r  c i m i ' lr r r  q  r + r l i r r 8 . f  W d . !  O n €  C a n  p f o v e :



1 n

c 4 ' a n  1 \  m L n v n  a " i  a + - a
D L e L . )  a  I  l . r ] € r c  s r l r 5  L 5

? .  @ ' r O " )  ( n o t  n e c e s s a r i l Y

ment  of  the theorem is  t rue

na tu ra l  t opo logy .

2 o n

tne

a  f  nnn ' l  nn r z  r r f  { - . r r r r a  nFq  nn  Rv { -n -q  {Y '  ( . i l
q  u \ / I r L / J v Y J  v !  L J y - .  - : ! L e  u  \ r l t  t  t

the na. i -ura l  one)  such th .at  the s tate-
(

w i ren  on  Ex t l (X i  u  , t I  )  one  takes  the
C

D

Step  3 )  The  "dua l i t y "  t opo log ies  i n t roduced  a t  s teps  1  and

" . - r - h - 9  
/ v r  f F  

n - ' r  '  A  '  ^ '
- ^ - c  \ r , ,  , ,  , ' t .  6 i l ; J " )  a n d  B x t ' ^  Y ( X i  S  r  V  C D t J ; l  c o i n c i d e  w i t h

natur .a l  topologies

Acco rd ing  to  s tep  1  one  has  a  dua l i t y  modu lo ,  sepa ra t i on :

h - d
n - - r  "  Y .  1 a t  .
l f r { . L ^  \ / \ ,

/a-

Flx tQ (x i  Y-  l t r )xEx tn-Q(X i$r ' t "edx ; * -6v1 f ,  
(x ' ,  * ,  ' t  6  r . , r " )  ' - - -+  c

and accord lng Lo s tep 2 one has a dual j - ty  modulo 'separat ion

,  {  @2..r") xExta (x.,  4 8l;*,  S'  o/r1*)--+nxt!  txi  S, 6'6r)* l-*a

\

where the le fL hand s ide factors carry  the natura l  topology and

f  h e  r i  o h f  h a n d  e i  d o  o n F i q  -  t h e  " d U a l i t v "  t o p O l O g y .u l l . E  l r Y r r u  t  -  - * r \ -

Le t  u :Ex tQ  (x ' , 2 ,S  ) - - -_oEx t9 (x ' ,  V  6  i l x , .S  S , . J " )  be  the  na tu -

ra+ isomorphism (s ince X is  a  mani fo l -d  ,  (s)  u  is  inver t j -b le)  and

le t  v  be  the  i den t i t y  map  o f  sx tn -Q  t * l  V  ,  
i )  @ L iX )  .  One  ve r i f  i es

tha t  u  and  v  a re  egch  the  t ransposed  o f  t he  o lhe r  w i th  respec t

to  the  Yoneda  pa i r i ngs  above .  Acco rd ing  to  l emma 1 .4  : -n  [ -n -nJ ,

th i s  imp l i es  tha t  v  i s ' con t i nL lous  and  consequen t l y ,  t ha t  t he

. . r , r : ' l - i r - r r , r  r n n  '  n - q  
( X ;  

' ,  
,  €  { E l J - )  i s  w e a k e r  t h a n  t h e"oua ra t y  LUPOI -O9Y On  UXt  2 t

na tu ra l  one .  On  the  o the r  hand ,  s ince  u  i s  an  i somorph ism,  i t

f o l - l ows  tha l  v  maps  the  c losu re  o f  {O}  i n  one  topo logy  b i j ec t i ve l y

the  o the r ;  t h i s  imp l i es  tha t  v  i s  a  topo -o n  t h e  c l o s u r e  o f  [ O y  i n  t h e  o t h e r ;  t h ' i f ,  r r r r y r i c o . r r d . t  v  i s  a  t o p c

logica l  isomorphism ancl  so that  the "dual i ty"  topology and t i re

n-CI  11  . .h  r  r
n a t u r a l  t o p o l o g y  c o i n c i d e  o n  E x t ^  = ( X ; ' *  , ' L  c i , - ) . . ) .

C 2 t



I T,T

?

'*
, t

!

n r
t \ -

n_O ,__ i -  v .7 _\  t . .? \  I  nen l^r r .  \ / (? I : i f  i -ed inThe  S ta temen t  On  Ex t - -  -  (X i  : :  ,  L  (n "au - ,  \ - o ' r r  us  vs
"?l

the.  same r r ray and th is  ends the proof  o f  the theorem

Proo f  o f  t he  Gorens te in  case

I

case  we  cons rde r  t he  d .ua l . i z i ng  shea f  i *  wh ich ' i s  an  i nve r t i b le

sheaf  and co inc ides wi th  the sheaf  of  ho lomcrphic  n- forms in  the

smoo th  case .  
I

- .  -  . -  L

s ince x  i -s  no }onger  smooth,  not  every coherent  sheaf  on

X  a d m i t s  a  r e s o l u t i o n  o f  f i n i t e  } e n g t h  w i t h  f r e e  s . s . s .  i n  l { o - d ( ' l ' l )

T h i s  c o n d i t i o n  w a s  u s e d  o n l y  i n  t h e . p r o o f  o f  s t e p s  1  a n d  2 ;  s o

v/e havb to  .g ive a l ternat ive proof  s  for  these steps '  As above '

w e  s h a l l  v e r i f Y  o n t Y  s t e P  1

LeL x ' :  - - - : , { ,  , i ! . , ! '  - *>$ be resolut ions of  g  and sr  wi th  f ree

s . s . s .  i n  M o d ( t c ) .  ( s e e  l e m m a  1 . 3 ) '  r

Resuming the notat iong and the arguments in  the proof  o f

the  theo rem,  l e t :

|  
"  

tu  o t ,  ) i (c *  (  q ,  f f s , ] t l  )

rl-il\
\J-"/
rteuf

lI\.= qrj
rre ro/

The s i rnp le complex aqsociated to  the

the same cohomology as L't" l  ,  and we shall

* o i o g y  o f  N '  i n  c l e g r e e  q  i s  E x t l ( x i  T  ,  S  &

and

11r
dnr rh ' l  a  r : nmn l  r+x  N t " "  hasu v u v r e

r z o r i  f w  t h a t  t h e  c o h o -v  v ! 4 r _ I

/ . \  )

f fmc"r

A n r

f . ' 6  ? -  )  )

'  As we have seen

NPrl>*- l ' (X r "tutu 
('i i- ,

Consider  now the co: lP lexes:
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' :4pqr- I '" {x, i fs'}4 {,,t  a, i l 'P cx, 7 
t) )

l - t a t  -  .  , f r  { l ^
pYY= [ .  {x  ,  i iu '1r  ( ,  j i  Y ,  " t  

v  c i i  / , - )  x l  )

( o
I

{
t.  t r\ \ \ c

and rer r{i= 4$) :{Pqr , pi= (J}) oPe
.  P - Q + r = i  P : Q = i

nat r:  The  cohomo logy  o f  t , l ' - = -  a long  the  q -d i rec t i on  i s  ( see  1 .5 )  :

f o r  q l O

/\
( x , X r w ' ( G , f  n  6  ) t ) l = s F r  f o r  q = 6

H e n c e  M '  a n d  N "  h a v e  t h e  s a m e  c o h o m o l o g y .

4 ^
T h e  q u a s i i s o m o r p h i s m  r ' . . , -  " - * _ - + ] ' "  i n 6 t r c e s  -  q i  n . o  X ' P  h a s  f ' l a t- x  r  * " * : " * " :  " - , - ' "

f  i be rs  and  , : , rQ  i s  a  f  r es  s .  s .  s .  ,  a  guas i i somorph ism

1f^.^- / l;q t,P ,<,, trt ) ----> 7(n.,,"^,t ,, q .il P rX' 
-?' 

r .y ' L { ' , y } 4 -  \ , "  t ( \  t " l /  L { l v /  l \ ' c ' t ; a \ " ' L  , c L  s - }  ( J  ,
'.t

s j - n c e  b o t h  s h e a v e s  a r e  L t " ,  
.  ) - d . c y c r i c f  o n e  g e t E  a  q u a s i i s o n o r -

t 'ph' ism P'.-*- .+ l , l '

a, " L.s
I n  t h e  s a m e  w a v  o n e . s h o w s .  t h a t  t h e  q u a s i i s o m o r p h i s m  &  = - ' Z

i n d u c e s  a  q u a s i i s o m o r p h i s m  P ' * R ' .  S j - n c e  t h e  c o h o m o l - o c y  o f  R '

i  n  i a n r o a  ^  i  c  l ; ' - + Q  / v  f ;  l i  ' r '  ^  \r r r  u u y l u u  y  r . s  n x L - \ ^ r ' €  r  L  6 1  4 )  ( s e e  1 . 5 )  w e  a r e  d . o n e .
/ \

3 .  SO]4E CONSEQUENCES

3 "  1 .  T i t e  l { a l g r a n g e ,  R a m i s - R u g e t - V e r d i e r  s e p a r a t i o n  c r i t e r i o n

t  [n -n-v ]  )  ho lds  f  o r  the  j -nvar ian ts  Ex t "  (x ' , t  ,  S  )  cons idered w i th

t h e i r  n a t u r a l  t o p o l o g i e s .  I r - r  t h e  s a m e  w a y  a s  i n  t h e  A p p e n d l x  o f



. t

-  
l -  p - I ) * r f  i  \ r 7 r a  a a #  f  r n m  n r r r  d r t A  I  i  . | -  r z  "

.  I  r \ - r \  V  I  ,  w s :  Y g L  ! J  v l l l  v u !  u u u r . r u J  '
t_ .J

COROLLARY. Let  X be an n-d imensional  mani fo ld  wi t?h countable

topo logy ,  connec ted  and  non -c@mpac t .  I f  E  , f f  €  Coh  (X )  and  ' { -

.  n . - -
w i thou t  t o rs ion  then  Ex t "  6X i  Y - ,  S ' )  =0 .

3 . 2 .  C O R O L L A R Y .  L e t  X  b e  a  S t e i n  m a n i ' f o l d  a n d  U c X  a  S t e i n

open set such that CItXl *--1-- ' '  (?tUl has dense image' Then, for

eve ry  
' (  

,G  €  coh (X)  ,  t he  na tu ra l  mbrph isms  :  
'

.  q  , - -  l t  n -  \  - - . - ' , q  t t r -  t " /  - f  \Ext l  (u ' , ' i , { ] :  )  - - - - - - -^-+ 'axt"q (x ' , f ' ,q:  )
U  . :

a r e  i n j e c t i v e .

' . , f ndeed ,  us ing  dua l i t y ,  - i t  i s  su f f i c i en t  t c  show tha t  t he

res t r i c t - i on  morph isms  i

i  i  , - -  a r  r j  / ? \  . . .  \

.  E x t ' 1 x ' , G ,  !  I , C X ) - _ + E x t - ( U ? S '  5  € ' ) f r x \

h a v e  c l e p s e  i m a o e .  S i n c e  X  a n d  U  a r e  S t e i n ,  E x t a  ( X i f f ,  E  @  i l ' ) P

. ,  , i  i
ty -  Ho (X,  t r - t t  ( ' f  ,  

c t  tS t t r  o) l  and Ext-  (u i  r i  r  Z i14; - l  v )  /> .
' z \ . / \

: :  H o  ( U ;  Y - n t i  ( q  ,  2 :  , i J . t  c , . . ) ) . l l o w  t h e  s t a t e m e n t  f o t l o w s  f r o m  t h e .
-  . ,  u v  X .

{,1

f ac t  t ha t  f o r  eve ry  7 (eCon$)  ,  t he  res t r i c t i on  morph ism

' t /  (x)  * - -+ '11 (U)  has dens 'e . image.. J t  t . "  . t v  \ v ,  -  
, - - - - - -  J  -  -

n

3 . 3 .  L e t  X  b e  c o m p l e x  s p a c e  a n d  A c X  a n  a n a l y t i c  s u b s e t "  F o r

eve ry  ( f  e  co f r  ( x )  one  de f  i nes :

.  p ro f  n  ( ' r l  )= in f  P ro f  *  S ] .
A  

x € ' A  J x  A

J / 4

w h e r e  
' J  

i s  a n y  c o h e r e n t  i d e a l  s u c h  t h a t  S u p p  ( a  /  J  \ = a  ( s e e ,  t o r

- :'-
i  ^ ^ !  -  I  D - C  n  /  {  I
- t . r r ; :  L a r r u E  r  L !  D J  P .  /  3  )  .
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COROLLARY. Let  X be an n-d imensional  Ste in manj- fo ld ,  H ,

.ge  Cof r tX)  and le t  A=Supp ' f  Then nx t l (X? ' i  , ' , f  ) '=O fo r  q>n-pro fA(  'd  )  '

Proof

' a

f o r  i - ( p r o f ^  (  ' g .  ) .  S i n c e  n x t i  ( X i T  ,  
o l  

G  n  X \ H  
H o  ( X ,  l j ' ' ,  t L  ( ' V ,  q  6 a J  X )  )-  . A

one has  to  ver i f y  tha t  ?* , tL  (G ,  g  €d  x )  
=0  fo r  i cpro fo(  g  )  '

Tak ing  f ibers ,  th is  reduces  to  a  known resu l t  o f  loca l  a lqebra"

( s e e  f o r  i n s t a n c e  L " - S l  t h e o r e m  - 2 . 1 . 1 1 )  '

I n  pa r t i cu la r  one  ob ta ins :

- - - r - - - ^ r  1 ^ , r  m ^ - i € n l r i  T T r Y
bOnOfr f ,ARy.  Le t  X  be  an  n*d imens iona l  complex  lT ld r r r ' r t r ruT \JG A

a  r e l a t i v e l y  c o m p a c t  S t e i n  o p e n  $ e t ,  Z  , f f  e  C o h ( X )  a n d  l e t

t r - c r r n n  r T  r f  p r o f  -  (  5  ) > n - 1  o n  U ,  t h e n  e v e r y  e x t e n s i o n
f r - D u I / Y . J  .  r r  r - - - A \  -

0->  g . *>  1 {  * -+ " {  -+0  on  X rU  can  be  con t i nued . to  an  ex tens ion  on  X '

t  fo l lows by apply ing the prev ious coro l*Indeed ,  t hc  s ta temen t  t o r rows  DY

lary in  the exact  sequence:

' 1  
1

I  E x t : ( x i  z , f - F  ) - - _ +  E x t r ( X r u i  I  , 8  ) - - * + E x t : ' ( u i z  ' Q r )  '

:

L\4 6 '8
Y"{P
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--l

Le-sJ c.

' let I  a,

[ " r - ]  A . .

L * : . ;  A .
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